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Abstract: This article concerns the existence and multiplicity of homoclinic solutions for the following
fourth-order differential equation with p—Laplacian

(12w 0) = ([ O 200 + Ve b ut = £tu),

where p > 1, w is a constant, V € C(R, R) is noncoercive and f € C(]RZ,R) is of subquadratic growth at
infinity. Some results are proved using variational methods, the minimization theorem and the generalized
Clark’s theorem. Recent results in the literature are extended and improved.
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1. Introduction

m n this paper, we consider the following fourth-order differential equation with a p-Laplacian:

(" u"m)

"

—w (O 2 0) + V) 0P 2 ult) = Flbu(t), (1)

where p > 1, w is a constant, V € C(R,R) is a positive function bounded from below and f € C(R? R) is
subquadratic in the second variable. As usual, we say that a solution u of (F) is homoclinic (to 0) if u(t) — 0
as |t| — oo. It is called nontrivial if u # 0.

The fourth-order differential equations with p—Laplacian arise from the study of Non-Newtonian fluid
mechanics and nonlinear filtration theory.

When p = 2, formally equation (F) reduces to the classical fourth-order differential equation

u® (1) — wi” (£) + V(O u(t) = F(u(t)). )

Over the past two decades, based on critical point theory and variational methods, for various conditions on
V and the potential f, the existence and multiplicity of homoclinic solutions for Eq. (2) have been investigated
in the literature, see [1-14] and the references listed therein.

In the general case where p > 1 is arbitrary, according to our knowledge there are only a few results
concerning the existence of homoclinic solutions of equation (F), see [15,16]. In [16], Tersian studied the
existence and multiplicity of homoclinic solutions of equation (F) when the potential f takes the form f(t,x) =
a(t)h(t, x) and he obtained the following result.

Theorem 1. Let p > 2 and a, h, V satisfy the following conditions (a) a € C(R,R™) and a(t) — 0as |t| — oo; (f1)
h € CY(R?,R) and there exists 1 < g < 2 < p such that

h(t,x)x < gH(t,x), ¥(t,x) € R?, x #0,
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p=

where H(t,x) = [y h(t,y)dy; (f2). There exists b € L?1 (R,R*) N L 2L(]R R™) such that
Ih(t,x)| < b(t) x|, V(t x) € R%;
(f3) There exist an interval | C R and a constant ¢ > 0 such that
H(t,x) >clx|T, V(t,x) € ] x R;
(v) There exist positive constants vy and vy such that w < dw* and

v <V(t) vy, VEER,

Jr [l (¢ )\pﬂu(t)lp]dt

where 7 = min {1, 01} and w* = infu#o [‘ [ (¢ ‘pdt

Then equation (F) has at least one nontrivial homoclinic solution. If moreover H(t, x) is even with respect
to the second variable, then equation (F) has infinitely many nontrivial homoclinic solutions (1, ),cn such that
|ttn||fe — Oasn — oo.

The first aim of this paper is to generalize the previous results concerning the subquadratic case.
More precisely, our goal is to establish similar results without assuming the classical Ambrosetti-Rabinowitz
subquadratic condition (f;). Consider then the following conditions.

(V') There exist positive constants ry and vy > 0 such that V() > v for all t € R and

lim meas({t €]s —ro,s +1ro[/V(t) < M}) =0, VM > 0,

|s|—oc0

where meas denotes the Lebesgue’s measure on R;

(F1) There area constant 1 < y < pand b € L"(R,R™), where r = =y 14 such that

£t 20)] < b(#) [x[*7F, W(t x) € R
(F,) There are a non empty open interval I =|c,d[C R and a positive constant ag such that
F(t,x) >ag|x|!, V(t,x) e I xR;

f(t,—x) = —f(t,x), V(t,x) e Rx R. 3)

Our first main results are as follows
Theorem 2. Under assumptions (V), (Fy) and (F,), system (F) admits at least one nontrivial homoclinic solution.

Theorem 3. Suppose that (V), (Fy), (F,) and (F3) hold. Then system (F) admits infinitely many pairs of nontrivial
homoclinic solutions (u,, —uy) such that ||uy||; — 0asn — oo,

Example 1. Take p =2 and = 3 and let V(t) = 1 + cos?t and
F(t,x) = a(t) \x|% (m+ Arctg(|x|%)),
where

2|, if 1 <1,
”(t)_{ i 11> 1

Letag = 5,1 =] -1,1,r = 4and b(t) = 3n+1 a(t). One easily verifies that b € L"(R), |f(t,x)| <
b(t) |x|" " for all (t,x) € RZ and F(t,x) > ag|x|" for all (t,x) € I x R. Therefore the assumptions (V), (F),
(F,) and (F3) are satisfied.

Now consider the following assumption



Open . Math. Anal. 2025, 9(2), 251-263 253

(E5) There exists tp € R such that
. F(t,x)
lim

—— > 0.
(tx)>(t0)  |x|*

Our second main results are as follows.

Theorem 4. Assume that (V), (Fy) and (F}) are satisfied. Then system (JF) has at least one nontrivial homoclinic
solution.

Theorem 5. Under assumptions (V), (Fy), (Fy) and (F3), system (JF) possesses infinitely many pairs of nontrivial
homoclinic solutions (u,, —i,) such that ||uy || — 0as n — oco.

Example 2. Take p = 2, 4 = 3 and V() = 1+ cos?t. Define a cut-off function x € C!(R*,R") such that
x(s)=1for0<s<1,x(s)=0fors >2and -2 < x/(s) <2for1 < s < 2and let

F(t,x) = a(t)x(x]) |x]3 .

Lettg = 0,7 = 4 and b(t) = Ha(t), It is easy to verify that b € L"(R), |f(t x)| < b(t) x| for all
t
: 1

(t,x) € R? and My ;) 1,0) il ;C) > 0. Therefore the assumptions (V), (F;), (F}) and (F3) are satisfied.
' T a2
Remark 1. In the hypothesis (F;), if we replace the constant r = ﬁ by any constant 1 < ¢ < p, the same
conclusions remain valid under the other hypotheses.

Remark 2. Theorems 4 and 5 extend Theorems 2 and 3 to the case where the condition (F,) is replaced by
the weaker local assumption (Fj). In particular, the existence of nontrivial homoclinic solutions can still be
ensured when the nonlinearity F(t, x) satisfies a local positivity condition around some point ty € R instead
of a uniform lower bound on an interval. This highlights the robustness of our variational approach under
minimal hypotheses on F.

Comparison with previous results

We would like to emphasize more precisely how our assumptions generalize those used in earlier works
such as Tersian [16] and related papers on fourth-order p-Laplacian equations. In Tersian’s framework, the
nonlinear term f(t,x) = a(t)h(t, x) satisfies an Ambrosetti-Rabinowitz-type subquadratic condition (f7),
which imposes a structural relation between h(t, x)x and its primitive H(¢, x). In contrast, our condition (F;)
only requires a standard subcritical growth of order < p, without any Ambrosetti-Rabinowitz inequality.
This substantially weakens the nonlinearity assumptions and allows a wider class of functions f. Moreover,
while Tersian assumed that the potential V is uniformly bounded and positive, our hypothesis (V) admits a
noncoercive setting: it suffices that V(t) > vy > 0 and that the set where V is small has vanishing measure
in sliding intervals. This requirement is less restrictive than coercivity and is analogous to conditions used
in Schrédinger-type problems on R. Finally, the symmetry assumption (F3) coincides with that in [16] and
ensures the existence of infinitely many even pairs of homoclinic solutions. Therefore, our results extend the
existing theorems in the subquadratic regime and apply to a broader class of potentials and nonlinearities.

Discussion of condition (V)

Condition (V) plays a crucial role in ensuring the compactness of the associated energy functional on R.
It allows the potential V to be noncoercive: (i.e., V is not assumed to be coercive at infinity) and possibly
oscillatory, provided that the region where V becomes small has vanishing measure in any fixed-length
interval. Typical examples include

V() = 1+esin®t, V() =1+ [ for [t 21, >0,

or more generally V(t) = Vy(t) + W(t), where Vj is periodic and W tends to 0 in measure as |t| — oo.
This hypothesis is analogous to the "vanishing-in-measure" condition used in nonlinear Schrodinger and
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Hamiltonian systems to recover compact embeddings in unbounded domains (see Lions [17]). Hence, our
framework naturally covers both coercive and noncoercive potentials and is well suited for problems with
oscillatory or almost-periodic structure.

The remaining of this paper is structured as follows. Some preliminary results are presented in §2. In §3
we give the proofs of our main results.

2. Preliminaries

Consider the Sobolev’s space
W2P(R) = {u € L¥(R)/u' € LP(R),u” € L’(R)},

equipped with the usual norm

lullwar = ([, [1"OF + @) + (o |ar)”.

In this section we recall some auxiliary inequalities and compactness properties that will be used later.
For clarity, we define all constants at the moment of their first appearance.

Lemma 1. There exists ¢, > 0 such that for all u € W>P(R),
/ /(1) |F dt < cp/ [l (0)]F + u(t)| ] dt, vu € WP (R).
R R

This standard inequality follows from the embedding W??(R) < WUP(R) and can be found,
for example, in ([18], Lemma 4.10). Moreover, under assumption (V), since the measure of the set
{t € [s—ro,s+19]: V(t) < M} tends to zero as |s| — oo, the embedding of the corresponding energy space
into L?(IR) is compact (see [17]).

Lemma 2. Let vg and w* be defined in §1. If w < vow™ holds, then there exists a constant cg > 0 such that

/R [|u”(t)|’7 —wlu' (B + V() |u(t)|”}dt > co |[u)|b 0y, Vi € WHP(R). 4)

Proof. Letcy = (vow*_w we have

cp+1)vgw*’

L@ = @ + v ) at oo [ [0 -

w

v% ' (5)]" + |u(t)|F’]dt
o) [ [ of + ol Jar
w2 [l = [ O + o) Ja

) [ [ @ + e o

=0p(1 —

zc()/R L O + [ ) + [u()P |ar
=Co ||u”5\/2,p/
which completes the proof of Lemma 2. O

Consider the following subspace E of W (RR)

E= {u S szf’(R)//R " O] =« [ (O] + V() [u()? |at < oo},
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equipped with the norm

‘wﬂ'—'

Il = ([ [l e

Lemma 3. Under the condition w < vow™, we have

P ()] + V() u)” |dt)".

1
P\
o < (5 p
il < (55) " llull, v € E )
where ¢ is defined in Lemma 2.

Proof. Let u € E, we have forr > 0

/\t\zr[’”/(t)|p+ u(t)[P1dt < ul,,,

and so
lim [/ (#)|7 + [u(t)|P)dt = 0.

r—0o0 t‘>1’

It results from [19] that lim‘t‘ Lo U(t) = 0. Hence, by the continuity of u, there exists t* € R such that
= = 0o . 6
()] = max fu(e)| = [1u], ©)

Consider two real sequences (¢ )ren and (f_j)gen such that

WLt <t o<t 1 <Hh <bh<<i3<..,

lim t, = +o0, lim f_j = —oo,
k—o00 k— 00
and
lim u(ty) =0= 11m u(t_g).
k—o0 k—o0
Let us remark that
()P = ()~ p [ ()P 2 (sl () )
and
[u(#)|P = [u(t_g \”+P/ ()P 2 u(s)u' (s)ds. 8)

Combining (7), (8) and Young's inequality yields

WUﬂWzl(WUMW+hNLwW)—Zt?u@H”QMﬂM@W&+Z[iw&ﬂwzwﬂwﬁws

-1
< ()l + a1 ) P/ P P o) s ©)
Taking k — oo in (9), one gets
* p p
lullfs = ()P < & [ /@ + /@) + )" s < 52l

which implies (5). O

=

Remark 3. Noting by #e = (ZL) ,fors > pand u € E, we have

€0

/Rlu(t)\ dt < [Jull " lullp <neo P a7 flullfys, < 17°° [l® = 75 [lull*, (10)
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s=p
where 775 = '72"0 .

Lemma 4. Assume that (V) is satisfied. Then E is compactly embedded in LV (R).

Proof. Let (1,) C E be a bounded sequence such that u, — u in E. We shall show that u, — u in LP(R).
Suppose, without loss of generality, that u, — 0in E. For any s € R, we denote I, (s) the open interval in R
centered at s with radius rg, i.e., I;(s) =|s — ro, s + ro[, where r is the constant given in (L). Let (s;)jeny C R
be a sequence of points such that R = U, I, (s;) and each t € R is contained in at most two such intervals.
Forany r > 0and M > 0, let

C(r,M)={teR\|—rr[/V(t) > M},

D(r,M)={teR\|—rr[/V(t) < M}.

Choose Mc > 4sup, . ||un||”, we have

1 1 €

pdt<—/ V() [un (D)7 dt < — [lun]l? < €. 11

S el < 3 [ VO ()P dt < g el < G ay

Now, we have
Pdt < / Pdt
/D(r,Mg) i _Z; D(r,Me) Ny (5;) il
<y 2 dt)2 D(r, Me) N I, (57))]2
<X o) o 40 meas(D(r, M) 011y 5))
<a, E(/ |un|? dt)%,
i=1 ro(si)
where a, = sup;_y[meas(D(r, Mc) N I, (s;))] 2. By the inequality (4), we have
1
2p 2p ﬁ
</z,o<si>'””'2pdt> = (b a8 < | < e

Hence

[e9)
p
un|P dt <yb a H N7
/D(V,Mg) | ”| —’72;7 r 1221 X|I,0(sl) n
[e9)
" !
—nbyar Y [l [ O] + fua(e) Pt
i1/ Iy (si)
2
<2i3,arsup [[unllfyz, < 3 arsup [lun]P.
2 neN wer o 2 neN
By an easy computation, we show that a2, — 0 as ¥ — co. Therefore there exists 7. > 0 such that

Par< £ 12
/D(re,ME)‘un| <y (12)

which together with (11) implies

/ |un|pdt:/ |un|pdt+/ P dt < €. (13)
R\]~7ere| C(re,Me) D(re,Me) 2

By Sobolev’s theorem, 1, — 0 uniformly on [—7¢, r¢]. Then there exists 1y > 0 such that

/[4 . |un|P dt < g, Vn > ny. (14)
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Combining (13) with (14), by the arbitrary of € we can obtain that uy — 0in LP(R,R). O

To study the existence and multiplicity of homoclinic solutions of (F) under our assumptions, we shall
employ the minimization theorem and the generalized Clark’s theorem.

Lemma 5. [Minimization theorem [20]]. Let E be a real Banach space and ] € C'(E,R) satisfying (PS) condition. If |
is bounded from below, then ¢ = infg | is a critical point of |.

Lemma 6. [Generalized Clark’s theorem [21]]. Let E be a Banach space and | € C'(E,R). Assume that | satisfies the
(PS) condition, it is even, bounded from below and J(0) = 0. If for any k € N, there exists a k—dimensional subspace EX
of E and py > 0 such that SUPEkns, J <0, where Sy = {u € E/ ||u|| = 1}, then at least one of the following conditions
holds
a) There exists a sequence of critical points (uy) of | satisfying J(u,) < 0 for all n € N and lim, .« ||un||p = 0.
b) There exists r > 0 such that for any 0 < « < r there exists a critical point u of | such that ||u|; = « and

J(u) =0.
3. Proof of the main results

Let us consider the variational functional | : E — R associated to system (F)

_1 1P — w il ()] P —
Jw) = [ W OF =@l OF + v lu@) [ [ uo)
Lemma 7. Assume that (V) and (Fy) are satisfied. If u, — u, then f(.,u,) — f(.,u) in LY(R) as n — oo, where
v= .
p—1

Proof. Let u, — u. Arguing indirectly, by Lemma 4, we may assume that there exists a subsequence (u,, )
such that as k — oo

Uy, — uin LP(R) and up, — uae.inR, (15)
and
[Vt () = £t u(e)] dt = e, Wk € N, (16)
for some positive constant €. Using (16) and up to a subsequence if necessary, we may assume that
¥ |, —ul|,, < oo Letw(t Z |tn, (t) —u(t)| for all t € R. Then w € LP(R). By (F), there holds
k=1
forallk e Nandt € R
£t (8)) = f(Eu(E)]" <[\ f(Eun ()] + £ (8 u(B)])"

<2V £ (t un ()] + |F (£ u(t))]"]
<2v-1p¥( ol |Mnk t)|V(V*1) + |u(t)|v(”_1)]

<271 () [(Joam (8) — ()] + () )"V + u(p)[ )]
<2V 1BV (1) [(o(t) + [u(t) )Y 4 Ju(r)[ Y]
<crb¥ (1) [(w(t)) Y 4 [u(r) ], (17)

where ¢; = 2V 1[1 + sup {1,2”(?"1)’l }} By Holder’s inequality, we obtain for & = % and B = £

JLE O a0~ <( [ 1) ([ o) e D) ([ o)’

1

g(/Rbr(t)dt);[(/R(w(t))pdt>ﬁ+ (/R| ()|Pdt)%} (18)
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Combining (15), (17) and (18), Lebesgue’s dominated convergence theorem implies that

Tim [ f(t (1) = F(Eu(e)]dt =0,
which contradicts (16). Hence f (., uy) — f(.,u) in LY(R) asn — co. [

Lemma 8. Under assumptions (V') and (Fy), the functional g(u) = [ F( ))dt is continuously differentiable on E
and forall u,v € E
(u)o = / F(tu(t))o(t)dt
R

Proof. First, by (F;) and Holder’s inequality we have
[ et < [ v O el
R R

S(/Rb’ / ()" ()" dt)”
=l ([ e o] a)

-1
<116l el ol -

=

Hence the functional v — [, f(t,u(t))o(t)dt is linear and continuous.

Next, let € > 0 be given. Since b € L'(R), there exists Te > 0 such that ( fl [>T, b (t )dt) r < e. Itis well

known that the functional u — f‘ F(t,u(t))dt is continuously differentiable on the space

{<Te
Wit = {u e LP([-Te, T, R) /i, u" € LP([~Te, T, R) } ,

with derivative f[7T€ 7] f(t,u(t))v(t)dt. Let u,v € E with ||v|| <1, then there exists a constant 0 < ae < 1 such
that for ||v|| < ae,

o [FC(0) 5 0(0) = F(tu(0) = £, ()00 < e o] (19)
Now, by the Mean Value Theorem, we have
/WT [F(bu(®) +o(0) — Bt u(®)ldt = [ [F(tu(t) +h(E()o(dt

where h(t) €]0,1[. Therefore, by (F;) and Holder’s inequality, we obtain

’/mzn [F(t,u(t) +o(t)) — F(t,u(t)) —f(t,u(t))v(t)]dt’
/\tIZTE [f(t,u(t)+h(t)o(t)) —f(t/u(t))}v(t)dt‘
< [ o VO 4 BOROP ™+ (O] fo(r)

<2 [ pOuP !+ o) o) dr

§2</\t\>Te bf(t)dt)lK/lt>T€[|u(t)|V/(ﬂ—1) lo(t)|" dt) </t\>Te V#dt)

R

1

< 2] /|u ()7 dr) " /|v ()7 dr)" + /\v ()| dr)"]

= 2¢| ullfy ! ||v|m+uv||m}
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< 2¢| ullly mp+up ] ol (20)

Combining (19) and (20) yields for ||v]| < ae
] LIE@u(®) +o(t) = F(t,u() —f(t,ua))v(t)]dt] <elt+2(mllully " +u57")] el

which implies that g is differentiable on E and g'(u)v = [ f(t, u(t))v(t)dt for all u,v € E.
It remains to prove that g’ is continuous. Slnce u— f\fl <T, f (t,u(t))dt is continuous, thereis 0 < B < e

such that for ||w|| < Be

(& u(t) + () —f(t,u(t))}dt‘ <e @)

[¢|<Te

On the other hand, we have

Hsvlulfl /|t|>T€ [f(tu(t) +w(t)) —f(t,u(t))}v(t)dt‘ < H?ngl /\tlzTe b(#)[([u(t)] + [ ()P + [u(®) "] [o(t)| dt
<2 sup [ OO+ o0
r % r(u—1) r %
2, Y0 (0 )

# (. e o))"

<2e sup K/Mzn !u(t)|P>yr71(/t|2Te Iv(t)\P>%

[[ol=1
U #07) 7 ()’
<zenf | ull* "+ ol | < 2emp | fulf T +1]. @)

Combining (21) and (22) yields for ||w|| < Be

-1
g < e+2€175(||u||” +1).

8" (u +w) = &' (u)
Hence ¢ € CY(E,R). O
Therefore, it is well known that the functional | is continuously differentiable on E and we have
T ()0 = /R [ ()72 (10" () — o [u! (£) P20 (£)0 (£) + V(£) |u(E)] P2 u(t)v(t)]dt
- /Rf(t,u(t))v(t)dt, Vu,v € E.
Moreover the critical points of ] on E are the homoclinic solutions of (F).
Lemma 9. Assume that (V) and (Fy) hold. Then | satisfies the (PS)—condition.

Proof. Let (u,) be a (PS)—sequence, that is (J(uy)) is bounded and J'(u,) — 0 as n — oo, then there exists a
positive constant cp such that |J(u,)| < cp. By (F;) and Holder’s inequality, we obtain

[un P =p] (un +p/ F(t, un(t))dt

<pea+p [ b(t) (¢ >|th
K

<pc+p /b’ dt /|un |pdt ’
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<pca+p [1bllr llunllzs
<pea+prpp bl ]
Since 1 < i < p, then (u,) is bounded in E.
Then, going to a subsequence if necessary, we can assume that u, — u weakly in E. By Lemma 4, u, — u

in LP(R) and by Lemma 7, we have f(.,u,) — f(.,u) in LY(R) as n — oo. Therefore, by Holder’s inequality,
we obtain

g — ul|” = (] (n) — J' (u)) (un — ) + /R (f(tun(t)) = f(t,u(t))) (un(t) — u(t))dt
<(J'(un) = J'(u)) (un — ) + | fCun) = FCu)llpo [Jn — ullp — 0as n — oo,
Hence u;,, — u in E and ] satisfies the (PS) condition. [

Proof of Theorem 2. By (F;), Holder’s inequality and Remark 3, we have
/P@mmwgl/mnmwww
R H
1

R
1 r ; r'u 7
gﬁ(/Rb (t)dt) (/R|u(t)| (t)dt)
1 b
== 1|, [lull¥, < <2 ||bl[;, |lu]*.
V” Il [l 7 ) 1] o [l

Hence

1
== P— | F(tu(t))dt
P = el = [ Pt (o)
1 1
> ull? = == |bll,, |lull”.
pll I " 1511~ ol

Since 1 < u < p, we deduce that J(u) — +o0 as ||u|| — oo, i.e. | is coercive and bounded from below.
Since ] satisfies the (PS) condition, then the minimization Theorem implies that | achieves its minimum at a
point 1y € E. It remains to prove that 1 is nontrivial. Let vy € E be such that vy(t) = 0, t € R\ I be a nonzero
function. Then for all A > 0, we have by (F,)

AP
](Avo)::Afnvoﬂp— /‘F(LAﬂ0(ﬂ)dt
p R
AP
:44wwp—/F@A%u»m
p I
14
<ol = e [ foo(t)"
1

which shows that J(Avg) < 0for A > 0 sufficiently small since 1 < p < p. Therefore J(1p) = ming ] < J(0) =0
and u is a nontrivial solution of (F). [

Proof of Theorem 3. Assumptions (F;) and (F3) imply that J(0) = 0 and ] is even. Lemma 9 implies that
] satisfies the (PS) condition and by the proof of Theorem 2, | is bounded from below. To apply Lemma
6, it remains to prove that for all k € N, there exists a k—dimensional subspace E¥ of E and p; > 0 such that
SUPEkps,, ] < 0,whereS, = {u € E/ ||u|| = p}. Fork € N, setI; =]xj_1,x;[,j = 1,....k, where x; = c+ {(d —c).
We have U;-‘Zl L Cl =]c,d[. Forj =1, ...k, let uj € C8°(Ij,R) such that H”j
subspace

f = 1. Consider the k—dimensional

EX = span {uy, ..., u;} .
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k
Foru= ) )\]-u]- S Ek, we have
j=1

. k
Jullfy = [l de = Y- [ juce)*
JR 1 JIL
j=1"7
k
:2/ |Ajuj(£)]" dt
=171
k
=y " [ o),
j=1 I
and by (F,), we obtain for all u € E
. k .
/HWmW=Z/mew=
JR =7 =
k
22/ ag |Aju;()[" dt
=171
k
=a0 Y 1" [ (0" dt = ao . (23)
=1 j

Since EF is a finite dimensional subspace, there exists a constant C; > 0 such that
k
Cllull < flullp, Vu € EV. (24)

Combining (23) and (24) yields for all u € EF
) =l = [ Fu(o)dt < =l = ao alfy < — ull” — aoC ]
p R p p

Hence J(u) < 0 for u € EF with ||u|| small enough and then there exists a constant p; > 0 such that
SUPEkns,, J < 0. The functional | satisfies all the conditions of Lemma 6. Therefore | possesses infinitely many

pairs of nontrivial critical points (u,, —u,) such that lim, e ||t,|| = 0 and then by Remark 3, system (F) has
infinitely many pairs of nontrivial homoclinic solutions (u,, —u,) such that lim, . ||tts||;~ = 0. The proof of
Theorem 3 is completed. O

Proof of Theorem 4. Using assumptions (V) and (F; ), we have proved above that | achieves its minimum on
E at a point 1. We will prove that u is nontrivial. By (Wﬁ), there exist positive constants r, R, [ such that

F(t,x) > Io|x|", ¥(t,x) €]to —1,to + r[xB(0, R). (25)
Letv € C5°(Jtg — 1, to + [, R) be a nonzero function. For all A > 0 such that A ||v]|;« < R, we have
AP AP
Av) =— ”—/Ft,A t))dt < — P—l)d*/ t)|"dt,
J(Av) o 1ol = fe (£ Av(t))dt < o el =1o o)l
which implies that J(Av) < 0 for A > 0 small enough because 1 < u < p. Hence J(up) = ming ] < 0 = J(0)

and 1 is a nontrivial homoclinic solution of (F). O

Proof of Theorem 5. Denote I =]ty — r,ty + r[ the open interval introduced above. For k € N, we take k
disjoint intervals I; :]xj_l,x]-[ where x; = tg —r + %(21’),]' =1,...,k we have U;»czl [; C I Forj=1,.,k, let
u; € Cg°(I;,R) such that Hu]H = 1. Consider the k—dimensional subspace E¥ of E defined by

EX = span {uq, ..., u;} .
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k
Foru= ) )\]-u]- S Ek, we have
j=1

k S
Il = 32 121" [ Juyce)|”
j=1 =

Since EX is a finite dimensional subspace, there exists a constant C; > 0 such that

Crllull < |lullpu, Yu € EX. (26)

k
Letu =Y Ajuj € E¥ be such that ||u|| < ,7%, then we have
=1

[A15]] oo < [l oo < 00 [Jul| < R @

k
Combining (25), (26) and (27) yields for u = Y- Aju; € E* with ||u < ,7%
j=1

1
I = Il = [ Pt u(e))a
1 k.
=l = Y [ it u(e))de
p j=1"1
1 k
=Nl = Y- [ F(e Ay ()
p =171
1 k
< ull? = X [ o he)]" e
p j=1"1
1 P : H H
=l =10 Y gl [ Jui(e)" a
p j=1 ]
1 1
= el =t < el — o

Since 1 < u < p, we deduce that there exists a constant 0 < p; < ,7% such that J (1) < 0forallu € EFN Sp-

We conclude as in the proof of Theorem 3 that system () has infinitely many pairs of nontrivial homoclinic
solutions (1, —1t,,) such that lim, e ||un| ; = 0. O
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