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1. Introduction

n a recent issue of the journal The Fibonacci Quarterly [1] the second author asked the readers to prove
the identity

n k k n k k
_1k—1(”>‘1 - _1k—1(ﬂ—1) _(b_l), 1
L () = e . &
valid for all complex numbers a and b. Although not hard to prove, such an identity provides an unusual but
useful link between sums with and without binomial coefficients.

Our purpose in this paper is to derive a generalization of (1) involving an additional (that is third) complex
parameter. Polynomial combinatorial identities are equations that express relations between polynomials and
combinatorial quantities. These identities usually involve sums of polynomial terms weighted by quantities
like binomial coefficients, falling or rising factorials or other counting numbers. Common examples are
the binomial or multinomial theorem. Polynomial identities with a complex parameter in the binomial
coefficient are not unusual and can be found in the literature. Examples for such identities were derived
in the articles by Boyadzhiev [2], Wang and Wei [3] and Chen and Guo [4], for instance. Identities with two
or even three complex parameters also exist but are rare. Two particular examples that come to mind are the
Chu-Vandermonde identity and Hagen-Rothe identities [5-7]: For complex numbers x and y, and non-negative
integers m and n the Chu-Vandermonde identity is

206D = (060
(G- ()

is a special case. The Hagen-Rothe identities are similar. Still other sums related to ours were also studied by
Egorychev [8] and Lyapin and Chandragiri [9].

of which

Open ]. Math. Anal. 2025, 9(2), 66-86; d0i:10.30538 / psrp-oma2025.0165 https:/ /pisrt.org/psr-press/journals/oma


https://pisrt.org/psr-press/journals/oma/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma

Open J. Math. Anal. 2025, 9(2), 66-86 67

Our three parameter generalization of (1) consists of two separate identities presented in a main lemma
in the third section. These identities will turn out to be immensely rich and will allow us to deduce a big
amount of important results as basic properties. These results will come from four different fields: polynomial
identities, trigonometric sums, sums involving the Horadam sequence, and combinatorial identities. In the
field of combinatorial identities we will focus on three different classes: Frisch-type identities, Klamkin-type
identities and combinatorial sums involving powers of integers.

2. Preliminaries

Before presenting our main results, we first collect several preliminary identities that will be frequently
used later.

Lemma 1. If k and n are integers and x is a complex number, then

(i:’;) - (-1)”(”:;1). @

()=o) )
()= (i) =i () ¢
(b e (i2) 7

Proof. Identity (2) follows directly from the —1 transformation. O

In particular,

Lemma 2. We have
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<r> 2r—s)> 272, r,s€C\Z", r—s¢Z", (8)
2

)
_1/2) :(—1)’<:)227, rez, ©)
()

(2r+1)27%, rez, (10)

()P (1)) e e

Proof. These are consequences of the generalized binomial coefficients. They are easy to derive using the
Gamma function. They can also be found in Gould’s book [10]. O

Next, we recall some facts about Horadam sequences that will be needed later. The Horadam sequence
wj = wj(a, b; p,q) is defined, for all integers, by the recurrence relation [11]

wo=a, w1 =b, wj=pwj1—qwj_ ]=2,

with

1
W—j = E(owjﬂ —W_jy2),
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where 4, b, p and g are arbitrary complex numbers with p # 0, ¢ # 0, and p? — 4q > 0. The sequence wj
generalizes many important number and polynomial sequences, for instance, the Fibonacci sequence F; =
wj(O, 1;1,—1), the Lucas sequence L = w; (2,1;1,—1), the Pell sequence P = wj(O, 1;2,—1), the Chebyshev
polynomials of the first and second kind given by T;(x) = w;j(1,x;2x,1) and U;(x) = w;j(1,2x;2x,1), and so
on. The j-th term of a Horadam sequence is given by

_ Adl(p,q) —BU(p.q)

w0 = 9P ) = =, ) 12

where
A =w; —wot(p,q), B=wi—wo(pq),

and o(p,q) and 7(p, q) are given by

4+ b
c=0(pq) = PT, T=1(p,q) = 5

where § = /p? — 44, so that o(p,q) ©(p,q) = q.

The sequences F; and L; are classical sequences and are indexed as sequences A000045 and A000032 in
the On-Line Encyclopedia of Integer Sequences [12]. Koshy [13] and Vajda [14] have written excellent books
on them. In addition, the sequences u; = w;(0,1; p,q) and v; = w;(2, p; p,q) are called the Lucas sequences of
the first kind and the second kind, respectively. Their explicit forms equal

o (p,q) — T (p,q)
o(p.q) —(p.q)

uj=uj(p,q) = and v =0;(p,q) = (p,q) +7(p.q).

Finally, we mention the gibonacci sequence (or generalized Fibonacci sequence) G; = G;j(a,b) =
w]-(a, b;1,—1). This sequence was studied by Horadam [15] in 1961 under the notation H;. Terms of the
gibonacci sequence can be accessed directly through the Binet-like formula:

Aal — BB/
Gy = AU B
a—p
where « = (1++/5)/2, 8= (1—+/5)/2,and A = G; — Gof and B = G; — Goa. It is readily established that
G_j = (—1)(GoL; — G)).
Lemma 3. Forall r,s # 0 we have the relations

T
0 =0Ur —qup_1q,
T
T = Tu, —qu, 4,
0’6 =ov —qu,_q,

6 = —t0, + qU,q,

and more generally

u Ur—1)s
and T° = 215 — q57( Js.

Us Us Us

u Ur—1)s
o,rs:ﬁos_qs ( )
Us

Proof. The statements can be verified directly by computation working with us0"™ (respectively us;7™) and
g=ot. O
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Lemma 4. For all integers r,s and t we have

r S s—t _t
O Us—t =0 Ut — 4 0 Ur—s,
r s s—t t
TUs—t =T Ur—t — (4 T Ur—s,
o us—t0 = *vr_p — g°~ toto,_s,

tt
Tus— 10 = —T0,—4 + 47 ' T Vs,

3. The main lemma and its immediate consequences

Lemma 5. If a, b and x are complex numbers and n is a non-negative integer, then
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This completes the proof. [



Open J. Math. Anal. 2025, 9(2), 66-86 70

When x = n then identity (13) reduces to (1), which with a = 1 and b = 0 gives the classical identity [2]

LU ()= (15)

with H, = 1+1/24 -+ 1/n being the nth harmonic number. Similarly, by setting x = n+1,a = 1 and
b = 0 in identity (13), we obtain

1 _ +1\1 n—k+1
—1)k 1(” ) nzxT 1)H,
k;( ki 1)x k; P Uy

It follows from (}1]) = 4 (F) that

n
eyt g
k;( D (k)k(k+1)_H” T

Note that the left-hand side of the equation above is

é 0 ()5 - k; 0 ()

hence we have

n
1k n 1 . 1
;( b <k>k+1_n+1' (16)
The last expression is also known. It is stated, for instance, in the book [16] as Exercise 27 in Chapter 2
(p.105).

The additional complex parameter x in the binomial coefficient provides a very rich source for various
combinatorial identities. A first immediate consequence of the main Lemma 5 is the following result:

Theorem 1. If n is a non-negative integer and a and x are complex numbers, then

feor (5 - ()

k=1

oo () = £ (DS e ()

k=1

and

Proof. Setb = 1in (13) and (14) and simplify. O

Another instant consequence are the following identities.

Theorem 2. If n is a non-negative integer and a and x are complex numbers, then

L0 -

i ( > f < D(lﬂz)ktz <11—+an + ak1+1> : (18)

Proof. Identity (17) is obtained by setting b = 1/a in (13) and writing —a for 4. Identity (18) follows from
differentiating (17) with respect to a and multiplying through by a. O

We also get immediately the next known result.
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Theorem 3. If a and x are complex numbers and n is a non-negative integer, then

= (x—k k71_n x k—1
k;(n_k>(1+a) _k;(”—k>a ) (19)

Proof. Differentiate (13) with respect to a and write —a fora. O

Remark 1. Identity (19) is not new and can be found in a different form in Gould’s compendium [10] as
equation (1.10). It is also recorded by Chu [17, Eq. (4)].

Another important consequence is the next theorem.
Theorem 4. If n is a non-negative integer and x is a complex number and a is a complex variable, then

51 SR K oY Gty ILETU ) Y ST -

k=1 k=1 k=1

In particular, we have
n n
R TR R o E AT
Lo () B Goe @
Proof. Add (13) and (14) and write —a for a. The particular case follows by substituting a = —1in (20). O

Proposition 1. If n is a non-negative integer and a is a complex variable, then

" n ﬁ: 1 (1+a)k_H »
k_zl(k)k ¥ 22)
k n k
IPIVETANE TP CAYUE ) e (23)
L= ne (05
and ( v
= ok (my(A+a)f 1 Cvnntd a 1 1
P (k) k12 ~ [Atay2 << 1) (n+2+n+1)+(n+1)(n+2))' @4
In particular,
u r(my 1 1
k;o(_l) <k>k+2(n+1)(n+2)' (25)
i (2 n+1
k;) A+n)f(k+2) n+2 26)

Proof. Identity (22) is obtained by setting x = n in (20). Identity (23) follows upon setting x = —1 in (20)
and using Lemma 1, while (24) follows from x = 1. Note that in deriving (23) we used the equation (15).
Identity (26) comes from settinga = —(n+2)/(n+1) in (24). O

Remark 2. Identities (22) and (23) will be called dual identities. We also note that setting x = 0 in (20) gives
the binomial transform of the binomial theorem.

The next theorem generalizes (19).

Theorem 5. If m is a positive integer, n is a non-negative integer, x is a complex number and a is a complex variable,

then i( X >(k)akm: i <x—k)<k>(1+a)k’”. -
= \n—kj\m) k = \n—k) \m k
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Proof. The proof is by induction on m. The base case, m = 1, is valid because it is the derivative of (20).
Assume the truth of the hypothesis (27). Differentiating (27) with respect to a shows that the identity is valid
for m + 1 whenever it is valid for m and the proof is complete. Note that

(k—m)(;) _ (m+1)(mk+1).

O
By using the identity %(,ﬁ) =1 (51:11) and shifting the summation index, equation (27) can be simplified
into ) )
X+ 1 k k—m __ x—k k —m
k;n (” - k> (m)a B k;n <n — k) <m> (14a)"" (28)

Remark 3. Any identity derived from (27) remains valid under the interchange (ﬁ:’,ﬁ) & (—=1)k(,*,). Similarly,
the interchange (*7§) «» (—=1)¥(21}) leaves any identity derived from (28) valid.

Substituting a = —1 and a = 0 into equation (28) yields the following results:

Proposition 2. If m is a positive integer, n is a non-negative integer and x is a complex number, then
! x+1\ [k x—m
-1 k = (—1)™
() () = (Gon)

=m
i x—k\ (kY _ (x+1
= \n—k) \m n—m)’

Evaluation at x = —1/2, on account of Lemma 2, yields the following combinatorial identities.

Proposition 3. If m is a positive integer and n is a non-negative integer, then
n B 2k -1
y (Z(n k)) (k) 2 _ (2n> (n) <2m> o2 (29)
=\ n—k m)1—2(n—k) n)\m)\ m

- k 2k - 2(1”! — m) 2n -1 22m
-1 k(N 22k —(—1 m o
k:zm( : <k> <m> (k> V" Caw )\ ) T2 (30)
Remark 4. By shifting the summation index it is not difficult to show that (29) also contains

n —2k
L <2kk> 12— 2k <2; ) 2, 1)

k=0

and

as a special case. The combinatorial sum (31) can be found in Riordan’s book [18, p.130]. In addition we have
from (30) its counterpart
" n\ (2k\ ! 1
1) 2% — 2
Sev () () P @
Proposition 4. If m and n are non-negative integers such that n > m + 1, then
n
Nk n—m o
’;( 1) k(k—m) =0.
=m

In particular, for all n > 1,
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which is a well-known classical combinatorial identity that appears in numerous references; for instance, see Eq. (2.3.2)
in [16].

Proof. Set x = 0 in (28), use Lemma 1, shift the summation index and seta = 0. [

Using the summation identity

n (n/2] [n/2]
Y=}  f@y+ ) f2k-1),
k=m k=[(m+1)/2] k=|(m+2)/2]

together with (28), we obtain the following result:

Proposition 5. Let m be a positive integer, n a non-negative integer, x a complex number and a a complex variable.
Then

n/2
x +1 ) (2k> g2k if m is even,
i <x B k) <k> (1 +a)k7m + (1 _ a)k—m m+1 /2] n — 2k m
n—kJ)\m 2 [n/ﬂ N
k=m x;;cl 1) <2k 1>a2k_m_1 yisodt
m+2 j2) N2 "
and
n/2 —
x+1 > <2k 1>a2km1 if m is even,
i (xk)<k> (1+a)k—mf(1—a)k_m m+2 /zJ n— 2kl "
L . 5 Ln/2
r x + 1k> (2k> g2k if m is odd.
m+l )/2] -2 "

Theorem 6. If m and n are non-negative integers, x is a complex number and a is a complex variable, then

BLLICE) G ECDCL

k=1
EECDEE) Y e

Proof. The proof is by induction on m. The base case, m = 0, is identity (20). Now assume the veracity of (33),
the induction hypothesis, for a non-negative integer m. Replacing a with ¢ and integrating with respect to ¢
from 0 to a shows that (33) holds for m + 1 whenever it holds for m. Note that

(k+m+1) (k;m> - (m+1)(k+m+1).

HML HM:\

m-+1

O

Remark 5. Identity (33) is also valid under the interchange stated in Remark 3. Thus, for example, we have

() e (e B () ()

k=1 =1

R

(34)
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Proposition 6. If m and n are non-negative integers and a is a complex variable, then

ey o () (<1+a>m+n By (m;n)ak) | 5)

Proof. Set x = 0 in (34) and use Lemma 1. [
Remark 6. Identity (35) is equivalent to Gould [10, Identity (4.13), p.47].
Substituting a = —1 into (33) yields the following result.

Proposition 7. If m and n are non-negative integers and x is a complex number, then
n -1 n m—1 n -1
k-1 X k+m\ "1 _ x—k\1 _ym—1j x—k\ (k+m\ (k+m\ "1
k:le( 1 (n—k)( m > k_,£<n—k k}g< D) k:le n—k j m k (36)
Proposition 8. If m and n are non-negative integers, then
2n\ "~ i k+m 22k i k1 2k\ 12
n — m = k k
m-l 2k k+m\ (k+m\ 2%
B (@) () T
j=0 k=1 J

Proof. Set x = —1/2in (36) and use Lemma 2. [

Substituting x = 0, x = —1, and x = 1 into (33), and applying Lemma 1, we obtain the following results.

Proposition 9. If m and n are non-negative integers and a is a complex variable, then

i ( ) (k—;m> 1(1 +a)<r 7201 ajé(l)k(;l) (kJ;m) k_;m) -1

(
— ((_1)” (” -;m) e 1) ,

() e

j=0 k=1

Lo () () R ey (102)
)
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Proposition 10. If m and n are non-negative integers, x is a complex number and a and b are complex variables, then
i x \ (k+m bk Z —k\ (k+m\ "1 {1+ @+p)F
= \n—k m = \n—k m k am b
= ) o (X =K\ (k+m\ (k+m\ T
— J—m __ pl—m —
PG b | G [

k=1

(37)

Proof. Follows from (33). [

The next three sections are dedicated to illustrating important basic applications of the combinatorial
identities derived in this section. We will explore three primary fields: identities involving trigonometric
functions, identities related to Horadam sequence and finally, we will consider three certain types of
combinatorial identities.

4. Some trigonometric identities

In this section we derive some possibly new trigonometric identities.

Proposition 11. If n is a non-negative integer, x is a complex number and 0 is a real number, then

$ () S (xm) r2) (e ()5 (1YL -

k=1 k=1

B (1) R ()2 (o (9)) -

Proof. Seta = ¢/,i = \/—1,0 € R in the main identity (20) and use Euler’s formula

and

e’ = cos(0) +isin(6),

together with
14a=e%22c0s(6/2).

Compare the real and imaginary parts. This completes the proof. [J

Corollary 1. If n is a non-negative integer and 0 is a real number, then

B () £ s ()
£ - £ 1))

Proof. Set x = n in Proposition 11. O

and

Corollary 2. If n is a non-negative integer and 0 is a real number, then

i(—l)k% = i(—l)k(z> cos(k%Z) <2cos (i))k + Hy,

k=1 k=1

and
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Proof. Set x = —1 in Proposition 11, use Lemma 1, and simplify. O

Corollary 3. If n is a non-negative integer and 0 is a real number, then

Bt (et () foe () (o () Geo(2) )

and

B il () B () () hen(3) (=)

Proof. Set x = —1/2 in Proposition 11, use Lemma 2, and simplify. [

Corollary 4. If n is a non-negative integer and 0 is a real number, then

i m(( k>)2( 2% cos(kh)

n—k n—k)—1 k
= (2(:__11)> ké(—l)kZZk (Z : i) (Z(kk__ll))lllc (cos (kZG) <2cos (g))k — 1) ,

f k+1<< k)) 2% sin(ke)

n—k J2(n—k)—1 k

and

_2(n—1) poak (=1 (2(k—=1)\ 1 . (k6 0\ \*
<n—1 )kg( 1)*2 1 1 psin | =) (cos 3 .
Proof. Set x = 1/2 in Proposition 11, use Lemma 2, and simplify. O

Proposition 12. Let n be a non-negative integer, x a complex number and 0 a real number. If 6 + /2 ¢ 77, then

ké (nik) tanzlf(G) _ i (z_i) cos— 2% i‘, ( k> 1 0

— = k) k

If6 & ntZ, then

O e @

k) k

Proof. Seta = tan?(6) and a = tan~2(f), in turn, in the main identity (20) and simplify. [J

Proposition 13. If n is a non-negative integer, x is a complex number and 0 is a real number, then

n

k;(ﬂi )cos (6/2) i( > kcos 9/4 i( > w)

I:Z:l (ni >sm (6/2) i ( ) ksinZk((9+7r)/4) _ i <x—k)1

. (43)
k E\n—k/k

and

Proof. Seta = cos(6/2) and a = sin(6/2), in turn, in the main identity (20) and simplify. [

To avoid repetitions we omit the special cases.
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5. Identities involving Horadam sequences

In this section we state new identities involving Horadam sequences w;, = w, (wyp, w1; p,q) introduced in
Section 2.

Proposition 14. If n is a non-negative integer, x is a complex number, t is an integer, and r, s are positive integers, then

k k
& X (*1>k Ups & (x—k (—1)" U "y —k\ 1
kzzl <Tl a k> k qSu("—l)S Gkt = ](:21 (I’l - k) k qsu(r—l)s Wrsk+t = Wt kzl n—k E

In particular,

L x \(=DF 7w \F & (x—k\ (-1 1\ o x—k\1
k_Z:l(nk) k (qur_1) wkH_l(_Z:l(nk) k <qur_1) wrk+t_wt];<nk)k'

Proof. Seta = —uys0°/(q°u(,_1)) in (20). Then Lemma 3 yields

k k
& x ) (—1)k Ups & v <x — k> (—1)F Us ok O (x — k)
ot = ot —
k:Zl (n —k k PUG_1)s k:Zl n—k) k TUG_1)s k; n—k

Similarly, with a = —u,s7°/(4°u(,_1),) in (20) in conjunction with Lemma 3 we obtain

k k
Y X (_l)k Urs sk . <X—k> <_1)k Usg rsk 3 <x—k>1
v T - - 45

The identity follows upon multiplying (44) and (45) by ¢*, respectively 7/, and combining according to
the Binet form (12). The special case is obtained by setting s =1. O

(44)

==

Proposition 15. If m and n are non-negative integers, r is an integer and x is a complex number, then
n -1 m—1 . n -1
= n—k m vkk o " S \n—k j m k

j=0 k (46)
(_1)m - x—k k+m ! Worm+rk
* grm k; n—k m okk

In particular,

n n _k u
et X )”rk_ <x )rk;
k;( ) <n—k vkk k; n—k) vkk

with the special value

£ o (1) e -

which has the interesting property that it is its own binomial transform.

Proof. Seta = —o" /v, and b = —1" /v, in (37). O
Remark 7. In view of Remark 3, identity (46) also implies

" x—k\ (k+m ’1urk7’”’l jem Hr(j=m) ¢ -1 X k+m\ (k+m\ 1
L6 SR e GO0

]:0 k=1

m
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In particular, at x = 0 we obtain

n -1 -1 /m-1 :
k-1 (N (k+m U n+m Up(j—m) (n+m UDpm+
Lo (") e () (Sermm () )
k=1 m Uy m j=0 vy ] q7oy
Remark 8. These results should be regarded as basic. To keep the paper readable we do not state the spacial

cases. We can obtain more general results by utilizing Lemma 4.

6. Combinatorial identities

Lemma 6. Ifr, k and s are complex numbers and x is a complex variable, then

1 -1
/yr+ks(1—y)51dy:1(k:_r> , Rr+k—s4+1)>0and0#s g7 ; (47)
0
1 _ 1 (k+r\"
r—s (1 _ \k+s—1 _ _ .
/Oy (1—y)*1ay k+s(k+s> , R(r—s+1) > 0and R(k+5) > 0; (48)
1 ke 1 ro\
k+s o \T—k—s _ I S
/Oy (1—y) dy r+1(k+s> , Rk+s+1)>0and R(r—k—s+1) >0, (49)
and
/1 ks (g — )’7"757# rk Rn—k+s+1)>0and R(r—n—s+1)>0. (50)
0 Y y T r—k+1\r—s—n)’ )

Proof. The integrals in (47)- (50) are immediate consequences of the Beta function, B(r,s), defined, as usual,
for complex numbers r and s such that #(r) > 0 and R(s) > 0, by

Brs) =Bl = [y -y

With the help of the Gamma function, the integral is evaluated as

B<r,s>:r<r>r<s>:1(r+s—1)‘1:1(r+s—1)‘1.

I'(r+s) s s r r

Note that in obtaining (49) and (50), we also used

u+1\ u+1lfu
v+1) v+1\v)’

an identity which we will often use without comment in this paper. O

6.1. Frisch-type identities
The following combinatorial identity is attributed to Frisch [19-22]:

Ee () () = a0 bes-cecra o

Here, we derive generalizations and variants of this identity.

Theorem 7. If m is a positive integer, n is a non-negative integer, r and s are complex numbers such that R(r —s+1) >
0 and s is not a non-positive integer and x is a complex number, then

EEECIOE) R G ) e
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and

=

BT RS (I e

Proof. Write —a for a in (27) and multiply through by "5+ (1 — a)*~! to obtain

T IR | T T L)

k=m

and hence (52) after term-wise integration from 0 to 1 with respect to a by (47) and (48). Identity (53) follows

from (52) by the
wm( X x—k
(=1 (n—k) < (n—k)'

Corollary 5. If m and n are non-negative integers and r and s are complex numbers such that ®(r —s+1) > Oand s
is not a non-positive integer, then

symmetry of (27). O

Loo(=DF (n—m kdr 7' (=DM ()
k;nkarS(km)<km+s> _s( s ) , (54)
and 1 l
n k(n—m k+7r\"~ B (_1)ms A+ —
k:zm(_l) (k— m) ( 8 ) T n—m+s (n —m —i—s) : (55)

Proof. Set x = 0 in Theorem 7 and use (4). Note that x = 0 in Theorem 7 removes the singularity at m = 0 on
account of (4). O

Remark 9. Identity (55) generalizes Frisch’s identity (51) to which it reduces at m = 0. In addition, new
combinatorial identities can be derived by setting s = £1/2 in Corollary 5. We leave this little exercise to the
interested reader.

Corollary 6. If m is a positive integer, n is a non-negative integer, r and s are complex numbers such that R(r —s+1) >
0 and s is not a non-positive integer, then

Eer (0 s
(LT () )
L))
:(_1)m<_<n1;1)<n1—1;:——51—1)1(n—1)(n—1m+s—1) &7

T [PhA s —

Proof. Set x = 1in Theorem 7. [

(56)
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Corollary 7. If m is a positive integer, n is a non-negative integer, v and s are complex numbers such that ®R(r —s+1) >
0 and s is not a non-positive integer, then

EBOE) mmm o EOE) e

k—f’m(_l)k <Z> (TI;) (k:—r> 111< mki:n < ) (k kr—;::s) 1k(ksm+s)' (59)

Proof. Set x = —1in Theorem 7. [

Proposition 16. If m and n are non-negative integers and s is a complex number such that §R(% —s) > 0andsisnota
non-positive integer, then

k_im(nk(z:::) <2kk> -1 (mk_s> —1k2j(z;n_i)s _ oy (Z(nn—_:)) (2(;1;1_—;)) -1 (2:) -1 (Z) _11’ )
(o) CENG) Q) (G () e @

Proof. Setr = —1/2 in Corollary 5. O

=

k

Proposition 17. If m and n are non-negative integers and s is a complex number such that ?R(% —s) > 0andsisnota
non-positive integer, then

£ <k Db o) G s
m(:)<2n+1> (S)li,
o))
() () ) Gy

Proof. Setr = 1/2in Corollary 5. O

(63)

Proposition 18. If m is a positive integer, n is a non-negative integer, s is a complex number such that §R(% —-s5)>0
and s is not a non-positive integer, then

" (1-2) (k)22 (—1)mo2m <<::,><2<:—:>> (" HCYY) )
1)k k=2 _ B ’ 64
L QTR . Cohs L GhOn e -1) o
L GG
-1 k s
N TT: “
_ED"CR)s < (w2 ()220 )
22m CYGgnn—m+s) Py —1)(n—m+s—1))

Proof. Setr = —1/2 in Corollary 6. O
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Proposition 19. If m is a positive integer, n is a non-negative integer, s is a complex number such that §R(% —s5) >0
and s is not a non-positive integer, then

L () (h) (5 )2 (—1)mo2m < () (%) (”-l><2<”:5>>>
_1)k k—=2/\m/\mm—s _ m/ \s o m n—s , 6
S E e e s s \EhE @oe-n)

() ()2
2n+1 )(2(11 m+s))n(n—m+s)

i (_1)k (Z:%)(,I;)(b B (_1)111(255)5(
(o

(2k+1)k - 22m

k=m 2s n—m-+s) n—lm-;m ) (67)
_ (n; )( m—s+1 )22(;1 R )
C(p )= (n—m+s—1)

Proof. Setr =1/2in Corollary 6. O

Proposition 20. If m is a positive integer, n is a non-negative integer, s is a complex number such that §R(% —s)>0
and s is not a non-positive integer, then

n o (Z)(k)ZZk B (_1)m22m n (51)(2(}:(—_:))

LV B ks s & Bk ©)
n MECED) (—ym@Emys (F)2

-1 k s _ m—s m 69
P NCIIuT: I ST p— ©)

Proof. Setr = —1/2in Corollary 7. [

Proposition 21. If m is a positive integer, n is a non-negative integer, s is a complex number such that §R(% —s5) >0
and s is not a non-positive integer, then

4 _1\k (7]:)(?1:1)( )22k :(_1)m22m n (77;1)(15)

k:Zm( 1) (Z(kzic-r&'-lis)x,?.(kk m+s))k(k—m—|—s) (ZSS)S k:Zm (2];?1)1{ (70)
L 0O - D E)s ¢ (5)(,5 )2
VN T R EL 7

Proof. Setr = 1/2in Corollary 7. [

Remark 10. Again, four additional interesting special cases will come from setting s = £1/2 in Corollaries 6
and 7.

6.2. Klamkin-type identities
The identity

i n X 71: x+1 X—n 71’ 72)
= \k) \k+0 x—n+1\ b
is attributed to Klamkin [19,21,22]. Here, we derive generalizations and variants of this identity.

Theorem 8. Let m be a positive integer, n a non-negative integer, r and s complex numbers such that R(r —n —s+1) >
0 and s is not a negative integer. Let x be a complex number. Then

L)) “Earten oG e
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and

X”:(fl)k x—k\(k\[ r —1_2": (r+1) (=D [ x \[(k\(m+r—k\" 78
= n—k)\m)\k+s) — = k(m+r—k+1)\n—k)\m m+s ‘
Proof. Multiply through (27) by " (1 — a)"~™~% and integrate term-wise from 0 to 1 using (49) and (50). O

Corollary 8. Let m be a non-negative integer, n a non-negative integer, r and s complex numbers such that R(r —n —
s+1) > 0and s is not a negative integer. Then

i (—1)k n—m\ (m+r—k 71_ (-1 r 7! 75)
omAr—k+1\k—m m+s T r+1 \n+s)
and
i n—m r _1_ r+1 m+r—mn\ ! 76)
= \k—m ) \k+s ComH4r—m+1\ m+s ’

Proof. Set x = 0 in Theorem 8. Again, note that the singularity at m = 0 was removed by virtue of (4). O

Remark 11. Identity (76) reduces to Klamkin's identity (72) at m = 0. The choices s = £1/2 in Corollary 8 will
yield two additional sums.

Corollary 9. Let m be a positive integer, n a non-negative integer, r and s complex numbers such that R(r —n —s +
1) > 0and s is not a negative integer. Then

() e
(W) ) O )
b (Z? D)
(r+1) ( (n_1>(m+;;:+1>1(n1)(m<1krn+2) (78)

< >(m;:—;”> ) (m+r1—n~|—1)>'

Proof. Set x = 1 in Theorem 8. [

@7)

Corollary 10. Let m be a positive integer, n a non-negative integer, r and s complex numbers such that R(r —n — s +
1) > 0 and s is not a negative integer. Then

k§<—1>k<i2><kis>1i—é<—1>k<:><z><’"";;f>1@;*_1“)/

EOE) e 2 () ey ®

Proof. Set x = —1 in Theorem 8. [
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Proposition 22. Let m be a non-negative integer, n a non-negative integer, s a complex number such that %(% —n—
s) > 0and s is not a negative integer. Then

o e(nem\ (2k—m)\ (2(k+s)\ ks 1 20048)\ T
k;n(_l) (k_m)( k—m )( k+s > (m+s) mi(_l) ( n+s ) 2 , (81)
< k(n—m\ (2(k+s) - 2% m(2(m—m)\ (2(n+s) g\t 22m
P (k—m)( ks > 7= ( n—m )( nts ) <m+s> e (82
Proof. Setr = —1/2 in Corollary 8. O

Proposition 23. Let m be a non-negative integer, n a non-negative integer, s is a complex number such that %(% —n—
s) > 0 and s is not a negative integer. Then

Er (GO0t ) e

k=m (2( + )) (2( + ))—122(n_m)(2( +s)—1) (83)
=(—1)**! ::Jrss :+Ss : ) =1)

kgn;n(l)k (Z—Z) (2(kk++ss))122k 2(k+s)—1) )

o (R ) W

Proof. Setr =1/2in Corollary 8. O

Proposition 24. Let m be a positive integer, n a non-negative integer, s is a complex number such that §R(% —n—s)>0
and s is not a negative integer. Then

no e G _<—1>m< (W22 (22 )
Y CEDEkem—2k+1) 27\ AU m-1)) ~
R ) [ 6 L S () Gl
D ol Gl e ey
(Hn o
- o 2 Gy (n— 1) (2m —2n +3) )

Proof. Setr = —1/2in Corollary 9. O

Proposition 25. Let m be a positive integer, n a non-negative integer, s is a complex number such that §R(% —n—s)>0
and s is not a negative integer. Then

n DG
k:Zm( 2 Chtt s Dk(2m — 2k +3)

_ (—1)5(3mFe)y <(”,;1)(2n +25 —3)22071) (M) (2 4 25 — 1)22”>

22m3 (2(n+s71))(n —1) B (2(711-:;5))”

87)

n+s—1
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(1=2) (k) (2k + 25 — 1)2%

Y (—1)f

2(k+
= Rk o - -
_(—1)3227113 ( ( m )( m-+s ) _ (m)(m+5) )
Uy \ s = 1)@m= 2n+5) (5 2 n(2m —2n + 3)

Proof. Setr =1/2in Corollary 9. O

Proposition 26. Let m be a positive integer, n a non-negative integer, s is a complex number such that 9?(% —n—s)>0
and s is not a negative integer. Then

e 2w & Mk EEM)
kzzm( g (Z(kkﬁis))ki( R k:Zm CEDY (o k(2m — 2k +1) (89)
L 0 P 5y
P ey~ Y = G (K k(2m — 2k +1) 0

Proof. Setr = —1/2 in Corollary 10. O

Proposition 27. Let m be a positive integer, n a non-negative integer, s is a complex number such that §R(% —n—s)>0
and s is not a negative integer. Then

R T e S - I S ) [

(=) = — , 1)
& YNk o)y S Chlrts) k(2m — 2k + 3)
i (_1)k(’£>(£>(2k+25 — 122 (—1)3tiom3 o (o) G b) ‘ ©2)
K= CEk Come) (S anESDk(2m — 2k + 3)

Proof. Setr = 1/2in Corollary 10. O

Remark 12. Again, four additional interesting special cases will come from setting s = +1/2 in Corollaries 9
and 10.

6.3. Combinatorial identities involving powers of integers

Lemma 7. If r and k are non-negative integers, then

A

— f (_1)1'(’;) i (93)

y=0  i=0

Proof. Since

i=0
we have ;
dr k (k
oyt (e
dy” = i
and hence (93).
O

Remark 13. The evaluated derivatives in (93) can also be expressed as

!
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where {;} are the Stirling numbers of the second kind, defined by
r 1 ¢ k
i =g ()

r .
{k}—()lfl’<k. (94)

Theorem 9. If x is a complex number, m is a positive integer and n and r are non-negative integers, then
n o (_1\k ro(—1)kk! — e —
y 1) ( x )(ker)kr_Z( 1)%k! (x k m) <k+m){r} (95)
= k+m\n—k m = k+m n—k m k

=~ 1 (x—k-m\ [ k+m\ , & K x k+m\ [r
lgk—i—m( n—k )( m )k _lgk—i—m(n—k)( m ){k} (%)

Proof. Write — exp a for a in (27), differentiate r times with respect to a and evaluate at 2 = 0 to obtain

()G e - B I 0 Db

which can be written as (95) after shifting indices. Identity (96) follows from (95) by symmetry. [

and having the useful property

and

Corollary 11. If m is a positive integer and n and r are non-negative integers, then
n ro(—1)kk!
y —1)k <n+m>(k+m>kr_z( 1) k.(k+m>{r}’ @)
i k+m\k+m m = k+m m k

1 (k4+m\, & kK (n+m\[(k+m\ [r
](Z_(:)k—i-m( m )k _kg)k+m(k+m)< m ){k} ©8)

Proof. Set x = n+ m in (95) and (96) and use (4). O

and

Remark 14. Identity (98) generalizes the known identity (consult for instance [23,24])

L= ne) )

to which it reduces at m = 1 and which expresses the sum of powers of integers in terms of Stirling numbers
of the second kind.

Remark 15. Setting x = £1/2 4 m in Theorem 9 will yield two other interesting sums.

7. Conclusion

The motivation for writing this paper was Problem B-1358 in the 2024 issue of the Fibonacci Quarterly
[1]. What we considered initially more or less a note, turned out to be a very powerful result. Our
generalized identities presented in Lemma 5 enabled us to provide a range of applications to four
different fields: polynomial identities, trigonometric identities, identities involving Horadam numbers, and
combinatorial identities. In each field we have found generalizations of existing results. Our findings
dealing with Frisch-type identities, Klamkin-type identities and power sums are important examples of such
generalizations. It is worth mentioning, however, that there are gaps remaining. As indicated in Remarks 8,
9-12, and 15 more appealing results are still to be discovered. This is left as a potential future work.
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