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Abstract: In this paper, we establish some new characterizations of a weight w such that discrete Hardy

n
operator Hf(n) := 1 ¥ f(s) for quasi-nonincreasing sequence f(n) is bounded in the Banach space ¢, (Z.)
s=1

when 0 < p < co. In particular, we will prove that 7 f is bounded in ¢4,(Z ) if and only if w belongs to the
B-discrete Arino and Muckenhoupt class B, 5. We prove that the self-improving property for the class B, 5
holds, that is we prove that if w € B, g then there exists an ¢ > 0 such thatw € B, g.
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1. Introduction

uring the past few years there has been renewed interest in the area of discrete harmonic analysis and
D then it becomes an active field of research and the studying of regularity and boundedness of discrete
operator on [?(N) analogues for L?(R)—regularity and boundedness has been considered by some authors,
see for example [1-10] and the references cited therein. In the unpublished note [11, problem 92.11], Heinig
posed the question of characterizing the discrete weights u(n) and v(n) defined on Z for which the discrete
weighted Hardy type inequality

o0 7 AN 00 %

(Z u(n) (Zf(ﬂ) ) =C <Z v(ﬂ)f’”(ﬂ)) : ©)
n=1 s=1 n=1

holds for a nonnegative sequence f(n), fixed parameters 0 < p, ¢ < oo and a constant C > 0. The answer for
this question transacting the characterizations of the weights for nonincreasing sequences and for unrestricted
nonnegative sequences was presented by many authors, we refer the reader to the papers [12-14] and the
references cited therein. Despite of a variety of ideas related to weighted inequalities appeared with the birth
of singular integrals, it was only in the 1970s that a better understanding of the subject has been introduced.
This was achieved by Muckenhoupt and published in 1972 (see[15]). In this paper the author established
a full characterization of the weights w for which the Hardy-Littlewood maximal operator is bounded on
L (Ry). Muckenhoupt's result became a landmark in the theory of weighted inequalities because most of
the previously known results for classical operators had been obtained for special classes of weights (like
power weights) and has been extended to cover several operators like Hardy operator, Hilbert operator,
Calderén-Zygmund singular integral operators, fractional integral operators, etc. For the boundedness of
discrete Hardy operator
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the authors proved in [16] that the Hardy operator is bounded in the Banach space
o Vp
6(Zy) = foIfll = (Z f(n)lpv(n)> <oy, )
n=1

of nonnegative sequences f defined on Z, with a weight v, for 1 < p < oo if and only if v € M, where M,
is the class of discrete weights v satisfying

o o)\ (e o NI
(2 Sp> (Z ZJVl(S)> < A, forall n > 1, (3)
s=n s=1

where A is a positive constant, and there exists a positive constant C > 0 such that

p

e8] 1 n o0
Y v(n) (n Zf(k)> < C) v(n)fF(n). )

n=1 k=1 n=1
In [17], Heinig and Kufner proved that the Hardy operator H f for decreasing sequences f is bounded in
0h(Z4)%; thatis H : €5(Z4 )" — £5(Z+), and (4) holds for 1 < p < oo if and only if v € B, and limy—e0(v(n +
1)/v(n)) =c>0and ) v(n) = oo, where B, is the discrete class of weights v defined on the Z,, for p > 1,

n=1

and satisfying

M:

ép v(k), foralln > 1and A > 0. )

L5

In [18], Bennett and Grosse-Erdmann improved the result of Heinig and Kufner by excluding the

k

1

conditions that have been posed on v. The boundedness of discrete Hardy-Littlewood maximal operator
Mf(n) :=sup— 3 f(s), ©6)

was characterized in [19] and it has been proved that M is bounded in ¢} (Z ) thatis M : £5(Z) — 05 (Z) if
and only if v € AP, the class of discrete weights v satisfying the inequality

10 1\
(nz ><n2 P=1( > < A, foralln >1, )

s=1
for p > 1 and a positive constant A. In [20], the authors proved that the adjoint Hardy operator S f, which is
defined by the form

%, foralln > 1, (8)

Mz

Sf(n) =

k

n

is bounded in ¢} (Z.), for 1 < p < oo, if and only v € B, the class of weights v satisfying

‘w‘:}

LI
<

M:

n
Z , foralln > 1, )

»
Il
—_

where A is a positive constant and there exists a positive C > 0 such that

[} agk:

(SF(m)P o m<ciﬂmmm (10)

n=1

In [16], the authors proved that Sf is bounded if and only if v € My, the class of discrete weights v

satisfying
" 1/p © i /p 1/p'
(Z v(k)> (Z - e (k)> < A, foralln > 1. 11)

k=1 k=n
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where p’ = p/(p — 1) is the conjugate of p > 1 and A is a positive constant.

In the literature [21], it is well known that a positive sequence b(n) is said to be an almost increasing
sequence if there exists a positive increasing sequence c(n) and two positive numbers A and B such that
Ac(n) < b(n) < Be(n). A positive sequence d(n) is said to be d—quasi-monotone, if d(n) — 0, d(n) > 0
ultimately and Ad(n) < é(n), where Ad(n) = d(n+1) —d(n), and 6(n) is a sequence of positive numbers (see
[22]). For more applications of quasi-monotone sequences, we refer the reader to the papers [23-27] and the
references cited therein. We use a notion of such a generalized monotonicity in a more general context.

Definition 1. We say that the positive sequence f(n) is a—quasi-nonincreasing if there exists « € R such that
n~%f(n) is nonincreasing, thatis n=*f(n) < m~*f(m), for n > m, and we shall write f € Q,.

Definition 2. We say that a positive sequence f(n) is a —quasi-nondecreasing, if there exists « € R such that
n—%f(n) is nondecreasing, thatis n=*f(n) < m~*f(m), for n < m and we shall write f € Q*.

Definition 3. The quasi-monotone nonnegative sequence f satisfies both the monotonicity conditions Q,, and
Q% for some constants xy and &y with —co < &y < a7 < oo, that is

0 < f(n) <max{(n/m)*,(n/m)*}f(m), forallm, n > 1,
and we shall write f € Qy)

In [28] the authors used this concept and proved that if ¢(n) is a nonnegative sequence and w(t) be a
quasi-nonincreasing function defined on [0, o), then

00 n P [ee]
Y w(2") (Z c(s)) < Ko Y w(2")cP(n),
n=1 s=1 n=1

holds for all p € R where Ky does not depend on the sequence ¢(), and if c(n) is a nonnegative sequence and
w(t) be a quasi-nondecreasing function defined on [0, %), then

(o) p (o)
2 (2™ (Z s)) <Ky ) w(2")cP(n),
n=1 s=n n=1

holds for all p € R where Kj does not depend on the sequence c(n). A discrete weight w defined on Z is said
to be belong to the discrete class B, g (C) for p > 0 and g > —1if w satisfies the condition

> C
; rP(ﬁ‘H)

Note that for f = 0, the class B, 5 reduces to the class B,. The smallest constant C > 0 satisfying (12)
is called the B, g—constant of the weight w and is denoted by [w] By We define B), s —constant for a weight

Zr: nPPw (n), r>1. (12)

n=1

w € By g as follows

[0}

[wls, , ::inf{ 2( ) )< (C-1) Z( ) r>1} (13)

Note that [w]Bpﬁ >1land for -1 < g <0and p < g, wehave B, 5 C B, 5.
Motivated by the above results of the boundedness of the Hardy operator of monotone sequences, the
following question arises:

Question 1. Isit possible to prove that the Hardy type inequality (4) holds for quasi-nonincreasing sequences?

Our aim in this paper is to give an affirmative answer to this question. In §2, we prove the boundedness of
the Hardy operator for quasi-nonincreasing sequences and obtain new characterizations of the weights v(n).
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In §3, we prove that the class of the new weights satisfy the self-improving property, that is we will prove that
if w € By, then there exists € > 0 such thatw € B, .
2. Boundedness in cones of Quasi-nonincreasing weights

In this section, we prove the boundedness of the Hardy operator for quasi-nonincreasing sequences. The

sequences in the statements of theorems that follow are assumed to be nonnegative defined on Z . In addition,
b

in our proofs, we will use the convention 0.c0 = 0and 0/0 = 0 and }_ y(k) = 0, whenever a > b. We need the

k=a
following lemmas.

Lemma 1. [29] Assume that 1, ¢, g be nonnegative sequences and g is nonincreasing. If

i P (k) < f ¢ (k), foralln e Z.,, (14)
k=1

k=1

then

Lemma 2. [18] Ifp > 1, then forall N € Z .

N k p-1 N r N k p-1
Y a(k) ( ﬂ(k)> < (Z”(’Q) <p) a(k <Zﬂ(5)> :
k=1 s=1 k=1 k s=1

=1

The inequalities reverse direction if 0 < p < 1and a(1) > 0. The constants (1 and p) are best possible.

Lemma 3. [30]If p > O, then forall N € Z
N P po k —p-l
<kz:la(k)> > mk;\,a(k) (Sz'ia(s)> .
The constant is best possible.
Theorem 1 (Fubini’s Theorem [20]). Assume that ¢, are nonnegative sequences. Then

¢<k>> — Yy (fg»(k)) .
n n=1 k=1

Y ¢ (n) (
n=1 k

Theorem 2. Let 0 < p < 1, w(n) and f(n) be a non-negative sequences such that f is a p—quasi-nonincreasing
sequence, —1 < B < 0. Then the Hardy operator

1 n
Hf(n):=—} f (k)
=i
is bounded in £%,(Z..) if and only if the weight w € B,,6 (C), and there exists a constant D > 0 such that
[e¢] 1 n p [o¢]
Y, w(n) (Zf(k)> <D}Y w(n)ff(n). (15)
n=1 = n=1

Moreover, if D and C are chosen best-possible then, we have D < (C+1)/p (B +1).
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Proof. First, we assume thatw € B,z (C), ie,

o)

r
<
n;r(n> cz( ) , forallr € Z,. 16)
Since f is p—quasi-nonincreasing sequence, choose p such that h(n) = n~Pf(n) is nonincreasing

sequence, then the left hand side of the inequality (15) takes the from

00 n p
y L (Z Kl <k>> . (17)
n=1

k=1

Since 0 < p < 1, then by replacing a (k) by kPh (k) in Lemma 2, we see that,

" P n p-1
(2 kPh (k)) < Y KkPh (k) (i sPh (s)> . (18)
k=1 k=1 s=1

By combining (17) and (18), we have that

P 00 n k p-1
<2kﬁh ) <y wn(:) (};kﬁh(k) (25% (s)> )

L5

By using Fubini’s Theorem 1 with

k p-1
0 (k) = KPh (k) <2sﬁh<s>) ,and oy =2,

s=1

it follows that

L

p 0 n p—1 0 ZU(k)
(Z kPh (k ) gn;nﬁh (n) <kzik5h(k)> (ka> (19)

k=n

Since f(n) is quasi-nonincreasing, we have that /(n) is nonincreasing, then
1 n
< —
< ;

This give us that
n
nPh(n) < nP 2 h(k) < Y kPh(k)

Since p — 1 < 0, we have that

n p-1 _
(2 KPR (k)) < (nﬁHh(n))p " 20)
k=1

By combining (19) and (20), we have that

) n P ol i
Z wn(;) (Z Ph (k)> < Z nP(B+1)—1 <Z kP> h? (n). (21)

n=1 n=1
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N 00
Now, we give an estimate for the term ) n” (f+1)-1 ( Yy wk(,f)> , as follows
n=1 k=n

N N—lw o
2 LP(B+1)—1 <kz;1 k(Pk)> — ng‘llnp(ﬁﬂ)fl <kz;1 k(f) +k; k(pk))

- % aP(B+1)—1 (Ajz_lwk(p> + (i w;p) (% np(ﬁﬂ)l) (22
n=1 k=n =N n=1

Applying summation by parts formula

Zu(r)AU(r): u(r)AU(r)m— ZAu(r)v(r—i—l), (23)
r=m r=m
on the term o
_ — w (k)
Y PP (Z kp)
n=1 k=n
with
_N_lw ) d A — »p(B+1)-1
u(n)fk;:1 - an v(n)=n
we get that

i p(B+1)— <2 o )un N+1 ZAu v(n+1),

n—1
where v (1) = ¥ kP(FTD~1 Since u(N + 1) = v(1) = 0, then we obtain
k=1

$° o)1 <A§wk<lf<>> ZAu o(n+1). (1)
n=1 k=n

Since
A (k= 1)PEF) = gp(B+1) _ (p — 1)P(B+D),

then, by employing the inequality [31, (2.15.2)]
X x—y) <xf—y <yl (x—y), forx >y >0, (25)
when 0 < ¢ < 1, we obtain forc = p(+1) < 1 that
(p(B+D))REHDTT < (k1)

That is .
N
0(n) < oy LA (=1 = (= 1,

By substituting the last inequality into (24), we get that

N N-1 N
p(p+1)-1 wk) ) 1 w (1) p(p+1)
L (2 ) B ES P M

N
= ——— Y wPuw(n). (26)
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By combining (22) and (26), we have that

k=n

N p(B+1) 0 k
an’ (B+1)— (Z k(lfc)> < p(,@1+1) ;npﬁw(n)Jr Nﬁ+1) (kz wk(p)> )

Applying the condition (16) for the second term, we get that

N ) N N
(B+1)— w (k) 1 p _C  voB
,;np +1 l(}(;l 7 ) < P(ﬁ+1),§1np W(n)+p(ﬁ+1)£n Pw (n)
N
_ C,;++11 2 27)

Since h is nonincreasing, we see that 1 (n) is also nonincreasing. So, by applying Lemma 1 with

ES nP(B+1)—1 <i wk(;c)> ,and ¢ = p(cﬁ—:_ll)npﬁw (n),
k=n

and g = h”, we obtain from (27) that

Z (B 1) - <i kg”) W) < St il nPPew (n) P (n). (28)

k=n

Substituting (28) into (21), we have that

3

n 4 00
)<1<—Z:lkﬁh(k)> < SErD LR .

By replacing & (n) by n=Pf (n), we get the desired inequality (15). Now, we consider the reverse and
suppose that

00 n P [ee]
Y (ikzlfac)) <BYwinf (), 29)

holds for some constant B > 0. Then (29) holds when

B
f(k) = kﬁX[l,r] (k) = { kO,, kk; [[11;:}].,

For this f in (29), we obtain

3w (n) (i kzl kﬁ> 2 ) nPP. (30)

By noting that

* w(n ! Foew
P (Er) L

g - E o

;

and applying Lemma 2 with a (s) = 1, and p — 1 = §, we obtain that Y k > rP*1. By substituting the last
k=1

inequality into (31), we get that

P 00
B p(p1) v (1)
o 2

n=r
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Then, we have from (30) that

r

B
o Lwmn?,

n=r

which implies that w € B), 5 (C), with a constant [w] By = B. This proves the necessary condition. The proof
is complete. O

Theorem 3. Let p > 1, w(n) and f(n) be a non-negative sequences such that f is a p—quasi-nonincreasing sequence,
—1 < B < 0. Then the Hardy operator

is bounded in £%,(7..) if and only if the weight w € B,,6 (C), and there exists a constant D > 0 such that

P
(o) 1 n (o)
Y w(n) (Zf(k)> <D Y w(n)fP(n). (32)
n=1 n k=1 n=1
Moreover, if D and C are chosen best-possible then, we have

_ p? (1+C)F, for  p(B+1)>1,
D= (%)p, for 0<p(B+1) <1

Proof. First, we assume that w € Bp,ﬁ (C),ie,

Z [3+1) 2 n/spw )/ foralln € Z+. (33)

Since f is B—quasi-nonincreasing sequence, choose B such that h(n) = n~Pf(n) is nonincreasing
sequence, then the left hand side of the inequality (32) takes the from

w(n) & ’
nP <k_zlk/5h(k)> .

n k p-1
n) (Z kBh (k) <Zs’5h (s)> ) . (34)
k=1 s=1

p—1
¢ (k) = kPh (k <Zs/5h > , and q)(n):w(n),

np

n [ g T e d ek
Y kP (k) <Z sPh (s)> =Y nPh(n) (2 kPh (k)> <2 5 )
k=1 s=1 n=1 k=1 k=n

Finally, by combining (34) and the last identity, we get the inequality

o w(n) n b o n p1 ad w(k)
y <Zkﬁh(k)> < pY nPh(n) (k_Zlk’gh(k)> (): kp>

n=1 n=1 k=n

e

From Lemma 2, we see that

o0 n p o0
5 e (zkmk)) cpy Y
n=1 k=1 n=1

Moreover, applying Fubini’s Theorem 1, with

it follows that

00
w
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o o i [ K
< pZnP(ﬁ““<Zwk§7)> e hn). (35)

n=1

On the other hand, let N > 1 be fixed. Then, it is easy to see that

N oo 1 oS
; p(B+1)— (k; wk(rf‘)> — an (B+1)— (k; wk(:) +k; wkpk)>
N-1 o N
— np (B+1)— wk)) ( w (k ) ( np(,BJrl)l)

IN

oo (£5): (29 (B )

=n

Furthermore, by applying Fubini’s Theorem on the term

Lot (L),

we have that

Lot (L0 - & e

so the previous identity can be rewritten as

Lo (B50) <2 (Lo [B50) (Bre) oo

Case 1. If p (B+1) > 1, we obtain by applying Lemma 2 witha (k) =1, and p = p (B +1) > 1, that

Yo KB < (D),
k=1

which together with (36) yields the inequality

N © o (k N o ok
Z p(p+1)— <2 % <Y nPw(n)+ % NP(B+D), (37)
n=1 k=n n=1 k=N
Further, substituting (33) in (37), we have that
N N N
2 nP(B+1)— Z 2 nPPw (n) +C Y nPPw (n) = (1+C) Y nPPw (n). (38)
k=n n=1 n=1 n=1
Case 2. 1f0 < p (B +1) < 1, we obtain by applying Lemma 2 with a (k) =1, and p = p (8 + 1), that
Z KP(BH1)—-1 < M
= p(B+1)
which together with (36) yields the inequality
N 1 N © (k)
n;l (Z kP ) p(p+1) Z:1 ) = K
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Further, substituting (33) in (39), we have that

o (p) 1
L (Z k,,> SRSy

= = Y wPuw(n). (40)

Now, we have from (38) and (40) that

i LP(B+1)-1 <i w}fp) <K i nPw (n),

n=1 k=n n=1
with
(1+C), for p(B+1)>1,
k=1 a0 for 0<p(B+1)<1
p(p+1)’ P ’
then, we have
o s (32 @ () By o
Z ) T <Kn Y nPPw (n).
n=1 k=n n=1
Consequently, since the sequences kf and / (k) are nonincreasing, then, the sequence
n p—1
¥ kPh (k)
k=1
e

is nonincreasing, utilizing Lemma 1 with

2w (k
gy = b (kgn ”’,f,))wm = KnPow (),
n p—1
L kPh (k)
gn) = |=———1| hn),
we obtain the inequality
n -1 n -1
.  wm) [ S p . o o)) [ 28" H p
; p(B+1)— <kgn = ) kzlﬂﬁﬂ h(n) = n;lnﬁﬂ’*l (k_n = ) k=1 - h(n)
-1
% L kPh (k)
< Kn;nﬁw(n) = . h (n)

Substituting the last inequality into the right-hand side of relation (35), it follows that
p—1

<pk Y nPw(n) | B h(n).

n

; el OG0 3
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Using that nPh(n) = f(n), we have that

n -1
o i (o \F . Erw)
X <k21f(k)> < pkLwm | = f(n)
n p—1
« . (EZrw\
= Pk wr = w? (n) f (n)
By applying the Holder inequality on the term
n p-1
o| o (L5 )
L o |2 o (1) ()]
with indices p and p/(p — 1), we have that
o o (o) . Pl - :
L (;j(’d) <Py w(m - lzllw(n)f”(n)] ,

and consequently,

(e w(n n p [ee]
)y U(}(X'if(k)) SP”/C”EW(W)J(”(H),

n=1 nv

which is the inequality (32).
It remains to prove the opposite direction. More precisely, suppose that (32) holds, i.e.,

P
o0 1 n N (e )
Y w(n) (n Zf(k)> < B" ) w(n)fP(n). (41)
n=1 k=1 n=1
holds for some constant B* > 0. Then (41) holds for the sequence

1, kell,r],

f (k) = Kxp (k) = { 0, k¢ [11].

Clearly, in this particular setting inequality (41) reduces to

r P r
w(n) (1 ) k/5> <B*Y w(n) nPP. (42)
=1 = n=1

n

On the other hand, since

w(n)
np

. L) 2w (o) ()
n; klk >) 5 k;k :kzzlk y e 43)

n=r n=r

Applying Lemma 2 with a (r) = 1, and p — 1 = , we obtain that

Y KB >
k=1
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Substituting the last inequality into (43), we get that

n=1 n=r

o w(n) [y B p(B+1) o w(n)
Y pr (Zk) >r Y e
Then, we have from (42) that

*

i w(n i n”ﬁ
n=r n=1

which means that w € B, 5 (C), with a constant [w] B, < B*. This proves the necessary part of the theorem.
The proof is complete. [

By replacing f by ¢’ and p by p/po in Theorems 2 and 3 we have the following theorems.

Theorem 4. Let po, p > 0 such that p/po < 1 and g be a nonnegative and B—quasi-nonincreasing sequence, —1 <
B <0, and define the Hardy operator

ngo :7 _ 2 gp(]
Then
) 1 2 r/po S
2 w(n) (n 28" (k)> <D) w(mgl(n), p/po<l, (44)
n=1 k=1 n=1

i(n) <c2( ) , foralln € Z., and C > 0. (45)

n=r

Moreover, if D and C are chosen best-possible then, we have D < po(C+1)/p (B +1).

Theorem 5. Let pg, p > 0 such that p/po > 1 and g be a nonnegative and p—quasi-nonincreasing sequence, —1 <
B <0, and define the Hardy operator

ngo . — 2 gPO
Then

Y w(n) <n .8" (k)> <D} w(mgl(n), p/po>1, (46)

n=1 k=1 n=1
if and only if the weight w € BY g (C), with
Po”

RN ﬂP

nZ:r (E) )< C Z ( ) , foralln € Zy, and C > 0. (47)

Moreover, if D and C are chosen best-possible then, we have

/
D < (p(lPtC))p ", for (ijl) >1,
- c\P/po +1
(ﬁﬁ) , for 0<%<1.

3. Self-Improving Property of 5, g

In this section, we study the cases for which the self improving property of the class 5, g holds. That, we
will prove that the self-improving property of the class Bp,/; holds for any weight w when > 0. While for
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—1 < B <0, it is not completely true but we were able to prove for a special case which is the power weights

w(n) = n“.

Theorem 6. If p > 0, B > 0and w € By, g (C), then there exists € > 0 such that w € B, g. Moreover, 0 < € <

p(B+1)/(C+1).

Proof. Sincew € B, 5 (C) for p > 0and g > 0, then

,;_, wn(;l) < Cr,pn; (;)ﬁf’w (n) = Cr PBD Y uPPy (n), forall r € Z.

n=1

Multiplying (48) by *~! and summing from m to co, we have that

(o) (o) (n) () T
Z pe-1 Z w <C 2 re—p(ﬁ+1)—l 2 nPrw (n) ]
r=m = " r=m =1

Using the fact that % <rforr>1,and sincee — p (B +1) —1 <0, then (49) becomes

i refl Z w (n> S 2}7(,34’1)76“1’1(: i (7,. + 1)6717(:3“"1)71 Z nﬁpw (n) .

r
=1

r=m n=r r=m n=
Applying the summation by parts formula

[e9) ()

Zu(r)AU(r): u(r) Ao (r)]5, — ZAu(r)v(r—l—l),

r=m r=m

withu (r)= Y w,g—,r,') and Av (r) = r1, the left side of (50) becomes

n=r

(48)

(49)

(50)

) = ZU(Tl) ) ZU(TI) r—1 1 e 0 r . ) ZU(TI)
et = n¢ - net A
r—1
where v (r) = Y. n¢~1. Using v(m) = u(c0) = 0 (recall all summations are assumed to be convergent), we
n=m
obtain that

agk
ﬁm
|
78
=
==
|
I
HMg

(E)(E5)

[
agh
~— ~ =
M‘
=
m
AN
N———

8
X2

\V;
18
N
T

ey

m

AN
N——
- |8
NS

By employing the inequality (25) with 0 < € < 1, we have that
(n41)° —n = An€ < en 1,

and then

This implies that

(1)
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Next, we consider the right hand side of (50) and applying summation by parts, by setting

(r+1) Z nﬁpw , and Av (r) = (r + 1)e—p(ﬁ+1)_1 /

we get that

(r+1)c7PAHD- Y nPPw (n)

m n=1

e (]|

< 5 ne—P(ﬁH)—l) (Znﬁpw ) Ly (i ye—p(BH1) - )rﬁpw(r),

n=m+1 r=m =r+1

agh

r

I agki

+ ( i ne_p(ﬁ"—l)_l) rﬁpw (r)

=r+1

;
3

IN

By applying the inequality
f Tx—y)<xf -y <ex"(x—y), forx>y>0,c<0orc>1,
withc =€ —p(B+1) <0, we see that
nePBHD _ ( — 1) PBED — A (n — 1)EPERD < (e — p (B4 1)) nePEHDL
and then

D p— N YRS
n=r+1 N :B+1 n=r+1 (ﬁ‘i‘l)—e

Substituting (54) into (52), we have that

1

oo r me B+1 0
Y (r+ ) TN b () < usfl—@ v ) IR A

r=m n=1 r=1

By combining (51) and (55) into (50), we have that

1 2 w (r) op(B+1)—e+1ype—p(B+1) m 5 p(B+1l)—e+lc = a
- ¢ —mf| < rPPw (r —1—7 ¢ Pw(r).
ek UoE T e (B0 ) e 0
This gives us after once more using (48), that
1 2B —et1C\ @ g (r)
e pB+1)—e) = ¢
me S w(r)  (PEDEHCN iy (5 e
S?r;n = +<P(,3+1)—€ m r;r w(r)
me m 2p(ﬁ+1)—e+1c m
< Cm_p(ﬁ""l) rﬁpw r 4+ | — me_p(ﬁ""l) rﬁpw r
“( £ + (2 £
1 op(B+1)—e+1 m
(e p(B+1)— e) r; (r)

(L 1\ epsn) [y 8
R O e L (ZMW))’

(52)

(53)

(54)

(55)
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that is
p(B+1)—e—eC\ & w(r) 2PBHDHICy (B4 1)\ o i
( c(p(Br)—e) )r_zm e < ( cr(Br1) —e) )m p(B+1) (;rﬁi%u(i’)), (56)
and thus

Ll ngf:
/N
~ |3
N——
=
i
S
=
IA

2r(prl <P(,3 fq)(li—ie_gC—Fl > <rzl( ) )

op(B+1)+1 <p(ﬁ ffl’)(/it(lc+1 > <i< )ﬁ(p €) (r)) ,

r=1

IN

which implies that w € B, ¢ for0 < e < . g&:l ) and with a constant

L <2P(ﬁ+1)+1cp (B+1) )
p(B+1)—e(C+1) )’

which is the desired result. The proof is complete. [

We study below the self improving property for the power weights for -1 < § < 0.

Lemma 4. Let 1 < p < oo, =1 < B < 0,and —Bp—1 < a < p—1. Ifx* € B,5(C), then there exists
0 <e<p(B+1)suchthat x* € B, ¢p.

Proof. Since x* € B, g (C), we have that
i(z)pn“<czr:(ﬁ)ﬁpn“ r>1 (57)
n=r 1 - n=1 r

which holds if and only if
—Br—-l<a<p—-1. (58)

Choose ¢ > Osuch that 0 < e < p—a —1,clearly 0 < & < p(B+1). We need to prove that x* € B}, .,

L) et () e

Consider the left side, we obtain
o —¢ [e¢]
2 (1);7 Tl'x = rP—S Z na_p+€_ (59)
n=r n n=r
By applying Lemma 3 with
a(k)=1,andp=p—a—e—1>0,
we obtain that .
Z ni—pPte < (P — & S) rvcfp+s+l
“(p—a—e—1) ’
By substituting last inequality into (59), we obtain

= r\PE ® (p_‘x_g) ®
n;,(ﬁ) S ey (60)
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Again, by applying the inequality (53) forc = & — p +1 < 0, with x = n + 1 and y = n, we see that

Ant— p+1 ( P+1)

Now, by summating from r to oo, we have

(0]
Z Ant— p+1 p+1 Z
n=r n=r
and then .
o= p+1 ( —p + 1) 2 pl
n=r

this implies that

r"‘“g(p—a—l)r’”in"‘_”— —a—1) i( )

n=r
By substituting last inequality into (60), we obtain

2(;)“% < Wpoez9lpoel) & (g)f’na

(P_‘X_S_l) n=r

C((Pwe)(pw1)> y (g)ﬁr’na

p—a—e—1

IN

.
= Kr PPy nthr, (61)

n=1

for K = C (=20l
Case 1. If « + Bp < 0, we obtain by applying the inequality (25) forc :=0 < a+Bp+1 < 1, withx =n

and y = n —1, that
A ((n — 1)”‘+/5p+1) > (a4 Bp + 1) n*FP,

Now, by summating from 1 to r, we have

i atBp 1,1x+,3p+l 1
n —
= - (a+Bp+1) (a+Bp+1)
patpp+1
(a+Bp+1)

By substituting last inequality into (61), we obtain

i (1)?* a < K tBptl _ K a4l
= \n = (a+Bp+1)rPr (a+Bp+1)
_ K tB(p—e)+1 (62)

(4 Bp + 1) rPlp—e)
Case 2. If o + Bp > 0, we obtain by applying Lemma 2 with
a(n)=1,andp=a+pp+1>1,

that .
Z n*tBp < P tBp+1

n=1
By substituting last inequality into (61), we obtain

at+pp+l _ gpatl K rBp—e)+1 (63)

X rr\PE K
L ;) = = = B
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Now, we have from (62) and (63) that

o (T\PE 4 1 a+p(p—e)+1
_ < P
;(n) "SRG ' (64)

with <
R~ @y for et pp <0
K, for a+ Bp > 0.

It's clear that B (p — &) > Bp, which mean thata +  (p —€) + 1 > 0, then we have two cases:
Case 1. If a + B (p — €) +1 > 1, we obtain by applying Lemma 2 with

an)=1andp=a+p(p—e)+1>1,

we obtain that .
PP < (w - B(p—e)+1) Y nthlr=e), (65)
n=1

Case 2. If o + B (p —€) +1 < 1, we obtain by applying Lemma 2 with
a(n)=1and0<a+B(p—¢)+1<1,

we obtain that .
rlX‘hB(p*E)Jrl S Z an“r‘B(p*S)' (66)
n=1
Now, we have from (65) and (66) that

a+/5p €) i a+pB(p (67)
with
% 1, for a+p(p—e) <0,
] (a+B(p—e)+1), for a+B(p—¢e) >0

By substituting inequality(67) into (64), we get that

£ () err (1)

n=r
ie, x* € B, . with the constant C* := R'R, which is the desired result. The proof is complete. []
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