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1. Introduction

he discrete Boltzmann equation (DBE) [1] has long been a fundamental tool for approximating the
T behavior of dilute gases, offering a simplified alternative to the full Boltzmann equation. Pioneering
contributions were made by Carleman [2] and Broadwell [3,4], and later generalized by Gatignol [5]. The key
idea is to replace the continuous velocity space with a finite set of discrete velocities, leading to hyperbolic
systems of conservation laws with nonlinear collision terms. Such systems have proven instrumental in the

analysis of numerous physical and mathematical phenomena, including shock formation, entropy dissipation,
and boundary layer behavior.

Historically, the initial-boundary value problem (IBVP) for discrete velocity models has been studied
extensively in one-dimensional settings [6-13]. In the multi-dimensional steady case, boundary value
problems for discrete velocity models have also been investigated, see for example [14-17].

In contrast, the multi-dimensional theory of the IBVP for DBE models remains much less developed. To
the best of our knowledge, prior to the recent work [18], no results had been established on the existence and
uniqueness of classical solutions to multi-dimensional IBVPs in bounded domains with Dirichlet boundary
conditions—even in simple geometries such as rectangles. In [18], we addressed this gap by proving the
existence and uniqueness of classical solutions for the two-dimensional Broadwell model in a rectangular
domain with Dirichlet boundary conditions.

The objective of the present paper is to extend these results to the general four-velocity Broadwell model
in the plane, one of the canonical multi-dimensional discrete models. This extension represents an important
step toward a broader mathematical understanding of discrete kinetic models in higher dimensions.

The paper is organized as follows. In §2, we introduce the initial-boundary value problem and state our
main result. In §3, we begin the proof by establishing the positivity of the solution. Finally, in §4, we complete
the proof by showing the existence and uniqueness.
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2. The initial-boundary value problemma

2.1. The Discrete Boltzmann Equations

Letd € {1,2,3} and p be a non-negative integer. Define the discrete velocities = (u?‘)zzl ERY, i=
1,...,p, and coefficients Ai-‘]-l > 0fori,j kI =1,...,p. The discrete p-velocity model describes a system of
particles with velocities .

Let N; (t, (x,x)izl) denote the number density of particles with velocity if;, i = 1,...,p, at time t and

position M ((x,x)gﬂ), with (x,)?_, € RY. The corresponding discrete Boltzmann (or kinetic) equations are

given by

oN; & LON; 1 . :
; == AN — N:N; =1,...,p. 1
ot +o§lul 90Xy 2]',];&1‘ ij (NkNl NZN])' Vi ’ /P 1)

=Qi(N)

In the case of the general four-velocity Broadwell model in the plane, we set N; = N;(t,x,y), and the
system of kinetic equations becomes

oN; dNq . ONp

5 + ccos 6 e + csinf@ 3y Q,

8& —csin@a& +ccos€a& =-Q,

ot ox ay @)
oNj; . ,ON3 oN;

o5 + csin@ % ccosf 3y Q,

0Ny 0Ny . ,ONg

T CCOSGW csmew =Q,

where the collision term is defined by

Q = ZCS(N2N3 - N1N4),

7T

with constants ¢, S > 0 and angle 0 < 6 < >

2.2. Initial-Boundary Value Problem

Let [ay,b1] X [a2,b2] be a rectangular spatial domain and [0, T] a finite time interval. We define the
space-time domain
P = [0, T] X [{11,1’11] X [az,bz] .

In [18] we considered the case 6 = 0. In what follows, we study the case 6 # 0.
The initial-boundary value problem we consider is the system X (3)—(27):

Ny Ny . 0Ny .

?+Ccos(9¥+csm(9w =Q(N), (txy) e 2, ©)]

oON, . 0N, oNy 5

= csmBW + ccos 9@ =—-Q(N), (txy) e 2, 4)

ON; . 9N; aN; .

5 4 csinf o ccosf ay Q(N), (t,xy) e 2, (5)

Ny Ny . 20Ny .

= ccosf)g csmew =Q(N), (txy) €2, (6)
N;(0,x,y) = NZ-O(x,y), (x,y) € [a1,b1] X [ag,b2], i=1,...,4, (7)
Nl(t/al/]/) = Nf(t/y)/ (t/]/) S [O/ T] X {a2/b2]/ (8)

Ni(t,x,a2) = Ny ~(t,x), (t,x)€[0,T] x [ay,b1], 9)
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No(t,b1,y) = Ny (ty),  (ty) €[0,T] x [az, b2], (10)

Ny(t,x,a2) = N, ~(t,x), (t,x)€[0,T] % [a1,b1], (11)

N3(t,a1,y) = N3 (ty), (Ly) € [0,T] x [az, b2, (12)

N3(t,x,by) = Ny " (t,x), (t,x) € [0,T] x [ay,b1], (13)

Ny(t,b1,y) = Nj (£y),  (£y) € [0,T] x [a, b, (14)

Ny(t,x,by) = N T(t,x), (t,x) €[0,T] x [a1,b1], (15)

together with the compatibility conditions

NY(a1,y) = Ny (0,y), v € [az,ba], (16)

NY(x,a2) = Ny ~(0,x), x € [ag,b1], (17)

Ny (t,ap) = Ny ~(t,aq), t€][0,T], (18)

N3 (b1,y) = Nf(0,y), v € laz,ba], (19)

NY(x,a2) = N; ~(0,x), x € [ag,by], (20)

N (t,ap) =N, ~(t,by), te€[0,T], (21)

N§(a1,y) = Ny (0,y), v € [az,bo)], (22)

N9 (x,b,) = NS 7(0,x), x € [ag,by), (23)

N; (t,b) = NSt (t,a1), t€]0,T), (24)

Ni(b1,y) = N (0,y), v € [az, 2], (25)

NY(x,by) = N T(0,x), x € [ay, 1], (26)

N (t,by) = N/ " (t,by), te0,T). (27)

The initial conditions are given by N?, for i = 1,...,4, while the boundary conditions are specified

by N;,N; ~,N,,N, 7,N;,N;*,N;7, and N/ . All these functions are assumed to be non-negative and
continuous, with continuous and bounded first-order partial derivatives. Relations (16)—(27) represent
compatibility conditions on the data.

Our goal is to prove the existence and uniqueness of a positive, continuous solution to the system X.

We use the uniform norm for bounded real-valued functions, and define

IfIl = g@l\ﬂllw

for f = (f;)%_, with bounded components. For bounded real functions of two variables g(x, y) with bounded
partial derivatives, we adopt the C! norm

al

ay o)

Theorem 1. There exist two positive parameters p and q, with p depending on the dimensions of the domain & and q

gl = max{||g|oo,

We prove the following result:

on the data, such that if pg < 7 then the system % admits a unique non-negative continuous solution. This solution is

differentiable except possibly on finitely many planes, has bounded derivatives, and satisfies explicit bounds on both the
solution and its derivatives.

3. Non-negativity of the Solution
Theorem 2. If solutions to the problem ¥ (Egs. (3)—(27)) exist, then they are non-negative.
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Proof. The proof follows classical arguments (see [18]). Let ¢ > 0 and define

together with

Then, for all ¢ > 0, the problem X is equivalent to the system X:

at +ccos€a—+csm9ﬁ+ap( )N; = QJ(N),
N2 ing?D2 N, e
= no g + ccos@ 3y +0p(N)N, = QJ(N),
N3 | ing®Ns _ N3 — Qg
5 + csinf B ccos@ 3y +0p(N)N3 = Q5(N),
Ny _ 0568& — csin(?a& +0p(N)Ny = Q7(N),

ot ax dy

together with the conditions (7)—(27).

For M = (M, My, M3, My), a fixed 4-tuple of continuous functions defined from & to R, we set

M| = (|M], |Ma|,|Ms], | Ma]).

Consider now the following linear system (X, ), given by (34)—(37):

aé\t] +ccos€aaN +cs1n988y+0p(|M|)N1 Qv (M),
aal\zzcsineaaz\f+ccosezz\y]2+Up(|M|)N2=Q§'(|M),
aé\tjs+cs1n988N—CCOSQB;\y]+Up(|M|)N3 Q5(IM|),
361)\14 ccosG?—csmGaaZ\y]-i—UpﬂMDNzLQ4(|M)

with the boundary and initial conditions (7)—(27).

(t,x,y) € P,
(t,x,y) € P,
(t,x,y) € 2,

(t,x,y) € 2,

(t,x,y) € P,
(t,x,y) € P,
(t,x,y) € P,

(t,x,y) € 2,

(28)

(29)

(30)
(D)
(32)

(33)

(34)
(35)
(36)

(37)

It is straightforward to verify that (X, 5s) admits a unique solution Njy; = (Nj, Ny, N3, Ny), defined as

follows.
For inequalities f(t,x,y) < 0and g(t,x,y) < 0 defined on 2, let

denote the indicator function of the set

{(t,x,y) € Z: f(t,x,y) <0and g(t,x,y) <0}.
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Then,

Ni(tx,y) =N (t,x,y) -1 (%)
{x —ctcosf > ay

y—ctsing > ap

X —ctcost < mq

xsin® —ycosf < aysinf — ap cosO

+Nf(t,x,y) -]I{ (t,x,y)

y—ctsinf < ap

xsin® —ycosf > aysinf — ap cos o

+N1C(t/x/y) H{ . (t/x/]/)/

where

t s .
N{‘(t, x,y) _ (/O eafo o(|M]) (r,x+c(r7t) cos B, y+c(r—t) s1n9) dr Q‘{(|M|)

X (s, x+c(s —t)cosb, y+c(s — t) sinf) ds—l—N{)(x—ctcos@,y—ctsin@))

afo (IM]) (s,x+c(sft)C059,y+c(sft) sinG) ds

7

X a1
cosB —Tooso s X ai . sin @ sin 0
NlB(t, x,y) _ (/ccos ccos eafo o(IM]) (r+t Tcos0 T Tcos g e Cos 0+ay, resinf— oo g x +y+c059ﬂ1) dr
0

x QY ( |M|)(s+t Ccose+CCOSQ,SCCOSG—l—al,scsinG—ig;zx—i-vaig;Z )ds

— in 6 0
+N1 (t - ccosG + ccosG’ 5;29x+y+ gg;@ ))

t sin 6 sin 0
370f0 p(\M\)(S+t ccosGJrccose sccos O-+ay, scsin— o xty+ 2o )ds

y a
A . y ap cosf | cosf
Nlc(t, xy) = (/csmo e o f3 p(|M|)(y+t7m+m,rccosﬁ'+x oYt Sing %2 rcsm9+a2) dr
0

x QT(IM|) (s +t — =L + 225, sccosf + x — %8y 4 €58y, sesinf + ay) ds

—— cos cos 6
+ Nl (t - csmB + Csm@’ X— Sng¥ T sm6a2)>

a
7(7f55iy“97“§‘9 (|M]) (s+t7 Y22 sccosf+x— cosf, 4 cosh, scsin6+a )d
0 L csinf " csinf’ sin0 Y™ sing 92/ 2) 4

X e

Na (t,x,y) =N3' (t,x,y) -1 {x—ctcos@>a1 (t,x,y)

y—ctsinf > ap

+NB(t,x,y) 1 t,x,
2 (t:xy) {x—ctc050§a1 (xy)

xsin® —ycosf < ajsinf — ap cos o

+NC t/ s -1 t/ s
7 (t:xy) {y—ctsin9§a2 (xy)

xsin® —ycos@ > ay sinf — ap cos o

(38)

(39)

(40)

(41)

(42)
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where
N{l (t, x,y) _ (/tecr Jo o(IM|)(r,x—c(r—t) sinf,y+c(r—t) cos 0)dr
0
x Q5 (|M]) (s,x —c(s—t)sinf,y +c(s—t)cosh)ds+ NJ (x +ctsin,y — ctcosG))

t
7(7/ o(|M])(s,x—c(s—t) sinb,y+c(s—t) cos 0)ds
xXe J0

7

NE (¢ [ ~sing +CSm6' ”fo |M|)(r+t+csmgx Efi}\g —resin -+by,re cos 0+ 58 x+y— ifjgbl)dr
2 (bxy) = 0

><Qg(|M])(s+t+ x— -4 —scsing + by, sccos 4+ Xy 4y — C‘.’sebl)ds

csinf csme’ sin 0

csmB’ sin 0 sin 0

+N+ (t+csm9x_ o C059x+y_c959b1)>

sin @ 1

Csm9x+csm€ 12} 0
" —0 0 (|M|)<s+t+csmex765m9, scsm9+h1,scc059+cosgx+y cos )d
e

7

NS (t,x,y) =</ Fees Y~ ka o7 Jo PUMI) (r+t= cisgy+ g —resin 04+ 3 y— i azre cos +az )dr
0

x Q9 (IM]) (s+t— ﬁy—f— 25, —scsinf + x + Smey Smeaz,sccose—f—az) ds

cos @ cos @

—— 1 ap sin @ sin @
+ NZ (t ccos@y+ ccosgr X + cos8Y — c059a2)>

ccos8Y ™ coso 1 a . sind sinf
- 0 p(|M]) (s+t—my+ Toesgr—SesinO+x+ 2iepy— 2005 42,5 cos 9+a2)ds
X e .

N3 (t, x, t,x, t,x,
(t,x,y) =Ng' (t,x,) -1 —ctsind > a; (t,x,y)
y+ctcost < by
+ N5 (tx,y) -1 tx,
3 (L) x —ctsinf < ag (txy)
xcosf +ysind < ay cosf + by sinf

+ NS (4 x,y) - 1 t,x,
5 ( y) {y+ctcos(92b2 ( y)

xcosf +ysin@ > aj cost + by sinf

where

NSA (t,x,y) _</O (7[0 o(IM]) (r,x+c(r—t) sin,y—c(r—t) cos 0)d Q3 (|M|)

x (s,x+c(s—t)sinf,y —c(s—t)cosh)ds+ NJ (x—ctsin9,y+ctcos€)>

(43)

(44)

(45)

(46)
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t
70/ o(|M]|)(s,x+c(s—t) sinf,y—c(s—t) cos 8)ds
xe J0

, 47)
1 a1
X — L
N3B (i’ X y) _ (/CS'“9 ‘5‘“980.["05,0(\M\)(r+t Csmax—l—csmg,rcsm9+a1,—rccosG+C°59x+y—§f§gﬂ1)dr
0
x QF (|M]) (s+t —Lox+ S scsinf 4 ay, —sccos 0 + °°59x+y g‘i’;gm) ds
+ N7 (t= X+ c059x+ o CosGa
3 csmO csm9’ sinf Yy sing 1
B csin@™ " csinf M " - B g o6 B i
o o(] |)(s+ Csmgx+csme,scsm +ay,—sccos 0+ g x+y— 5a 1) s
X e 0 7 (48)
+—=5 [2) 0
NC (t,x,y) (/ caos¥ ccosﬂ af 0 \M\)<r+t+fcosey ccosg,rcsm9+x+§g;9y7sg‘;ebz,frcc059+bz)dr
% sin 6 sin 0
x Qf (IM]) (s—l—t+ Ccosey Ccose,scs1n9+x+ 50y — aosab2, sccosG—l—bz) ds
++ sin 0 sin 6
+N (t+ ccosey ccos@’x+ cos8Y c059b2)>
— Ly
o [ (1M]) (s-++ O-+x-+Sn0y_Sinbp, _occos0+by )d
Q ccosﬂy cc059’5C51n +x+c059y cosg V2, —5€CO8 +b2 )ds
xe JO (49)

N (txy) = (t xy)-1 x+ ctcost < by (t:xy)

y+ctsing < by

+NB t,x, ]I t/x/
i y) X+ ctcost > by ( y)

xsinf —ycos @ > by sinf — by cos 6

NS (t,x,y) -1 tx, 50
+ Ny (t,x,y) Jtctsing > by (t,x,y) (50)

xsinf —ycos @ < bysinf — by cos B

where
Nf (t,x,y)-(/ tTfO (IM|)(r,x—c(r—t) cos 8,y—c(r—t) sin 0)dr Q4(|M|)
0
><(s,x—c(s—t)cosG,y—c(s—t)sin@)ds—i—fo(x+ctcos(),y+ctsin0)>

t
" E—U/O o(|M])(s,x—c(s—t) cos 8,y—c(s—t) sinB)ds (51)

7

NB (t,x ]/) _(/ Ccos9x+fc059 Ufo |M|)<r+t+cc059x ccﬁsg,frccosfﬂbl,frcsiné) :g;gx+y+§g;§hl)dr
0

x QF (|M]) (s i+ L — chgse,—sccos(9+b1, —scsinf — S8y 4y 4 z‘g;gbl) ds
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+ 1 _ by sing sin @
+ N4 <t+ Tcoso X ccos @’ cosﬂx+y+ cos@b1)>

1
~reost Xt Teoso 1 b ino ino
- p(\M\)<s+t+mx7ﬁ,fsccos9+bl,fscsinf)f S x+y+ 2 bl)ds
xe JO

~eomaY ek o [2 (M) (r+ 1+ kg
csin csind o r 1
NE ) =( | ol

by
csingY ~ Csing’

+ N (4

by

1
~osing¥t csing 1 b 0 0
- p(|M|)(s+t+my—csiﬁ,—sccos9+x—“’S y+<s bz,—scsin9+b2)ds
xe JO .

Now we have

QT (IM[) =0 (|M1] + [Mz2| + [ Ms]) |
Q3 (IM[) =0 (|M| + [Mz] + [My]) |
Q5 (IM]) =0 (M| + [ M| + [ My])
Qg (IM[) =0 (|Mz| + [Ms] + [My]) |

cos @ cos B

1

sin @

X QF (M) (s-+ £+ chray = s —sccos0+x = Gy + Sfba, —scsing + ba) ds

sin 0 sin 0

cos@ cos@
sing Y + sin 0 b2)>

sin @ sin®

M| +2cS|My| [M3| + (0 — 2¢S) |[M1]| [My],
My| +2¢S |[M1||My| + (0 — 2¢S) |Ma| |M3],
|M3| 4 2¢S | M1 | |My| + (¢ — 2¢S) |[M| [M3],
My| + 2¢S [My| [M3| + (0 — 2cS) |Mq] | My] .

and we conclude that for ¢ > 2¢S, the solution N = (N7, Np, N3, Ny) of (X, )1) is non-negative.
Let us consider the operator 77 : M — Nj; where Ny is the unique non-negative solution of the

problem (X)) for sufficiently large o

b .
Y— 2 pccosO4x— 080y 4 €SOy pocin 04D, )dr
Y= s sind Y 2 2

(52)

(53)

We easily verify from the statements of (X,) (30)-(33) and (X, ) (34)-(37) that for M possessing all
first-order partial derivatives, 77 (M) = M iff M is a solution of (X,) for sufficiently large o i.e. M is a
solution of X as (¥,) is equivalent to X. As 77 (M) is non-negative for sufficiently large o, so is any solution

Mofx. O

4. Existence and Uniqueness

4.1. Auxiliary Operator

Let M = (M, My, M3, My) be fixed. Replacing N by M in the right-hand side of X (Egs. (3)—(11)), we

obtain the linear system >.; defined by

% +ccos€aa% —i—csinGa(.)I\y]1 =QM), (txy) €2,
% —csin@% +cc059881\y]2 =-QM), (txy e,
% +csin9% —ccosQEg\y]B =-QM), (txy) e,
aaz\tj‘l—CCOSGaaZ\f—csinQa;\y]zL:Q(M)/ (t,x,y) € 2,

subject to conditions (7)—(27).

The system X.j; admits a unique continuous solution

= (ﬂ(M))i:v

whose explicit representation is given in Appendix 5, see formulas (94)—(109).

(54)
(55)
(56)

(57)
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It follows immediately that the solutions of X correspond to the fixed points of the operator
T : C(2;RY) — C(2;RY),
4
M+— T(M) = (T{(M)) _,,

where the fixed points are assumed to possess all first-order partial derivatives.
We can show, following [18], the following result.

Lemma 1. The operator T is continuous.

Proof. From Egs. (94)-(97), for M, N € C(£,R*) we obtain

|71 (M) — T1(N)|| o < max{ sup /Ot[Q(M) —Q(N)|(s,x+c(s —t)cosb,y +c(s — t)sinb) ds|;

(txy)eZ

an

1 .4
/ccosG CCOSG[Q(M)—Q(N)]

su
P 0

(txy)eZ

7

}.

(s+t—#9x+ 4 sccos(9+a1,scsin9—Si“9x+y+sm9a1)ds

¢ cos ccosf” cos 6 cos 6

1 a4
/Csm@y 051n9[Q(M) B Q(N)]

su
P 0

(txy)e?

1 ap _ cosf cosf :
(s+t sinaY T ceings S€Cos 0 + x — gy + Fopaz, scsm@—i—a2)ds

Moreover,

Q(M) — Q(N) =2cS(Mp — Np)M3 + 2¢S Na(M3z — N3)
— ZCS(Ml — N])M4 —2cS Nl (M4 — N4),

which implies

QM) = Q(N) |l < 2¢S[|Mz = Naleo|[ M3 eo + 2¢S|| N2 [l oo || M3 — N3||eo
+2¢5||My — Nilfoo || Ma|eo +2¢S|[ Ni|eo[| Mg — N[ co-

Hence,

1Q(M) — Q(N)lleo < 4cS|[M — NI|[[M]| +4cS[N|[||M — N|
< 4cS([M]| + INTDIIM = N

Substituting into (59) yields

7 ccosB’ csinf

1T (M) = Ti(N)lo < maX{T e b2”2} ~4eS([|M]| + [[IN]DIIM = N.

Analogous inequalities follow:

by — by—
| 2(M) = To(N) oo < max{T, e fm:g} -4cS(|M]| + [N[))[M — N,

7 ¢sinf’ ccosf

173(M) = T3(N)||eo < maX{T pe b”z} ~AcS([|M| +[[N]D][M = N,

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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7 ccosB’ csinf

[T2(M) = Ta(N)l|eo < maX{T e bz»”z} ~4eS([[M][ + [IN]DIIM = NI|. (66)

Therefore, combining these results we obtain

IT(M) = T(N)|l = max [[7:(M) = Ti(N) e

1<i<

7 ccosB’ csinB’ csinf’ ccosf

gmax{T bi—m bzfaz b1fa1 bzaz} ~4CS(||M|| + ||N||)||M—N|| (67)

=p’
This proves that 7 is continuous. [

oM; oM; oM;

ot " ox ' ay
possibly on a finite number of planes, and are continuous and bounded for all i = 1,2,3,4. Then each of the derivatives

Proposition 1. Suppose M = (My, My, M3, My) € C(Z;R*) is such that exist in P, except

97i(M) 97i(M) 97i(M)
FT ox y

(i=1,2,3,4)

are also defined in 2, except possibly on a finite number of planes, and are continuous and bounded.
In other words, if we denote by & the subspace of C(Z2;R) consisting of functions u that are continuous on &

ou ou
and whose partial derivatives

5 g 'y exist in 2, except possibly on finitely many planes, and are continuous and

bounded, then we have
7'(<§’4) c &4

Proof. The result follows directly from the explicit expressions of the derivatives of Ti(M),i=1,2,3,4, given
in the appendix (5). [
For N = (N;)*, € &%, define

V(N)Emax{| aN

wlr

For R > 0, set
@RE{NG£4:V(N)§R}.

Proposition 2. For every R > 0, the sets 2y are non-empty convex subsets of C(2; R*) and are relatively compact in

(C(Z; R, 1| 11)-

Proof. First, g is non-empty since it contains the zero function. Let M,N € g and A € [0,1]. Then
AM+ (1 —A)N € &% and
V(AM+ (1-A)N) <R,

so Ap is convex.
By construction, %y is bounded in (C(2;R*), || - ||). Moreover, for each M € %y the functions

M, oM, oM,
at’  ox’ oy

, 1=1,234,

are continuous and uniformly bounded on their domain. Hence, for each i there exists a constant K > 0,
independent of M, such that

ld(M)(t x| gmop) <K, V(Lxy) € 2. (68)
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Take M € Bg and (t,x,y), (', x,y') € 2 such that (OM/0t,0M/9x,0M/dy) is defined on the segment

[(txy), (F, 2, y)] ={txy)+at’ —t,x —x,y —y): 0 <a <1}

Since & is convex, by the mean value inequality, (68) yields foralli =1,2,3,4:

IMi(t x,y) = Mi(E, <y )| < Kt xy) = (2,0 s (69)
Given e > 0, set .
Ke = 1@1;14 PR
Then from (69) we obtain
It 2, y) = (F, 5",y )lps < ae = [M(t,x,y) — M(t, 2,y ) |ps <& (70)

Since the points where derivatives of M are undefined lie on finitely many planes, and M is continuous
on 2, inequality (70) extends to all of &. Thus, % is equicontinuous in (C(Z;R4), | - [|).
By the Arzela—Ascoli theorem, we conclude that %y is relatively compactin (C(Z;R%), |- [|). O

Proposition 3. There exists p,q > 0 such that

VR >0, T (#R) C Byresy (71)
Proof. By Proposition (1), if M € g C & then T (M) € &* Forany M € &%, Q (M) = 2¢S (MaM3z — My My)
implies

1Q (M) < 4eS (¥ (M))*. (72)

We then have from the expressions (94)-(109) of the solution of the system (X,), the following inequalities

for M e &*:
Nlul}, ™)

ccosf’ csinf

173 (M) ]l s4cs.max{T, b ‘“1,b2.‘”2}w<M>>2+maX{HN? 1'

by —a; by —a

|72 (M) < 4cS - max (v 2 + max HN2

csinf ’ ccosf 77H1 (74)

|72 (M)]|, < 4cS - max

NG (76)

|73 (M)|| §4CS'maX{T, bl,_al,bz_az}( —I—max{ ‘N:)) N++H1} (75)

(v 2 4+ max HN4

and

by —ay by —ay by—ay by—ap 2
< .
1T (M)[| <4es max{T, ccosf’ csin®’ csinf ’ ccosf (7(M))

Ny~

1/

+ max HNZ-O ,
1<i<4 1

5 Nﬁul}'

@7)
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We have

9Q (M) 9Q (M)
ax 9y

Mz 4+ Mp——=

ot ot

. Therefore

QM) _, . (aM2 aM; M, M,

—— My — My ——

ot ot

7
[e9)

7
[e9)

=
d

9Q (M) H
ox

Eq. (78) with explicit formula of the derivatives

Eq. (5) imply:

2Q (M
3

)H < 2¢S-4 (¥ (M))* < 8eS (¥ (M))>.
97 (M) 97 (M) 9T; (M
“oox 7 9y

071 (M) : bi—m by —ap 2
2N < . .
H 5 c>o_4cSmax 1+2T(CCOS€+CSIH9)'ZCCOS()' sin0 (v (M))
max{(ccos@—i—csin@) HN? v Nl__H1}'
9T (M) : by —ay by —ap 2
Zevr) < . .
H T ) <4cS max 1+2T(ccos€+CS1n9),2csin9, - (v (M))
max{(ccos()—i—csine) HNS ¥ NZ__H1}'
oT3 (M) : bi—m by —ap 2
< : .
Hat ) <4cS max 1+2T(ccos€+cs1n9),2csin9, “cosd (7 (M))
max{(ccos@—l—csin@) HNg v },
87:1 (M) bz — ay 2
_— <
H ot || <4cSmax< 1+ 2T (ccosf + csinb) ;2 os@ g (v (M))
max{(ccosﬂ—i—csinG) HNS v !1},
oT1 (M) 1 by —m 1 sin 6 by —ap 5
A < . .
H 0 00_4c5max 2T'ccos€ 2CCOSG ccos(9+cos€ 'chin9 (7 (M)
1 sin 6
|| . —
max{HNl 1’ (CC089 COSG) H | N Hl},
875 (M) 1 bl — a7 1 cosf bz —as 2
Ze vt < . .
H ox oo_4c5max 2T'csin6+2csin6 csinGJrsinG ’zccosﬂ (7 (M))
1 cos 0
of . | INE
max{HN2 1’ (csin@ + sme) N 11N Hl}’
T3 (M) 1 by — a1y 1 cos 6 by —ay 2
—_— <4 2T; 2 ;2
H ox ||~ cSmax " csinf csinf \ csinf + sinf ) '~ ccos® (7 (M))
1 cosf
ol . It
max{HN3 1’ (csinG sm@) INs | N Hl}'

) and similar expressions for

(78)

>, (i =1,2,3,4) in the appendix

79)

(80)

(81)

(82)

(83)

(84)

(85)
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87:1 1 bl — a1 1 sin 6 bz — ap 2
<4 2T; 2 ;2
H o cSmax{ 'ccos@+ ccos® \ccosf  cosf csinf (7 (M)
1 sin 0
ol .
max{HN4 1’ (ccos@ cos9> INg } (86)
(79)-(82) imply
oT (M) . 1 1
< . - .- _ .
H o H _4cSmax{1 +2T (CCOSG+CSIn0)'2maX{ccos@' csiné)} (by —aq1);

2 max {1; 1} (bz - ﬂz)} (7/ (M))z

ccosf’ csin@

Ny

Ny~

1’ 1

+ max {(ccos@—i—csin@) ‘ N?||
1<i<4 1

(83)-(86) imply

}. &)
1

1 1 1 sin 6
< ; . _ .
_4csmax{2T'maX{cc039' csinQ} +2(h al)max{ccos@ (ccos@ + cos9> ’
1 1 cos 11 )
csin® (csin() + sm())} (b2 —az)max{ccosg, csin()}} (7 (M))
+ max ’ 1 +ﬂ | 1 +cos(9 |
1<i<4 1"\ ccos@® ' cosf "\ csinf  sin6

1 cos @ _ 1 sin @ 4
(csin6+sin0) IN5 '(CCOSG+COS()> NS } %)

We similarly obtain

7]

0
N; 5

1

1 17

1/

=
ad

ccosB’ csinf
1 1 1 1 sin
max{ccosG' Csin9} +2(b2 _uz)max{ccosﬁ (CC059 + COSG) ’

1 1 cosf >
csin® (csin@ + sin@)}} (7 (M)

H <4cS max{ZT;Z (by — a1) max {1; 1} ;

1 cos 6 1 sin @
O — S — - —_—
+1I£1?<)§1{’Ni 17 '(csinGjLsinQ)HN1 '(ccos9+cosg>”N2 17
_ 1 sin 6 1 cos 6 i
1 (ccos@ + cosG) IN; 1’ (csine + sinG) IN; Hl} (89)

(77), (87), (88) and (89) imply that for M € &%,

7 (T (M)) <4cSmaxd max {1+ 2T (ccos 6 + csin6) ; 2T} smax 4 ——; —— b 4 2maxd ——; -,

B : : o8 ° ’ MAXY ccos b’ csinf P\ ccosb’ csing’

L ( ! +sin9)’_ 1 ( 1 -l-C?SQ)}maX{bl—ﬂl;bz—ﬂz}}("V(M))z

ccosf \ccosf cosf /) csinf \ csinf = sinf
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+1r£1?<>il{max {1;ccosf + csinf} HNZ-O ¥
max{l;cc(l)se-f-::;g} Ny | 1;max{1;csiln9 Z?;g} INy [l
s {1 g + g I s {15+ S35 I
mx {1 i+ g 1% Tomex {1 oo+ Sang f 1N
o {1 iy S T {1 i+ Sosg NG . o0
thatis 7 (T (M)) < p (¥ (M))* + g where
p =4cs max{max {14+ 2T (ccosf +csinb);2T};
max{l;,l}—i—Zmax{l;.l;
ccosf’ csinf ccosf’ csinf
cccl)se (ccis@ + (S:;I;Z) / csilné) (csilne + Zi)r?g) }max {br —mibz aZ}}’ e
q Egﬁé}{max {1;ccosb +csinf} HNIQ X
max{l;ccx)lsﬂ +:ZZ} HN{| 1;max{1;csiln6 Zifg} HNl__ 17
mx {1 g + g 1N s {1 g+ 2 Il
max{l; csiln(-) + :r?s} ||N3T| 1;max{1;cc3>s(9 :)r;g} H 3++ 1
o {1 o oo N (1 g+ S I | =2

If M € g then ¥ (T (M)) < pR* +4.S0 T (#r) C Bpraiq- U
Lemma 2. The operator T is compact on g for all R > 0.

Proof. We have T (#r) C B2, and B2, is relatively compact in (C(Z;R*), || - ||)- Thus, T is compact
on Ar. O

Lemma 3. If pg < % and

then T (#Rr) C Pr.
Proof. Since pR* — R 44 < 0, it follows that pR* +q < R. But 7 (#g) C B,z ,, hence T (#r) C Br. O

Theorem 3 (Schauder [19]). Let M be a non-empty convex subset of a normed space 2, and let T be a continuous
and compact mapping from M into M. Then T has a fixed point.
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. From Proposition 2, g is a non-empty convex

1-,/1—4 1+./1—4
Proof of Theorem 1. Let qu <R _l_zppq
subset of (C(@ ; R4), Il ) By Lemmas 1, 2, and 3, 7 is continuous and compact from %y into itself. Hence,
by Schauder’s Theorem 3, 7 has a fixed point N € %g, which is a solution of problem X. By Theorem 2, this

1+,/1—-4
solution is non-negative. Furthermore, N € E*and ¥ (N) <R +2qu Thus N € C(@;R4), and

NN N
at’ ox’ 9y

(i=1,2,34)

are defined in 2, except possibly on a finite number of planes, and remain continuous and bounded with

8N

N R A e

14+ +/1—4pq

Suppose now that the problem ¥ admits two solutions M and N satisfying || M||, | N|| < 2

From relation (67), we obtain

nTwn—Twm§pﬂ~3i¥1i@NM—Nu

(1 +/1—4pg)|M—N]. (93)

‘m\‘ﬁ

Since M and N are fixed points of 7, (93) reduces to

/
HM—NHS%O+¢L4WNM—NW

(1- (1+\ﬂ—4p)NM4 N| <o.

From (67) and (91), we have
p' max{T,a}

p  max{Br,p} ~ 2’
with

blfﬂl bz*&lz bl—al bz*&lz
&K = maX 7 . 7 B 7
ccos@’ csinf’ csinf’ ccosf

Br = max{ 1+ 2T(ccosb + csinb), 2T},

N ccos®’ csinf
1 1 1 1 : 1 1
2 sin 0 cosf b — by — )
+ max{ccos@'csine'ccose(ccos@ +C059>'csin9<csin9 + Sln())}max{ 1ok — )

Since 1+ /1 — 4pq < 2, we obtain

< =

(14 T=dpg) <

so the prefactor in the inequality is strictly positive. Therefore, |[M — N|| < 0, implying M = N. Hence
uniqueness. []
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5. Conclusion

In this paper, we have extended the results of [18] to the general four-velocity Broadwell model in

the plane. Specifically, we established the existence and uniqueness of classical positive solutions to the
initial-boundary value problem for this model in a rectangular domain with Dirichlet boundary conditions.
This study represents an important step toward a deeper mathematical understanding of initial-boundary
value problems for unsteady discrete kinetic models in higher dimensions.
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Appendix

Solution of the system (Xj;)

7—1(M)(t, X, y) = ﬁA(M) (t/ x/y) foctcos(92a1 (t/ X, y)

y—ctsinf>ap

+ 7EB(]VI)(t/ x/y)]I x—ctcos 0<ay (t/ xr]/)

x sinf—y cos 0<ay sin0—ay cos 0

+ 7EC(]\/I) (tl xry)]l yfctsineguz (t/ x/y)' (94)

x sinf—y cos §>ay sinf—a; cos 6
where
t
TAM)(t, x,y) = / Q(M)(s, x+c(s—t)cosb, y+c(s—t)sinf) ds
0
+ NP (x — ctcos, y —ctsin®), (95)

X

a
0 0 .
TE(M)(t,x,y) = /OCCOS T om) <s+t 2+ s, sccosf 4+ aq, scsinf — S0y 4y 4 sin, )ds

cos 6 cos?

+Np (t- — Sy +y+ $8a,), (%)

ccosG + ccos@’ cos 6 cosg?

a

_Yy a4
TE(M)(t,x,y) = /Ocsme esinf Q(M) (s tt— L+ 22 sccosf 4 x — 86y 4 cosby, scsin(H—az) ds

sin 0 sin 0

+ N7 (= g+ g v — By + ). 97)

c sm 0’ sin 6 sing 4

E(M)(t' X, y) = 7-2A(M) (tr xry) Hx—ctc0592a1 (tr X, y)

y—ctsinf>ap

+ EB(M)U/ x/y)]I x—ctcos 0<ay (t/ x,y)

x sin @—y cos 0<aj sin —ay cos 0

+ T (M) (tx,y) T y—ct sin 0<a, (t, x,y). (98)

x sin@—y cos 0>aq sin —a, cos 0

where

t
TAM)(t, x,y) = /OfQ(M) (s, x —c(s — t)sing, y + c(s — ) cos 6) ds
+ N9 (x +ctsin, y — ctcosh), (99)

X by
~Csind T csin
Mt xy) = [T (s+ 1+

+N+(t+ b cosby |y C?Sebl), (100)

csin@ = csinf’ sin@ sin 6

cos 6 cos 6

—scsin® + by, sccosf + Fogx +y — sm9b1) ds

b
csm9 csinf’
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_Yy 4
TEM)(t %) = [0 QM) (s + £ g + g, —sesin® +x + 24y — Say, sccosd +az) ds

cos 6

sin 0 sin 0

+ N277 (t - ccose + ccosG’ x+ cos8Y — cos@az) : (101)

E(M)(t/ X, }/) = EA(M)(t, X, y) foctsinGEal (t/ X, ]/)
y+ct cos 0<b,

+ 7§B(M)(t/ x1y>]1 x—ctsin0<aq (t/ x,y)

x cos 0-+y sin 0<ay cos 0+b sin O

+ %C(M)(t, x,y) I y+ctcos0>b, (t, x/y)~ (102)

x cos 0+y sin 0>a1 cos 6+b, sin 6

where

TAM) (L, x,y) = /Ot —Q(M)(s, x+c(s—t)sinf, y — c(s — t) cos ) ds

+ NY(x — ctsin®, y + ctcos), (103)

X aj
csinf ~ csin@
TEM)(t,x,y) = /Ocsm T _o(M) <s+t g+ ok, scsin® +ay, —sccosf 4+ B0y 4y — Coseal) ds

sin @ sin @

— 0 0
+‘NB (ti csmG + csm9’ §?§9x+y7 2?;9”1) ’ (104)

cos 6 cos 6

++ b 0 0
+ NS (4 g — kg, x+ Sy — S, ). (105)

-2t
TE(M) (¢, x,y) = /0 ceos " ccosf —Q(M) (s +t4 L Ccl;se, scsinf + x + Sm(’y sinfp,), —sccos9+b2) ds

H(M) (t/ X, ]/) = EA(M)(L X, }/) Hx+ctcos€§b1 (t/ X, }/)

y+ctsin0<by
+ EB(M) (t’ xr]/)]l X—+ct cos 0>bq (t/ x/y)
x sin 60—y cos 0>by sin 0—b; cos 0
+ HC(M)(t, xl]/) I y+ctsin@>b, (t, xr]/)‘ (106)
x sin @ —y cos 0<by sin f—b; cos 0
where
t
TAM) (L x,y) = / Q(M)(s, x —c(s—1t)cosb, y —c(s —t)sinf) ds
0
+N2(x+ctcos 6, y+ctsinf), (107)
,ngLilg ) )
HB(M)(t,x,y) _ /O ccosf T ccos Q(M) (S+t—|— ccosG chZ)lse’ —sccos6 + by, —scsinf — Sg;gX+]/+ (S:g;zbl) ds

+ b 0 0
+N <t+ ccos@ - ccolse’ —%Xﬁ-y-f— Sgéeb ) (108)
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in 0 sin @

Yy b
TEM(t ) = [0 0 QM) (s 4+ g — il —sccos0+x — S5y + S5fb, —scsind + by ) ds

+ N++ (t + by ¥ — cosﬂy + COSGbZ) ) (109)

csmG " csinf’ sin 0 sin @
oTi(M) oTi(M) oT;(M
ot 7 ox 9y

aﬂa(tM), aﬂaiM) , aTla;M) are defined in & except perhaps on the planes given respectively by the

Derivatives ), (i=1,2,3,4)

equations x — ctcos 6 = ay;y — ctsin® = ap; xsinf — ycos = a; sinf — ap cos 6 and

9 9 o 99 9\ .4
(G033 T 00020 = (55735 T 0 e 'H{x stz Y

y—ctsinf > ap

0 0 9
+ Nt/ N N TB M t/ 7 H t' 4
<8t ox 8y> v (M) (t:xy) X —ctcost < ay (txy)
xsin® —ycosf < aysinf — ap cos o
0 90 9
N7 TC M t/ s - t’ /
+(8t ox ay> i (M) (%) y—ctsinf < ap (t3y)
xsinf —ycos @ > aj sinf — ap cos 0
(110)
where
T (M
%(t,x,y) =Q (M) (t,x,y) +/ ccosG (M)
(s,x+c(s—t)cosG,y—i—c(s—t)sinH)—csinGaQa(yM)
(s,x+c(s—t)cost,y+c(s—t)sinb ) |ds
ON? . . 0N} .
—CCOSGW(X—CtCOSQ,y—CtSII’IQ)—CSIHQW (x —ctcos@,y —ctsinf),  (111)

(s+t— —Lox+ sccos 0 + a1, scsin @

ccosG’

ITE (M) [ caoss 9Q (M)
ot (t:xy) _/o ot

. oON. )
— bty + by )ds+ 1 (H— gt + kg —Ebx y+ ), (112)

o7€ (M) oY~ e 0Q (M
1T (t, x,y) :/0 ot ) ( s+it-— csm9y+ csmG’SCCOSG +x - ;?r?gy_F ﬁfﬁgﬂz,
. ON; ~
scsin® +ap ) ds + alt (t B c511n(9y+ csm9’x B §?§3y+ giﬁgQZ) (113)
AT (M) £ 0Q (M) .
—a (t,x,y) _/o [ py (s,x+c(s—t)cosB,y+c(s—t)sinf )ds
oN} .
+ i (x —ctcosB,y —ctsinb), (114)
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ITE (M) st 9Q (M)
T(t xy) CCOSGQ( )(t’x’y)+/ " ccos@ ot (S+t_ccosf)x+ccosé)’
sccos @ + a1, scsinf — ig;zx—i—y—}— E(‘j;z
. 500 (M
_ (s:gr;g Qa(y ) (s+t— Ccosgx+ Ccose,scc059+a1,scsin9— ‘gg;gxwLy—i- z’g;zal) ds+
1 JNj in6 0
- ccosf ot (t cc056x+ ccos@’ ?é@ex+y+ 5(126’ )
sinf N 1 a sin 6 sin
- t— - sy 11
cosf ot < ccosﬁx+ ccos@ cosGX—i_yjL cos @ l) (115
AT (M) oY~ cime 0Q (M) . 0
T(if,x,y) :/0 3y (s+t—my+ Csﬁﬁ,sccosBer—gfjey
cos 6 ind d aNl__ cosf c059 1
+ Sing 42, 5CSIN +a2> s+ ox (t B csm()y—"_ csmé)’x ~sinoY 1 sne®2 ) (116)
T (M) 19Q (M)
——(t,x, :/ s,x+c(s—t)cosO,y+c(s—t)sinf )ds
5y (txy) =] 3y ( (s—t) y+c(s—t) )
ON 0
—|—a—y1 (x —ctcos®,y — ctsinb), (117)

aTE (M) (bxy) _/ux—le aQ (M)
0

a]/ a}/ (S+t_ ccos9x+

ccoser sccosf + ay, scsinf

. oN. .
_s:)r;zx+y+ sgéz“ ) ds + ayl (t_ Tcos8 X x+ ccosG’_zz)I;gx+y+ Smg”l) (118)

cos 6

aTlZy(M) (t,%,Y) =5ira Q (M) (£, 2,y) +/065i1n€y_6$19 <_csilneaQa(:VI) (s+t— 5y + 25,
sccost+x — Sy + Sfan scsind + ) - 2422 (s e oy
2 sccos 0 4 x — 80y 4 ;fggaz,scsine+a2)) ds
_csiln(? aZ\alltii (t B Csm9y+ cstag X :?r?gy+ 2%3”2)
B Z?r?g al\all;_ (t B csiln9y+ csii@'x B Z(l)l’?gy Z:gaz) (119)

Now a7§a(tM) , aTzach) , aﬁa;M) are defined in & except perhaps on the planes given respectively by

the equations x + ctsinf = by;y — ct cos 0 = ap; x cos 0 + ysinf = by cos B 4 a; sin 6 and

93 0 9 (0 A\
(5 v ) 00 1m0 = (G 53y ) 7 ) (f'x'”'ﬂ{xﬂtsme@l hxy)

y—ctcost > ap

d d 0
+ YR YA T t/ 7 ]I tl 7
(a o’ 8y> 2 (M) (t3,) {x+ctsin9>b1 (txy)

xcosf 4 ysinf > by cosf + ap sinf
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9 0 9
+ N’ N N TC M t/ 7 ]I t’ 4
<8t ox 8y> 2 (M) (t:xy) y—ctcosf < ap (txy)
xcosf +ysinf < by cosf + apsinf
(120)
where
T, (M t
TZT()(t,x,y) =—Q(M) (t,x,y)+/ {—csin@aQa(xM) (s,x—c(s—t)sinf,y+c(s—t)cost )
0
+ccos€aQag/M)(s,xc(st)sin@,erc(st)cosG) ds
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—|—csir16a—;(x—i—ctsin@,y—ctcosG)—ccosGa—y2 (x+ctsin®,y —ctcosh), (121)

csin@ csin@

,—scsinf + by, sccos6

b
ITE (M) “ et ems 9Q (M)
— (t,x,y) _/0 — 3 (S—l—t—i—
cos COSG

+ sin 6

N,
b1>d+ 2 (t+csiln9x— R Coseb) (122)

ot csin@’ sinf sin 0

s+t — + 42 sc51n9+x+sme
ot ccosGy ccosf’ sGy

ATL (M)  fesVmman 9Q (M)
S by = | -

sin 6 -

oN,
— —Coseaz,sccos(J +a2)ds + 82t (t — gy sy, x4 Snby gg;gaz) (123)

T/ (M) .
gy txy / (s,x—c(s—t)sinb,y+c(s—t)cosh)ds
+ a— (x + ctsinf,y — ctcosf), (124)
LZB(M)(tx ) =—-Q (M) (t,x )+/_“3‘9X+C$“’ _ 1 9QM) PO S
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—scsin® + by, sccos 6 + C,O—sgx+yf C?Sebl
sin 6 sinf

—COSGaQ(M)(s—i—t—i— ! x by

,—scsinf + by,

sind gy csinf”  csinf
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+
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sin 6 sin 6
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ON, ~ )
2 1 a 0 0
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9T (M) /f 9Q (M) , ONg :
—= = (t,x,y) = ———~(s,x—c(s—t)sinf,y+c(s—t)cosB )ds+ —= (x + ctsinb,y — ctcosb),
5y (bey) = [ TG (s —cls—fsingy (s — ) cosd ) ds + G y —cteos0)
(127)
b
ATE (M) @t 0Q (M) 1 by
dy (t:xy) _/0 oy <S+t+csin9xcsin9'
—scsin@—i—bl,sccosﬂ—i-cf)—sex—i—y—C?Sebl ds
sin 6 sin 6
ON;" 1 b
+ 52 (14 g~ b B+ — S ), (128)
ATL (M) . oY rees (1 0Q (M) 1 i
T(t,x,y)——mQ(M)(t,X,y)+/o (“059 ot (S+t_cc036y+ccosﬂ’
. sin@ sin6
—scs1n6+x+c089 —Coseaz,sccose—i-az
o 0Q (M a . sin sin
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— — . 12
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973 (M) 073 (M) 0T3 (M)
W 7 7
ot 0x oy
the equations x — ctsinf = ay;y 4 ct cos 0 = by; x cos 0 + ysinf = a; cos 0 + by sin 6 and

No are defined in & except perhaps on the planes given respectively by

0 0 9 (0 0 0 A
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(130)
where
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ITE (M) oz 0Q (M) 1 a

tx,y) = SR (st M scsin +ay, —sccosf
5 (t,x,y) /0 Py (s+ csin9x+csin9'scsm + a1, —sc cos
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cos 6 o
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sin@x Y sin 6
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sin 6 8N3++ (t 1 by sin 6 sinGb ) (139)
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w aﬁa(tM) , aﬁaiM) , aﬁa;M) are defined in & except perhaps on the planes given respectively by
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