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1. Introduction

ntegral inequalities are diverse in nature and scope. They play a central role in many areas
m of mathematical analysis, including functional analysis, probability theory, differential equations,
numerical analysis and optimal control theory. In functional analysis, for example, they are used to establish
bounds for operators on Banach and Hilbert spaces. In probability theory, they help to derive moment bounds
and concentration inequalities involving random variables. In differential equations, integral inequalities
are often used to derive stability conditions and to estimate solutions of integral equations. In numerical
analysis, they provide error bounds for numerical integration and approximation methods. Finally, in optimal
control theory, integral inequalities are crucial for proving existence and uniqueness results for optimal control
problems, as well as for formulating necessary conditions for optimality. For a rigorous treatment, we refer to
the following books: [1-4].

While many of these inequalities are well established, the search for new results remains an active area
of research. In particular, refining existing bounds, extending results to broader classes of functions, and
exploring less studied assumptions can lead to important advances. In this article, we focus on the third aspect
by establishing new integral inequalities in a setting that has received limited attention, where certain functions
satisfy the sub-multiplicative property. In order to develop our contributions further, a formal definition of
this property is needed. Note that we restrict our attention to non-negative functions defined on [0, +0) (or,
without loss of generality, (0, +00)). A function f : [0, +00) > [0,400) is said to be sub-multiplicative (or to
satisfy the sub-multiplicative property) if and only if, for any s, t € [0, +o0), we have

flst) < f(s)f (1)

Basic examples of such functions include f(t) = t* with a« € R, f(t) = log(f +t) with B > e (and
e = exp(1)), f(t) = 1/tanh(yt) with v > 0, i.e, f(t) = (e" +e ")/ (e" —e ), f(t) = t1(1 + |log(t)])
with 7 > 1, and f(t) = #(1 + |sin(log(t))|) with ¢ > 1. Notably, the product of two sub-multiplicative
functions is also sub-multiplicative, and the composition of a non-decreasing sub-multiplicative function with
a sub-multiplicative function is also sub-multiplicative, leading to numerous additional examples. Further

details on this property can be found in [5-7].
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Some studies have explored integral inequalities under sub-multiplicative assumptions, including those
in [8-14]. Specifically, Hardy-Hilbert-type integral inequalities for certain sub-multiplicative functions are
established in [8,9], while Hardy-type integral inequalities are investigated in [10]. Generalizations and
variations of some results in [10] are proposed in [11]. Hermite-Hadamard-type integral inequalities are
examined in [12], and Hardy-type integral inequalities on time scales using Delta calculus are developed in
[13]. Additionally, [14] explores various integral inequalities, leading to several divergence results.

Despite these advances, certain aspects of integral inequalities under sub-multiplicative assumptions
remain underexplored. In this article, we aim to address these gaps by establishing new integral inequalities
within several complementary frameworks. Specifically, we derive

* primitive-type integral inequalities, involving expressions of the form " fO t)dt" and their variations,
¢ convolution product-type integral inequalities, which include expressions of the following form:

/ f(H)g(x—t)d
and related formulations,
e integral bounds for a function evaluated at the product of two variables, say "f(xy)",
¢ double integral inequalities, which include expressions of the following form:

/ / F(s)h(B)g(s + P)dsdt”,

and their variations.

In particular, inequalities for such double integrals can be related in form to Hardy-Hilbert-type integral
inequalities, which have attracted much attention under classical assumptions. See [3]. Several examples
are given to illustrate the theory, with an emphasis on the use of the simple sub-multiplicative function
f(t) = log(e + t) and the power function. Our results thus apply to a new collection of integral inequalities
established under sub-multiplicative assumptions. They also open up directions for possible applications and
generalizations in mathematical analysis and related fields.

The rest of this article is structured as follows: §2 is devoted to the primitive-type integral inequalities.
§3 focuses on the convolution product-type integral inequalities. In §4, technical integral bounds for a
sub-multiplicative function taken at a product of two variables are derived. Several double integral inequalities
are studied in §5. Finally, §6 contains concluding remarks.

2. Primitive-type integral inequalities

The proposition below gives basic primitive-type integral inequalities. In particular, lower and upper
bounds are given for fo t)dt, assuming that f is sub-multiplicative.

Proposition 1. Let f : [0, 4+00) — [0, +00) be a sub-multiplicative function. Then, for any x € (0, +00),

1. we have
x 1
| Fwd<xf(x) [ o

2. we have

x 1
[ fwde< e -1 [ o

1

3. we have

x X too ]
| £ = 1) D / R

provided that the integrals involved converge.
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Proof. 1. Using the change of variables t = xu and the sub-multiplicative property of f (followed by an
uniformization of the notation), we get

[ pwar=x [ < x [ ff = <) [ fndn = () [ fioya

2. It follows from the Chasles integral relation and the result in the first item that

[ swar= [ pwar [ sae < <) [ e~ [ o= o -1 [ poa

3. The sub-multiplicative property of f implies that f(1) = f(t/t) < f(t)f(1/t). Since f is non-negative,
we get
1
t) > f(1) 7=
£ 2 F0) 7
Integrating both sides and using the change of variables ¢ = x/u, the sub-multiplicative property of f
combined with the non-negative property of f (followed by an uniformization of the notation), we get

X

x x 1 oo
/Of(t)dtzf(l)/O mdth(l)/l Wd”
+oo x X Foo 1
250 | armpm® = O b e
x teo 1
=/ f(l/x)/1 2"

This concludes the proof of the proposition. O

For example, if we take the sub-multiplicative function f(t) = log(e + t), the result in the first item gives,
for any x € (0, +0),

(e + x)(log(e + x) — 1) = /Oxf(t)dt < xf(x) /Olf(t)dt — xlog(e + x)(e + 1)(log(e + 1) — 1).

The result in the third item gives, for any x € (0, +c0),

x X teoo ] X
e+ x)(log(e+x) —1 :/ Bt > f(1 / dt ~0.79302 X ——~—_|
(etx)lloglet ) =1)= j fWOE=FW gy | wzpa log(e + 1/x)
These are some examples among so much possibilities.
By setting m(x) = (1/x) fox f(#)dt, which corresponds to the mean integral of f over [0, x|, the result in
the first item implies that, for any x € (0, +0),

f m(x).

1
X)> -
() 2 [ f(t)dt

The result in the third item gives, for any x € (0, +c0),

1)z (] ww*) sy

To the best of our knowledge, despite their simplicity, the inequalities in Proposition 1 have not been
mentioned as such in the literature. They are completed in the following proposition with the consideration of
the product variable xy.
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Proposition 2. Let f : [0, 4+00) — [0, +00) be a sub-multiplicative function. Then, for any x € (0, +00)
1. and y € (0, +o0), we have

xy -1
| Fwde < xyff) [ o,

2.and y € [1, 4c0), we have

y :
/ f)dt < xf(x)(yf(y) —1) /0 f(#)dt,

3.and y € (0, +c0), we have

. xy e 1
/Of(t)dth(l)W/l %dt’

provided that the integrals involved converge.

Proof. 1. Applying the result in the first item in Proposition 1 and using the sub-multiplicative property of f
combined with its non-negative property, we have

xy 1 1
| r0at <) [ at < xyf(f) [ Foa.

2. Using the change of variables t = xu, the sub-multiplicative property of f, the result in the second item
in Proposition 1, the non-negative property of f and y € (1, +c0), we obtain

7 ptwar=x [ plasau < x [* o fodn = xf ) [* fdn < 2 ws ) 1) [ e

3. Applying the the result in the third item in Proposition 1 and using the sub-multiplicative property of
f combined with its non-negative property, we have

xy Xy oo 1 _ L +DOL
fy 0= Oz [ mmmt = O aa b e

xy T ]
> s b e

This concludes the proof of the proposition. [

For example, if we take the sub-multiplicative function f(t) = log(e + t), the result in the first item gives,
for any x,y € (0, +o0),

(e +xy)og(e+xy) ~1) = [ f(tydt < xyf () [ flosar
= xylog(e+ x)log(e+y)(e+1)(log(e+1) —1).

The result in the third item gives, for any x,y € (0, +-o0),

B xy Xy te 1
(e+xy)(10g(e+xy)*1)—/0 f(t)dtzf(l)f(l/x)f(l/y)/l Zrn

xy
~ 0.79302 .
8 log(e+1/x)log(e+1/y)

The proposition below presents an original integral primitive-type inequality involving the power of
sub-multiplicative function.
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Proposition 3. Let m € N\{0}, f : [0, +00) — [0, +00) be a sub-multiplicative function. Then, for any x € (0, +o0)
and y € (x, +o0), we have

U 1Y
/xf (H)dt > E/xm £/m=1 g () dt

provided that the integrals involved converge.

Proof. The fact that m € N\{0} and the sub-multiplicative property of f combined with its non-negative
property imply that

fr(E) = rOLOFE) = fOFE) 2> F(E),
Using this and the change of variables u = t" (followed by an uniformization of the notation), we obtain
m m y1/m=1 1 v 1/m—1
/f dt>/ftdt /f du = [t

xm

This concludes the proof of the proposition. [

For example, if we take the sub-multiplicative function f(t) = log(e+t),m =2, x = 0and y = 1, we

have
Y
13649 =2+ ¢+ (1 +e)(log(l+e) —2)log(l+e) = / fM(t)dt
X

1 .ym
> p» t/m=1£()dt = log(1 + e) + 2y/earccot(v/e) — 2 ~ 1.111052.
B xnl

It is thus verified numerically for these specific values. Of course, taking x and y as variables makes the
result much more interesting.

In the framework of Proposition 3, note that, since f is sub-multiplicative, f1/" is also sub-multiplicative.
We therefore have, for any x € (0, +o0) and y € (x, +00),

/f / fl/m)m(t)dtzl rynmtl/m_lfl/m(t)dt.

m Jy

The primitive-type inequalities presented have potential applications in mathematical analysis,
particularly in the study of integral bounds, function approximations, and stability estimates in various
functional spaces.

3. Convolution product-type integral inequalities

The proposition below is our first convolution product-type integral inequality involving a
sub-multiplicative function f.

Proposition 4. Let p € (1,4), g = p/(p—1), f : [0,400) — [0,400) be a sub-multiplicative function, g :

[0, +00) — [0, +c0) be the function defined by g(x) = f(1/x) for any x € (0, +oc0) and (f xg) : [0, +00) — [0, +0c0)
be the convolution product of f and g defined by

(Frg)x) = [ Flngx -y
Then, for any x € (0, +o0), we have

(fxg)(x) = xx,

where

_ [T )
_/0 (1—|—t)2dt'
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provided that the integrals involved converge.

Proof. Using the definition of g, the sub-multiplicative property of f and the change of variables u = t/(x — t)
satisfying t = xu/(1+u) and dt = (x/(1 + u)?)du (followed by an uniformization of the notation), we get

) = [ fgte—nde= [“ror (27 )z [Tr (5 )
+o0

Y x _ fw) o )
=, f(u)mdu_x/o (1+u)2du—x/0 (1+t>2dt—1cx.

This concludes the proof of the proposition. [

For example, if we take the sub-multiplicative function f(¢) = log(e + t), we have, for any x € (0, +o0),

(f*g)(x) = xx,

where

T ) e
K—‘/O (1—|—t)2dtie—1'

The proposition below is a generalization of Proposition 4 with the introduction of another
sub-multiplicative function.

Proposition 5. Let p € (1,+c0), g = p/(p—1), f,§ : [0,+00) — [0, +00) be two sub-multiplicative functions,
h:]0,400) > [0, +00) be the function defined by h(x) = f(1/x) for any x € (0, +c0) and ((f/g) *h) : [0, +0c0) —
[0, +00) be the convolution product of f /g and h defined by

<£ *h> (x) = /Ox gggh(x bt

Then, for any x € (0, +00), we have

where

e £(1)
) A+ 0%/

provided that the integrals involved converge.

Proof. Using the definition of , the sub-multiplicative property of f combined with the non-negative property
of g, the change of variables u = t/(x — t) satisfying t = xu/(1+ u) and dt = (x/(1 + u)?)du and the
sub-multiplicative property of ¢ combined with the non-negative property of f (followed by an uniformization
of the notation), we get

(oo~ [ G- [ 8 () [ s (1)

1 X

+ 1 X oo
ol ey T k2l M 5 e e TR s

du

_ox [t f(u) _ox [t f(t) X
~h T T wh arreart T e

This concludes the proof of the proposition. O
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For example, if we take the sub-multiplicative function f(t) = log(e + t) and g(t) = v/t, we have, for any
€ (0, +00),

(L) 02w,

where

Y A f(#) -
= AT 268t

The convolution product-type inequalities presented can find potential applications in fields such as
signal processing, where convolution products are used in both theory and practice.

4. Integral upper bounds for a sub-multiplicative function at a product of two variables

If a function f : [0, +00) — [0, +o0) is sub-multiplicative, then, for any x,y € (0, +c0), we have f(xy) <
f(x)f(y). Some of our investigations lead to more technical or refined integral bounds for f(xy). Some of
these are presented in this section, starting with the proposition below.

Proposition 6. Let p € (1,+00), g =p/(p—1)and f : [0, +00) > [0, 400) be a sub-multiplicative function. Then,
forany x,y € (0, +o0), we have
y {9
[0,
x t

1/p 1/q

7

1 v ()
fow) < |log(x) —log(y) P

provided that the integrals involved converge.

Proof. Using a suitable decomposition of xy, the sub-multiplicative property of f, the Holder integral
inequality with the parameter p (taking into account that f is non-negative), the changes of variables u =

X'y, ie, A = (log(u) — log(y))/ (log(x) ~ log(y)), and o = ¥ Ay, Le, A = (log(0) — log(x))/ (log(y) —
log(x )) (followed by an uniformization of the notation) and 1/p +1/g = 1, we obtain

flxy) = flxy) /01 dA:/11‘(ny)dA=/1f(xAyl’Axl’A}/A>d2L
s/o'lf(xAyH)f( M < (/ fPatyt d/\)l/p (/ AlC A)dA>l/q

N 1) 4\
—(k,g(x)ilog(y)/y . d“) (logmilog(x) L5 d”)

_ L O N 1 £ N
- (IOg(X) — log(y)] /y tt dt) (IOg(y) — log(x) y tt dtD

_ ! RUOM
|log(x) — log(y) t

This ends the proof of the proposition. [J

For example, if we take the sub-multiplicative function f(t) = log(e +t), we have, for any x,y € (0, +0),

1 Vg

| log(x) — log(y)

Y log? 1p
log(e + xy) < log <e+t)dt‘

/y log?(e+t) it
t x

t

Equivalent formulations of the inequality in Proposition 6 are

1/p 1/q

7

/y F14) 4
x t

Hog(x) ~log(w)l () < | [ 17
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or, with multiple logarithmic terms,

A fpt(t)dt‘ + bl;log ‘/y fqt(t)dt‘ — log [log(x) — log(y)|

As a special case of interest of Proposition 6, if we take y = 1, for any x € (0, +00), we have

log (f (xy)) < ;log

£(x) /f dt /f
Ilog
This can also be reformulated as

P 1/}7 X £q 1/11
| log(x) ‘/ 1) 4y /f—(t)dt ,

1 t

or
P
log (f( ’/ fri dt‘ ‘/ fit dt‘ log |log(x)]| .

The proposition below is a generalization of Proposition 6 with the introduction of an intermediate
function.

Proposition 7. Let p € (1,+), q = p/(p—1), f : [0,400) > [0,+00) be a sub-multiplicative function and
g :[0,1] — [0, +o0) be a function. Then, for any x,y € (0,+o0) and 6 € [0, 1], we have

fP() log(y) —log(t)
/ t g <log(y)—10g(x))dt

W) ey ((log(t) ~log(x) \ |1
[ (log<y> log(x >)‘” /

1/p

fla) [ st

_|log —log

provided that the integrals involved converge.

Proof. The proof uses the main tools in that of Proposition 6, with the manage of the new function g. Using a
suitable decomposition of xy, the sub-multiplicative property of f combined with the non-negative property of
g, a suitable decomposition of g(A), the Holder integral inequality with the parameter p (taking into account
that f and g are non-negative), the changes of variables u = x*y'~*, ie.,, A = (log(u) — log(y))/ (log(x) —
log(y)), and v = x' =y, ie, A = (log(v) — log(x))/ (log(y) — log(x)) (followed by an uniformization of the
notation) and 1/p + 1/ = 1, we obtain

1 1 1
f) [ st =fGy) [ g(Mar= [ flay)g(a)an
= [ty g < [ R A g

:/1f(xAyl—A)f(xlfAyA)ge(A)gl,g(/\)d)\
(/ PPy Mg (A dA)l/p (/ (1A g1-00g (/\)d/\)

x fP( log(u) — log(y) vr
= (log<x> o5 s e (1o§<z> = 10%) d“)
fl(v) log(v) — log(x) e
X(logmllog( i) s (12§<y> 13§<x>)””’>
)1/P

fP(t) log(y) —log(t)
/ <log<y> = 1og<x>> at

1/q

( | log(x log
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y 1 YV fU(t) (1-g) (log(t) —log(x) 1/
<|log<>—log<> P8 (log<y> 1og<x>) ””D

f7(8) oy (Log(y) ~ log(t) Ve
~[log(x flog / : (log@/)log(x))dt

1/q

Y fI(t) 1 og(t) —log(x)
o [ Egt o (B

This completes the proof of the proposition. [

An alternative integral bound for f(xy) is presented in the proposition below.

Proposition 8. Let p € (1,4+00),q=p/(p—1)and f : [0,400) > [0, +00) be a sub-multiplicative function. Then,
forany x,y € (0, +00), we have

st =g ([ roa) ™ ( - Ear) ",

provided that the integrals involved converge.

Proof. Using a suitable decomposition of xy, the sub-multiplicative property of f, the Holder integral
inequality with the parameter p (taking into account that f is non-negative), and the changes of variables
u = Ax and v = y/A (followed by an uniformization of the notation), we get

flay) = flay) [ dr = / Slaar= [ (1l ) an
f (Ax)f (£)dr < fP (Ax)dA l/p f‘7 (£)ar
)\
_ <x /Oxf”(u)du>l/p (y/jw fqz,(zv)dz;)l/q

_xUpylln (/Ox fP(t)dt>1/p ( y+°° fqtgt)dt>1/q.

This concludes the proof of the proposition. [

1/q

For example, if we take the sub-multiplicative function f(t) = log(e +t), we have, for any x,y € (0, +0),

x 1/p +oo q 1/9
log(e +xy) < x /Pyl </ log” (e + t)dt) (/ lmgig-kt)dt) .
0 y

The proposition below is a generalization of Proposition 8 with the introduction of an intermediate
function.

Proposition 9. Let p € (1,+c0), q = p/(p—1), f : [0,400) +— [0,400) be a sub-multiplicative function and
g :[0,1] — [0, 4+o0) be a function. Then, for any x,y € (0,+o0) and 6 € [0, 1], we have

P /0‘18( Dt < x 1yl (/ (g (x> dt)l/p ( y+oo fa(t )g(l 6)q (ty)dt)l/q,

provided that the integrals involved converge.

Proof. The proof uses the main tools in that of Proposition 8, with the manage of the new function g. Using a
suitable decomposition of xy, the sub-multiplicative property of f combined with the non-negative property of
g, a suitable decomposition of g, the Holder integral inequality with the parameter p (taking into account that
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f and g are non-negative), and the changes of variables # = Ax and v = y/A (followed by an uniformization
of the notation), we obtain

fo) [ st = fexy) [ sir= [ fazin
= [r () sm < [ s (4) saan
= [ ra0f (£) g4 a)n

<(f fP(Ax)gGPu)dA)W (f ¥ g<”>q<A>dA)l/q

= (o (2] (o[ o)

[%

— xVpyl/e (/Oxfp(t)gf’f’ (i> dt)l/p ( y+oo fqtg )g 6)q (ty)dt)l/q-

This concludes the proof of the proposition. O

The integral bounds presented for f(xy) are mainly of theoretical interest. They can be used to find new
two-dimensional inequalities with different mathematical scopes.

5. Double integral inequalities

Some double integral inequalities using sub-multiplicative functions are established in [8,9]. They belong
to the large topic of Hardy-Hilbert-type integral inequalities. In this section, we present new and general ones
involving products and sums of variables, starting with the proposition below.

Proposition 10. Let a,b € (0,+00) U {+o0}, f : [0,400) — [0, +00) be a sub-multiplicative function and g, h
[0, +00) — [0, +00) be two functions. Then

1. we have
/ / F(st)dsdt < (/ £(1) dt) (/Obf(t)h(t)dt>,

2. we have

/ / F(st)dsdt > F(1 )(/0 f(ll/t)g(t)dt> (/Ob f(ll/t)h(t)dt>,

provided that the integrals involved converge.

Proof. 1. Using the sub-multiplicative property of f combined with the non-negative property of ¢ and h
(followed by an uniformization of the notation), we have

// F(st) dsdt<// Vf(b)dsdt
-/ f<s>g<s>ds) (f f(t)h(t)dt) - ( /0 f(t)g(t)dt) (f romenar).

2. The sub-multiplicative property of f combined with its non-negative property gives

sy = (st ) < snf (5) <senr (5) £ (5)

f(1)
fh 2 /9 a7

so that
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Using this and the non-negative property of ¢ and & (followed by an uniformization of the notation), we

// F(st) dsdt>// f;})(l/t)dsdt
(/ fl/s o)) ( obf i)
s ([ rams ‘“)(abf ).

For example, if we take the sub-multiplicative function f(t) = log(e + t), the result in the first item gives

/ / t)log(e + st)dsdt < (/ log( e+t)g(t)dt> (/Ob log(e+t)h(t)dt).

The result in the second item also gives

/ / ) log(e + st)dsdt > log(e + 1) (/0 Wg(t)dt) (/Ob Wk(t)dt).

Another similar double integral inequality is presented below.

have

This ends the proof of the proposition. [

Proposition 11. Let a,b € (0,4+00) U {400}, f : [0, +0c0) > [0, +00) be a sub-multiplicative function and g, h :
[0, +00) — [0, +00) be two functions. Then we have

/Ob /0 sg(s)h(st)f(s)f (t)dsdt > /0 " g(s)p(s)ds
where
o(s) = 0”5 F(Oh()t

provided that the integrals involved converge. In particular, when b — o0, we have

/m/ sg(s (s)f (t)dsdt > (/Oag(ﬂdt) (/()+Oof(t)h(t)dt>,

provided that the integrals involved converge.

Proof. Using the sub-multiplicative property of f combined with the non-negative property of g and h, and
the change of variables u = st (followed by an uniformization of the notation), we have

/Ob/oasg(s)h(st) dsdt>/ / sg(s f(st)dsdt
_ /0 2(s) ( /0 f(st)h(st)sdt) ds = /O "e(s) ( Obs f(u)h(u)du) ds
= ["s&)p()is.

Applying b — +o0, we have
—+o0
¢(s)= | f(O)h(t)dt

0

for any s € (0, +c0), so that, with an uniformization of the notation,

/+°°/ sg(s (s)f(t)dsdt >/0 g(s) ( 0+oof(t)h(t)dt) ds
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= ([stos) ([ seomenar) = ([ swar) ([ reomear).

This ends the proof of the proposition. [

For example, if we take the sub-multiplicative function f(t) = log(e + t), we have

/+°°/ sg(s)h(st) log(e + s) log(e + H)dsdt > (/Oag(t)dt) (/()+Oolog(e+t)h(t)dt).

The proposition below establishes another double integral inequality. It has the originality of considering
a general function taken at the sum of the variables, multiplied by two sub-multiplicative functions.

Proposition 12. Let a,b € (0, +00) U {400}, f,g : [0,400) +— [0, +00) be two sub-multiplicative functions and
h: [0, 4+00) — [0, +0c0) be a function. Then we have

[ somwsts + nasa < [z,
with
/ ’ f(s)g(1+s)d
provided that the integrals involved converge. In particular, when a — o0, we have

/ /+oof g(s 4 t)dsdt < </ £ t)dt) </Ob tf(t)g(t)h(t)dt>,

provided that the integrals involved converge.

Proof. Using the change of variables s = ut and the sub-multiplicative property of f and g combined with the
non-negative property of &, we have

//f (s + t)dsdt = /</f S+t)ds)
_/ </ f(ut)h ut+ttdu> /Ob (/ f(ut)h (1+u))tdu>dt
/(/ flu h(t)g( 1+utdu)dt

= tf(t) f ¢(1+u)du ) dt = btf )g (DR (E)p(t)dt.
0 0

Applying a — +o0, we have
~+00
vt = [ f6)g(1+s)ds

for any t € (0,+00), so that, with an uniformization of the notation,

/ /mf s+tdsdt</ tf(t)g(t)h(t) (/()+Oof(s)g(
([ f<s>g<1+s>ds) ([ rrstomrar)

= ([ stngaena) ([ rorgomear)

This ends the proof of the proposition. [

1+ s)ds) dt
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For example, if we take the sub-multiplicative functions f(t) = log(e + t) and g(f) = t7* witha > 1, we

have
+co +o00
/ / IOg logle & )1(t) 4y / / F(s)h(£)g(s + t)dsdt

<([ f<t>g<1+t>dt) ([ rrstomar)
_ (/0+°° Wdt) (/Ob pl-w log(e+t)h(t)dt).

In particular, for some values of «, we can determine the exact value of the first integral. For example, for
x = 2, we have

/‘+°° log(e + t)dt e
0 1+t 7 e—1’

for « = 3, we have

too 10g(e+t)dt_ (e—1)e—1
/o 1+t 7 2(e—1)2 "

and for « = 4, we have

+ Jog(e + t)dt 3+ (e—2)e(2e—1)
/0 1+t = 6(e—1)3

The proposition below completes Proposition 12 under sub-multiplicative assumptions on different
functions and by considering a possible separable domain of integration.

Proposition 13. Let a € (0,4+00) U {+o0}, f,g : [0,400) — [0,+00) be two sub-multiplicative functions and
h: [0, 4+00) — [0, +0c0) be a function. Then we have

//f s+t)dsdt<(/. tf(t)g(t)h dt) (/ f(1-1t)g )dt),

with A = {(s,t) € (0,+00)?%; s+t < a}, provided that the integrals involved converge. In particular, when a — +oo,

we have
/+°° T F(s)g(B)h(s + £)dsdt < </0+°° tf(t)g(t)h(t)dt) (/Olf(l—t)g(t)dt>,

provided that the integrals involved converge.

Proof. Using the change of variables s = u? and t = v? with an adaptation of the domain of integration .4, we

have
//f h(s+t dsdt—4//f (1 + v*)uvdudo,

with B = {(u,v) € (0,+)? u? +v? < a}. Using the polar change of variables u = p cos(#) and v = psin(6)
with the associated Jacobian equal to p and an adaptation of B, which gives p € (0,/a) and 6 € (0,77/2), we
get
// fu (u? + v*)uvdudo
/2
- / / F(0? cos(8))g (02 sin?(6) (0 cos? (6) + p? sin?(6))p cos(8)p sin(6)pdpdd

- /n/Z/ £(p? cos?(6))g(p? sin2(8) ) (p?) cos(6) sin(8)p>dpds.
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Using the sub-multiplicative property of f and g combined with the non-negative property of f, g and h,
we have

/ m/ f(p? cos(8))g (p? sin®(6))(p*) cos(6) sin(6)p>dpd6
_/n/Z/ £(0?) f(cos?(0))g(0?)g(sin?(8))h(0*) cos(8) sin(8)p>dpd6
= ( /0 p3f(p2)g(p2)h(p2)dp) < Om f(cos®(8))g(sin*(6)) cos(6) sin(6 )d()>

Using the changes of variables w = p? and z = sin?(#) and making an uniformization of the notation, we
obtain

Vva T
( / p3f<p2>g<p2>h<p2>dp> (" ftcost@)gtsint ) cos(o) sin(o)o

([ wf(W)g(w)h(W)ldw) ([ ra-2s@50)
_1(/ t(b)g dt)(/fl—t )

Putting the equations above together in order, we obtain

//f S+t)dsdt<(/ tf(t)g dt) (/fl—t )

When a — 400, the domain of integration becomes A = (0, +oo)2, and we get

/0+00 omf (s)g(£)l(s + t)dsdt < ( A - tf(f)g(f)h(t)dt) ( | - f)g(t)dt) .

This ends the proof of the proposition. [J

In terms of the convolution product, note that

[ £ 00 = (£x2)1) = (g £)(D).
For example, if we take the sub-multiplicative function f(t) = g(t) = log(e +t), we have
//Alog(e +5)log(e + t)h(s + t)dsdt < </Oa tlog? (e + t)h(t)dt) </01 log(e+1—t)log(e + t)dt) ,

and we can mention that
1
/ log(e +1 — t) log(e + t)dt ~ 1.34864.
0
As another example, if we take h(t) = (1 +t)"* with a € R, we get the following general inequality:

/Om/ommtisdtg(/om(H) dt) (/fl—t >

The double integral inequalities presented under sub-multiplicative assumptions can be applied to

estimate bounds in mathematical analysis, particularly in operator theory and functional analysis.
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6. Conclusion

In this article, we have addressed a gap in the study of integral inequalities under sub-multiplicative
assumptions. Several complementary frameworks were considered, including primitive-type integral
inequalities, convolution product-type integral inequalities, integral bounds for functions evaluated at the
product of two variables, and double integral inequalities. The statements were formulated rigorously,
with detailed proofs employing original techniques that can be reused for other mathematical purposes.
Additionally, examples were provided to illustrate key inequalities.

Among possible future directions, one idea is to explore triple integral inequalities under
sub-multiplicative assumptions, in particular using spherical change of variables. Another direction is
to extend these results to integral inequalities with fractional integrals, which could have applications
in harmonic analysis and partial differential equations. Furthermore, the study of connections between
sub-multiplicative integral inequalities and operator theory may lead to new developments in spectral analysis
and functional spaces.
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