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1. Introduction

C ompetition is a very common ecological interaction in the natural world. It often occurs when species
living in the same ecosystem have similar habits and lifestyles. A typical example of such a relationship
is when paramecia in mixed cultivation compete for limited resources, such as food or living space. To

accurately describe the dynamical behaviors of such a system, Lotka and Volterra independently proposed
a now widely used model of interspecies competition for the first time respectively (see Ref. [1,2]), that is,

Xy (t) = x1(t) {71 —ayxy(t) — bzxz(t)},

1)

(1) = x2(t) {Tz — apx2(t) — blxl(t)}/
where x;(t) represents the population density of the ith species at time f, the positive coefficients r1, r, and
ay,ay are the intrinsic growth rate and self-inhibition rate respectively, positive coefficients b; measure the
interspecific competitive effects of species x; on species x;, i,j = 1,2 and i # j. In the classical competition
model, x; response to x; is assumed to be increasingly monotonic, an inherent assumption meaning is that
the more x; there exist in the environment, the worse off the x;. When the two species compete for the same
limited resources in a closed system, by the famous competitive exclusion principle, one is often at a definite
advantage, the other is eliminated fairly rapidly. However, Ayala et al. indicated that the experimental
determinations of drosophila population dynamics cannot be well explained by the classical Lotka-Volterra
competition model and proposed several theoretical models of interspecies competition (see Ref. [3]). In the
real life, this interaction between different species may be upper-bound. Based on this fact, many scholars
have developed the following competitive model with saturation effect (see Ref. [3,4]), that is,

_ baxa(t) }
1+ x(t) )"
_ bhix(t) }
1+ x1(t) ’

x1(t) = x1(¢) {71 — ayx1(t)

(1) = xa(t) [rz — s (t)
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In despite of the limitation of the linear model, the classical competition model is widely used and it does
give a fair representation of competition between protozoan species (see Ref. [5]).

On the other hand, more and more people have realized that the ecosystem in the natural world
is inevitably perturbed by various environment noises, such as Gaussian white noise, Lévy noise and
regime-switching (see Ref. [6-11]). So it is of great significance to reveal the influences of environment noises
on the population dynamics. Especially, the environment fluctuations could be well approximated by Gaussian
white noise (see Ref. [12,13]). Recently, along this line of thought, the dynamical behaviors of competitive
system and their extended versions have been widely reported by many authors (see Ref. [14-27]). We usually
postulated that the white noises mainly affect the growth rates of the populations and analyzed a stochastic
competition model with initial value x1(0) > 0,x,(0) > 0, that is,

daa(t) = (01— v () = 220 a4 o ()8 (1),
@
dx2(t) = x2(8)[r2 — azxalt) - mwt + o (1)dBa (),

where 07 represent the intensities of white noise, B;(t) are the standard Brownian motions defined on
a complete probability space (Q), F, P) with a filtration {F;};>o satisfying the usual conditions, i.e., it is
increasing and right continuous while F contains all P-null sets, and the term b;x;/(1 + x;) is the functional
response function of the x; to the density of x;, and moreover it is an increasing function with respect to
x; and has a saturation value for large enough x;, i = 1,2 and i # j. Our focus here is not only the
stochastic permanence but also the persistence in the mean and weak persistence, with a particular interest
in the stationary distribution of system (2) and revealing the influences of white noise on population system.

The organization of this paper is as follows. In §2, we introduce several definitions and lemmas which will
be used. In §3, we first prove the existence and uniqueness of the globally positive solution of system (2) with
the positive initial value. Then we derive the sufficient conditions for the stochastic permanence, strongly
persistence in the mean, weak persistence and extinction respectively in §4. In §5, we further discuss the
existence and uniqueness of the stationary distribution of system (2) and show that the fluctuation around the
positive equilibrium point is bounded under a small noise. In §6, we provide several numerical simulations
to justify the analytical results. In the last section, The results which we obtained are summarized, and the
limitations of system (2) are also discussed.

2. Preliminaries

In this section, we introduce some definitions and lemmas which will be used for establishing our main
results.

Definition 1. The population x; is said to be extinct with probability one if for any initial condition x;(0) > 0,
the solution x;(t) has the property that lim;_,« x;(t) = 0,i = 1,2, almost surely.

Definition 2. The population x; is said to be weakly persistent if lim sup,_, ., x;(t) > 0,i = 1,2, almost surely.

Definition 3. (see Ref. [28]). System (2) is said to be stochastically permanent if for any € € (0, 1), there exists
a pair of positive constants «, B such that for any initial condition x;(0) > 0, the solution x;(t),i = 1,2, has the
property that
liminf P{x;(t) > a} >1—¢, liminf P{x;(t) < B} >1—=¢.
t—o0 t—ro0

Lemma 1. (see Ref. [29]). Suppose z(t) € C[Q) x Ry, R ], where R := {a]a > 0,a € R}.
(1) If there exist positive constants Ay, T such that

t n
Inz(f) < Af— /\0/0 z(s)ds + Y piBi(t),
i=1

1
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ort > T, where p; is a constant, then
0
_ fg z(s)ds A
limsup =——— <
t—o0 Ao
for A > 0.
(2) If there exist positive constants Ay, T and A such that

t

z(s)ds + iPiBi(t)/

Inz(t) > M — AO/
0 i=1

fort > T, where p; is a constant, then

3. Existence and uniqueness of the globally positive solution

Since x;(t) denotes the population density of the ith species at time f, and we mainly analysis the
long-term behavior of system (2), so it is essential to require that the solution of system (2) is not only positive
but also not explode in a finite time for the biological significance. For this reason, we will prove the existence
and uniqueness of the globally positive solution in this section.

Theorem 1. For any given initial condition x;(0) > 0, system (2) has a unique solution x;(t) > 0,i = 1,2, for all
t>0.

Proof. To begin with, let us consider the following stochastic system

boeP2(t)
= |r - 2 _ giehi(t) _ 225
dgbl(t) [1’1 0.507 — a1e? 1 +e¢2(t>}df+0'1d31(t), -
byePr(t)
= |py — 2 _ goete(t) - 15
d([)g(t) [7’2 0.505 — aze?? L+ en(® } dt + Udez(t),

with initial condition ¢ (0) = Inx1(0), $2(0) = Inx(0). Itis easy to see that the coefficients of system (3) satisfy
the local Lipschitz condition, then system (3) has a unique solution ¢(t) on [0, 7.), where T, is the explosion
time (see [30]). According to Itd’s formula, it is obvious that x1 (t) = e?1(t), x,(t) = e#2(t) is the unique positive
local solution to system (2) with initial value x(0) € R2 . To show this solution is global, we only need to show
that 7, = oo.

Let kg > 0 be sufficiently large such that |x(0)| < ko. For each integer k > ko, we define the stopping time

T =inf{t € [0, %) : |x(t)] > k}.

Obviously, T is increasing as k — 0. Let Teo = limy_, o T, Whence 7w < 7, if we can show that
Teo = 00 a.5., then T, = oo a.s., the proof is completed.
Define a C>-function V(x) : RZ — R, as

V(xy,x) =x1—1—Inx; +x —1—Inx,.

The nonnegative of this function can be seen from ¢ —1 —1Ing > 0 for ¢ > 0. Let T > 0 be an arbitrary
constant, for 0 < t < 1 A T, applying It6’s formula we obtain that

AV = (1— )y + 05 (2 + (1 — )y + 0.5 (dy)?
X1 xl X2 x2
bzXz

14+ x;

1
= (x1 —1)(ry —agx; — Ydt + (x1 — 1)odBy (t) + Ealzdt

b1xq

1 _ _
+ (x2 = 1)(r2 — a2x2 i

1
)t + (x2 = 1)02dBy(t) + Ho3dt, (4)
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that s,
v < G(X],X2)dt + (x1 — 1)0’16131(0 + (Xz — 1)0’2de(f),
where . 1
G(x1,x2) = —alx% + (r1+a1)xy + b1+ 5(712 -1 — a2x§ + (ro+a2)x + by + 5(722 — 7.

Clearly, G(x1,x2) < M, where M is a positive constant. So we have

dV(xl, xz) < Mdt + (X1 — 1)0’1d31(t) + (X2 — 1)0’2dB2(t).

Integrating from 0 to 7x A T and then taking expectations on both sides yields that

ElV(x1(%AT),x2(uAT))] < V(
v(

(0),x2(0)) + ME(t A T)

< V(x
< V(x1(0),x2(0)) + MT. @)

For any given [ > 0, we define
u(l) = inf{V(x) : |x| > I}.

Then it is easy to see that
llim (1) = oo. (6)
— 00

From (5) and the definition of y(/), we obtain that

u(k)P(te < T) < E[V(x1(), x2(1))10,] < V(x1(0), x2(0)) + MT, 7)
where 1q, is the indicator function of () := {7 < T}. Letting k — oo and using (6) and (7) leads to
Pt <T)=0.
By the arbitrariness of T, we must have
P(Teo = 0) = 1.
This completes the proof of Theorem 1. [J

4. Survival analysis

The long-term survival of each component is a basic question in population biology due to its theoretical
and practical importance. As a result, we devote to establishing the sufficient conditions for stochastic
permanence, weak persistence and extinction of system (2) in this section.

Theorem 2. Assume that x(t) is a solution of system (2), then for any q > 1, there exists a positive constant K = K(q)
such that
limsup E|x(#)|7 <K, i=1,2.

t—o0

Proof. Define
V(x1,x2) = x7 4+,

then by Itd’s formula we have

av = qx‘i_ldxl +0.5q(q — 1)x?_2(dx1)2 + qxg_ldxz +0.5q(q — 1)xg_2(dx2)2

2 bix:
= Z qxl,7 [ri —ax; — 17] + 0.5(q — 1)0’?} dt + qalxidBl (t) + thzxgde(t)
= L+ x;

< [L(x1,x2) — V]dt + qoyx1dBy (t) + goaxJdBy(t), (8)
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where

2
L(x1,x) =) x? (14 gr; +0.5q(qg — 1)o7 — aiqx;].
i=1

It is obvious that there is a positive constant K; = Kj(¢q) such that £(x1,x2) < Kj, where

[1+gr; +05q(g — 1)0?] """
i=1 (g+1)71a 7

MN

Making use of Itd’s formula to ¢!V (x1, x3) yields that
dle'V(x1,x2)] = €'V (x1, x2)dt + €' dV (x1,x2) < Kye'dt + e'qorx]dBy (t) + e'qopxdd By (t). 9)
Then integrating from 0 to t and taking expectations on both sides leads to
'E[V (x1,%2)] < V(21(0),%2(0)) + Ky (e —1).

This implies
limsup E[V(x1,x2)] < Kj.

t—00

On the other hand, because |x(t)|7 < 2771V (x1, x2), so we have

limsup E|x(t)]7 < 29 limsup E[V(x1, x2)] < 2971K; = K.

t—oo t—00
This completes the proof of Theorem 2. [

It follows directly from Theorem 2 together with Chebyshev’s inequality that system (2) is stochastically
ultimate boundedness. We describe it as a theorem below.

Theorem 3. Assume that x(t) is a solution of system (2) with initial condition x(0) € R2, then for any e € (0,1),
there exists a positive constant p = B(e) such that

limsup P{|x(t)| > B} <e. (10)

t—o0

1
Proof. Let f = (X)7, then by Chebyshev’s inequality, we have

ElJx(1)]7]

P{jx(t)] > B} < 31

Therefore, we have
limsup P{|x(t)| > B} <e.
t—o0

This completes the proof of Theorem 3. [

Next we turn to discuss the critical value for stochastic permanence of system (2).

Theorem 4. Ifr; > by + 0.50% and ry > by + 0.502 hold, then system (2) is stochastically permanent for any initial
condition x1(0) > 0and x,(0) > 0.

Proof. Assign 0 < e < 1 arbitrarily, we first show that there is a positive constant § = B(e) such that

litmian{x,-(t) <B}>1-=
—00
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From Theorem 3, we can see that

limsup E[x!(#)] < limsup E|x(#)|7 < K.

t—o0 t—o0

Then it is easy to obtain the desired assertion by Chebyshev’s inequality.
In the following, we only need to prove that for arbitrary e € (0,1), there is a positive constant & = «(e)
such that
limio?fP{xi(t) >at>1-—c

It follows from r; > b; + 0.5(71.2 that we can choose a constant 6 > 0 such that
r; —bj— 0507 — 05007 >0, i #j, i,j=1,2.

Define

By It6’s formula, One derives that

2 2
dvi =Y (1+x7 ) et + Y0500 — 1)(1+ 2,102 (dx; 1)?
i=1 i=1

2 bixs
gler {7(1+xi_1)xi[rifa,»xifl_]i_;j7(71-2}
2
+0.5(0 — 1)0i2xf2}dt =Y o N1+ 2 DBy (1)
i1

<

1~

(1+x )9*2{ — x;2(r; — b; — 0507 — 0.5607)

Il
-

i

THbj+ai+of - +ul}dt Zal Y1+ %1% 1aB;(b). (11)

Let x be sufficiently small to satisfy

0< g < rj—bj— 0507 — 05007, i £, i,j = 1,2.

We continue to define
Vz(t, X1, xz) = e"tVl (xl, XZ).

By virtue of [td’s formula, we obtain that

dVZ = KeKtvldt + e’“dVl

2
<Y1+ x;l)H{g(l +x7 12 = x;72(r; — by — 0507 — 0.5007)
i=1

Tt ) }dt—zm (14 1) eaBy (1)
= e"G(xy, xp)dt — ZU, T+ x*1)9 LertdB;(t), (12)
where

2
6—2 -2 2 2 K -1 2 2x K
G(x1,x2):l§i(1+x h {—xi (ri—bj—O.S(fi —0.500; —§>+xi (bj—l—lli-i-Ui —ri+9>+ai+9}.
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Now we turn to verifying G(x1, x2) is upper bounded. Assign

A; =r; —bj— 0507 — 05007 — g,Bl =bj+a;+o7 —ri+—,C :ai+g,
then G(x;) = (142, 1)/ 2(=Aix; 2+ Bix, ' +C) = (1 + 2710726 (xy).

Let
_ B; 4+ \/B? +4AC; o B? +4A,C;

2A; ’ 1A,

1 = 1
Ifx—>X then G(x;) < 0 and so G(x;) < 0. If0<—<X then G(x;) <U. For 6 > 2, (1+x;

(1+ X)9 2, while (1+x;1)?2<1for0< 6 <2.S0 G(xl,xz) is upper bounded, we denote it R.
Now we return to (12) yields that

AV, < Rt — Zal Y14 x )Pl dBy (1),

Integrating from 0 to ¢ and taking expectations on both sides, then we obtain that

R
EVy = e"E[Vi(x1,%2)] < V1(21(0),%2(0)) + ;(ext —1).
This implies that
limsup E[V;(x1,x2)] < E
t—o00 K
Furthermore,
. o . 1\ . R
limsup E[x; ()] < limsupE |1+ — < @limsup E[Vi(x1,x2)] < — :=4.
00 t—00 Xi t—00 K
For arbitrary ¢ € (0,1), leta = (g) q, by Chebyshevs inequality, we have
_ oy _ Elx; (1)) _
P{x;(t) < a} = P{x; o) > a0 < W = zxgE[xi o(1)).
This gives that
limsup P{x;(t) < a} <a¥s =e.
t—roco
That is

im i ; > >1—e
11{gglfp{xl(t)_lx}_l €

This completes the proof of Theorem 4. O

1)9—2 <

(13)

(14)

(15)

(16)

To end this section, we discuss the extinction and weak persistence of system (2) and estimate the limit of

the average in time of the sample paths of every component.

Theorem 5. Assume that x(t) = (x1(t), x2(t)) is a solution of system (2) with initial value (x1(0), x2(0)) € RZ%, then

the component x;(t) has the following properties.
1) Ifr; > 0.5(71.2 + bj, then
ft xi(s)ds ri — 0.50’1»2 — b]

lim inf > a.s..
t—o0 t a;

In other words, population x; is strongly persistence in the mean almost surely.
Moreover,

) Otxi(s)ds r; — 0.507
lim sup as..
t—o0 t aj
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(2) If r; < 0.50%, then population x; goes to extinction almost surely.
(3) If r; > 0.50%, then population x; is weakly persistent almost surely.

Proof. (1) An application of Itd’s formula to system (2) yields that

1 dx;)? bjx;
dinx;(t) = x—idxi — (23;12) = [ri —0.507 — a;x; — 7 i ;j dt + 0;dB;(t), 17)
that is,
5 t t x]- (s)
ln x,-(t) — ln xi(O) = (1"1‘ — 05(7'Z )t — ai/() xi(s)ds — b]/o mds + U'jBl‘(t). (18)
It follows from (18) that
t
Inx;(£) — Inx,(0) > (r; — 0502 — b))t —a; / xi(s)ds + o3Bi(1). (19)
0
Noticed that tlim w =0, then by (2) in Lemma 1, we obtain that
—00
t 2
lim inf 0 Xi(8)s o riZ 080T by
t—o00 t a;
On the other hand,
t
Inx;(t) — Inx;(0) < (r; — 0.507)t — a; / x;(s)ds + 0iBi(t), (20)
0
then by (1) in Lemma 1, we obtain that
t
lim sup Jo xi(s)ds <hz 0.50} as..
t—c0 t a
(2) Let ;(t) be the solution of equation
dyi(t) = vi(t)[ri — apyi(t)ldt + oyyi(t)dB;(t),i = 1,2, (21)
with ;(0) = x;(0), then equation (21) has explicit solution of the form
i — 02 /2)t + 0B (¢
’)’,(t) _ exp[(rl (Tl / ) +Jl l( )] (22)

1/7i(0) + a; Jf expl(ri — 02/2)s + 0;B;(s)]ds

According to the comparison theorem of stochastic equations (see Ref. [31]), we know that x;(t) < ;(t).
If r; < 0.502, it then follows from (22) that

xi(t) < 7i(t) < 7i(0) exp {t[r; — 07 /2 + 0;B(t) /1] }, (23)

in view of lim_c0 B"T(t) = 0, then we have tlim 7i(t) < 0. In other words, tlim x;(t) = 0.
— 00 —00

(3) By the comparison theorem of stochastic equations, we obtain that

0 < x(t) < (t). (24)
Hence, to complete the proof, we need to show that limsup 7;(#) > 0. In fact, if limsup y;(t) = 0, then
t—o0 t—roc0
from the squeeze rule of the limit we must have lim sup x;(t) = 0.

t—rc0
From equation (21), we have

dInvy;(t) = [r; — 0.50% — a;y;(t)]dt + o;dB;(t), (25)
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which gives that
In7i(t) — In7:(0)
t

t ,
= (r; — 0.50%) — ai% /o vi(s)ds + Ui—B’t(t). (26)

Denote the set S by {w : limsup v;(t) = 0}, and we assume that P(S) > 0. Then for V w € S, we have
t

— 00
limsup,_, ., ¥i(t,w) = 0. And then for arbitrary ¢ satisfying 0 < ¢ < 1, there exists a T(w) such that
7i(t,w) <efort > T(w). (27)

It then follows that

In7;(t) ~In%(0) _

lim sup
t—o0 t

(28)

Recalling (27), we obtain from the continuity of +y;(t, w) that there exists a constant K such that 7;(t,w) < K
for 0 < t < T(w). On the other hand,

1t 1 [Tw) 1t ~T(w)  t—T(w
?/0 vi(s, w)ds = ?./0 vi(s, w)ds + T e 7i(s,w)ds < K (t ) te t( ), (29)
for sufficient large ¢. Since ¢ is arbitrarily small, we obtain that
1 rt
limsup ~ / 7i(s,w)ds < 0. (30)
t—rc0 tJo
In view of that 7; () > 0, lim inf; % fot 7i(s,w)ds > 0, so we have
li L d
Jim = Yi(s, w)ds = 0. 31)

Substituting (31) into (26) and making use of the strong law of large numbers, one can deduce the

contradiction that
In;(t) — In,(0)
t

lim sup =r;— 0507 > 0. (32)

t—o0
Recalling the above discussion, we can obtain that limsup,_, x;(f) > 0. This completes the proof of
Theorem 5. [

Remark 1. Theorem 4 and 5 reveal that r; = 0.507 is the threshold of extinction and weak persistence. And the
permanence of system (2) depends on the intensities of the random perturbations, that is, a small stochastic
perturbation does not alter the permanence of the species, but a large one will force the species incline to
extinction with probability one.

5. Stationary distribution

In the following, we prove the existence of stationary distribution for system (2) by using the Hasminskiis
methods. To begin with, let us make some preparations.

Let x(t) be a homogeneous Markov process defined in E; (I dimensional Euclidean space) described by
the following stochastic equation

dx(t) = b(x)dt + ij o, (x)dBy (1).
r=1

The diffusion matrix is
k

A(x) = (a55(x)), a55(x) = Y od(x)0) ().

r=1

Definition 4. Let P(t,x, -) be the probability measure induced by x(t) with initial value x(0), that is,

P(t,x,A) = P(x(t) € Alx(0)),
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for any Borel set A C RZ. If there exists a probability measure v(-) such that

lim P(t,x,A) = v(A
lim P(t,x, ) = v(8),
for all x € R%, then we say that the Markov process x(t) has a stationary distribution v(-).

Assumption 1. There exists a bounded domain U C E; with regular boundary I', having the following
properties:

(1) In the domain U and some neighborhood thereof, the smallest eigenvalue of the diffusion matrix A(x)
is bounded away from zero.

(2) If x € E;\U, the mean time T at which a path issuing from x reaches the set U is finite, and
sup, g ExT < oo every compact subset K C E;.

Lemma 2. (see Ref. [32]). If Assumption 1 holds, then the Markov process x(t) has a unique stationary distribution

v(-).

Remark 2. The proof of the above lemma can be found at page 134 of Ref. [32]. For the existence of a stationary
distribution with suitable density function, we refer to Theorem 4.1 at page 119 and Lemma 9.4 at page 138 in
Ref. [32].

To validate (1), it is sufficient to prove that F is uniformly elliptical in U, where

Fu = b(x) - uyx + [tr(A(x)uxx)]/2,

l
that is, there is a positive number M such that Y- a;;(x)A;A; > M|A|? for any x € U and A € R; (see Chapter
ij=1
3, page 103 of Ref. [33] and Rayleigh’s principle in Ref. [34], Chapter 6, page 349).
To verify (2), it is enough to show that there exists a neighborhood U and a non-negative C2-function V
such that for any x € E;\U, LV (x) is negative, for more details, see page 1163 in Ref. [35].

Remark 3. System (2) can be written as the following form

byxo (1)
R {” —oalt) - (t)} 11 (1) 0
d( 1 ) - bm?t) } dt+ | 1 8 By (t) + 0 dB, (1),

x2(t) {7’2 —ayxy(t) — Trn® 02X

and the diffusion matrix is
A = diag(o33 (1), 33(1).

Remark 4. Let (%1, £2) be the positive equilibrium point of system (1), then it follows that

by%
rn=a® + ——=,

1+ % (33)
7o = Ay Xy + b1ty
2 = axX%) T+ 4

Theorem 6. Let (x1(t), x2(t)) be the solution of system (2) with initial value (x1(0), x2(0)) € R?,, if

B B
’71>2/’72>2/

and

0 <o <min{(n 218, (- )3}, (34)
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where

m=a(1+%), n2=ax(1+2%), p=0b1+by,
1 o

1
o= 50'12)?1(1 +5€'2) + 50'22552(1 erl),

then system (2) has a unique stationary distribution v (-).

Remark 5. Since lim o o = 0, therefore, condition (34) is verified for sufficiently small environment noises.
01,00—

Proof. From Theorem 1, we know that the solution x(t) is globally positive for any positive initial value. We
then define a C2-function V : RZ — R as

X X
V(x,x) = (1 +322)(x1 P 1n£i) +(1 +J€1)<x2 %y — lenﬁi) —Vi+ Vs,
1 2

where we write x(t) and y(t) as x and y respectively for simplicity. By It6’s formula, we have

1 4

dvi =1+ %)(1 — —)dxl + = (1 + xg)—z(dxl)
1

X

. . bax 1o, .
:(1+x2)(x1 —xl)[<1’1 —a1X1 — T+x )dt—‘rU’ldBl( ):| +§0’12X1(1+X2)dt

by % byx 1,5, . R o
:(1+XA2)(X1 —5(?'1)[( 4 2 % 1X1 — 272 )dt} + 5(712.9(1(1+XZ)dt+U1(1+X2)(X1 —Xl)dBl(t)

14 % 1+x
by (%o — 1
Z(Xl — 3?1) {(1 + 3?2)111 (fl — x1) + %]dt + 50’12551 (1 + fz)dt + (71(1 + ﬁz)(xl — J?l)dBl(t)
2
b —X%1) (%2 — 1
= [ — al(l + 552)(3(1 — 551)2 + Z(xl 1xi)ixz XZ) + 201 x1(1 + XQ):|dt + 0'1(1 + fz)(xl — J?l)dBl(t)
2

:LVldt—i-(Tl(l—i—J?z)(xl —fl)dBl(i’), (35)

and

g 1, %
dVo =(1+ 1) (1= Dy + 5(1+ X1)x%(dx2)2

R R byx 1,
2(1 + xl)(xz — xz) [( 2 — aApXy — ﬁ)dt + 0’de2( ):| E 22x (1 + xl)d
_ N N ., bi%y by 1 2g .
—(1+X1)(X2 —xz)Kazxz T+ 4 arXo T 1>d } + 20'2 (1+x1)dt+02(1+x1)(x2 xz)de(t)

bi(% R
:(XZ — 3?2) |:a2(1 + 3?1)()?2 — XQ) + 1(1:_1):| dt + 0’2 X2(1 + xl)dt + 0’2(1 + Xl)(XZ — JQ)de(t)
N . bi(xy — %7) (%7 — x 1,. R X X

- [ —ap(1+ #1) (2 — £2)% + (% ; i)ill Uy Eagxz(l + xl)]dt +05(1+ £1) (x2 — £2)dBa (1)
=LVodt + 0'2(1 + ﬁl)(xz - fz)de(t). (36)
Then we have

AV =dVy +dV, = LVdt+ o1 (1 + fz)(xl — %1)dB1(t) + 02(1 + 1) (xp — %2)dBa(1), (37)

where

by(x1 —%1) (2 —x2) | 1 5

LV = —ay(1+ %) (x1 — £1)° + 1+ 1 +§‘713?1(1+x2)
. . bi(xy — %) (%1 — x 1,. .
—ay(1+ #1)(x2 — 22)° + 1(x2 1_239((11 ) +§(Tzzx2(1+x1)

by by

=— {01(1+9?2)(x1 —3?1)2+( )(xl —11)(x2 — %2)

].+XQ+1+X1
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1 1
+ (14 %) (x2 = £2)2] + 50801 (14 %2) + 503521+ %), (38)
Case 1. If (xq — 1) (x2 — £2) > 0, then we obtain that
o 62 o c2] Loy o Lo o
LV < — [al(l + %) (x1 — £1)° +a2(1+ 21)(x2 — %2) ] + E‘Tlxl(l + %) + EUZXZ(l + %1). (39)

Letnyy =a1(14+ %2), 12 =a2(1+ %) and o = %(7123?1(1 + %) + %022322(1 + %1), then

LV < —m(x1 — £1)% — m2(x2 — £2)* + 0. (40)
Case 2. If (x1 — £1)(x2 — £2) < 0, it follows from (38) that
LV < — [ay(1+ £2) (x1 — £1)> + (b2 + by) (x1 — £1) (32 — %)

o3 %o (1+ %1). (41)

R R 1,5, R 1
+ap(1+ 21) (32 — £2)°] + 5‘712951(1 +t8)+5

Let 8 = by + by, then we have

LV < —i(xg — £1)% = B(x1 — £1) (32 — %) — 12 (x2 — 22)2 + 0
< —mx—#1)% + Blag — £1[|x2 — 22| — 12 (2 — %) + 0
<—m-Bym -2 - B)m-02+o @)

Combining Case 1 and Case 2, we can then infer that

By(xy— 22 + 0 (43)

< —n - By 02— 0 -

Besides, from condition (34) and Remark 4, we know that the ellipsoid

on =5y =202+ e = D) - 227 = 0,

lies entirely in R%. We then take U as a neighborhood of the ellipsoid such that (I C R?, where U is the closure
of U. Thus, we have LV (x7,x2) < 0 for (x1,x2) € R3 \U, which implies condition (2) is satisfied. Furthermore,
there isa M = min{o?x},02x3} > 0 such that
2
2 aij(xl,xz))\,-)xj = U%x%/\% + 0'223(%/\% > M|/\|2,
ij=1

for any A € R%, which implies condition (1) is also satisfied. Therefore, by Lemma 2, system (2) has a unique
stationary distribution. This completes the proof of Theorem 6. [

To close this section, we next show that the solution of system (2) subject to a small stochastic perturbation
will fluctuate around the positive equilibrium point of system (1).

Theorem 7. For any given initial condition X(0) € R%, if 5, > g, 1o > g, system (2) has the property that

. 1/t o112 o
limsup —E A | X(s) — X||7ds < Mo
0

t—00 t
under the condition (34), where My = min {1, — g,qz - g}, o= 1022 (14 %) + 3028 (1 + 21), X = (%1, £2).
Proof. Let My = min {; — g, 2 — g}, from (43), then we have

LV < —My||X(s) — X||* +c. (44)
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Integrating both sides of (37) over the interval [0, t] and taking expectation, from (44), one yields that
t A
0 < EV(x1,x2) < V(x1(0), x2(0)) — MOE/ 1X(s) — X|2ds + ot. (45)
0

Then we can derive that . ,
limsup £ | [|X(s) ~ K|Pds < Mio

t—o0

(46)
This completes the proof of Theorem 7. [J

6. Numerical simulations

In this section, we utilize the Milstein method mentioned by Higham (see Ref. [36]) to perform several
specific examples to support our analytical results. We assignr; = 1.5, aj = 0.7, bp = 0.6, 1o = 1.7, a, =
0.9, by = 0.5, At = 0.01 and the initial value (x;(0), x2(0)) = (0.6,0.4), then consider the following discrete
version of system (2)

_ baxp(k)
1+ x2(k)

_ bix (k)
1+ x1 (k)

X1 (k + 1) =x (k) + xq (k) |:1’1 —a1x1 (k) :| At 4+ o01xq (k) \/Egl (k) + 0.5012361 (k) [6% (k) - 1]Ai’,

xz(k + 1) = X2(k) + XZ(k) |:1’2 — {lzxg(k) :| At + 0’2X2(k) \/B(:Z(k) + 0.50’22.’)(2(]() [(:;’%(k) — 1]At,

(47)
where &1 (k) and &, (k) are independent Gaussian random variables that follow N(0,1).

Example 1. In order to reveal the effects of white noises, it is necessary to give the numerical simulation of
system (1). Let 0y = 02 = 0, then the system (1) has a unique positive equilibrium state Ey = (1.62,1.55).
The numerical simulations show that the solution of system (1) gradually approach to Ey, while the solution
of system (2) fluctuate around E, and with 01, 0> gradual increase, the amplitude of the oscillation increases,
see Figure 1 and Figure 2. This is consistent with the Theorem 7.

1.6 161
1.4 1 1.4

f12 B2
w w
5 s
g 1 E 1
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go08 go0.8
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X, (1) with 0,=0.03 | | X,(t) with 0,=0.06 | |

<

S

e

o
T

= = = -x,(t) with 7,=0 = = = - X,(t) with 5,=0
0 ; 0 ;
0 50 100 0 50 100
(a) The sample path of x, (b) The sample path of x,,

Figure 1. Simulations of system (1) with equilibrium points Ey = (1.62,1.55) and system (2) with oy = 0.03, 0 =
0.06
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4 4.5
X4(t) with 0,=0.6 X,(t) with 0,=0.8
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s 351
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o 25 [}
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0 50 100 0 50 100
(a) The sample path of X, (b) The sample path of x,,

Figure 2. Simulations of system (1) with equilibrium points Ey = (1.62,1.55) and system (2) with oy = 0.5, 0 =
0.6

In Figure 1, we take o7 = 0.03, 0o = 0.06, then the solution of system (2) fluctuate around Ey with a
small amplitude, while we choose 07 = 0.5, 0» = 0.6, then by a simple calculation, r{ = 1.5 > by + 0.5012 =
0.64+0.5x025=0.7251r =17 > b + 0.51722 = 0.5+ 0.5 x 0.36 = 0.68, the solution of system (2) fluctuate
around Ej with a big range in Figure 2. So a small environment noise could not disrupt the permanence, and
the population density will neither too small nor too large with probability one when the time is sufficiently
large.

Let 07 = 0.5, oo = 0.6, then by a simple calculation, the assumptions of Theorem 6 are hold, and then
system (47) has a unique stationary distribution. To verify this result, we perform a computer simulation of
10* iterations of the sample trajectory of x;(t) and x,(t). By utilizing the method of kernel density estimator,
we present the probability density function of x; and x; at time t = 500. To understand the distribution type of
x1(t) and x5 (), we simulated 10* sample paths, and fitted the data at time ¢ = 500 with a gamma distribution.
The red line represents the probability density curve of x; and xp, the other one represents the probability
density curve of gamma distribution, and it seems to achieved a good fit, see Figure 3.
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Gamma Distributio

[N Frequncy histogram
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01r

0 0
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the distributio ofx1 (t) at time 500 the distributio of xz(t) at time 500

Figure 3. The probability density of x1 and x; at time t = 500
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Example 2. The conclusion (2) in Theorem 5 shows that a large environment noise will force the species incline
to extinction with probability one. Let 07 = 2,05 = 2.1, then we compute that r; = 1.5 < 0.50? = 0.5 x 4 = 2,
ry = 1.7 < 0.50% = 0.5 x 4.41 = 2.205, then population x; tend to be extinction almost surely, see Figure 4.

45 T 1.8
%, (t) X,(t)
4 1.6
35 1.4
3 1.2
o o
N N
7]
c 25 2 1
ksl K}
k| kS
ER 308
o o
a a
15 0.6
1 0.4
0.5 L 0.2

0

o

0 50 100 50 100
(a) The sample path of X, (b) The sample path of X,

o

Figure 4. The extinction of system (47) with oy = 2, 0o = 2.1, At = 0.01

Example 3. The conclusion (3) in Theorem 5 admits the case that population size is close to zero even the time
is sufficiently large, that is to say, the survival of species could be dangerous in reality. Let oy = 1.5,0p = 1.7,
by a straightforward calculation, r; = 1.5 > 0.5(712 =05x%x225=1.0251rn =17 > 0.5(/'22 = 0.5 x 2.89 = 1.445,
then population x; is weakly persistent almost surely, see Figure 5.
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Figure 5. The weak persistence of system (47) with oy = 1.5, 0o = 1.7, At = 0.01

7. Conclusion

In this work, we mainly study the dynamical behaviors of system (2), such as stochastic permanence,
the estimation of temporal averages of population density, strongly persistence in the mean, weak persistence
as well as the existence and uniqueness of stationary distribution. In addition, our analytical results reveal
that the dynamical properties of the competition system (2) depends on the intensities of the stochastic
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perturbations, that is, a small stochastic perturbation does not alter the permanence of the species, but a large
one will force the species to become extinct with probability one. And r; = 0.507 (i = 1,2) is the threshold of
weak persistence and extinction.

In this paper, we only especially consider the white noise. However, the competition system is also
inevitably perturbed by other environment noises, such as Lévy jump, and the regime-switching is other
common random perturbations in the environment. All of these interesting topics associated with system
(2) deserve further investigation, and we will study these issues in the near future.
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