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Abstract: A Young subgroup of the symmetric group Sy with three factors, is realized as the stabilizer G;, of
a monomial x* (= xlAl xé‘Z . -x’lt]N Ywith A = (d;‘l,dgz,d?) (meaning d; is repeated n; times, 1 < j < 3), thus
is isomorphic to the direct product S;; x Sy, X Sy,. The orbit of x* under the action of Sy (by permutation
of coordinates) spans a module V), the representation induced from the identity representation of G,,. The
space V) decomposes into a direct sum of irreducible Sy-modules. The spherical function is defined for
each of these, it is the character of the module averaged over the group G,. This paper concerns the value of
certain spherical functions evaluated at a cycle which has no more than one entry in each of the three intervals
I; = {i: A; = d;},1 < j < 3. These values appear in the study of eigenvalues of the Heckman-Polychronakos
operators in the paper by V. Gorin and the author (arXiv:2412:01938v1). The present paper determines the
spherical function values for Sy-modules V' of two-row tableau type, corresponding to Young tableaux of
shape [N — k, k|. The method is based on analyzing the effect of a cycle on G-invariant elements of V. These
are constructed in terms of Hahn polynomials in two variables.
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1. Introduction

pherical functions arise when an irreducible representation of a group contains the identity
S representation of a subgroup. This paper concerns the symmetric group and subgroups of Young type.
Such groups are defined as stabilizer groups of particular monomials in the context of the symmetric group
acting on polynomials by permutation of variables. Specifically we study the Young subgroup of Sy leaving
each of three subintervals I1 = [1,n1], I, = [n1 +1,n1 + ny], Iz = [n1 + ny + 1, N] setwise invariant , where
N = nj + ny + n3 and Sy is the symmetric group of permutations of [1, N] = {1,2,...,N}. The goal is to
evaluate the spherical function for the isotype described by two-row tableaux at cycles which have at most
one entry in each of the subintervals. This problem comes from a paper by Gorin and the author [1] which
analyzed the eigenvalues of certain difference-differential operator.
The basic technique is to specify a submodule of polynomials realizing the isotype [N — k, k] with 2k < N,
describe the polynomials invariant under the Young subgroup, act on each of these by the cycle of interest,
and then project onto the space of invariants. The spherical function is then computed from this data. In the

present situation the invariant polynomials are expressed with the aid of certain Hahn polynomials in two
variables.
We begin with a brief sketch of the background from [1]. The commutative family of Heckman-

N
Polychronakos operators is the set P, = ) (x,-D,-)k (k > 1) in terms of Dunkl operators D;f (x) :=

i=1

N ..
% (x)+x ¥ M;ffw ; x(i,j) denotes x with x; and x; interchanged, and « is a fixed parameter,
1 j=Lj# 1

N
often satisfying « > f% (see Heckman [2], Polychronakos [3]). For « € Z¥, let x* := [] x}’. Suppose
i=1

A > Ay > ... > Ay > 0thenset V) = spang {xf : B = wA, w € Sy}, that is, B ranges over the permutations
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of A, and F is an extension field of R containing at least x. The space V) is invariant under the action of
SN. The eigenvalue analysis of P, is derived from the restriction of Py V) to V) (there is a triangularity based
on the dominance order of partitions). Let A = (d|!,d}?,d3°) (that is, d; is repeated n; times, 1 < j < 3),
with d; > d, > d3 > 0. Let Gn denote the stabilizer group of x, so that G, 2 Sny X Spy X Spy. The
representation of Sy realized on V) is the induced representation ind‘gi’ . The space V) can be decomposed
into a direct sum of Sy-invariant subspaces of various isotypes, which may appear as several copies. The
number of copies (the multiplicity) of a particular isotype T is called a Kostka number (see Macdonald [4]).
Thatis, V) = }_ ®V).;. Because P, commutes with the group action the restriction of P, V).; to V} is contained

in V... If theTmultiplicity of the isotype T in V) is greater than one then the eigenvalues of Py realized on
V).r are generally not rational in the parameters, but the sum of all the eigenvalues (for any fixed k) can be
explicitly found, in terms of the character of 7. In general this may not have a simple explicit form . A closed
form was found for hook isotypes, labeled by partitions of the form [N —b,1° } (by the Dunkl [5], for the more
general G, = S, X Sy, X -+ X Sn,,)- The formula is based on considering cycles corresponding to subsets
A ={ay,...,a;} of {1,2,3}, which are of length ¢ with exactly one entry from each interval I,;. Any such cycle
can be used and the order of ay, - - - , ay is immaterial. The degrees dy, dy, d3 enter the formula in a shifted way:

dy :=dy + & (ny + n3) ,dy := dy + kn3, ds == d.

Let hit = hy, (d~a1, d~az, oo, dy é) , the complete symmetric polynomial of degree m (the generating function

is kgo hy (cl,cz,. . .,cq) th = H?:l (1- cit)_l, see [4]). Denote the character of the representation T of Sy by

X© (w) then the spherical function

D7 (g4) = X' (gah),

E heGn
where g 4 is an ¢-cycle labeled by A as above, and #G,, = H?:l n;!. In [1] the spherical function ®* is denoted
by x* [A;n], and called an "averaged character."

Now suppose the multiplicity of T in V) is y then there are y dim T eigenfunctions and eigenvalues of Py,
and the sum of all these eigenvalues is ([1, Theorem 5.4])

min(k+1,3) -
dimt )  (—x)" ) 7 (g4) h,ﬁl_énni!.
=1 AC{1,23} #A=t icA

Here is an outline of the paper. §2 reviews some general results about spherical functions and the
formula proven in [5] which is the basic tool for the computations. The derivation starts with the construction
of an irreducible module of polynomials of isotype T (for practical reasons we choose such a module of
minimum polynomial degree). The invariant polynomials in V are described in terms of elementary symmetric
polynomials. The dimension of the subspace of invariants is found in terms of the parameters 1,15, n3 (by
Frobenius reciprocity the dimension is the same as y, the multiplicity of [N — k, k] in V) ). In §3 the two-variable
Hahn polynomials are defined and a basis for the invariants is constructed. §4 determines the spherical
functions for the 2-cycles. Lastly §5 produces the spherical function for 3-cycles and also has a discussion
(85.1) about some specific examples, especially those with multiplicity one.

2. Spherical functions and invariants
Definition 1. The action of the symmetric group Sy on polynomials P (x) is given by wP (x) = P (xw) and

(xw); = Xy (i), W € Sy, 1 <i<N.

Note (x (vw)); = (X0)y4) = Xow(i)) = Xow(i), WP (x) = (wP) (xv) = P (xvw). The projection onto
Gp-invariant polynomials is given by

0P (x) i= #1GnhXG: P (xh).
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Let A = (dy!,d5?,d3>) (thatis, d; is repeated nj times, 1 < j < 3), with dy > dp > d3 > 0. Let Gn denote
the stabilizer group of ¥, so that G, Sy X Spy X Spy. Suppose that M¢ is an Sy-module of isotype T and
that {¢; : 1 < j < u} is a basis for the Gy-invariants.

p
Proposition 1. [5, Cor. 2] Suppose g € Sy and pgG; = Y. Bji (g) §j (1 <1i,j < p) then @7 (g) = tr (B (g)).

The key fact is that pg¢; is itself an invariant and thus has a unique expansion in the basis {1,0]- :1<j<u}.
The approach used in what follows is to determine the action of pg on each basis element for the cycles
described above.

Forl1 <k< %letE Cc{1,2,...,N} with#E = k and let mg := [T x;, and
i€cE

Ve —{P— ) Ceme: Zaa P—O}

#E=k

Then V; is of isotype [N — k, k] (an irreducible Sy-module of dimension (],Y ) — (klj 1))
To clearly display the action of G, we introduce a modified coordinate system. Replace

(1) (1 () 2 .3) (3)

(x1,x2,...,x]\]) ('xl 7. /xl’lllxl 7t xt’lz /xl 7 /xnp>/

j—1
that s, x(] ) stands for xs withs = Y n; +i. We use xfk ), x(>) to denote a generic x]( i)

i=1
2 < j < n;. In the sequel g, denotes the cycle <x§ ),xgz), . ,x1 ) (with2 < £ < 3). Lete; ( i)) , € (x(>)) be

with1 < j < n;, respectively

defined by H (1 + txlg )) Z te; ( G )) respectively H (1 + txl(j )) = Z te; (x> ) (elementary symmetric
i=1

functions).

(<01 (4) = e ()t s (42)) =25 ()
]

]

Proof. Letp = xgj)xgz) (D (withsy < ... <s;) thenpp = ("Z.f)flei (xij)),because e (x@) is the sum of (rif)

l) monomials in xg])e, 1 (xg)) and ("1.]'71)/(’?) = . There are (nf;l) monomials in

monomials. There are (
-1 -1 n;

Tl]'—l

ei (x¢) and (1) /(%) = 0

nj
Proposition 2. [6, Prop. 2.1] A polynomial f (u,v) satisfies
(u—mny) f(u+1,0)+(v—mn) f(u,v+1)—(n3—k+1+u+v)f(u,0) =0,

for0<u<mny, 0<v<mny k—n3 <u+v<k,ifand only if

Yo % s () e () e () <o

Xi u,v,u+v<k

that is, the inner sum is an element of V.

The formula describes the space of Gp-invariant polynomials of isotype [N — k, k].
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3. Hahn polynomials in two variables

One convenient orthogonal basis for Vj is defined in terms of Hahn polynomials (see [6] ) (the
Pochhammer symbol is («); = [T_, (a+i—1))

m
@B = 5 () (Bt s 1) (0D
then the basis element ¥, is given by (in two parts for later convenience)

g (6) = B (n,m -y = 2m k= m k= 1)

k—m (m—k)
=) i ](n1+n2—k—m+1)]-(n3—k+m+1)k_m_j><(t—k)j(m—t)k_m_j, (1)
j=0 ’

{ﬁ,(nz) (u,v) :=Ey(ny,ny,u+9,0)= go (_i'!ﬂ)" (m—m+1),(np—m+1), ;(—v);(—u),_;, ?
P (1,0) =P (ut0) i) (w,0),

for 0V (k—mn3) < m < ny Anyg ANk A (114 ny — k) (the number of these points is the multiplicity of 1, in
[N —k, k]).

Proposition 3. A basis for the Gp-invariants is given by

gu ()= ¥ dnmo)e () e (x) ey (7).

u,0,u+v<k

This follows from the fact that ¢, (1,v) satisfies the difference equation in Proposition 2 (see [6, p.63,

3.11))).

There are useful special values:

P (m) = (k—m)! (A —k—m+ 1),
i) (1,0) = (1 —m+ 1), (—u),, = (1) (=n2),, (—1t),,, 3)
P (m,0) = (=1 " (m — ny — na)_,, (—n2),,, m! (k —m)L.

Lemma 2. If u +v < m then %12) (u,v) =0.

Proof. The term for i in 1;5,(,12) (u,v)isnonzeroonly ifi <vandm —i < u, thatis, m —u <i<v. O

An analogous structure is known for isotypes of 3-part partitions, due to Scarabotti [7]. We are not
pursuing this situation here because of the complexity due to the added dimension and the numerous
conditions on the parameters.

4. Spherical functions at a 2-cycle

For an invariant polynomial ¢ (x) = Y. f(u,0)ey (xg)) v (xg)) Ck—u_v (xf’)) we will determine
u,ou+v<k
oY (xg2) where g» = (xgl),xgz)). In this section we will show that pgothy, = —— {(m — ny) (m — ny) — m’} Py,

niny
for each m. This coefficient is then used in Proposition 1. Compute term-by-term. Let

p=cu(x") e (x,@)ek oo ()
= {xe (2 )“u( Ve () +eo (+2) Feroa (+7)

op = ey 1 () 10y (32 ey (£9) + ey (2 s () exae (58)
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+e, 1 (xg)) xgz)ev

Apply p and use Lemma 1

(x(f)) [ — (xf’)) +ey (x(>1)> ey (xg)) I — (xf)) .

pgop = (0 =) (2 =) + 1) s () e0 (2 e (527
+ (A1) (m = o+ Vewpr () eor (¥) ey (%)
b -+ 1) @+ Do (59) e (x2) e (x) ]
Thus

pgep =}, {((m—u)(n2—0)+uv)f(u

u,o,u+v<k

ce (1Y eo (1) ey o (2.

Observe that values like f (=1,v+1) or f (n; +1,v) do not appear. Let f (u,v)
from (1), (2). By Lemma 2 u + v < m implies 1?,(112) (u,v) =0.

Let C (u,v,i) denote the i-term in the sum (2) for %ﬂz) (u,v). We will express u (np —v)C(u—1,v+1)+
(ny —u)vC(u+1,0—1,i)interms of C (u,v,i —1),C (u,v,i+ 1) and C (u, v, i). It is more readable to display
ratios like C (u +1,v —1,i) /C (u,v,i) (resulting from straightforward calculations)

)+ u(ng—o)f(u—1Lo+1)+ (np —u)of (u+1,0—-1)}

= g0 (ut0) 9 (u,0)

oy (i) ::u(nz_v)C(u—l,v—i-l,i) (np—v)(v+1)(m—i—u)

C (1, 0,1) i—o-1 '

o (i) = (my — ) oS wg(iz:) Li) _ (m —mu)_<i—_?;)_(tlt+ n

by (1) = = (1= 1) (m —-+1) S - Hnm i (e 2],
b (8) = — (3 1) (s z_l)cgt(;; ;+1)1) (—m+i) (li;lv—)i_(u_ m1+i)

Thenay (i) — by (i) = (i—v+mnp) (m—i—u), ay (i) — by (i) = (i —m+ny —u) (v—i). Thus

u(ny—ov)C(u—-10v+1i)+ (nm —u)oC(u+1,v—-1,i)

—(m+1—i)(ng—m+i)C(u,v,i—1)

—({i+1)(ny—i)C(u,v,i+1)
+ (m

(i) — by (i) + a2 (1) — b2 (1)) C (1,0, 7).

Apply Z to each line: the first line gives u (1, — v) ﬂf) (u—1,v+1)+ (n; —u) mﬁﬁf) (u+1,v—1), the
second and thlrd yield

m—1

)(np —m+1i)C(u,v,i—1)— ;) (i4+1)(np—1i)C(u,v,i+1)
— by (i) +ap (i) — b2 (i) C (u,0,0)

Y (m+1—i
i=1
+Z([l1(l

i=0

Y {Gi—m)(m —m+1—1i)—

)
= 3 i(ny—i)+ay (i) —by (i) +ax (i) — by (i)} C (u,0,1)
=0
= i{m(m
i=0

—ny —np— 1) +npu+nyov—2uv} C(u,v,i)

a multiple of {pv,%z ) (u,v). The changes of summation variable are valid since b; (0) = 0 = by (m). Now add
((np —u) (np —v) + uv) {p“,Sf) (1,v) to both sides and obtain pgy i, = nlsz {(m —ny) (m—ny) —m} iy,
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Let my := 0V (k —n3) and my; := ny Any Ak A (n1 + np — k). Thus the spherical function

dﬂN*k'k] — E {(m—mny) (m—ny) —m},

1’117’12 m=my,

if k <ny Anp Angthenmp =0,my = kand

q)[N*k/k] (gZ) = 1 <1’111’12 - %k (7’11 + 7’12) + %k (k - 1)) :

nin;
More generally let u = my — my, then

u+1

INTFH () = .

<m%‘|‘1’ll1’l2* (TI”IL‘Fg) (ny +ny) + (mL+%) (yfl)). 4)

The corresponding situations for the 2-cycles (x?), xf’)) and (xgl), xf’)) are obtained by suitably
permuting the parameters 17, 113, n3 in the formula. The multiplicity of 1¢,_ in Vj is symmetric in {#;}, namely
min{k,ny,...,nm1+np—k,...} + 1.

4.1. Caseny +ny =N
The same scheme can be used for n = (11, 1) (with N = ny + np): the multiplicity of [N — k, k] is one for

N
0 < k < ny A ny, the unique invariant polynomial (with } %gb (x) =0)is
i=1 """

k

) =) fwer () ey (x7),

u=0
fu)= ()" (ma—k+1), (m —k+1),,
and with a similar calculation to the previous one
k
0P = Z {((ng—u)(ny—v)+uv) f(u)+u(np—o)f(u—1)4+v(ny—u) f(u+1)}e, (xfkl)) Ch_y (xiz)) ,

u=0

with v = k — u. We find

flu-1) flutl)
f(u) fu)

and adding (nq — u) (ny —k — u) 4+ u (k — u) to both sides we obtain

u(ny —o) +o(ny —u) —u(m+1—u)—(k—u)(np—k+1+u),

g = (mana = -+ )b+ =) 3 £ 1) (38 e ()

u=0
= (mm— (m +m)k+ — k) y.

Thus the spherical function

_ 1
HIN—kK] (g2) = - (nlnz — (m +m)k+k — k) .

5. Spherical functions at a 3-cycle

We use the 3 -cycle g3 = (x%l), xg ), x?) ) We will determine pi (xg3) for an invariant polynomial

p(x)= Y f(uo) {x1 eu_1 ( (1 )) +ey ( (1))} {xgz)ev,l (x(f)) + ey (x(f))}

u,ou+v<k
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X {X?)ek,u,v,] (x(>3)> +Ck—u—o (XS)) } :

The computation is quite a bit more involved than the 2-cycle case. Apply g3 to the (1, v)-term; there are
8 terms in the expansion (and abbreviate k — u — v = w)

P () (42 s () 4 () 70 (42 ()
ey (<) e (<2) Ve s (£8) ey () e (2 e ()
o) () s () s () 75 () ()

o () () e (40) 20 () () ()

Symmetrize each term using Lemma 1, and denote

P(u,v,w):= ! ey (x»(ﬁl)) €o (x’(Fz)) Cw (xf’))

ninans

uvwP (u,v,w)+ (nmy —u+1)v(w+1)P(u—1,0,w+1)
+u(w+1)(n3—w+1)P(uv+l,w—-1)+(m —-—u+1)(v+1)(n3—w)P(u—1,0v+1,w)
+u+1)(np—v+1)wP(u+1l,o-1Lw)+ (n —u)(ny—v+1)(w+1)P(u,v—-1,w+1)
+u+1)(npy—ov)(nmz3—w+1)P(u+10,w—1)+ (ny —u) (np —v) (n3 —w) P(u,v,w)
respectively. Changing indices as appropriate we obtain
oy (xg3) = Y. P(uow){uvwf (u,0)+ (m —u)vwf (u+1,0)
u,o,u+v<k
+uv(nz—w) f(u,v—1)+ (ny —u)v(nzs —w) f (u+1,0—-1)
(2 — o) wf (= 1,0+ 1)+ (m — ) (13 — 0) wf (,0+1)
+u(ny—v)(n3—w) f(u—1,0)+ (n —u)(np—v) (n3 —w) f(u,v)}.
Mow set f (1, v) = Py (1, v) and determine the coefficient ¢, in iy, (xg3) = ¥ cnipn (x) (equivalently the
n
expression in {-} denoted S, (1, v) equals ¥ c, ¥, (u,v)).
n

In lp,(nl (m) only the j = k — m term is nonzero, and in lf,(nz ) (1,0) only the i = 0 term is nonzero.
Furthermore u < m implies ¢, (1,0) = 0, (because of the factor (—u),, in l;bv,(,f) (u,v)). By Lemma2u+v <n
implies ¢, (1,v) = 0. Thus Sy, (4,0) = 0 for u < m — 1 (note the terms vf (x,0 — 1) = 0). The following is
used to determine the coefficients needed for Proposition 1.

k ~
Proposition 4. Suppose f = Y, ¢y, and f (1,0) = 0 for u < m — 1 then
n=0

1 m (k —m —n3) }
== .0) — -1,0) . 5
en = o {Fm0) — I 1,0 ®
Proof. The coefficients ¢; = 0 for j < m — 1. Indeed let i := min {j: ¢; # 0} then f (i,0) = c;9; (i,0) # 0,
and thus i > m — 1. It remains to show that ¢, 1 (m,0) — #%wm 1(m—1,0) = 0. From 1;55,1211 (u,0)

=(np—m+2),_ 4(-u),,_, wefind 1%3)_1 (m,0) /lﬁ(fll (m—1,0) = m. In the sum for tﬁfnl)_l (u)atu=m-—1
only the j = k — m + 1 term appears and at u = m only the j = k — m term appears. Using this fact we find

~)(ﬂ111 (m) k—m—n3

lﬁ(nlll (m—l) o n1+n2—2m+2'
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Y1 (m,0) _ m(k—m—ns)
lpm—l (m—l,O) ny+np,—2m+2’

and this concludes the proof. [J
We need to evaluate ¥, (4 —1,1), P (1, 1), P (u —1,0), ¥y (1,0) at u = m — 1, m. The first and third of
these vanish at u = m — 1, by Lemma 2. Besides the values in formulas (3) the following are needed:
(m+1) —(k—m)!(ny+ny—k—m+1),_, ;(n3—k+m+1)

(/ )7m'( )m
T ( -L)=m(m—m+1)(1-mnz), 4
( 1)=(-1)"m!(np—m+1), ,(ny—m(ng —m+1)).

To organize the calculations let

_ =) (1), _ M3—k+m+1
A=) (m1) /) (m) =~
By := 1(11)( 711)/%1( )_,”1_717’”4?1
2
By = G2 (m,1) /47 (m,0) = 2= ]
2
1
Tf(u,0):= — ~ {f (u,0) = Cuf (u—1,0)}

W (m) ;) (m,0)
m (k—m — nz)
n+mnp—2m—+2°

Cm =

Three of the T - evaluations are nonzero:

TA{u(ny—v)wf(u—1v+1)} = mny (k—m)By,
T{(n—u)(ny—v)wf(n,v+1)} = (ng —m)ny (k—m) ABy — (ny —m+1)ny (k —m+1)CBy,
T{(ng —u)(ny—0)(ng—w)f(u,0)} = (ng —m)ny (ng —k+m).

The omitted cases are due to ﬂnz) (m—1,0)=0= 17553) (m—2,0). Let

nyny — m?

¢ kym) = (m+1) (3 —k+m+1) (k—m) ==

then

(np—m)ny(k—m)ABy = (n1+1)m(k—m) (n3 —k+m+1)—¢ (k,m)
—(m—m+1Dny(k—m+1)CBy = —nym(k—m+1)(nz—k—m)+¢(km—1).

We must deal with the exceptional case 2m = nq + ny: if k < (n1 A np) then m < k and 2m < ny + ny, so
suppose 11 Ay < kand m = ny A np, and 2m = ny + np implies m = ny = ny so that the term AB; does not
occur. In fact there is more detail: if k > 17 = ny then ny + ny — k < ny giving the bound m < n; 4+ ny — k and
m+ny—2m>k—m> O,elseifk:mthen{/ﬁ =land A =1.

Adding the six terms we have shown that the coefficient ¢;, in the expansion pg3p, = Y ¢y is

n

om = {¢ (kym) = ¢ (k,m) + ¢ (k,m —1)}

nina;ng

g (k,m):=m (3k—2m)+m(n§—k2) — (n3—k+m) (m(ny+ny 4+ nz) —niny).
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ny
g3) = W m:ZmL (k,m) —¢& (k,my) + & (k,mp — 1), by telescoping.

Recall mp, = ov (k — n3) and my :=ny Anp A\ kA (Tll +npy — k) By definition 5 (k, *1) =0= C (k,k — n3z — 1)
so that ¢ (k,mp —1) =0, also ¢ (k, k) = 0. The nonzero values of ¢ (k, my;) are

Thus the spherical function ®N %K (

K . (mU+1)(mu*(k*n3)+1)mu(k*ﬂ1u),mu:nl/\nz
& (k,my) = 2 _
(my +1) (my — (k—n3) +1) (nyny —mg;) , my =ny +ny —k.
One of the first two factors is (my —mp +1) since mp = 0V k — n3..We point out that the value of a
spherical function times ninyn3 is an integer, because the character table of Sy has all integer entries, and
necessarily the denominator in ¢ (k, u) cancels out. If k < n3 (my = 0) let u = my; and then

_ +1 1 1
BIN—KK] (g3) :nlznzny) {n1n2n3 — Eﬂ (nyny + nyng + nyng) + gNy (n—1)
1 1
g =) (o (N =kt 1) = 2mms) = 2 )}

The simplest case is ¢ = k, ¢ (k,k) = 0. The sum can be explicitly found in general but tends to be

complicated. Here is one way to display the sum (with y = my —my, v = my, § = k — my;), omitting the factor
nrl
ninang

1 1 1
gNy (n—1)+ EN (v + ué + 2vé) — 3 (1 +2v) (nynp + nyng + nynz) + nyngns

0 (0= 1) 4 (0= 8) (i +0) = 6 (5 1) = 2 (k). ©

5.1. Special situations

Multiplicity equal to one arises when my = my at (1) k = ny +n3, (2) k = ny +n3, 3) k = ny + np, (4)

k % For case (1) my = k —n3 = my = ny, then g = 0, v = ny, § = n3 and by formula (6) ®N—FK (g3) =

1 1

e A similar calculation shows case (2) yields T For case (3) mp, = 0 = ny +np, —k = my, then
2 1

N—kk] (

1
p=0,v=0,8=n+nyand by the same formula ! g3) = — In these cases there are implicit
3

bounds such as ny > ¥, n1 +n3 < &, following from 2k < N. Applying these parameters for the 2-cycle case

when g, = (x?), x§1)> and using formula (4) for DIN—kK] (¢2) one obtains (1) _niz' (2) —nil, 3) 1.

For case (4) (when N is even) m; = % — N3 = my = nq +ny — %, 0 = n3. The resulting values can be

written as
1 3 /N N N
=g () 3 (3-) (3-0)}
(85) nynyng g 2 12;9 2 J\2

1 N N N
[N/2,N/2] _ N A _ oY
D (gz) - (( 5 7”11) (2 7’12) > +1”l3) .

Another exampleisn; =n; =n3 =n(and N =3n). If k <nthenv=my, =0,my =k, y =k 6 =0and

QN (g5) = 1

3 1
2_ 2 - _
(n an—i—zk(k 1)>
Ifngkg%nthenv:mL:k—n,mu:Zn—k(sincen22n—k),yzSn—2k,5:2k—2nand

it g - P (123

1
= —2nk+2k(k—1)>.
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