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Abstract: This paper establishes the existence of traveling wave solutions in a Leslie-Gower predator-prey
model featuring nonlocal dispersal and multiple time delays in both diffusion and reaction terms. The model
captures realistic ecological effects such as spatial movement and delayed species responses. Due to the
competitive nature of the interaction, the reaction terms satisfy only a partial monotonicity condition. We
establish the existence of traveling waves. This is done by construction upper and lower solutions and
developing an iterative scheme whose convergence is ensured by Schauder’s fixed point theorem. The
approach is extended to accommodate a relaxed class of super and sub-solutions. Explicit examples, and
numerical illustrations are provided.
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1. Introduction

I n recent years, the study of traveling wave solutions, particularly in models involving competing species,
has attracted significant interest. A notable nonlocal example appears in the work of Dong, Li, and Zhang

[1], where the existence of traveling waves is considered for the following Leslie-Gower predator-prey model
with nonlocal dispersal:

∂u(x, t)
∂t

= (J1 ∗ u)(x, t)− u(x, t) + ru(x, t) (1 − u(x, t)− kv(x, t)) ,

∂v(x, t)
∂t

= (J2 ∗ v)(x, t)− v(x, t) + sv(x, t)
(

1 − v(x, t)
u(x, t)

)
.

This model describes a system in which the predator depends entirely on the prey for survival. As a
result, when the prey density is small relative to that of the predator, the predator population is expected to
decline toward extinction. However, the responses of predator and prey populations are not instantaneous.
In particular, maturation delays and delayed responses to environmental changes can significantly affect the
long-term dynamics, including persistence or extinction.

The existence of traveling wave solutions for models with delays in the reaction terms has been studied in
[2–5]. In those works, the reaction terms satisfy either monotone or exponentially quasi-monotone conditions.
However, in the context of competition models, the reaction terms typically satisfy only partial monotonicity
or exponentially quasi-monotone conditions, as discussed in [6].

More recently, the incorporation of spatial delays into traveling wave models has been investigated. When
delay is present in the diffusion term, the existence of traveling wave solutions has been established in [7–12].
For models with nonlocal diffusion and delay, the existence of traveling waves has been shown by Jiang and
Yang [13].
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In the case of predator-prey models with delay in the reaction term and local, non-delayed diffusion,
traveling wave solutions have been established in [14–16]. When no delay is present and the diffusion is
nonlocal, existence results are found in [1,17,18].

For further background on traveling waves and competitive diffusive models, the reader is referred to
[19–25].

In this paper we establish traveling waves for the following Leslie-Gower model with nonlocal dispersal
terms with delay.

∂u1

∂t
(t, x) =

∫ ∞

−∞
J1(y)

[
u1
(
t − τ1, x − y

)
− u1

(
t − τ1, x

)]
dy + α1 u1(t, x)

[
1 − u1(t, x) − k u2

(
t − τ2, x

)]
∂u2

∂t
(t, x) =

∫ ∞

−∞
J2(y)

[
u2
(
t − τ3, x − y

)
− u2

(
t − τ3, x

)]
dy + α2 u2(t, x)

[
1 − u2(t, x)

u1
(
t − τ4, x

) ]. (1)

We impose the following for i ∈ {1, 2}, Ji satisfies
(J1) Ji(x) > 0, for all x ∈ R.
(J2)

∫
R Ji(x)dx = 1.

(J3)
∫
R Ji(x)eµ|x|dx < ∞ for all µ ∈ R.

Assuming ui(x, t) = ϕi(t), ξ = x + ct. Here, we use the vvariable t instead of ξ for convenience. we see
the system (1) becomes

c ϕ′
1(t) =

∫ ∞

−∞
J1(y)

[
ϕ1(t − y − c τ1) − ϕ1(t − c τ1)

]
dy + α1 ϕ1(t)

[
1 − ϕ1(t) − k ϕ2(t − c τ2)

]
,

c ϕ′
2(t) =

∫ ∞

−∞
J2(y)

[
ϕ2(t − y − c τ3) − ϕ2(t − c τ3)

]
dy + α2 ϕ2(t)

[
1 − ϕ2(t)

ϕ1(t − c τ4)

]
. (2)

This manuscript is organized as follows. In §2, we provide preliminary information and introduce
notation. In §3, we establish the existence of traveling wave solutions for competition models under a
partial monotonicity condition. Our approach is based on the construction of upper and lower solutions
and the development of an iterative operator that maps into a suitable set, with existence guaranteed by
Schauder’s fixed point theorem. We then extend the framework to accommodate a relaxed class of super- and
sub-solutions. In §4, we present explicit constructions of such solutions, along with a proof of the existence of
a coexistence state and numerical illustrations demonstrating up to fifty iterations.

2. Preliminaries

In this paper, we adopt the standard notations Rn and Cn for the real and complex vector spaces of
dimension n. We also use the standard partial ordering on R2: for vectors u = (u1, u2)

T and v = (v1, v2)
T , we

write u ≤ v if u1 ≤ v1 and u2 ≤ v2, and u < v if u1 < v1 and u2 < v2. The Euclidean norm in R2 is denoted by
| · |.

The space of all bounded and continuous functions from R → Rn is denoted by BC(R,Rn), equipped
with the sup-norm

∥ f ∥ := sup
t∈R

| f (t)|,

where f (t) ∈ C(U,R2) for some U ⊂ R. The space BCk(R,Rn) consists of all k-times continuously
differentiable functions from R → Rn whose derivatives up to order k are bounded.

If boundedness is not required, we write C(R,Rn) and Ck(R,Rn) for the corresponding function spaces.
For f , g ∈ BC(R,Rn), we write f ≤ g if and only if f (t) ≤ g(t) for all t ∈ R. A constant function f (t) = α for
all t ∈ R is denoted by α̂.

An operator P acting on a subset S ⊂ BC(R,R2) is said to be monotone if f ≤ g implies P f ≤ Pg for all
f , g ∈ S. In particular, if P is linear and defined on all of BC(R,R2), then P is monotone if and only if it maps
nonnegative functions to nonnegative functions.

We now recall standard definitions of function spaces that will be used throughout this work.
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Definition 1 (Lp Spaces). Let n ∈ N. For 1 ≤ p ≤ ∞, the space Lp(R,R2) consists of all measurable functions
f : R → R such that

∥ f ∥Lp =


(∫

R
| f (x)|p dx

)1/p
, 1 ≤ p < ∞,

ess supx∈R | f (x)|, p = ∞,

is finite.

Definition 2 (Sobolev Space W1,p). For 1 ≤ p ≤ ∞, the Sobolev space W1,p(R,R2) is defined as

W1,p(R,R2) =
{

f ∈ Lp(R,R2)
∣∣∣ f is absolutely continuous and f ′ ∈ Lp(R,R2)

}
.

This space is continuously embedded in L∞(R,R2); that is, there exists a constant C > 0 such that

∥ f ∥L∞ ≤ C∥ f ∥W1,p for all f ∈ W1,p(R,R2).

Definition 3 (Sobolev Space W2,∞). The Sobolev space W2,∞(R,R2) is defined by

W2,∞(R,R2) =
{

f ∈ L∞(R,R2)
∣∣∣ f ′ ∈ L∞(R,R2), f ′ is absolutely continuous, and f ′′ ∈ L∞(R,R2)

}
.

Equivalently,

W2,∞(R,R2) =
{

f ∈ W1,∞(R,R2)
∣∣∣ f ′ ∈ W1,∞(R,R2)

}
.

Finally, we define the function

fic(ϕθ , ψθ) : Xcτ := C([−τ, 0],R2) → R, where τ = max{τj : j = 1, . . . , 6},

by
fic(ϕ, ψ) = fi(ϕ

c, ψc), ϕc(θ) = ϕ(cθ), ψc(θ) = ψ(cθ), θ ∈ [−τ, 0], i = 1, 2,

which gives the following form of the wave system.

c ϕ′
1(t) =

∫ ∞

−∞
J1(y)

[
ϕ1(t − y − c τ1) − ϕ1(t − c τ1)

]
dy + f1c(ϕt, ψt),

c ϕ′
2(t) =

∫ ∞

−∞
J2(y)

[
ϕ2(t − y − c τ3) − ϕ2(t − c τ3)

]
dy + f2c(ϕt, ψt). (3)

3. Main Results

In this section, we begin by developing a cross iteration method. We start by defining the following
functions:

H1(Φ)(t) =
∫ ∞

−∞
J1(y) [ϕ1(st − y − cτ1)− ϕ1(t − cτ1)] dy + α1ϕ1(t) [1 − ϕ(t)− kϕ2(t − cτ2)] + β1ϕ1(t),

H2(Φ)(t) =
∫ ∞

−∞
J2(y) [ϕ2(t − y − cτ3)− ϕ2(t − cτ3)] dy + α2ϕ2(t)

[
1 − ϕ2(t)

ϕ1(t − cτ4)

]
+ β2ϕ2(t),

for some β1, β2 > 0, and where Φ = (ϕ1, ϕ2).
Then, the system (2) is equivalent to

ϕi(t) =
1
c
· e

−β1
c t ·

∫ t

−∞

(
Hi(Φ)(s) · e

β1
c s
)

ds.

We develop sufficient conditions for the existence of traveling wave solutions for equations of the form
(2). We invoke the following cross iteration scheme. First, assume:
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1. f (0̂) = f (K̂) = 0, where K = (k1, k2).
2. There exist two positive Lipschitz constants L1, L2 such that

| f1(Φ)− f1(Ψ)| ≤ L1 ∥Φ − Ψ∥ ,

| f2(Φ)− f2(Ψ)| ≤ L2 ∥Φ − Ψ∥ ,

for Φ, Ψ ∈ C ([−τ, 0],R), with τ = max{τj : j = 1, 2, 3, 4}.

Definition 4 (Partial Quasi-Monotone Condition (PQM)). Fix two constants β1, β2 > 0 such that:
1. f1(ϕ1(s), ψ1(s))− f1(ϕ2(s), ψ1(s)) + β1[ϕ1(0)− ϕ2(0)] ≥ 0,
2. f1(ϕ1(s), ψ1(s))− f1(ϕ1(s), ψ2(s)) ≤ 0,
3. f2(ϕ1(s), ψ1(s))− f2(ϕ2(s), ψ2(s)) + β2[ψ1(0)− ψ2(0)] ≥ 0, where

1 − k ≤ ϕ2 ≤ ϕ1 ≤ 1, 0 ≤ ψ2 ≤ ψ1 ≤ 1.

Theorem 1. There exist two positive numbers β1 > 0, β2 > 0 such that

1 − k ≤ ϕ2 ≤ ϕ1 ≤ 1, 0 ≤ ψ2 ≤ ψ1 ≤ 1,

and the following identities hold:

f1(ϕ1(s), ψ1(s)) = α1ϕ1(0) [1 − ϕ1(0)− kψ1(−cτ2)] ,

f1(ϕ1(s), ψ2(s)) = α1ϕ1(0) [1 − ϕ1(0)− kψ2(−cτ2)] ,

f2(ϕ1(s), ψ1(s)) = α2ψ1(0)
[

1 − ψ1(0)
ϕ1(−cτ4)

]
,

f2(ϕ2(s), ψ2(s)) = α2ψ2(0)
[

1 − ψ2(0)
ϕ2(−cτ4)

]
,

which satisfy the Partial Quasi-Monotone Condition (PQM).

Proof. We begin with the first inequality:

f1(ϕ1, ψ1)− f1(ϕ2, ψ1) = α1ϕ1(0)[1 − ϕ1(0)− kψ1(−cτ2)]− α1ϕ2(0)[1 − ϕ2(0)− kψ1(−cτ2)]

= α1ϕ1(0)− α1ϕ2(0)− α1ϕ2
1(0) + α1ϕ2

2(0)− α1kψ1(−cτ2)[ϕ1(0)− ϕ2(0)]

= α1[ϕ1(0)− ϕ2(0)] [1 − (ϕ1(0) + ϕ2(0))− kψ1(−cτ2)]

≥ α1[ϕ1(0)− ϕ2(0)](1 − 2 − k)

= −α1(1 + k)[ϕ1(0)− ϕ2(0)].

Thus,
f1(ϕ1(s), ψ1(s))− f1(ϕ2(s), ψ1(s)) + β1[ϕ1(0)− ϕ2(0)] ≥ 0

whenever
β1 ≥ α1(1 + k).

Next, for the second inequality:

f1(ϕ1, ψ1)− f1(ϕ1, ψ2) = α1ϕ1(0)[1 − ϕ1(0)− kψ1(−cτ2)]− α1ϕ1(0)[1 − ϕ1(0)− kψ2(−cτ2)]

= −α1kϕ1(0)[ψ1(−cτ2)− ψ2(−cτ2)] ≤ 0.

Now consider the third inequality:

f2(ϕ1(0), ψ1(0))− f2(ϕ2(0), ψ2(0)) = α2ψ1(0)
[

1 − ψ1(0)
ϕ1(−cτ)

]
− α2ψ2(0)

[
1 − ψ2(0)

ϕ2(−cτ)

]
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= α2

[
(ψ1(0)− ψ2(0))−

(
ψ2

1(0)
ϕ1(−cτ)

−
ψ2

2(0)
ϕ2(−cτ)

)]

= α2

[
(ψ1(0)− ψ2(0))−

ψ2
1(0)ϕ2(−cτ)− ψ2

2(0)ϕ1(−cτ)

ϕ1(−cτ)ϕ2(−cτ)

]

≥ α2

[
(ψ1(0)− ψ2(0))−

ψ2
1(0)ϕ1(−cτ)− ψ2

2(0)ϕ1(−cτ)

ϕ1(−cτ)ϕ2(−cτ)

]

= α2

[
(ψ1(0)− ψ2(0))−

ψ2
1(0)− ψ2

2(0)
ϕ2(−cτ)

]

= α2

[
1 − ψ1(0) + ψ2(0)

ϕ2(−cτ)

]
(ψ1(0)− ψ2(0))

≥ α2

[
1 − 2

1 − k

]
(ψ1(0)− ψ2(0))

= −α2

[
1 + k
1 − k

]
(ψ1(0)− ψ2(0)).

Therefore,
f2(ϕ1(0), ψ1(0))− f2(ϕ2(0), ψ2(0)) + β2[ψ1(0)− ψ2(0)] ≥ 0,

whenever

β2 ≥ α2

[
1 + k
1 − k

]
.

3.1. Existence via Schauder’s fixed point theorem

Consider the following definition, and from this point forward we assume rj = cτj, j = 1, 2, 3, 4.

Definition 5. A pair of functions Φ =
(
ϕ, ψ

)
, Φ =

(
ϕ, ψ

)
∈ C1(R,R2), where ϕ, ϕ′, , ψ, ψ′, are bounded on R,

is called an upper solution (lower solution, respectively) for the wave equation (2) if it satisfies the following

∫
R J1(y)

[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − cϕ

′
(t) + α1ϕ(t)

[
1 − ϕ(t)− kψ(t − r2)

]
≤ 0∫

R J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − cψ

′
(t) + α2ψ(t)

[
1 − ψ(t)

ϕ(t−r4)

]
≤ 0∫

R J1(y)
[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − cϕ′(t) + α1ϕ(t)

[
1 − ϕ(t)− kψ(t − r2)

]
≥ 0∫

R J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − cψ′(t) + α2ψ(t)

[
1 − ψ(t)

ϕ(t−r4)

]
≥ 0.

Next, we define

X = {Φ = (ϕ1, ϕ2)| Φ is a continuous function from R to R2},

Xk = {(ϕ1, ϕ2)| 1 − k ≤ ϕ1(t) ≤ 1 and 0 ≤ ϕ2(t) ≤ 1 for all t ∈ R},

and then
Γ = {Φ ∈ Xk|ϕj

(t) ≤ ϕj(t) ≤ ϕj(t) for all t ∈ R, j ∈ {1, 2}}.

Define the weighted norm, |Φ|µ = sup
t∈R

||Φ||e−µ|t|. Here, µ ∈ (0, max{ β1
c , β2

c }). Now, we can define the

ball
Bµ(R,R2) =

{
Φ = (ϕ, φ, ψ) ∈ C(R,R2) | |Φ|µ < ∞

}
.

We define an operator
T : Φ 7→

(
T1Φ, T2Φ

)
,

componentwise as follows. For each t ∈ R:
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T1Φ(t) =
1
c

∫ t

−∞
e−

β1
c (t−s)

(∫ ∞

−∞
J1(y) [ϕ1(s − y − r1)− ϕ1(s − r1)] dy + F1(ϕ1, ϕ2)(s)

)
ds,

T2Φ(t) =
1
c

∫ t

−∞
e−

β2
c (t−s)

(∫ ∞

−∞
J2(y) [ϕ2(s − y − r3)− ϕ2(s − r3)] dy + F2(ϕ1, ϕ2)(s)

)
ds,

where
F1(ϕ1, ϕ2)(s) = α1ϕ1(s) [1 − ϕ(s)− kϕ2(s − r2)] + β1ϕ1(s),

and

F2(ϕ1, ϕ2)(s) = α2ϕ2(s)
[

1 − ϕ2(s)
ϕ1(s − r4)

]
+ β2ϕ2(s).

Lemma 1. Define Γ, and Xk as above, then
1. Γ is nonempty.
2. Γ is closed, bounded and convex.
3. Γ ⊂ Bµ(R,R2).
4.
(

Bµ(R,R2), | · |µ
)

is a Banach space.

Lemma 2. Consider the operator F and the ball Bµ, then
1. T (Γ) ⊂ Γ.
2. T is continuous with respect to | · |µ in Bµ(R,R2).
3. T (Γ) → Γ is compact.

Proof. First, we verify that T Γ ⊂ Γ. According to the definition of Γ, we need to show that for all t ∈ R
1. 1 − k ≤ T1(ϕ1, ϕ2)(t) ≤ 1,
2. 0 ≤ T2(ϕ1, ϕ2)(t) ≤ 1,
3. ϕ

1
(t) ≤ T1(ϕ1, ϕ2)(t) ≤ ϕ1(t), and ϕ

2
(t) ≤ T2(ϕ1, ϕ2)(t) ≤ ϕ2(t).

For i.) we consider

T1(1 − k, 1) =
1
c

∫ t

−∞
e−

β1
c (t−s) (F1(1 − k, 1)) ds

=
1
c

∫ t

−∞
e−

β1
c (t−s) (β1(1 − k)) ds

= (1 − k),

as well as

T1(1, 0) =
1
c

∫ t

−∞
e−

β1
c (t−s) (F1(1, 0)) ds

=
1
c

∫ t

−∞
e−

β1
c (t−s) (α1(1 − 1) + β1) ds

= 1.

Then, it follows from the WQM conditions that

1 − k = T1(1 − k, 1) ≤ T1(ϕ1, ϕ2)(t) ≤ T1(1, 0) = 1.

A similar argument gives

0 = T2(1 − k, 0) ≤ T2(ϕ1, ϕ2)(t) ≤ T2(1, 1) = 1.

To show that ϕ
1
(t) ≤ T1(ϕ1, ϕ2)(t) ≤ ϕ1(t), using the definition of lower solution,

T1(ϕ1
, ϕ2)(t) =

1
c

∫ t

−∞
e−

β1
c (t−s)

(∫ ∞

−∞
J1(y)

[
ϕ

1
(s − y − r1)− ϕ

1
(s − r1)

]
dy + F1(ϕ1

, ϕ2)(s)
)

ds
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≥ 1
c

∫ t

−∞
e−

β1
c (t−s)

(
cϕ′

1
(s) + β1ϕ

1
(s)
)

ds

= ϕ
1
(t).

Similarly,

T1(ϕ1, ϕ
2
)(t) =

1
c

∫ t

−∞
e−

β1
c (t−s)

(∫ ∞

−∞
J1(y)

[
ϕ1(s − y − r1)− ϕ1(s − r1)

]
dy + F1(ϕ1, ϕ

2
)(s)

)
ds

≤ 1
c

∫ t

−∞
e−

β1
c (t−s)

(
cϕ

′
1(s) + β1ϕ1(s)

)
ds

= ϕ1(t).

Combined with the WQM results, we get

ϕ
1
(t) ≤ T1(ϕ1

, ϕ2)(t) ≤ T1(ϕ1, ϕ2)(t) ≤ T1(ϕ1, ϕ
2
)(t) ≤ ϕ1(t).

And it clearly follows very similarly that

ϕ
2
(t) ≤ T2(ϕ1

, ϕ
2
)(t) ≤ T2(ϕ1, ϕ2)(t) ≤ T2(ϕ1, ϕ2)(t) ≤ ϕ2(t).

Hence, T Γ ⊂ Γ.
Now, we turn our attention to part ii.) Note that for j = 1, 2, there exists M > 0 such that for |t| ≥ M, then

|Hj(ϕ1, ϕ2)(t)e−µ|t||, |Hj(ψ1, ψ2)(t)e−µ|t|| ≤ ∥Φ − Ψ∥µ.

When |t| ≤ M, we estimate:∫
R

J1(t − y − r1)e−µ|t||ϕ1(y)− ψ1(y)|e−µ|y| dy ≤ ∥Φ − Ψ∥µ

∫
R

J1(t − y − r1)eµ|y| dy

= ∥Φ − Ψ∥µ

∫
R

J1(x)eµ|t−x| dx

≤ ∥Φ − Ψ∥µ

∫
R

J1(x)eµ(|t|+|x|) dx

≤ 2eµM∥Φ − Ψ∥µ

∫
R

J1(x)eµ|x| dx.

Next, we estimate the difference of nonlinearities:

|F1(ϕ1, ϕ2)(t)e−µ|t| − F1(ψ1, ψ2)(t)e−µ|t||

=
∣∣∣α1e−µ|t|(ϕ1(t)− ψ1(t)) + α1e−µ|t|(ψ2

1(t)− ϕ2
1(t)) + α1ke−µ|t|(ψ1(t)ψ2(t − r2)− ϕ1(t)ϕ2(t − r2))

+ β1e−µ|t|(ϕ1(t)− ψ1(t))
∣∣∣

≤ ∥Φ(t)− Ψ(t)∥µ(3α1 + 2α1k + β1).

Thus, for any |t| ≤ M,

|H1(ϕ1, ϕ2)(t)e−µ|t| − H1(ψ1, ψ2)(t)e−µ|t||

=

∣∣∣∣∣
∫
R

J1(t − y − r1)e−µ|t|(ϕ1(y)− ψ1(y)) dy − (ϕ1(t − r1)− ψ1(t − r1))e−µ|t|

+ (F1(ϕ1, ϕ2)(t)−F1(ψ1, ψ2)(t))e−µ|t|
∣∣∣∣∣

≤ ∥Φ − Ψ∥µ

[
2eµM

∫
R

J1(x)eµ|x| dx − 1 + (3α1 + 2α1k + β1)

]
.
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Combining these estimates, we obtain

|Hj(ϕ1, ϕ2)(t)e−µ|t| − Hj(ψ1, ψ2)(t)e−µ|t|| ≤ M0∥Φ − Ψ∥µ, ∀t ∈ R,

where

M0 = max
{

2eµM
∫
R

J1(x)eµ|x| dx − 1 + (3α1 + 2α1k + β1), 2
}

.

Therefore, for all t ∈ R,∣∣∣T1(ϕ1, ϕ2)(t)e−µ|t| − T1(ψ1, ψ2)(t)e−µ|t|
∣∣∣ = ∣∣∣∣1c

∫ t

−∞
e−µ|t|e−γ(t−s) (H1(ϕ1, ϕ2)(s)− H1(ψ1, ψ2)(s)) ds

∣∣∣∣
≤ 1

c
M0∥Φ − Ψ∥µ

∫ t

−∞
e−µ(|t|−|s|)e−γ(t−s)ds

≤ 1
c

(
1

γ − µ
+

1
γ + µ

)
M0∥Φ − Ψ∥µ.

On the other hand, since 1 − k ≤ ϕ1(t), ψ1(t) ≤ 1, we have:∣∣∣T2(ϕ1, ϕ2)(t)e−µ|t| − T2(ψ1, ψ2)(t)e−µ|t|
∣∣∣ = ∣∣∣α2ϕ2(t)e−µ|t|

(
1 − ϕ2(t)

ϕ1(t − r4)

)
+ β2ϕ2(t)e−µ|t|

− α2ψ2(t)e−µ|t|
(

1 − ψ2(t)
ψ1(t − r4)

)
− β2ψ2(t)e−µ|t|

∣∣∣
≤ (α2 + β2)e−µ|t||ϕ2(t)− ψ2(t)|

+ α2e−µ|t| 1
ϕ1(t − r4)ψ1(t − r4)

(2|ϕ2(t)− ψ2(t)|+ |ϕ1(t)− ψ1(t)|)

≤ ∥Φ − Ψ∥µ

(
α2 + β2 +

3
1 − k2

)
.

Combining both bounds yields:

∥T Φ − T Ψ∥µ = sup
t∈R

|(T1(ϕ1, ϕ2)(t), T2(ϕ1, ϕ2)(t))| e−µ|t| ≤ M∥Φ − Ψ∥µ,

for some constant M > 0. Hence, T is continuous.
Now, we show part iii.). Indeed, let m ∈ N. For Φ(t) ∈ Γ, define Fm(Φ)(t) as

T m(Φ)(t) =


T (Φ)(−m), if t < −m,

T (Φ)(t), if t ∈ [−m, m],

T (Φ)(m), if t > m.

Using parts i.) and ii.) shows that T n(Γ) is equicontinuous and uniformly bounded on any finite interval
in R. Thus, take n ∈ N, then in the interval [−n, n] we can say that T n is compact by Arzela-Ascoli.

Fix t ∈ R, then for all Φ(t) ∈ Γ.

|T n(Φ)− T (Φ)|µ = sup
t∈R

|T n(Φ)(t)− T (Φ)(t)| e−µ|t|

= sup
t∈(−∞,−n)

⋃
(n,∞)

|T n(Φ)(t)− T (Φ)(t)| e−µ|t|

≤ sup
t∈(−∞,−n)

|T (Φ)(−n)− T (Φ)(t)| e−µ|t| + sup
t∈(n,∞)

|T (Φ)(n)− T (Φ)(t)| e−µ|t|

≤ K sup
t∈(−∞,−n)

|Φ(−n)− Φ(t)| e−µ|t| + K sup
t∈(n,∞)

|Φ(n)− Φ(t)| e−µ|t|

≤ 2K|Φ(−n)| e−µn + 2K|Φ(n)| e−µn

≤ 2K (|Φ(−n)|+ |Φ(n)|) e−µn → 0 as n → ∞.
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Thus, T n → T in Γ as n → ∞. From proposition 2.1 in [26] we can apply Arzela-Ascoli to T as well. The
proof is complete.

Theorem 2. Assume (J1), (J2), (J3) and (PQM) hold, if there is an upper (ϕ, ψ) ∈ Γ and a lower solution (ϕ, ψ) ∈ Γ
of Eq.(2) such that for all t ∈ R

0 ≤ ψ(t) ≤ ψ(t), 0 ≤ ϕ(t) ≤ ϕ(t).

Then, there exists a monotone traveling wave solution to the system (2).

Constructing upper and lower solutions is often challenging due to smoothness requirements. In many
cases, it becomes necessary to relax these conditions in order to begin the iteration process. To this end, we
establish the following results.

Definition 6. A pair of functions Φ =
(
ϕ, ψ

)
, Φ =

(
ϕ, ψ

)
are bounded and continuously differentiable all

t ∈ R\D for some finite set D = {t1, ..., tn} is called a super solution (sub solution, respectively) for the wave
system (2) if it satisfies the following

∫
R J1(y)

[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − cϕ

′
(t) + α1ϕ(t)

[
1 − ϕ(t)− kψ(t − r2)

]
≤ 0,∫

R J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − cψ

′
(t) + α2ψ(t)

[
1 − ψ(t)

ϕ(t−r4)

]
≤ 0,∫

R J1(y)
[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − cϕ′(t) + α1ϕ(t)

[
1 − ϕ(t)− kψ(t − r2)

]
≥ 0,∫

R J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − cψ′(t) + α2ψ(t)

[
1 − ψ(t)

ϕ(t−r4)

]
≥ 0.

Lemma 3. Let c, β1, β2 > 0 and Φ ∈ BC(R,R2)), and absolutely continuous such that
1. The derivative Φ′, exist and absolutely continuous everywhere except for a finite number of points.
2. The limits

lim
t→t+i

Φ′(t) = Φ′(t+i ), lim
t→t−i

Φ′(t) = Φ′(t−i ) exist.

3. Φ′ is bounded on R\{t1, · · · , tm}.
Then,

Tj(Φ)t =
1
c

m

∑
i=1

e
−βj

c (t−ti)
(

ϕ′
j(t

+
i )− ϕ′

j(t
−
i )
)
+ ϕj(t), j = 1, 2.

Proof. The proof follows from direct computation.

Corollary 1. Let Φ(t), Φ(t) be a set of super and sub solutions and

Φ′
(t−i ) ≥ Φ′

(t+i ), Φ′(t−i ) ≤ Φ′(t+i ), i = 1, · · · , m,

then

T1

(
ϕ, ψ

)
(t) ≤ ϕ(t), T1

(
ϕ, ψ

)
(t) ≥ ϕ(t),

T2

(
ϕ, ψ

)
(t) ≤ ψ(t), T2

(
ϕ, ψ

)
(t) ≥ ψ(t).

Theorem 3. Let Φ(t), Φ(t) be a set of super/sub solutions in Γ and

Φ′
(t−i ) ≥ Φ′

(t+i ), Φ′(t−i ) ≤ Φ′(t+i ), i = 1, · · · , m,

then

T1

(
ϕ, ψ

)
(t), T1

(
ϕ, ψ

)
(t), T2

(
ϕ, ψ

)
(t), T2

(
ϕ, ψ

)
(t),
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all belong to Γ ∩ W2,∞ with the inequalities still satisfied.

Proof. It is clear that each mapping is in Γ by Corollary 1. Now, we show the result that

T1

(
ϕ, ψ

)
(t) ∈ W2,∞,

because he other results are similar. Using the fact that
(

ϕ, ψ
)
(t) ∈ BC(R,R2), then H1

(
ϕ, ψ

)
(t) ∈ BC(R,R).

Thus, from the theory of differential equations it follows that the operator maps into W2,∞.
To show the inequality, we use the definition of the super solution for the first inequality and the definition

of H1

(
ϕ, ψ

)
(t). The inequality holds directly.

Theorem 4. Under the standing assumption (PQM) if there is an upper solution ϕ ∈ Γ and a lower solution ϕ that is
not necessarily in Γ of Eq. (2) such that for all t ∈ R

0 ≤ ϕ(t) ≤ ϕ ≤ ϕ(t),

and
lim

t→+∞
ϕ(t) = a,

where 0 < a ≤ 1 Then, there exists a monotone traveling wave solution ϕ to Eq. (2).

Lemma 4. Assume that Φ(t) is a differentiable function such that ϕ′(t) is uniformly continuous and satisfies the limit
condition

lim
t→+∞

Φ(t) = (a, b). (4)

Then, it follows that
lim

t→+∞
Φ′(t) = (0, 0).

Proof. We will only show this for one component, as the other component is similar. Assume that

lim sup
t→∞

ϕ′(t) = η > 0.

Then, there exists a sequence tn → ∞ such that ϕ′(tn) ≥ η/2 for all n = 1, 2, . . .. However, ϕ′ is uniformly
continuous on R, there exists a constant δ > 0 such that

|ϕ′(t)− ϕ′(s)| ≤ η/4 for all |t − s| < δ.

Therefore, using the fundamental theorem of calculus

ϕ(tn + δ)− ϕ(tn) =
∫ tn+δ

tn
ϕ′(s) ds ≥

∫ tn+δ

tn

(
ϕ′(tn)−

η

4

)
ds ≥ δη

4
> 0.

This contradicts the assumption that limt→∞ ϕ(t) = a.

Remark 1. If Φ = (ϕ1, ϕ2, · · · , ϕn) and

lim
t→∞

Φ(t) = (a1, a2, · · · , an), then lim
t→∞

Φ′(t) = (0, 0, · · · , 0).

Theorem 5. Under the standing assumptions (C1), (C2) and (PQM) if there is an upper solution Φ ∈ Γ and a lower
solution Φ that is not necessarily in Γ of Eq. (2) such that for all t ∈ R

0 ≤ ϕ(t) ≤ ϕ ≤ ϕ(t),
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and
lim

t→+∞
ϕ(t) = (a, b),

where 0 < a, b ≤ 1 Then, there exists a monotone traveling wave solution Φ to Eq. (2).

Proof. Let Φ(t) ∈ Γ. Then we show the result for the first equation as we can show the result for the
second equation in a similar manner. Then we know that the set

{
ϕn = T n

1 (ϕ, ψ
}

is precompact thus it has a
convergent subsequence. Moreover, the iterative operator T n

1 is monotone, so the sequence itself converges.
Let ϕ be the limit point then it is obvious that ϕ ∈ BC[0,1](R,R) and is non decreasing. This means there is
some θ ∈ [0, 1] such that

lim
t→−∞

ϕ = 0, lim
t→+∞

ϕ = θ.

Furthermore, since ϕ(t) is an upper solution, then ϕ(t) ∈ BC1(R,R), this means ϕ(t) ∈ BC1(R,R).
Next, we notice that ϕ ≥ ϕ = a > 0 for some value t̃ so θ > 0. We will prove that θ = 1 by contradiction,

which gives ϕ(t) ∈ Γ. Indeed, assume θ ∈ (0, 1) then the reaction term gives

lim
t→∞

f1(ϕ, ψ)(t) > 0,

by (C1). However, since ϕ is an upper solution, so is ϕ. We have the following

0 < lim
t→∞

f (ϕ, ψ)(t)

= lim
t→∞

∫
R

J1(y)
[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − cϕ

′
(t) + α1ϕ(t)

[
1 − ϕ(t)− kψ(t − r2)

]
≤ 0,

from Lemma (4) and the succeeding remark. This gives a contradiction. Thus ϕ(t) ∈ Γ.

Corollary 2. Under the standing assumptions (C1), (C2) and (PQM) if there is an super solution Φ ∈ Γ and a sub
solution Φ that is not necessarily in Γ of Eq. (2) such that for all t ∈ R

0 ≤ ϕ(t) ≤ ϕ ≤ ϕ(t),

and
lim

t→+∞
ϕ(t) = (a, b),

where 0 < a, b ≤ 1. Then, there exists a monotone traveling wave solution Φ to Eq. (2).

4. Applications

We consider the pairs of functions (ϕ, ψ) and (ϕ, ψ) respectively, to the system (1), where

ϕ(t) =

{
1 − ε

(
eλ1t − eγλ1t) , t < 0,

1, t ≥ 0,
ϕ(t) =

{
1 − k, t > t1,

1 − k
(
eλ1t + peηλ1t) , t ≤ t1,

ψ(t) =

{
1, t > 0,

eλ2t, t ≤ 0,
ψ(t) =

{
σ, t > t2,

eλ2t − qeκλ2t, t ≤ t2.

We assume the following conditions:

γ > max
{

1,
λ2

λ1

}
,

κ ∈
(

1, min
(

λ3

λ2
, 2
))

,

and that η > 0 is sufficiently small so that λ2 > ηλ1 and
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ε < min

(
α1kσ,

α1k
(
1 − qeκ−1eλ2t2

)∫ ∞
−∞ J1(y)e−γλ1ydy − e−λ1γr1 − cγλ1 − α1 + α1k

)

p >
α1(k + 1)

−
[∫

R J1(y)e−ηλ1(y+r1)dy − e−ηλ1r1 − cηλ1 − α1 + α1k
]∫

R
J1(y)e−ηλ1(y+r1)dy − e−ηλ1r1 − cηλ1 − α1 + α1k < 0

q > max

(
1,

α2

−(1 − k)
[∫

R J2(y)e−κλ2(y+r3)dy − e−κλ2r3 − cκλ2 + α2
]) .

Lemma 5. Define ϕ(t), ψ(t), ϕ(t), ψ(t) as above, then the following hold
1. 0 ≤ ϕ(t) ≤ ϕ(t), 0 ≤ ψ(t) ≤ ψ(t).

2. ϕ′(t−1 ) ≤ ϕ′(t+1 ), ϕ
′
(0−) ≥ ϕ

′
(0+), ψ′(t−2 ) ≤ ψ′(t+2 ), ψ

′
(0−) ≥ ψ

′
(0+).

3. (ϕ(t), ψ(t)), (ϕ(t), ψ(t)) is a pair of super/sub solutions for the system (1).

Proof. The proof for part i is obvious. Looking at part ii we see the following Table 1.

Table 1. Left and right derivatives of the piecewise-defined functions at their transition points

Function Transition point Left derivative Right derivative
ϕ(t) t = 0 −ελ1(1 − γ) 0
ϕ(t) t = t1 −k

(
λ1eλ1t1 + pηλ1eηλ1t1

)
0

ψ(t) t = 0 λ2 0
ψ(t) t = t2 λ2eλ2t2 − qκλ1eκλ1t2 0

Seeing γ > 1 the result is clear.
For part iii we see that the functions are continuously differentiable outside a finite number of points. To

show the inequalities we proceed in cases.

4.1. Super-solution ϕ

Case 1. t > r1.
In this case, we have ϕ(t − r1) = 1, ϕ(t) = 1, and 0 ≤ ψ(t − r2) ≤ σ. Then,

∫ ∞

−∞
J1(y)

[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − c ϕ

′
(t) + α1ϕ(t)

[
1 − ϕ(t)− k ψ(t − r2)

]
=
∫ ∞

−∞
J1(y)ϕ(t − y − r1)dy −

∫ ∞

−∞
J1(y)dy + α1 · 1 ·

[
1 − 1 − k ψ(t − r2)

]
=
∫ ∞

−∞
J1(y)ϕ(t − y − r1)dy − 1 − α1k ψ(t − r2)

≤ −α1k ψ(t − r2)

≤ 0.

Case 2. 0 ≤ t ≤ r1, t2 < t − r2.
In this case, we have

ϕ(t − r1) = 1 − ε
(

eλ1(t−r1) − eγλ1(t−r1)
)

, ϕ(t) = 1, ψ(t − r2) = σ.

Then, ∫ ∞

−∞
J1(y)

[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − c ϕ

′
(t) + α1ϕ(t)

[
1 − ϕ(t)− k ψ(t − r2)

]
=
∫ ∞

−∞
J1(y)ϕ(t − y − r1)dy − ϕ(t − r1)

∫ ∞

−∞
J1(y)dy − α1kσ
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=
∫ t−r1

−∞
J1(y)ϕ(t − y − r1)dy +

∫ ∞

t−r1

J1(y)ϕ(t − y − r1)dy − ϕ(t − r1)− α1kσ

=
∫ t−r1

−∞
J1(y)dy +

∫ ∞

t−r1

J1(y)
[
1 − ε

(
eλ1(t−y−r1) − eγλ1(t−y−r1)

)]
dy

−
[
1 − ε

(
eλ1(t−r1) − eγλ1(t−r1)

)]
− α1kσ

=
∫ ∞

−∞
J1(y)dy − ε

∫ ∞

t−r1

J1(y)
(

eλ1(t−y−r1) − eγλ1(t−y−r1)
)

dy

− 1 + ε
(

eλ1(t−r1) − eγλ1(t−r1)
)
− α1kσ

= −ε
∫ ∞

t−r1

J1(y)
(

eλ1(t−y−r1) − eγλ1(t−y−r1)
)

dy

+ ε
(

eλ1(t−r1) − eγλ1(t−r1)
)
− α1kσ.

So,

−ε
∫ ∞

t−r1

J1(y)
(

eλ1(t−y−r1) − eγλ1(t−y−r1)
)

dy + ε
(

eλ1(t−r1) − eγλ1(t−r1)
)
− α1kσ

≤ ε
(

eλ1(t−r1) − eγλ1(t−r1)
)
− α1kσ

≤ ε − α1kσ.

Thus, the inequality is satisfied whenever ε ≤ α1kσ.
Case 3. t2 − r2 ≤ t ≤ 0.
In this case, we have ψ(t − r2) = σ. Then,

∫ ∞

−∞
J1(y)

[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − c ϕ

′
(t) + α1ϕ(t)

[
1 − ϕ(t)− k ψ(t − r2)

]
=
∫ t−r1

−∞
J1(y)dy +

∫ ∞

t−r1

J1(y)
[
1 − ε

(
eλ1(t−y−r1) − eγλ1(t−y−r1)

)]
dy

−
[
1 − ε

(
eλ1(t−r1) − eγλ1(t−r1)

)]
+ cε

(
λ1eλ1t − γλ1eγλ1t

)
+ α1

[
1 − ε

(
eλ1t − eγλ1t

)]
− α1

[
1 − ε

(
eλ1t − eγλ1t

)]2
− α1kσ

[
1 − ε

(
eλ1t − eγλ1t

)]
=
∫ ∞

−∞
J1(y)dy − 1 − ε

∫ ∞

t−r1

J1(y)
(

eλ1(t−y−r1) − eγλ1(t−y−r1)
)

dy + ε
(

eλ1t − eγλ1t
)

+ cε
(

λ1eλ1t − γλ1eγλ1t
)
+ α1ε

(
eλ1t − eγλ1t

)
− α1ε2

(
eλ1t − eγλ1t

)2

− α1kσ
[
1 − ε

(
eλ1t − eγλ1t

)]
= εeλ1t

[
−
∫ ∞

t−r1

J1(y)e−λ1(y+r1)dy + e−λ1r1 + cλ1 + α1

]
− α1ε2

(
eλ1t − eγλ1t

)2

+ εeγλ1t
[∫ ∞

t−r1

J1(y)e−γλ1(y+r1)dy − e−γλ1r1 − cγλ1 − α1

]
− α1kσ

[
1 − ε

(
eλ1t − eγλ1t

)]
< εeλ1t

[
−
∫ ∞

t−r1

J1(y)e−λ1(y+r1)dy +
∫ ∞

−∞
J1(y)e−λ1(y+r1)dy

]
− α1kσ + α1kσεeλ1t

+ εeγλ1t
[∫ ∞

−∞
J1(y)e−γλ1(y+r1)dy − e−γλ1r1 − cγλ1 − α1

]
+ εeγλ1t

∫ t−r1

−∞
J1(y)e−γλ1(y+r1)dy

= ε
∫ ∞

0
J1(t − x − r1)

[
eλ1(x−r1) − eγλ1(x−r1)

]
dx
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+ εeγλ1t
[∫ ∞

−∞
J1(y)e−γλ1(y+r1)dy − e−γλ1r1 − cγλ1 − α1

]
+ α1kσεeλ1t − α1kσ

< ε

[∫ ∞

−∞
J1(y)e−γλ1ydy − e−γλ1r1 − cγλ1 − α1 + α1kσ

]
− α1kσ < 0.

Case 4. t < t2 + r2.
In this case, we have

ψ(t − r2) = eλ2t − qeκλ2t.

Then,∫ ∞

−∞
J1(y)ϕ(t − y − r1)dy − ϕ(t − r1)− c ϕ

′
(t) + α1ϕ(t)

[
1 − ϕ(t)− k ψ(t − r2)

]
=
∫ t−r1

−∞
J1(y)dy +

∫ ∞

t−r1

J1(y)
[
1 − ε

(
eλ1(t−y−r1) − eγλ1(t−y−r1)

)]
dy

−
[
1 − ε

(
eλ1(t−r1) − eγλ1(t−r1)

)]
+ cε

(
λ1eλ1t − γλ1eγλ1t

)
+ α1

[
1 − ε

(
eλ1(t−r1) − eγλ1(t−r1)

)] [
ε
(

eλ1t − eγλ1t
)
− k

(
eλ2(t−r2) − qeκλ2(t−r2)

)]
< ε

∫ ∞

0
J1(t − x − r1)

(
eλ1(x−r1) − eγλ1(x−r1)

)
dx

+ εeγλ1t
[∫ ∞

−∞
J1(y)e−γλ1(y+r1)dy − e−γλ1r1 − cγλ1 − α1

]
+ α1kε

(
eλ1t − eγλ1t

) (
eλ2t − qeκλ2t

)
− α1k

(
eλ2t − qeκλ2t

)
< eλ2t

{
ε

[∫ ∞

−∞
J1(y)e−γλ1ydy − e−γλ1r1 − cγλ1 − α1 + α1k

]
− α1k

(
1 − qe(κ−1)eλ2t2

)}
< 0.

4.2. Sub-solution ϕ

Case 1. t > t1 + r1.
In this case, ϕ(t) = 1 − k. Then,

∫
R

J1(y)
[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − c ϕ′(t) + α1ϕ(t)

[
1 − ϕ(t)− kψ(t − r2)

]
≥
∫
R

J1(y)(1 − k)dy − (1 − k) + α1(1 − k)
[
1 − (1 − k)− kψ(t − r2)

]
= (1 − k)

∫
R

J1(y)dy − (1 − k) + α1k(1 − k)
[
1 − ψ(t − r2)

]
= α1k(1 − k)

[
1 − ψ(t − r2)

]
≥ 0.

Case 2. t1 < t ≤ t1 + r1.
Here,

ϕ(t − r1) = 1 − k
(

eλ1t + peηλ1t
)

, ϕ(t) = 1 − k.

Then,∫
R

J1(y)
[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − c ϕ′(t) + α1ϕ(t)

[
1 − ϕ(t)− kψ(t − r2)

]
=
∫
R

J1(y)
[
ϕ(t − y − r1)

]
dy − ϕ(t − r1) + α1k(1 − k)

[
1 − ψ(t − r2)

]
=
∫
R

J1(y)
[
1 − k

(
eλ1(t−y−r1) + peηλ1(t−y−r1)

)]
dy −

[
1 − k

(
eλ1(t−r1) + peηλ1(t−r1)

)]
+ α1k(1 − k)

[
1 − ψ(t − r2)

]
= − k

[∫
R

J1(y)
(

eλ1(t−y−r1) + peηλ1(t−y−r1)
)

dy − eλ1(t−r1) − peηλ1(t−r1)

]
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+ α1k(1 − k)
[
1 − ψ(t − r2)

]
≥ 0.

Case 3. t ≤ t1.
In this case,

ϕ(t) = 1 − k
(

eλ1t + peηλ1t
)

, ψ(t) = eλ2t.

Then,∫
R

J1(y)
[
ϕ(t − y − r1)− ϕ(t − r1)

]
dy − c ϕ′(t) + α1ϕ(t)

[
1 − ϕ(t)− k ψ(t − r2)

]
≥
∫
R

J1(y)
[
1 − k

(
eλ1(t−y−r1) + peηλ1(t−y−r1)

)]
dy −

[
1 − k

(
eλ1(t−r1) + peηλ1(t−r1)

)]
+ ck

(
λ1eλ1t + pηλ1eηλ1t

)
+ α1k

(
eλ1t + peηλ1t

)
− α1k2

(
eλ1t + peηλ1t

)2

− α1keλ2(t−r2) + α1k
(

eλ1t + peηλ1t
)

eλ2(t−r2)

≥ − k
∫
R

J1(y)
(

eλ1(t−y−r1) + peηλ1(t−y−r1)
)

dy + k
(

eλ1(t−r1) + peηλ1(t−r1)
)

+ ck
(

λ1eλ1t + pηλ1eηλ1t
)
+ α1k

(
eλ1t + peηλ1t

)
− α1k2

(
eλ1t + peηλ1t

)2

− α1keλ2(t−r2) + α1k
(

eλ1t + peηλ1t
)

eλ2(t−r2)

= keλ1t
[
−
∫
R

J1(y)e−λ1(y+r1)dy + e−λ1r1 + cλ1 − α1

]
+ keηλ1t

[
p
(
−
∫
R

J1(y)e−ηλ1(y+r1)dy + e−ηλ1r1 + cηλ1

)
+ α1(k − 1)

]
− rke(1−η)λ1t − re(λ2−ηλ1)(t−r1)

≥ keηλ1t
[
−p
(∫

R
J1(y)e−ηλ1(y+r1)dy − e−ηλ1r1 − cηλ1

)
− α1(k + 1)

]
> 0.

4.3. Super-solution ψ

Case 1. t > r3.
We assume r4 < r3, so ψ(t) = 1 and ϕ(t − r4) = ϕ(t) = 1. Then,

∫
R

J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − c ψ

′
(t) + α2ψ(t)

[
1 − ψ(t)

ϕ(t − r4)

]
=
∫
R

J2(y)ψ(t − y − r3)dy − ψ(t − r3)

=
∫
R

J2(y)ψ(t − y − r3)dy − 1 ≤ 0.

Case 2. 0 < t < r3.
In this case, we have ψ(t) = 1, ϕ(t) = 1, ϕ(t − r4) ≤ 1, and ψ(t − r3) = eλ2(t−r3). Then,

∫
R

J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − c ψ

′
(t) + α2ψ(t)

[
1 − ψ(t)

ϕ(t − r4)

]
≤
∫
R

J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy + α2

[
1 − ψ(t)

]
=
∫
R

J2(y)ψ(t − y − r3)dy − ψ(t − r3)

=
∫
R

J2(y)eλ2(t−y−r3)dy − eλ2(t−r3)

= eλ2(t−r3)

[∫
R

J2(y)e−λ2ydy − 1
]
≤ 0.

Case 3. t < 0.
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Then, ∫
R

J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − c ψ

′
(t) + α2ψ(t)

[
1 − ψ(t)

ϕ(t − r4)

]
=
∫
R

J2(y)eλ2(t−y−r3)dy − eλ2(t−r3) − cλ2eλ2t + α2eλ2t − α2
ψ

2
(t)

ϕ(t − r4)

= eλ2t
[∫

R
J2(y)e−λ2(y+r3)dy − e−λ2r3 − cλ2 + α2

]
− α2

ψ
2
(t)

ϕ(t − r4)

= − α2
ψ

2
(t)

ϕ(t − r4)
< 0.

4.4. Sub-solution ψ

We define

M(t) = eλ2t − qeκλ2t, N (t) =
∫ t

−∞
J2(y − x)M(x) dx − M(t)

2
.

Note that M(t) > 0 on (−∞, t0), where t0 = − ln(q)
(κ−1)λ2

is the unique root of M. Let M(tm) be the unique
maximum of M. Then there exists a sufficiently small value σ ∈ (0, 1 − k) and a corresponding t2 ∈ (tm, t0)

such that

M(t2) = σ,

N (t2) ≥ 0.

Case 1. t > t2 + r3.
In this case, we have ϕ(t − r4) ≥ 1 − k and ψ(t) = ψ(t − r3) = σ. Then,

∫
R

J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − c ψ′(t) + α2ψ(t)

[
1 −

ψ(t)
ϕ(t − r4)

]

≥
∫
R

J2(y)ψ(t − y − r3) dy − ψ(t − r3) + α2σ

[
1 − σ

1 − k

]
=
∫
R

J2(y)ψ(t − y − r3) dy − σ + α2σ

[
1 − σ

1 − k

]
=
∫ ∞

t−(t2−r3)
J2(y)

(
eλ2(t−y−r3) − qeκλ2(t−y−r3)

)
dy

+
∫ t−(t2−r3)

−∞
J2(y)σ dy − σ + α2σ

[
1 − σ

1 − k

]
≥
∫ t2−r3

−∞
J2(t − (y − r3))

(
eλ2(y−r3) − qeκλ2(y−r3)

)
dy +

σ

2
− σ + α2σ

[
1 − σ

1 − k

]
≥ M(t2)

2
− σ

2
+ α2σ

[
1 − σ

1 − k

]
= α2σ

[
1 − σ

1 − k

]
> 0.

Case 2. t2 < t ≤ t2 + r3.
In this case,

ψ(t) = σ > ψ(t − r3) = eλ2(t−r3) − qeκλ2(t−r3), ϕ(t − r4) ≥ 1 − k.

Then,

∫
R

J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
dy − c ψ′(t) + α2ψ(t)

[
1 −

ψ(t)
ϕ(t − r4)

]

≥
∫
R

J2(y)ψ(t − y − r3) dy − ψ(t − r3) + α2σ

[
1 − σ

1 − k

]
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≥
∫
R

J2(y)ψ(t − y − r3) dy − σ + α2σ

[
1 − σ

1 − k

]
≥ M(t2)

2
− σ

2
+ α2σ

[
1 − σ

1 − k

]
= α2σ

[
1 − σ

1 − k

]
> 0.

Case 3. t ≤ t2.
Then,

∫
R

J2(y)
[
ψ(t − y − r3)− ψ(t − r3)

]
− cψ′(t) + α2ψ(t)

[
1 −

ψ(t)
ϕ(t − r4)

]

≥
∫
R

J2(y)ψ(t − y − r3)dy − ψ(t − r3)− cψ′(t) + α2ψ(t)

[
1 −

ψ(t)
1 − k

]

≥
∫ ∞

−∞
J2(y)

(
eλ2(t−y−r3) − qeκλ2(t−y−r3)

)
dy −

(
eλ2(t−r3) − qeκλ2(t−r3)

)
− c

(
λ2eλ2t − κλ2qeκλ2t

)
+ α2

(
eλ2t − qeκλ2t

)
− α2

1 − k

(
eλ2t − qeκλ2t

)2

≥ eλ2t
[∫

R
J2(y)e−λ2(y+r3)dy − e−λ2r3 − cλ2 + α2

]
+ eκλ2t

[
−q
[∫

R
J2(y)e−κλ2(y+r3)dy − e−κλ2r3 − cκλ2 + α2

]
− α2

1 − k

]
> 0.

Corollary 3. Define ϕ(t), ψ(t), ϕ(t), ψ(t) as above, then T
(
(ϕ(t), ψ(t)), (ϕ(t), ψ(t))

)
is a lower/upper solution.

Lemma 6. Let ϕ1 and ϕ2 be the solutions of of the wave system in Γ defined above, then

lim
t→∞

(ϕ1, ϕ2) (t) =
(

1
1 + k

,
1

1 + k

)
.

Proof. Define the truncated continuous functions

f (θ) =

{
θ

1+k , θ ∈ [0, 1]

0, θ ∈ [−r, 0)
, g(θ) =

{
θ

1+k (1 − θ)(1 + ε), θ ∈ [0, 1]

1 + ε, θ ∈ [−r, 0).

Moreover, f ′(0−) = 0 < f ′(0+), g′(0−) = 0 > g′(0+) and f ′(θ) > 0, g′(θ) < 0 for θ ∈ [0, 1] provided
ε > 0 is small enough such that k(1 + ε) < 1. Now, we notice

lim inf
t→∞

ϕ1(t) ≥ 1 − k > 0, lim inf
t→∞

ϕ2(t) ≥ σ > 0

lim sup
t→∞

ϕ1(t) ≤ 1, lim inf
t→∞

ϕ2(t) ≤ 1.

Now, denoting
ϕ−

i = lim inf
t→∞

ϕi, ϕ+
i = lim sup

t→∞
ϕi, i = 1, 2.

It is easy to see for any −r̃ ∈ [r, 0] and the definition of the super/sub solutions

f (−r̃) = f (0) = 0 < ϕ−
i ≤ ϕ+

i < 1 + ε = g(0) = g(−r̃).

Thus, the result with delay present follows in the same manner as the non delay case. Let us define
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θ̃ = sup
{

θ ∈ [0, 1) | f (θ) < ϕ−
i ≤ ϕ+

i < g(θ)
}

. We claim that θ̃ = 1 and

f (θ̃) = ϕ−
i = ϕ+

i = g(θ̃).

The proof is similar to that for theorem 2.6 in [1]. The proof will be replicated for the readers convenience.
First, we assume ϕ+

1 = f (θ̃). If ϕ1 is eventually monotone, then by the boundedness of ϕ1 on R, we have
ϕ1(+∞) exists, and ∫ +∞

0
ϕ′

1(t) dt = ϕ1(+∞)− ϕ1(0). (5)

By the above equation (5), we have either lim inft→+∞ ϕ′
1(t) = 0 if ϕ′

1(t) ≥ 0 for t ≫ 1, or
lim supt→+∞ ϕ′

1(t) = 0 if ϕ′
1(t) ≤ 0 for t ≫ 1. Then we can choose a sequence {xn} with xn → +∞ such

that limn→∞ ϕ1(xn) = f (θ̃), limn→∞ ϕ′
1(xn) = 0. It is obvious that lim supn→∞ ϕ2(xn) ≤ g(θ̃). Then we get

lim inf
n→∞

[1 − ϕ1(xn)− kdϕ2(xn)] ≥ 1 − f (θ̃)− kg(θ̃)

= (1 − θ̃)[1 − k(1 + ε)] > 0.

Integrating the ϕ1-equation of (1) from 0 to xn, we have∫ xn

0
cϕ′

1(t) dt =
∫ xn

0

∫
R

J1(y)ϕ1(t − y − r1) dy dt +
∫ xn

0
ϕ1(t − r1) dt

= α1

∫ xn

0
ϕ1(t) [1 − ϕ1(t)− kdϕ2(t − r2)] dt. (6)

Some simple calculations yield:

−
∫ xn

0

∫
R

J1(y)ϕ1(t − y − r1) dy dt +
∫ xn

0
ϕ1(t − r1) dt

=
∫ xn

0

∫
R

J1(y) [ϕ1(t − r1)− ϕ1(t − y − r1)] dy dt

=
∫
R

J1(y)
[∫ xn

0
(ϕ1(t − r1)− ϕ1(t − y − r1)) dt

]
dy

=
∫
R

J1(y)
[∫ xn

0

∫ y

0
ϕ′

1(t − r1 + ηy) dη dt
]

dy

=
∫
R

J1(y)
[∫ 1

0

∫ xn

0
ϕ′

1(t − r1 + ηy) dt dη

]
dy

=
∫
R

J1(y)
[∫ 1

0
(ϕ1(xn − r1 + ηy)− ϕ1(ηy − r1)) dη

]
dy

=
∫
R

J1(y)y
[∫ 0

−1
ϕ1(xn − r1 + ηy)− ϕ1(ηy − r1) dη

]
dy. (7)

Let n → ∞ in (7). Then by using properties of J, we have

∫
R

J1(y)y
[∫ 0

−1
f (θ̃)− ϕ1(ηy − r1) dη

]
dy = f (θ̃)

∫
R

J1(y)y dy −
∫
R

J1(y)y
[∫ 0

−1
ϕ1(ηy − r1) dη

]
dy

= −
∫
R

J1(y)y
[∫ 0

−1
ϕ1(ηy − r1) dη

]
dy

≤
∫
R

J1(y)|y| dy = 2
∫ ∞

0
J1(y)y dy

≤ 2
∫ ∞

0
J1(y)yey dy ≤ 2

∫
R

J1(y)ye|y| dy < ∞. (8)

Moreover, limn→∞
∫ xn

0 cϕ′
1(t) dt = limn→∞ c(ϕ1(xn)− ϕ1(0)) = c( f (θ̃)− ϕ1(0)). Hence, the left-hand side

of (7) is bounded, which is a contradiction since the right-hand side of (7) is unbounded. Hence f (θ̃) = ϕ−
1 is

impossible. Therefore, f (θ̃) < ϕ−
1 .
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If ϕ1 is oscillatory at ∞, then we can choose a sequence {xn} of minimal points of ϕ1 with xn → ∞ such
that

lim
n→∞

ϕ1(xn) = f (θ̃).

By the same argument as above, we also reach a contradiction. Hence f (θ̃) < ϕ−
1 .

The impossibility for ϕ+
1 = g(θ̃) can be treated similarly, and we further get that ϕ+

1 < g(θ̃).
Next, we deal with the case ϕ−

2 = f (θ̃). If ϕ2 is eventually monotone, we have ϕ2(∞) exists due to ϕ2 being
bounded on R. By a similar argument as the case ϕ1(∞) exists, we can find a sequence {xn} with xn → ∞ such
that

lim
n→∞

ϕ2(xn) = f (θ̃) and lim
n→∞

ϕ′
2(xn) = 0.

Note that
f (θ̃) < ϕ−

1 ≤ ϕ+
1 ≤ g(θ̃),

so

lim inf
n→∞

[
1 − ϕ2(xn)

ϕ1(xn − r4)

]
> 1 − f (θ̃)

f (θ̃)
= 0. (9)

Integrating the ϕ2-equation of (1) from 0 to xn, we get∫ xn

0
cϕ′

2(t) dt =
∫ xn

0

∫
R

J2(y)ϕ2(t − y − r3) dy dt +
∫ xn

0
ϕ2(t − r2) dt

= α2

∫ xn

0
ϕ2(t)

[
1 − ϕ2(t)

ϕ1(t − r4)

]
dt.

Let n → ∞, by a similar argument as (7), (8), and connecting (9), we obtain a contradiction.
On the other hand, if ϕ2 is oscillatory at ∞, then we can choose a sequence {yn} of minimal points of ϕ2

with yn → ∞ such that
lim

n→∞
ϕ2(yn) = f (θ̃).

Also, we have

lim inf
n→∞

[
1 − ϕ2(yn)

ϕ1(yn − r4)

]
> 1 − f (θ̃)

f (θ̃)
= 0.

In this case, we still get a contradiction. Hence f (θ̃) = ϕ−
2 cannot occur. That is, f (θ̃) < ϕ−

2 .
The impossibility for ϕ+

2 = g(θ̃) can be handled similarly, and we get that there holds ϕ+
2 < g(θ̃).

Therefore, θ̃ = 1. So 1
1+k = f (1) ≤ ϕ+

1 ≤ ϕ−
1 ≤ g(1) = 1

1+k , hence

(ϕ1, ϕ2)(+∞) =

(
1

1 + k
,

1
1 + k

)
.

4.5. Numerical results

In this section, we present some numerical simulations. We discretize the traveling wave coordinate
ξ = x − ct on a uniform mesh:

ξ j = ξmin + jh, j = 0, 1, . . . , N,

where h > 0 is the mesh size and the domain is extended to the left by a buffer δleft, so that ξmin = ξ
phys
min − δleft.

The number of points N is chosen to ensure coverage of the desired interval.
The nonlocal diffusion is modeled using a truncated Gaussian kernel:

J(y) =
1√
π

e−y2
, y ∈ [−M, M],
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discretized as
ωi =

1√
π

e−(ih)2
, i = −iM, . . . , iM,

with iM = ⌊M/h⌋. For a function ϕ, the convolution
∫
R J(y) ϕ(ξ − cτ − y) dy, is approximated by

iM

∑
i=−iM

ωi ϕj−s−i · h,

where s = ⌊cτ/h⌋ corresponds to the spatial shift induced by the delay τ.
The delayed nonlinear terms are defined pointwise as

F1[ϕ1, ϕ2]j = α1 ϕ1,j
(
1 − ϕ1,j − k ϕ2,j−s

)
+ β1 ϕ1,j,

F2[ϕ1, ϕ2]j = α2 ϕ2,j

(
1 −

ϕ2,j

max(ϕ1,j−s, ε)

)
+ β2 ϕ2,j,

where ε > 0 is a small parameter to avoid division by zero.
The numerical operators T1 and T2 are defined via left-sided quadrature:

T1[ϕ1, ϕ2]j =
1
c

e−
γ1
c ξ j

j

∑
i=0

e
γ1
c ξi (Diff1,i + F1[ϕ1, ϕ2]i) h,

T2[ϕ1, ϕ2]j =
1
c

e−
γ2
c ξ j

j

∑
i=0

e
γ2
c ξi (Diff2,i + F2[ϕ1, ϕ2]i) h,

where the discrete diffusion contributions are given by

Diff1,i =

(
iM

∑
m=−iM

ωm ϕ1,i−s−m

)
h − ϕ1,i−s,

Diff2,i =

(
iM

∑
m=−iM

ωm ϕ2,i−s−m

)
h − ϕ2,i−s.

The following table gives the parameters.

Table 2. Model parameters used in the simulation

Parameter Value
Wave speed and delay
c 4.0
τ1 = τ2 = τ3 = τ4 0.1
Specific conditions
α1 = α2 1.0
k 0.5
Super-/Sub-solution parameters
κ 2.0
λ1 = λ2 0.253961808106616
η 0.3
γ 2
p = q 3
ε 0.001
σ 0.05
Operator parameters
β1 1.5913
β2 3.39
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Figure 1. Initial Super-/Sub-Solutions

Figure 2. Iterations 1 to 6

Figure 3. Iterations 7 to 12
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Figure 4. Iterations 13 to 18

Figure 5. Iterations 19 to 24

Figure 6. Iterations 25 to 30
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Figure 7. Iterations 31 to 36

Figure 8. Iterations 37 to 42

Figure 9. Iterations 43 to 48
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Figure 10. Iterations 49 to 50

5. Conclusion

In this article, we establish the existence of traveling wave solutions for an invasive competition model
with nonlocal diffusion and a Leslie-Gower response, incorporating time delays. We rigorously demonstrate
the connection between super/sub-solutions and upper/lower solutions. Explicit constructions of super- and
sub-solutions are provided, along with numerical simulations illustrating the behavior of the system.
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