Open Journal of |
Mathematical Analysis ,;ss

Atrticle
An elliptic population system with multiple functions

Joon Hyuk Kang
Department of Mathematics, Andrews University, Berrien Springs, MI. 49104, USA; kang@andrews.edu
Received: 10 October 2025; Accepted: 08 November 2025; Published: 24 December 2025.

Abstract: The purpose of this paper is to give sufficient conditions for the existence and uniqueness of positive
solutions to a rather general type of elliptic system of the Dirichlet problem on a bounded domain ) in R".
Also considered are the effects of perturbations on the coexistence state and uniqueness. The techniques
used in this paper are super-sub solutions method, eigenvalues of operators, maximum principles, spectrum
estimates, inverse function theory, and general elliptic theory. The arguments also rely on some detailed
properties for the solution of logistic equations. These results yield an algebraically computable criterion for
the positive coexistence of species of animals with predator-prey relation in many biological models.
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1. Introduction

O ne of the prominent subjects of study and analysis in mathematical biology concerns the survival of
two or more species of animals in the same environment. Especially, pertinent areas of investigation

include the conditions under which the species can coexist, as well as the conditions under which any one of
the species becomes extinct, that is, one of the species is excluded by the others. In this paper, we focus on
the general predator-prey model to better understand the competitive interactions between multiple species.
Specifically, we investigate the conditions needed for the coexistence of species when the factors affecting them
are fixed or perturbed.

In this paper, we focus on the existence and uniqueness of the positive steady state solution of the general
predator-prey model for arbitrary N species,

(ui)e(x, 1) = Aui(x, t) + u;(x, £)gi (g (x, 1), oo, i (x, 1), ., un(x,8))  in Q x RT,
ui(xlt)|80 =0, i=1,.., N,

or, equivalently, the positive solution to
Auj(x) 4 ui(x)gi(ug (x), ..., 4 (x), ..., un(x)) =0 in Q, )
Uuilan =0, i=1,..,N,

where Q) is a bounded domain with smooth boundary 9Q), g; € C! are relative growth rates such that ( gl)u], <
0,j=1,.,Nandforeachi=2,..,N,

(gi)ul > 0/
(gi)uj < 01] - 2, ceey N.

Because of its broader applicability, the general predator-prey model has become a more popular subject
of research within the mathematical community over the past few years.

The functions g; describe how species u; interact among themselves and with each other.

The followings are questions raised in the general model with nonlinear growth rates.

Problem 1. What are the sufficient conditions for existence of positive solutions?
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Problem 2. What are the sufficient conditions for uniqueness of positive solutions?

Problem 3. What is the effect of perturbation for existence and uniqueness? In our analysis, we focus on the
conditions required for the maintenance of the coexistence state of the model when interaction rates (g1, ..., gN)
are slightly perturbed. Biologically, our conclusion implies that the species may slightly relax ecologically and
yet continue to coexist at unique densities.

In §3, we establish sufficient conditions for the existence and non-existence of positive solution of the
system. We also achieve solution estimates in §4 to prove the uniqueness and the invertibility of linearization
in §5, §6 and §7, where we investigate the effect of perturbation for existence and uniqueness. In §8, we study
an easy concrete example to illustrate abstract mathematical conditions and the practical relevance, and to
discuss of how the mathematical results could inform ecological understanding and management.

An especially significant aspect of the global uniqueness result is the stability of the positive steady state
solution, which has become an important subject of mathematical study. Indeed, researchers have obtained
several stability results for the Lotka-Volterra model with constant rates (see [1], [2].) The research presented
in this paper therefore begins the mathematical community’s discussion on the stability of the steady state
solution for the general predator-prey model.

2. Preliminaries

Before entering into our primary arguments and results, we must first present a few preliminary items
that we later employ throughout the proofs detailed in this paper. The following definition and lemmas are
established and accepted throughout the literature on our topic.
Definition 1. (Super and Sub solutions). The vector functions (L_ll, iV ), (gl, o, uN ) form a super/sub
solution pair for the system

Au' +g'(ul,..,.uN) =0 in Q,
ut =0 on dQ),

iffori=1,..., N,

i—1 N

Adl + gl (ut, . ui T a u L uN) <0, - - L,
) ) A - in O for w <uw <, i
{ Au' 4 g (ul, =t u L ulN) >0, weswsi,j#

i

Ul
Lemma 1. Ifgi in the Definition 1 are in C! and the system admits a super/sub solution pair (gl, ...,EN), (111, i
respectively, then there is a solution (uy, ..., uy) to the system in Definition 1 with u' < u' < i in Q. If

and
on (),

0<# on 9Q.

IN A

)

7

inQfori=1,..,N,then u <ul <alinQ.

Lemma 2. (The first eigenvalue). Consider

()

—Au+q(x)u=Au in Q,
M‘BQ =0,

where q(x) is a smooth function from Q) to R and Q) is a bounded domain.
(A) The first eigenvalue A1(q) of (2), denoted by simply Ay when q = 0, is simple with a positive eigenfunction ¢g.
(B) If 1(x) < g2(x) forall x € Q, then A1(q1) < A1(q2).
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(C) (Variational Characterization of the first eigenvalue)

. Vo|? + g¢p?)dx
)\1 (q) — min fQ(' ¢| X q(P ) .
PEWL(Q) 90 Jo ¢?dx

In our proof, we also employ accepted conclusions concerning the solutions of the following logistic
equations.

Lemma 3. Consider

Au+uf(u) =0 in Q,
M|3Q=0, u>0,

where f is a decreasing C' function such that there exists co > 0 such that f(u) < 0 for u > co and Q) is a bounded
domain.

(A) If f(0) > Ay, then the above equation has a unique positive solution. We denote this unique positive solution
as 6.
(B) If f(0) < Ay, then u = 0 is the only nonnegative solution to the above equation.

The main property about this positive solution is that 6 is increasing as f is increasing.
Especially, for « > A1, we denote 6, as the unique positive solution of

Au+u(a—u)=0 in Q,
ulpn =0, u > 0.

Hence, 0, is increasing as « > 0 is increasing.
Having established these preliminaries, we now commence our investigation of the general predator-prey
model.

3. Existence, nonexistence

We establish the following existence result for (1):

Theorem 1. Ifforeachi =2,..,N,

(A)
sup(g1)u, Sup(8i)u; + (N — 1) inf(g1)u, sup(8i)u; >0,
and
(B) .
Sup(g1)u, sup(gi)u, (A1 + g0
$1 00 > G ey sup (g, + (N — 1) (g1, 5P (81)u
and

gi(O, vy 0) > A — (N — 2) j:2,_i.?lfl,j;éi{ﬁj inf(gi)llj},

where 11} is defined below, then (1) has a positive solution.

. _ 0,...,0 _ 0,...,0) sup(gi)u .
PrOOf. Let&: ')’Z(U, 1= 1,...,N, Ll1 — —%, 1/[1' — —W (gl(O,,O) - %) , 1= 2,...,N,

where ; > 0 are constants and w is the eigenfunction of (2) with g(x) = 0 corresponding to the first eigenvalue
A1
Then by the Mean Value Theorem, for all u; such that u; < u; < 1;,i=2,..,N,

Ay + u'1g1(u'1,u2, ey uN) =17 [31 (O, ...,0) + &1 (u_1, u, ..., uN) -9 (O, uy, ..., uN)
+ 81 (0/ Uz, ..., MN) -8 (0/ 0/ Uz, ..., MN)] + 81 (0/ 0/ Uz, ..., MN) - 81(0/ 0/ 0/ Ugy ey MN)
+..+9 (0,...,0, uN) — g1<0,..., 0)]
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11(81(0, ..., 0) + 171 sup(g1)u;, + U2 sUp(g1)u, + - + un sup(g1)uy]
2“1[“2 Sup(gl)uz + o, Fun sup(g1)uy <0,

and for all u; such that uqy < uy <1y and foralli=2,.., N,

AT+ 10i8i (U, wvoy Ui, Wiy Uiy 1, o UN ) =1;(8i(0, .., 0) + &3 (U1, ooy Ui, 1T, Ui, oy UN)

— gi(0,up, ooy Ui, 1T, Uiy, ey UN)
+9i(0,up, oy th 1, 1T, Ui 1, ey uN) — 8i(0,0, Uz, ooy Ui, 1T, Uiy 1, ooy UN)
+£i(0,0,u3, ..., Uj_1,1Tj, Ujyq, ..., UN)
—4i(0,0,0,ug, ..., i 1,7, Uiy 1, o) UN) + oo F
+i(0,...,0, 11, ty 1, .. un) — £i(0, ..., 0,11 1, o0, UN)
+4i(0,...,0,tj11, ..., uN) —i(0,...,0,tj 40, ..., uN)
+ ...+ 4i(0,..,0,ux) — (0, ..., 0)]

<1;(8i(0, .., 0) + 11 Sup(gi)u; + ---ti—1 5up(gi)u;_, + i sup(gi)u,
a1 SUP(8: i + o 5 SUP(g1 ]

<i;[8i(0, .., 0) + 13 sup(&i)u; + 1 sup(gi)u;] = 0.

By the condition and the Mean Value Theorem again, for all u; such that u; < u; <1;,i=2,..,N,

Auy+u g1 (uy, g, ..., uN)
=A(1w) + 11wgi (11w, uy, ..., un)
=A(nw) + 1w([81(0,...,0) + g1(11w, uz, ..., un) — 81(0, 2, ..., un) + 81(0, 2, ..., un) — 81(0,0, 3, ..., un)
+¢1(0,0,u3, ..., un) — §1(0,0,0,uy, ..., un) + ... + §1(0, ..., 0, up) — £1(0, ..., 0)]

I N
> — nhw + 1w [81(0,...,0) + iwinf(gr )y, + Y u; inf(gl)ul.]
i=2

> —mhw+mw |£1(0,..,0)+ (N—-1) 1nf {u inf(g1)u, } + ’ylwinf(gl)ul]

- . 1
=—-1Mw+ 1w _gl(O,...,O) +(N—-1) inf {—Sup(gi)ui(gi(O,...,O)

81(0,-..,0) sup(gi)u, \ . } : }
—_ f u; + f 1
S (g )inf(g1)w; ¢ + 10 inf(g1)u,

=-mhw+nw [81(0/---/0) +(N-1) _inf {inf(gl)”i (‘

-----

#8100 Do) )]y e,

sup(g1)u; SUP(8i)u;
(N - 1) inf(gl)u,‘gi(ol ,O)
sup(8i)u,

} +71winf(g1)u1]

(N —1)inf(g1)q, sup(gi)ul)
SuP(gl)ul sup(g;)u;

=— 1MW+ 11w [ ian {gl (,...,0) —
1=

N (N —1)g1(0, ...,0) inf(g1)u; sup(g;)u,
sup(g1)u; Sup(8i)u;

=— 7MW+ 1w [ inf {gl ,...,0) (1 +
i

_(N-1) 1nf(g1 1,8 (0
sup(gi)u;

}-i—’hwmf g1 u

) (1 N -1) 1nf(g1)u,» sup(gi)ul )
sup(g )ul sup(&i)u,

-----

(N-1) 1nf(g1
sup(gi)u; Fnewinign

>0
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with small enough y; > 0,and foralli =2,..,N,j=1,..,N,j #iand u; such that uj < uj <1,

At + Ui (U, ooy i1, Uiy Ui 1, UN) = — ViM@W + i@ (U1, ooy Ui, Vi, Uiy 1, -y UN)
=— yiMw + viw[gi(0,...,0) + gi(u1, ..., i1, YiW, Uit 1, . UN)
—9i(0,up, o, i1, Yiw, Uiy, oo N ) + i (0, U, ooy Ui 1, Vi, Uiy 1, ooy UN)
— gi(0,0, U3, .., Ui 1, Vi@, Ui 1, ey UN)] + ot
+4i(0,...,0, viw, ujr1, .. un) — &i(0, ..., 0, Uit 1, ..., UN)
+4i(0,...,0,utj11, ..., un) — &i(0, ..., 0, Uj1p, ..., UN)
+ ...+ gi(0,..,0,uy) — £(0,...,0)]

> —YiMw + yiw

N
i(0,..,00+ Y ujinf(gi)uj+%winf(gi)u,1
=L

N
>iw [81(0,-.-,0) — M+ yiwinf(gi)y, + ), 7;inf(g)u,

with small enough 7; > 0. Furthermore,

and

O

We also establish the following nonexistence results.
Theorem 2. Suppose g;(0,...,0) < Aq,i =1,..,N. Thenu; = 0,i = 1,..., N is the only nonnegative solution to (1).

Proof. Let (uq,...,uyn) be a nonnegative solution to (8). By the Mean Value Theorem, for i = 2, ..., N, there are
17; such that

gl(ul,O,...,O, u;, 0,,0) —gl(ul,O,...,O) = (gl)ul.(ul,O,..., 0, 111', 0,...,0)Lli,
gi(ul, 0,...,0, ui,O,..., 0) — gi(O, ...,0, ui;, 0,,0) = (8i)u1 (Lﬁ, 0, ...,0, ui,O,..., 0)141.

Hence, by the monotonicity, fori = 2, ..., N, (1) implies that

Aui+uq[g1(u1,0,...,0) + (81)u,; (11,0, ..., 0,170, ..., 0)1;]
=Aug + u1[g1(11,0,...,0) + g1 (11,0, ...,0, 1,0, ...,0) — g1 (11,0, ...,0)]
>Auy + up(g1(11,0,...,0) + g1 (1, ..., un) — g1(u1,0, ..., 0)]
=Auy + 1191 (11, ..., UN)
=0 in Q,

and

Aui+u;(gi(0,...,0,u;,0,..,0) + (i)u, (11,0, ...,0,1;,0, ...,0)uq]
=Au; + 1[4 (0, ..., 0,170, .., 0) + (41,0, ...,0,1;,0, ..., 0)
—gi(0,...,0,u;,0,...,0)]
=Au; +u;g;(u1,0,...,0,u;,0,...,0)
>Au; 4 u;gi(uq, ..., uny) =0 in Q.
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Hence, fori =2,...,N,

Aug +uq(g1(11,0,...,0) + sup(g1)u;u;] >0 in Q,
Au; +1(g(0,...,0,1;,0,...,0) + sup(gi)u, u1] >0 in Q.

Therefore, fori = 2,...,N,

sup(gi)u $18u1 +sup(g;)u; P1u1[g1(u1,0, ..., 0) +sup(g1)y,ui] >0 in O,
- Sup(gl>ui¢1Aui - sup(gl)ui(Plui[gi(ol"-/ 0/ u;, 0110) + Sup(gi)lllul] 2 0 in Q

So, fori=2,...,N,
/Q —sup(gi)u, PrAurdx < /Q[gl(ul,o, oy 0) SUP(&i)uy w1 + SUP(81)u; SUP (i) uy U1 1] Prddx
/()sup(gl)uicplAuidx < /Q[—gi(O, e, 0,u;,0, ..., 0) sup(gl)uiul- — sup(gl)ui sup(gi)ulului]cpldx.

Hence, by the Green’s Identity, we have

/Q sup(gi)u M prindx < /Q[gl(ul,O,...,O) SUP(&i)u; U1 + Sup(g1)u; SUP(&i)u, urui|prdx
/Q — sup(gl)ui)xl<p1uidx < /Q[—gi(O, ., 0,1u;,0,..., 0) sup(gl)ul.ul- — sup(gl)ul. sup(gi)ul u1ui]<p1dx.

Therefore,

/Q sup(gi)u, ([M1 — 81(11,0, ..., 0)]urp1 — sup(g1)u; (A1 — £i(0, ..., 0,u;,0, ..., 0)]ujprdx < 0.
Since the left hand side is nonnegative from

gl(ul,O,...,O) < gl(O,...,O) < Aq,
gi(O,...,O, 1/[,',0,...,0) < gi(O,...,O) < Aq,

we conclude thatu; =0,i =1,..., N. O
Theorem 3. Let u; > 0,i =1,..., N be a solution to (1). If g1(0,...,0) < Ay, then u; = 0.

Proof. Proceeding as in the proof of the Theorem 2, we obtain

0< /Q[)‘l —81(u1,0,...,0)]urrdx < /qup(gﬂuiuluifhdx <0,

andso,u; =0. O

4. Solution estimate

In order to prove further results, we will need the following solution estimate.
For the rest of this section, we assume the following additional growth condition:

x%iglogi(xl,..., Xi, oy XN) = —00,i =1,...,N.

Lemma 4. Let (uq, ..., un),u; > 0,i=1,...,N be a solution of the problem

{Aui = tu;gi(uy,, ..., uy) in Q, 3)

ullaﬂ == 0/ l - 1,..., N,

where t € [0,1]. Then
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(A)
up < My, u; <M,

where

A41 p— _gl (0/ 4 0) Ml

sup(81)u;’
(B) Fort =1,ifu; > 0,

_ sup(gi)u, (M) +8i(0, -, 0)

i=2,..N.
—sup(gi)u;

sup(81)u; sup(&i)u; +inf(g1)u; sup(gi)u; >0,

91(0, My, ., Mi_1,0, Mi11, .., M) +inf(g1 ), 810, 0) sup(8i)u, = 8i(0...,0) sup(g1)uy

sup(gl)ul Sup(gi)u’.
and
gi(O, My, ...,M;_1,0, MiJrl, ceey MN) > Al,i =2,.. N,
then
OM(gig) =1 = Og,(0...0)
egi(O,Mz ,,,,, M;_1,,Mit1,-.,s MN) Sui S eg(o 0.0 0)_w,i = 2, veey N,
INTrmer By s Brey sup(gy)uq
where
M(glrgi) = gl('/MZ/m/Mifl/O/Mi+1/"~/MN)
T inf(g1)u, 81(0, -+, 0) sUp(8i)uy — &0, 0)sup(@)ur | ;5
sup(g1)u, Sup(gi)u,

Proof. (A) Since (11, ..., 1) is a solution to (3), by the Mean Value Theorem,

Aug+u1(g1(0, ..., 0) + sup(g1)u, U1 + ... +sup(g1)uy UN]
>Auqy +u1(g1(0,...,0) + g1 (11, ..., un) — g1(0,up, ..., un)
+¢1(0,ug, ..., un) — 1(0,0,us, ..., un) + ... + £1(0, ..., 0, un) — g1(0, ..., 0)]
=Auq + u191 (U1, ..., un)
-0,

and so,

N
Auq + uq [gl(o,..., 0) + sup(gl)ulul] > —uq Zsup(gl)uiui > 0.
i=2

Hence, by the Maximum Principles,

21(0,...,0) +sup(g1)u,u1 >0,

equivalently,
< _ b4 (0, ,0) )
sup(81)u

> Aq,

Since (u1, ..., un) is a solution to (3), by the Mean Value Theorem and above estimation, fori =2, ..., N,

o,..0
Aui4u; | 8i(0,...,0) +sup(gi)u i + sup(gi)u, <_§111i>(g1) )ﬂ
up

>Au; 4+ u;[8i(0, ..., 0) + sup(g;)u;ui + sup(gi)u, u1]
>Au; + ui[gi(o,..., 0) —|—g,'(u1,...,uN) - gi(O, uz,...,uN)]

+g1‘(0, us, ..., MN> — gi(O, 0,us, ..., MN) + ... +gi(0,...,0, MN) — gi(O,..., 0)]
=0.
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Hence, by the Maximum Principles again,

_gl(O,...,O)] -

8100, 0) +suplgis-+ sup(gi)y | ~S150 ] >
u

equivalently,

sup(g)uy |~ S| 4 8i(0, -, 0)

i=2,..N.
—sup(gi)u;

Mi<

(B) By the monotonicity of g1,

Auq + ulgl(ul,o, .,0) = ul[gl(ul,o, . 0) — g1 (ug,...,un)] >0,

and so, u; is a subsolution to
AZ+7Z41(Z,0,..,0) =0 in Q,
Zlan = 0.

But, since any sufficiently large positive constant is a supersolution to

AZ—l—Zgl(Z,O,...,O) =01in O,
Z|BQ =0,

by the Lemmas 1 and 3, we conclude that

U1 < 0g,(,0,..,0)-

Since
0,...,0
) sup(gi)ul [_féé(g])u)l} +gi(0,...,0)
Auq +uy gl(ul/ Moy, ..., M;_1,0, Mi+1, ey MN) + 1nf(g1)ui — Sup(g)
1)U

=u [— 21 (1/[1,..., MN) + 91 (ul,Mz,..., M; 1,0, M4, ..., MN)

0,...0
. sup(gi)m [_;%l:(’(gl)u)l} +gl‘(0,...,0)
+inf(g1)y, ey
i)u;
Sul — &1 (ul’MZ/"‘/ Mi*l/ Ui, Mi+l/"~/ MN) +gl (u]/ MZ/..., Mi*l/ol Mi+1/-'-/ MN)

sup(gi)u |~ S804 | + gi(0, .., 0)

—|—ir1f(g1)ul- _Sup(g'>u»

sup(gi)u |~ a0l | +5i(0,..,0)
—sup (gi)ui

<up |— inf(gl)uf”i + inf(gl)u,-

sup(gi)uy [~ 00 4 (0, .., 0)
—sup(&i)u;

= —uyinf(gq)u, | Ui —

<0, i=2,.,N,

)
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by the Mean Value Theorem, monotonicity and (A), u; is a supersolution to

. Sup(gi)ul [_ Si]p(&l)g)l } +4;(0,...,0) B )
AZ+7Z |§1(Z, My, ..., M;i_1,0,Mi;1, ..., MN) +inf(g1)4; —sup(gi)u; =0 in Q,

Zla0 =0, i=2,.,N.

But, by the continuity of g; and the condition, for sufficiently small € > 0,

Sup(gi)lll [— Sgullg(()/gla?t)l i| + i (O, vees 0)
- sup(gi)ui

A€¢1 + e(Pl gl(e(Pl/MZ/ ey Mi—lr 0/ MH—l/ eeey MN) + inf(gl)ui

sup(gi)u |~ 0= | + 8i(0, .., 0)

:e(Pl _/\l +g1(€¢1/ MZ/-'-/ Mi—ll 0/ Mi-‘r]/"-/ MN) +lnf(gl)u, —Sup(g)
1)U

>0, i=2,..,N,

and so, e¢; is a subsolution to

AZ ) sup(8i)u; [_séfllp(&-l--),g)l } +3i(0,...,0) B .
+Z gl(zrMZ/-..,Mi—l,O,Mj+1,...,MN) +lnf<g1)ul. 7sup(gi)u‘ =0 in Q,

ZlaQ:O, 1:2,,N
Therefore, by the Lemmas 1 and 3, we have

6

81( Mz, M;_1,0,Mj 1 1,.., MN) +inf (g1 )u,

< uq, 1= 2,...,N. (5)

*SUP(XI‘)HI-

} +g,-(0,...,0)

By the monotonicity of g;,

Au; + uigi(O, My, ..., M;_1,u;, M4, ..., MN) :ui[gi(O, My, ..., M;_1,u;, Miyq, ..., MN) — gi(ul, ey ”N)]
<0, i=2,..,N,

and so, u; is a supersolution to

AZ + Zgl(O, My, ... Mi_1,Z, M1, ..., MN) =0 in Q,
Zlao =0, i=2,..,N.

But, by the continuity of g; and the condition, for sufficiently small € > 0,

Aedy + €18i(0, My, ..., Mi_1,€P1, Mit1, ..., MN) =ep1[—A1 + £i(0, My, ..., Mj_1, €1, Mi11, ..., MN)]
>0, i=2,..,N,

and so, e¢; is a subsolution to

AZ + Zgl(O, My, .., M;_4,Z, Mi+1/ ey MN) =0 in O,
Zloa =0, i=2,..,N.

Hence, by the Lemmas 1 and 3, we have

Oc:(0, My, Mi_y, M, My) < Hir 0= 2,0, N, (6)
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Since (u1, ..., uy) is a solution to (3), by the Mean Value Theorem and (A),

_ sup(gi)u,81(0,...,0)
sup(gl)ul

Au;+u; |:gl‘(0, ., 0,u;,0, ...,0)

_ Sup(gi)ulg1 (0,...,0)
sup(g1)u

=u; [—gi(ul,..., uyn) + 4i(0,...,0,u;,0,..,0)

=u; l — gi(ul,..., MN) +gl(0, Uy, ..., MN) — gi(O, Uy, ..., MN) +gi(0101 us, ..., MN)

—8i(0,0,u3, ..., un) + 8i(0,0,0, tty, ..., uny) — . = 8i(0, -, 0, tti_1, thj, oo, i) + &i(0, ..., 0, thj, ..., UN)
—8i(0,...,0,uj, ..., un) + &i (0, ...,0,1;, 0,45, ..., un) — (0, ..., 0,1;,0, Ui 12, ..., uN)
+8i(0,.,0,13,0,0, Uiy 3, - un) = . = &i(0,, 0,13, 0, ..., 0, un)
Sup(gi)ulgl(ol‘“’o)
+ . 0,".,0,1,[‘,0,...,0 -
Qi i ) sup(g1)u,
N sup (8i)u81(0, -, 0)
>u; | —sup(gi)u, U1 — "y SUPL&iJu; | .
> l[ p(8i)u 1 szX,J;yéi ! p(gl)u] sup(81)u,
sup(gi)u,81(0, .-, 0)
>uj | — g
_Mz[ u1sup(8i)u sup(g1)u,
B oo, &(0,.,0)
_sup(gz)uluZ[ ! sup(gl)u1

>0 i=2,..,N.

4

Therefore, u; is a subsolution to

sup(g1)u

AZ+Z [gi(O,...,O, Z,0,..,0) — PEJus0-01 _ g 4y o
Zloa =0, i=2,.,N.

But, since any sufficiently large constant is a supersolution to

sup(g1)u;

AZ + Z[¢:(0,...,0,2,0,...,0) — SPEus1 00y g0
g
Zlan =0, i=2,..,N,

by the Lemmas 1 and 3, we have

1 :2,...,N. (7)

81(0,.-,0) sup(g;)uy 7
5“P(81)ul

By (4), (5), (6) and (7), we establish the desired inequalities. [

5. Uniqueness

In this section, we prove the uniqueness of positive solution to (1) with the following additional growth
condition:

lim g;(x1, ..., Xj, ..., XN) = —00 i=1,.,N
xi_>oogl( 17 eeer Xiseees N) 4 ALY

We have the following uniqueness result.

Theorem 4. In addition to the Theorem 1, if
(A)

81(0, ..,0) sup(gi)x, — &i(0, ..., 0) sup(g1)x,
sup(81)x, sup(8i)x,

& (0, Mz, ey Mi,l,O, Mi+1/ ceey MN) + inf(gl)xi
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>/\1, gi(O, My, ...,M;_1,0, Mi+1,..., MN) > /\1, i=2,..,N,

and
(B)
N $i(0,..,0,-0,...,0)— &1 (O;ﬁ();lui(gi)ﬁ
2sup(81)x+ ) sup(gi)x, sup . :
. M(81,8i)
N O (0, Mo, M; 1M1, M) |
< Z inf(g1)x; + inf(g]»)x] inf _% ; ; ,
~ j "
= 21(+0,...,0)
and
3 ng(o,...,o,-,o,.,,,o),w 1
25up(gi)s +sup(8i)n < ) inf(g;)x; + inf(g;), sup ] P fori=2,..,N,
j=2,j#i 9i(0,Ma,....M;_1,", Mj1,.,My)

then (1) has a unique posotive solution.

The conditions imply that species 1 interacts strongly among themselves and weakly with species 2.
Similarly for species 2, they interact more strongly among themselves than they do with species 1.

Proof. The existence was already proved in the last section. = We prove the uniqueness.  Let
(u1,...,un), (v1,...,vN) be positive solutions to (1), and let p; = u; —v;,i = 1,..., N. We want to show that
pi=0,i=1,..N.

Since (uq, ..., un), (v1, ..., vN) are solutions to (1),

Api + pigi(u, .., un) =0u; — Av; + (u; — v;)gi(u1, ..., unN)
=— Av; —v;gi(uy, ..., uN)
=— Av; —v;8i(v1, ..., oN) + 0igi(v1, ..., ON) — ;Qi (U1, ..., UN)
= —v;[gi(u1, ... un) — gi(v1, ..., vN)], i=1,..,N.
So,
AP,‘ + pigi(ul,..., MN) — vi[gi(vl,..., ZJN) — gi(ul,..., MN)] =0, i= 1,...,N.
So,fori=1,...,N,

_PiAPi — (pi)zgi(ul,..., MN) + vl-pl-[gi(vl,...,vN) — gi(ul, cey uN)] =0.

Since
Au; + uigi(m,.., MN) =0, i=1,.., N,

by the Lemma 2, we have
Jo —pipi = gi(ur, oy un) (pi)*dx 20, i=1,..,N,

and so,
/Qvipi[gi(vl,..., oN) — gi(ug, ..., un)]dx <0, i=1,..,N,

and so,

N
/Q Y vipilgi(v1, ..., on) — &i(u1, ..., un)]dx < 0.
i=1
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But, by the Mean Value Theorem, fori = 1,.

., N, there are z;; such that z;; is between ujand v, j = 1, ..., N,
and

8i(v1, ..., on) — &i(u1, .., un) =8i(v1,02, ..., vN) — &i(11,v2, ..., 0N) + &i(U1, 02,03, ..., vN) — &i(11, U2, V3, ..., UN)

+ .. —gi(ug, up, ..., un—1,oN) — i1, U2, .., UN_1,UN)
N

ulr”Z/ M];1,Zijr0]‘+1,---,UN)(—P]')-

]:1
Therefore,
N
/ Evzpl Y (s )x; (U1, U2, ooy Uj—1, Zij, Vji1, -, ON ) (—pj) | dX < 0.
i=1
Hence,
N N
/ZZ(&) (g, ... Mj71,2ij,0j+1,'.-,UN)(—UiPin)dxSO'
L9 s
So,
N
/Z gl x; 141, Ui—1sZiis Vit 1y eer N) + 2 M1, j—1/Zij/Uj+1,---,UN)(—UiPin) dx <0.
J=Lj#
So,

Z

/Q(gl)xl(znlvz,-.-, N)[—o1(p1)? Z (U1, ., Uj1,21j,0j 11, -, ON) (—01P1P))

N N
+ Y (8w (1, oy i1, Zii, Oig1, o ON) [0 ()T + Y (1) (41, o 1, Zij, 01, -y ON ) (—0iPipj) Yl
i=2 j=1,j#i
<0

S0,

N
/Q(gl)xl (211,02, - 0N) [=01 (P1)?] + Y (81) %, (U1, ooy -1, 21, 0j41, s ON ) (=01 P1P))
j=2

N
+ Z{ 81)x (U1, oo i1, Zit, Vi1, ON) [—0i(pi) ]+ ) (80)x; (111, s

Uj-1,Zij, Vj+1, - ON) (—0ipip;)
j=2,j#i

+ (8i)x, (zi1, 02, or) UN)(_UiPiPl)}dx <0.

But, since (g;)x, (—vi) < 0and p;p; < ( 5)2 + pé)z fori =2,..,N,

N
/Q(gl)xl(zlhvzf---,vz\f —v1(p1)? E 81)x; (U1, -y Uj—1,21j, Vj11, -, ON ) (—01P1P))
, N
+ Z (80)x; (U1, ooy i1, 2iiy Vi1, ON) =03 (P)2] ) (&0)x; (1, o 1, 244, 01, - ON) (=03 i)
2

g a2 ) () (B + L) }dx <o
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Hence,

1=z

/Q [(gl)xl (211,02, ooy Z)N)(*Ul) +

N

+ Z(gl)xj(ulz-w Uj_1,21j,0j41, -, ON) (=01P1P})
=2
N

£y { 5001 e, 5041 ) () + (82 102 00 1

i=2

(8)x (Zi1102,---,vN)(7)i)] (p1)?

5 2

N
+ 2 (gi)xj(ul,...,u]-_l,zij,v]-H,...,UN)(—vipipj)}dx <0.
J=2,#

If the integrand on the left side is positive definite, then p; = 0,i = 1, ..., N, which means the uniqueness.
But,

2 N2
(81)x;(—v1p1p)) <(81)x;(—01) (W;) + (P;)) ’

)2
(8i)x, (—vipip) <(8i)x;(—vi) (Ojé) + 2) ,

forj = 2,..,N,j # i, and so, the result follows if the condition is satisfied by the solution estimates in the
Lemma4. O

6. Uniqueness with perturbation
Define B = {(glr---/gN) S [Cl]N|lirnxﬁoog,'(xl,...,x,',...,xN) = —OO,i = 1,...,N} with H (glr---/gN) HB:

N N
‘21 |£i(0,...,0)| + "21 sup |(gl-)xj| for all (g1,...,.gn) € B.
i= ij=

Then by the functional analysis theory, (B, || - ||p) is a Banach space.

The following theorem is our main result about the perturbation of uniqueness.

Theorem 5. Suppose (¢1,...,¢N) € B is such that
(A)
sup(g1)u, sup(gi)u; +1inf(g1)u; sup(gi)u, > 0,i =2,..., N,

(B)

81(0,...,0) sup(gi)u; — &i(0, ., 0) sup(&1)u,
sup(81)u; SUp(&i)u,
g1(My, ..., M;_1,0, Mjyq,.... MN) > Ay,
gi(O,Mz,...,MN) > Al,i =2,.. N,

&1 (O, Mz, ey Mi—lr 0, Mi-‘rl/ ceey MN) -+ inf(gl)ul.

> Aq,

(C) (1) has a unique coexistence state (i, ..., un),

(D) the Frechet derivative of (1) at (u1, ..., ) is invertible.

Then there is a neighborhood V of (g1,...,§N) in B such that if (§1,...,gn) € V, then (1) with (§3,...,gN) has a
unique positive solution.

Biologically, the first two conditions in Theorem 5 indicates that the rates of reproduction are relatively
large, and the birth rate of the prey must be larger than that of predator. Furthermore, comparing the two
conditions. Similarly, the fourth condition, which requires the invertibility of the Frechet derivative, signifies
that the rates of self-limitation are relatively larger than the rates of competition, a relationship that will be
established in Lemma 5. When these conditions are fulfilled, the conclusion of our theorem asserts that small
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perturbations of the rates do not affect the existence and uniqueness of the positive steady state. That is,
the two species implied can continue to coexist even if the factors determining the population densities vary
slightly.

Now, at first glance, Theorem 5 may appear to be a consequence of the Implicit Function Theorem.
However, the Implicit Function Theorem only guarantees local uniqueness. In contrast, our result in Theorem
5 guarantees global uniqueness. The techniques we will use in the proof of Theorem 5 include the Implicit
Function Theorem and a priori estimates on solutions of (1).

Proof. Since the Frechet derivative of (1) at (uy, ..., uy) is invertible, by the Implicit Function Theorem, there
is a neighborhood V of (g1, ...,gn) in B and a neighborhood W of (u, ..., uy) in [Cg’“(())]N such that for all
(1,.,§N) € V, there is a unique positive solution (ify,...,uy) € W of (1) with (¢1,...,¢n). Thus, the local
uniqueness of the solution is guaranteed.

To prove global uniqueness, suppose that the conclusion of Theorem 5 is false. Then, there are
sequences (11, §2n - SN Uins U2n, - UNn) ANA (8111, 821/ ++er §Nms Ul ys Uy s Ungyy) IN VX [Cg""((—))]N such that
(U1, --r UNn) and (u3,, ..., uy,) are positive solutions of (1) with (g1, ..., §nu),

(ny oo ting) 7 (U], s tiyy,) and (1, -, §Nn) — (§1,-,8N)- By Schauder’s estimate in elliptic theory and
the solution estimate in the Lemma 4, there are uniformly convergent subsequences of {u1,}, ..., {uuny, }, which
again will be denoted by {u1,,}, ..., {unn }

Thus, let

(Mln, ey ”Nn) — (u‘l, s M_N),
(U5 e Ungy) = (U], e Uy

Then (11, ..., un), (13, ..., uy) € (C>*)N are also solutions to (1) with (g1, ....gn). We claim that i7; >
0,...uny > 0,u] > 0,..,uy; > 0. By the Maximum Principles, it suffices to claim iy, ..., tiy, u7, ..., uy; are not
identically zero.

Suppose that it is not true. Then by the Maximum Principles again, either one of the followings will hold:

(1)uy =0andi; =0foralli =2,...,N.

(2) 4y =0and 17; > 0 for somei =2,...,N.

(3) 1y > 0and 17; =0 forsomei =2,...,N.

First, suppose 17 = 0.

Let uj, = Hul]l% and 1}, = u;, fori =2,...,N.

Then

Auty + uin&1n (UW1n, Uan, - Ukin) = 0,
Ay + 1 Qin (Uin, Uap, .y UNy) = 0,i = 2,..., N.

By the elliptic theory again, there is 17 such that u7,, — 11, and so,

A + Lﬁgl((), uy, ..., u'N) =0,
Ait; +11;4;(0,10, ..., uy) = 0,i = 2,...,N.

Hence, A1[—g1(0, 12, ..., un)] = 0.
If; = 0foralli =2,..,N, then Ay — £1(0,...,0) = A1[—41(0,...,0)] = 0, which is a contradiction to our
assumption. If i7; > 0 for some i = 2, ..., N, then by the monotonicity,

)\1 —gi(O,Mz,...,MN) :Al[—gi(O,Mz,...,MN)] > Al[—gi(O,u‘z,..., Z/I_NH =0,

which is a contradiction.
Suppose 17 > 0and #I; = 0 for some i = 2,...,N.
Then

Aty + u1n&1n (Un, Uon, - UNn) = 0.

So,
Ay + 1y g1 (17, o, 71,0, Ui, - i) = 0.
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Therefore,

— gl(Mlz Mz, vy Mi—]/ 0, Mi+1, ey MN) :/\1 [—gl (Ml, Mz, vy Ml»_l,O, Mi+1/ veey MN)]

>M =1 (01, e 1,0, U531, o0y UN)]
:0,

which is a contradiction.
Consequently, (ify,...,uy) and (uj,..,u}) are positive solutions to (1) with (gi,..,gn), and so
..., uN) = (uf,.., uyy) = (uy,...,uy) by the uniqueness condition. But, this is a contradiction to the Implicit
1 N y q 1%
Function Theorem, since (11, ..., Unn) 7 (U3, s Uny)- O

In biological terms, the proof of our theorem indicates that if one of two species living in the same domain
becomes extinct, that is, if one species is excluded by the other, then the reproduction rates of both must be
small. In other words, the region condition of reproduction rates (A) is reasonable.

Now, the condition (C) in Theorem 5 requiring the invertibility of the Frechet derivative is too artificial
to have any direct biological implications. We therefore turn our attention to more applicable conditions that
will guarantee the invertibility of the Frechet derivative. We then obtain the following relationship:

Lemma 5. Suppose (u1, ..., uN) is a positive solution to (1). If

N uj
2sup(g1)u, + Zsup Qi)u < Z [mf 1nf(g]) ]
i=2 j=2

N uj
2sup(gi)u; +sup(gi)u, < Y. [mf 8i)u; +1inf(gj)u, ] i=2,..,N,
J=2j# Ui

then the Frechet derivative of (1) at (uy, ..., un) is invertible.
Proof. The Frechet derivative of (1) at (uy, ..., un) is A = (A;j), where

ag;(uq,...,u . .

A —A — gi(uy, ..., un) — uiigl( alu,- N =]
U . 0gi(u1,--.,UN) Sy
—y; 58 3 , i#j

fori,j =1,...,N. We need to show that N(A) = {0} by the Fredholm Alternative, where N(A) is the null space
of A. In fact, from the equations

og1 (11, ..., u
_/Q'v¢l|2 _ <g1(u1,..., MN> -+ ulgl(gull\])> (P%

agl(ull'"r MN) agl (ulf U ) _
— (81,[24)2 + ...+ TQDN ul(,bldx = 0/

097 (u, ...,
/Q|V<P2|2 - (gz(ull"'l un) + Mzgz(guzN)> 3

0g2(u1, ..., uN) 092 (U1, ..., UN) 092 (U1, ..., UN) B
( R ¢+ iz 3+ ...+ e ON | Uppodx =0,

L

aen(uq, ..., u
I S e
O UN
o agN(ulr"-/ uN) agN(ulr S U ) o
(aul ¢1+ ...+ —auN, ¢N—1 | unPndx = 0.
Since A (—gi(uy,...,un)) =0fori =1,.., N, we see that

/Q |V<pl«|2 —gi(uq, ..., un) izdx >0,i=1,..N.
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if

Hence,

/Q agl(ull N)(P% o (agl(ull"" uN)‘PZ + .+ %(1/11’]\])471\]) M1¢1dx <0,

duq diln

$3

auz au1

/ —u agN(”lf---/uN)(P2 _
O N aMN N aul auN_
Therefore,
N N
/ Z agl ula/ / Zul¢z Z agl ul/ / )¢]dx S 0
Ui i=1 j=1,j#i
It implies that
N agi(uy, .. N 9gi( u1 uN)
/lel K aui ng#z 4 i
Hence,
al 2
/qul(gl)ul (ull"‘! Z ul/ S U M1¢]¢1 + Z (ul/ S U )(¢Z)
. =

N
- (gi)ul (u1, ..., M iP1i — Z ul, L u )Ml‘gb]'(,bi]dx <0.

j=2j#

2 N2 .
But, since — (), (161, oy tn Uit @5 > —(gi)uy (11, -y tiny )i (B + 05 forall i = 2,..., N,

N
/Q — 11 (81)uy (11, o un ) (¢1)% — Z;(gl)u](ul, oy UN ) U1 D1 + Z Jug (U1, ey i) (1)
j=
2 2 N
(g1 (sS4 O ;#(gi)u,.(ul,...,umuim] dr <o
j=2,j#

Hence,

N ; ui,..., u N
/Q [—ul(&)ul(ulw-vuw)—z (81)u( ; : N)ui] (@1)% = Y (81)u; (11, oy uin) 1 P01

i=2 j=2
N

Y-

i=2 2

j=2j#i

Since

_ , B ( (¢, .
(81)u; (U1, ooy un)ur @it < — (81)u; (11, ., un)ua [ 5 l,i=2,..N,

)2 )2
—(8i)u; (w1, oo unN)Uijpi < — (8i)u; (U1, ..y uN)ui[@ + (4’21) 1,i,j=2,..,N,i #j,

—_

™M=

_M1(g1)ul(u1,...,uN) 5. . 1y
j=2

i (gi)u; (U1, ooy UN) — (8i)uy (uq, .., uN))(‘Pi)Z _ Z (gl»)uj(ul,,_.,uN)ui(pj(pi] dx <0.

(8 (11, i1t > — 2 3 (3000, (11, )1+ () (11,0

0o (U, ..., u 0o (U, ..., u 09 (U, ..., u 09 (U, ..., u
/Q " g2 (11, -y UN) 2_( g2(11 N)¢1+ 92(111 N)(PBJFMJr $2(1 N)(PN> tagadx <0,

(agN(ul/"‘/ uN)(Pl + . + M(PN 1) MN(PNdx S 0.
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; Ui, ..., U 1 N
—ui(&i)u; (1, - UN) — (81 21 N)”i >=5 L [(gi)uj(“1r~--/uN)ui
=2

+ (gj)u,-(ulf--qu)uj},i =2,..,N,

then the integrand in above inequality is positive definite, which means (¢, ..., ¢ ) is trivial. But, it holds if
the conditions are satisfied. O

Combining Lemma 4, Theorem 4, Theorem 5, and Lemma 5, we obtain the following corollary.

Corollary 1. If (g1, ...,§N) € B is such that

(A)
sup(g1)u; sup(gi)u; + (N — 1) inf(g1)u, sup(gi)u; >0, i =2,.., N,
®) (N—1) inf(g1)u;:(0,-..0)
0,..,0) > P8 (8 (h+ )
VARLYVS > . . 7
81 sup(g1)u; SUp(&i)u; + (N — 1) inf(g1)u, sup(gi)u,
and
8i(0,..,0) > A1 — (N — 2)]‘:2,}?1{1,]‘7&1‘{@ inf(gi)u;}, 1=2,..,N,
©

81(0, ..., 0) sup(gi)x, — &i(0, .., 0) sup(g1)x,
sup(81)x, sup(8i)x,
g1(My, ... Mi—1,0, Mi1q, ..., MN) >Aq, and
4i(0, My, ..., Mi_1,0, Mis1, ..., My) >A1,i=2,.., N,

k4! (Or MZ/ ey Mi*l/ 0, Mi+1r s MN) + inf(gl)x,- >A1/

and
(D)
N gi(O,.A.,O,‘,O,...,O)—%
2sup(g1)x, + ) sup(gi)x, sup 5 L
i=2 M(g1.8i)
N gg'(O/M2/~~~/M'—1r'/M‘+1r--~/MN)
< Y |inf(g1)x, +inf(g;)x, inf ! ! ,
~ i 0, .
=2 81(+,0,...,0)
and

2sup(g;)x; +sup(8i)x

3 98 (0,0 0,1,0,.0,0) — SLO D208 )1
i 1 ANEA4 Ay 7(7 .
< Z 1nf(gi)x]- +inf(g;)x, sup 5 SopE T, g,
j=2,j#i ¢:(0,My,..,Mi_1,-,Mi1,.. My)

then there is a neighborhood V of (g1, ...,gn) such that if ($1,...,gn) € V, then (1) with (§1,...,gN) has a unique
positive solution.

In biological terms, the result obtained in Corollary 1 confirms that under certain conditions, two species
who relax ecologically can continue to coexist at fixed rates. The requirements given in (A) and (B) simply
state that each species must interact strongly with itself and weakly with the other species.

7. Uniqueness with perturbation of region

The following Theorem is the main result.
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Theorem 6. Suppose I’ C B be a closed, bounded, convex region in B such that
(A) forall (g1,..,8n) €T,

sup(g1)u, sup(gi)u; +1inf(g1)u; sup(gi)u, > 0,i =2,..., N,
(B) for all (g1,...,.gn) €T,

81(0, --,0) sup(gi)u; — &i(0,-..,0) sup(g1)u,
sup(81)u, Sup(8i)u,
gl(Ml,M2,...,Ml',1,O, Mi+l,..., MN) >)\1,

Qi(0, My, ..., M;_1,0,M;q,..,MN) >A1,i=2,...,N,

gl (O/ MZ/ Y Ml’fl/ 0/ Mi+l/ ey MN) + inf(gl)ui >)\1/

.....

| for any fixed g2, gn Agsrgy = E{] @1 | (81,82, gn) € T}.},
(D) for all (g1, ...,gn) € T, the Frechet derivative of (1) at every positive solution (uy, ..., uyn) is invertible.

Then for all (g1, ...,¢n) € T, (1) has a unique positive solution. Furthermore, there is an open set W in B such that
I' C W and for every (g1, ...,gn) € W, (1) has a unique positive solution.

Theorem 6 goes even further than Theorem 5 which states uniqueness in the whole region whenever we
have uniqueness on the left boundary and invertibility of the linearized operator at any particular solution
inside the domain.

Proof. For each fixed gy, ..., gn, consider (g1, 42, ...,¢n) € 0T and (§1,92,..,gn) € I. We need to show that
forall0 < t < 1, (1) with (1 —¢)(g1,...gn) + t($1, g2, .., gn) has a unique positive solution. Since (1) with
(g1, --»gn) has a unique positive solution (u, ..., uy) and the Frechet derivative of (1) at (u1, ..., uy) is invertible,
Theorem 5 implies that there is an open neighborhood V of (g3, ..., gn) in B such that if (g10, ..., gno) € V, then
(1) with (g10, ..., §n0) has a unique positive solution.

Let A; = sup{0 < A < 1] () with (1—1¢)(g1,....4n) + t($1,£2,--.gN) has a unique coexistence
state for 0 < t < A.}. We need to show that A; = 1. Suppose A; < 1. From the definition of As,
there is a sequence {A,} such that A, — A, and there is a sequence (uyy, ..., iny,) of the unique positive
solutions of (1) with (1 — A,)(g1,-.,8N) + An(£1,82,--,8n). Then by elliptic theory, there is (u19...,, Uno)
such that (uy, ..., un,) converges to (uqg, ..., uno) uniformly and (uq, ..., tno) is a solution of (1) with (1 —
A) (1 wer N) + As (1,820 0 N)-

But, by the same proof as in the §7, 19 > 0, ..., uno > 0.

We claim that (1) has a unique coexistence state with (1 — As)(g1,...,gnN) + As(§1,82, -, gn)- In fact, if
not, assume that (ilqg, ..., ino) # (410, .., UNo) 1S another coexistence state. By the Implicit Function Theorem,
there exists 0 < 4 < A; and very close to A; such that (1) with (1 —4)(g1,...,.gn) + 4($1, 2, .-, gn) has a
coexistence state very close to (ifyg, ..., iNg), which means that (1) with (1 —4)(g1,...,gn) + 4($1, 82, - §N)
has more than one coexistence state. This is a contradiction to the definition of A;. But, since (1) with
(1—As)(g1,-,8N) + As(£1, g2, -, gN) has a unique coexistence state and the Frechet derivative is invertible,
Theorem 5 implies that A; can not be as defined. Therefore, for each (g1,.,9n) € T, (1) with (g1,...,gn)
has a unique coexistence state (u1,...,uy). Furthermore, by the assumption, for each (g1,...,¢n) € T, the
Frechet derivative of (1) with (g1, ...,gn) at the unique solution (u1, ..., uy) is invertible. Hence, Theorem 5
concluded that for each (g1, ..., gn) € T, there is an open neighborhood Vg, ..y of (g1,...,gn) in B such that if
(81, 8N) € V(g,,...qn)- then (1) with (g1, ..., gv) has a unique coexistence state. Let W = U(q, . on)er Vigr,..on)-
Then W is an open set in B such that I C W and for each (3, ...,gn) € W, (1) with (3, ..., gn) has a unique
coexistence state.

Apparently, Theorem 6 generalizes Theorem 5. [J

8. Ecological applications

Within the academia of mathematical biology, extensive academic work has been devoted to investigation
of the simple predator-prey model, commonly known as the Lotka-Volterra predator-prey model. This system
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describes the predator-prey interaction of two species residing in the same environment in the following
manner:

Suppose N species of animals with predator-prey interaction, rabbits and tigers for instance, are residing
in a bounded domain Q. Let u;(x, t) be densities of prey(i = 1) and predators(i = 2, ..., N) in the place x of Q)
at time ¢, respectively. Then we have the dynamic predator-prey model

(e ) = Aus) (3, 8) + 0 (x, 1) (a1 + §:’1 b (x,1)) in Q x [0,00),
p:

(u;)(x,t) =0,i=1,..,N for x € 9Q),
where a; > 0,i =1, ..., N are reproduction rates and bij are self-limitation and competition rates such that

<0i=1j=1,.,N,
bi]' >0,i = 2,...,N,j =1,
<0,i=2,..,N,j=2,..,N.

Here we are interested in the time independent, positive solutions, i.e. the positive solutions u;(x),i =
1,..., N of the elliptic interacting system of N functions with homogeneous boundary conditions

N
Au;+ui(a;+ Y bjju;) = 0 in QO
i i(a; jgl ij ]) m 3 ®)
ul‘|aQ = O,i = 1,...,N,

which are called the coexistence state or the steady state. The coexistence state is the positive density solution
depending only on the spatial variable x, not on the time variable ¢, and so, its existence means that the two
species of animals can live peacefully and forever.

We establish the following existence result from the Theorem 1:

Corollary 2. Ifforeachi =2,..., N,

(A)
bubi + (N — 1)byby > 0,i =2, .., N,
®) (N=1)by;a;
. bi1bii (A + =)
buibii + (N — 1)by;bin
and
(®)

a; > A — (N — 2) ]:2/11”11{[’]#1{11]@]},1 =2,..,N,

where 11} is defined below, then (8) has a positive solution.

Biologically, the conditions in Corollary 2 implies that if the self-reproduction and self-limitation rates
are relatively large, and the competition rates are relatively small, in other words, if members of each species
interact strongly among themselves and weakly with members of the other species, then there is a positive
steady state solution to (8), that is, the two species within the same domain will coexist indefinitely at
population densities.

We also establish the following nonexistence results from the Theorem 2, which means that they can not
peacefully coexist, in other words, they are extinct, if they don’t have sufficiently large reproduction capacities.

Corollary 3. Supposea; < A1,i=1,..,N. Thenu; =0,i =1,..., N is the only nonnegative solution to (8).
The Theorem 4 derives the following uniqueness result:

Corollary 4. In addition to the Corollary 2, if
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(A)
N N
a1b' — a'bn .
a + Z bl]'M]' + by; |:lll]bl > A, a;+ Z bi]'M]' > A,i=2,..,N,
]':2,]‘7&1' 11Y5i ]':2,]‘7&1'
and
(B)
1 0 _%9 N
) 11 ] s =2,
2b11+gbllsup "1, N < 22 b1]+b]11nf T, ,
= bi Moap.,bi—abn T !
a1+]‘=22,j#ib1]M]+bh lb“bili
and
1
N ~;0,
] b1 .
Zbii+bi1<'2 4 bij+bjisup_ig N , fori=2,..,N,
]72,]7&1 bii a+ ¥ bIkMk
k=2kAi

then (8) has a unique posotive solution.

The conditions imply that species interacts strongly among themselves and weakly with others.
following theorem is our main result about the perturbation of uniqueness derived from the Corollary 1:

Corollary 5. If
(A)
bi1bii + (N —1)by;b51 > 0, fori=2,..,N,

(B)
biybii (A + Nty
a > ii ,
U by + (N = 1)byiby

a; >A — (N — 2) j=2,.i.].r}lf],j7éi{bijﬂj},

©

N

arbj; —a;b

ay + Z ble]‘-i-bli (1 l; b"l 11> >Aq,
j=2j#i i

N
a) + Z ble/ >Aq,
=T
N
a; + Z bl]M] >MA,i=2,..., N,
=24

and
(D)

N bii g — "0 N
11 .
2by1 + gbil sup T, N < 22 bl]‘ + bj] inf
= b Mot ety T
a1+]':22,]'#i ble/+b1, byiby

and

The
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_1
3 i - .
2bi; +bin < Z | bij + bjisup 1, fori=2,.., N,
i ik Ytk

k=2k#i

then there is a neighborhood V of (a1, ..., aN) such that if (@, ...,axn) € V, then (8) with (dy, ..., an) has a unique positive
solution.

In biological terms, the result obtained in Corollary 5 confirms that under certain conditions, the species
who relax ecologically can continue to coexist at fixed rates. The requirements given in (A) and (B) simply
state that each species must interact strongly with itself and weakly with the other species.

These results provide insight into the predator-prey interactions of species operating under the conditions
described in the Lotka-Volterra model.

9. Conclusions

In this paper, our investigation of the effects of perturbations on the general predator-prey model resulted
in the development and proof of Theorem 5, Lemma 5, and Corollary 1 as detailed above. The three together
assert that given the existence of a unique solution (i, ..., uy) to the system (5), perturbations of the birth
rates (g1, ..., gN), within a specified neighborhood, will maintain the existence and uniqueness of the positive
steady state. Indeed, our results specifically outline conditions sufficient to maintain the positive, steady state
solution when the general predator-prey model is perturbed within some region.

Applying this mathematical result to real world situations, our results establish that the species residing
in the same environment can vary their interactions, within certain bounds, and continue to survive together
indefinitely at unique densities. The conditions necessary for coexistence, as described in the theorem, simply
require that members of each species interact strongly with themselves and weakly with members of the other
species.

The research presented in this paper has a number of strengths, which confirm both the validity and the
applicability of the project. First, the mathematical conditions required in Corollary 1 are identical to those
required in Theorem 4. However, in the Theorem 4, we used these conditions to prove the existence and
uniqueness of the positive steady state solution for the general predator-prey model. In contrast, the Corollary
1 employs the same conditions to establish that the existence and uniqueness of this solution is maintained
when the model is perturbed within some neighborhood. Thus, our findings extend and improve established
mathematical theory.

Secondly, perturbations of the general model render its implications more applicable both mathematically
and biologically. Because our theorem extends the steady state to any value within some neighborhood of
(g1, -, §N), results for the general model pertain to a far wider variety of values. Biologically, perturbations
extend the model’s description to species affected by factors that vary slightly yet erratically. Thus, the
description of competitive interactions given by the model becomes a closer approximation of real-world
population dynamics.

While our research therefore represents a progression in the field, the results obtained have an important
limitation. Theorem 5, Lemma 5, and Corollary 1 establish that a region of perturbation exists within which the
coexistence state is maintained for the general predator-prey model. However, the exact extent of that region
remains unknown. Therefore, the results presented in this paper may serve as a platform for research of the
question given above. Mathematicians should now attempt to establish the exact extent of the perturbation
region in which coexistence is maintained for the general model. Such information would prove very useful
not only mathematically but also biologically. Specifically, knowledge of the extent of the region would
imply exactly how far the species can relax and yet continue to coexist. Thus, the results achieved through
our research will enable the field to continue the development of theory on predator-prey interaction of
populations.
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