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1. Introduction

et C be the complex plane. The open unit disk is the set, D = {z € C: |z| < 1}. Letw € C and J(w)
L be the imaginary part of w. We denote the upper half-plane of Cby U = {w € C | &(w) > 0}. Also,
the area Lebesgue measure on U is denoted by dp,(w) . The function, ¢(z) = i(ll jzz ) that maps D conformally
onto U is known as the Cayley Transform and it is invertible. See [1] for more details.

Let 7 (Q)) be the Frétchet space of analytic functions f : 3 — C endowed with topology of uniform

convergence on compact subsets of ). For a > —1, the weighted Bergman space of U, L2(U, 1) is defined as

1
2
L2(U, i) = {f € HU) 1| fllzpn = (f 1F0)Pepat) ) < oo},
and whenever « = 0 the growth condition is given by

K
If(w)] < H{\!(LZE;U’HO) for some constant K, Vf € L2(U, ug). 1)

For a more comprehensive detail on the theory of Bergman spaces, we refer to [1-5].
For « > —1, the weighted Dirichlet space of the upper half-plane, 7,(U), is defined by

9(U) = {f € HV) s Il = () 1 )i} < oo},

where || -

9,,1(v) is a seminorm on 7, (U) and the norm is given by || f

Ty = FOP+IIf
2,(U)
Zx(U). Whenever a = 0 the growth condition of functions in Z(U) is given by

Gy f €

[f@) < IIf

P2
1) \/ 1log (oot ) v e a(v) @

A function f € 2,(U) if and only if f' € L2(U, p,). For & > —1, a closed subspace of %, (U) that consists
of functions that vanish at i is defined as Z.(U) = {f € 2,(U) : f(i) = 0}. The subspace Z;(U) is a Banach
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space with respect to || - [| 5, (). It suffices to check if 2i(U) is closed in | - || 2,(U)- Indeed, if we let f, to be
a convergent sequence in Z:(U) and f € %,(U) such that f, — fasn — oo in the Dirichlet norm, that is,
limy 0 || fn — fll 9, () = O then this is equivalent to

|(fn = £)(E)] — O&Aij" — ) (w)[*dpa(w) — 0as n — co.

Since Vn, f,,(i) = 0 then lim, ;e fu(i) = f(i) = 0. Together with the assumption that f € Z,(U), it
follows that f € Z:(U), as desired. The subspace, Z.(U) was also discussed in [4] and also considered in
[5] where Schroderus used a version of the Paley-Wiener theorem for the weighted Dirichlet space as well as
some spectral results to establish the relation % (U) = L2(U, u;) with T = a — 2. See [4-9] for more details on
Dirichlet spaces.

Let X be an arbitrary Banach Space over C and T be a closed linear operator on X. The point spectrum
of T, 0p(T) = {A € C: Af = Tf, forsome0 # f € dom(T)}. The spectrum of T, oc(T) = {A € C :
(AI = T) isnotinvertible}. The resolvent set of T, p(T) = C\ ¢(T). Moreover, r(T) = sup{|A| : A € ¢(T)}
defines the spectral radius of T. For A € p(T), the operator R(A, T) = (AI — T)~! is called the resolvent of T at
A or simply the resolvent operator. Details on the spectra of linear operators are found in [10-12].

A semigroup, (T¢),.,, is said to be strongly continuous on X if lim; ,o+ | T¢:f — f|lx = 0, Vf € X. For
each f € dom(T), the infinitesimal generator I of (T}),., is defined by

t>0

rf = tim LS Srp )

t—0t

7

t=0

and the domain of I' is given by

t—0t

dom(I') = {f€X| lim Tfft_fexists}.

Defined as above, the infinitesimal generator I' of a strongly continuous semigroup on X, considered
together with its domain dom(T'), is a closed and densely defined operator that determines the semigroup
uniquely, see for instance [11] or [12, Theorem 1.4]. If (T;),., and (T}),., are both semigroups of bounded
linear operators on X, then (T}),_; is a group on X. For details on the thec;ry for semigroups, see [11,12].

Let ¢ be a self map on (), then the composition operator, C,, induced by ¢ and is acting on H(Q) is
defined by Cpf = fop, Vf e H(Q).

The composition semigroup, (Cy, )t>0, induced by a semigroup of self analytic maps, (¢;):>0, and is acting
on H(Q) is defined by Cy, f = fo g1, Vf € H(Q).

The theory of composition semigroups on analytic spaces of the D is given more comprehensively in
[13,14]. The study of composition semigroups on the analytic spaces of the upper half-plane was initiated by
[15] on the Hardy space, and was extended in [16] to the Hardy and weighted Bergman spaces. On %, (U), the
composition semigroups have been partially considered by [9,17,18]. Despite this, the composition semigroup
induced by the translation group on Z,(U) has not been studied. In this work we investigate the properties of
the composition semigroup induced by the translation group on Z,(U), where a = 0.

2. Composition semigroup

The continuous groups of automorphisms of the upper half-plane are classified into three distinct groups
[16], that is, the translation group, the scaling group and the rotation groups depending on the location of
their fixed points. In this paper we consider the group of composition operators on Z(U) associated with the
translation group of the form ¢¢(w) = w + t for w € U where ¢; is a family of self analytic maps. Henceforth,
we let Cy, = C; and define the composition semigroup that is induced by ¢;(w) on Zy(U) as

Cif(w) = f(w+1).

We note that under composition, the operators (Ct);cr form a group on % (U).
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Theorem 1. The operator C; fails to be an isometry on Zy(U).

Proof. By norm definition,

ICf I3y = 1FG+0P+ [ 1(FGo+0) Pdyo(e)
= [f+OP+ [ 1f @+ 0P duo(w) ©

By change of variables, let z = w + t then w = z — t which implies dpo(w) = dug(z). Substituting into Eq.
@),

1€ ) = £+ D+ [ 17 @R ) # 11w
O

Remark 1. As a consequence of Theorem 1, we proceed with the approach employed in [9]. On Z}(U),
Cif(i) = f(i+t) # 0 meaning that C; does not map Z;(U) to itself as is expected for such semigroups.
Therefore, we redefine C; by applying a correction factor, that is,

A

Cif(w) =f(w+t)— f(i+t).
Ati, Cif(i) = f(i+t) — f(i + t) = 0 and therefore C; : Z}(U) — Z}(U).
We note that (C;);cg forms a group under composition on Z;(U).
Proposition 1. The operator C; is a norm isometry on 2,(U).

Proof. By the definition of the norm on Z;(U),

1€y = [ 1€ (@) dpo(e).
L1+ = £+ ) Papo(w).

1 w4 0)Pduo (@), @

Again we change the variables, if z = w + t then w = z — t which implies dyug(w) = duo(z) and thus
substituting in Eq. (4) gives,

1CA 120 = [ 1 @) Pepo(z) = 1712
O
Proposition 2. The operator C; is strongly continuous on @é(U).

Proof. To prove that C; is strongly continuous it suffices to show that Vf € Z(U) we have lim, g+ [|C¢f —
Flggw) =0

Now, suppose t, — 0in Rand f € 2}(U) = L2(U,u_,). Let f, = Ci,f, then fy(w) — f(w) uniformly
on compact subsets of U for each n with ||fn||L§(U,y,2) = HfHL%(U,y,Z)- g0 =2 (If2+ | fal?) = |f = ful? then
gn > 0and g, (w) — 4|f(w)|?, as n — co on L2(U, y_»).
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By Fatou’s lemma we have

/4|f\2d;4 2 (w /hmmfgndu 2(w)
< timinf [ g dpi_a(w)
= timinf [ 2(fP+ [fu?) = If = ful>du2(w)
= [ 2P dua(w)+ [ 21fPdp-a(w)
—1imnsup/w |f = fal® dp 2 (w)
=4 [ 1fP dus(w) ~timsup [ |f — fuldp2(w).

Asaresult,0 < —limsup, [;;|f — ful*du_2(w) < 0, whichimplies thatlim sup,, [;; [f — ful?du—z(w) = 0.
Therefore, lim,, ||C;, f — f||%2(lU )= 0. Consequently, ||Cif — fH@é(U) — 0ast — 0" and therefore C; is

strongly continuous on Z}(U) as desired. [

Proposition 3. The infinitesimal generator, T : dom(T') — 2}(U), of C; is given by

with its domain given as dom(T) = {f € Zi(U) : f' € Zi(U)}.

Proof. Letw € Uand f € dom(T) in Z}(U) then by definition of the infinitesimal generator I,

Mfw) = o(flwto)—fli+1)

t=0
= fllwtt)-fli+n|
= f'w) - £0). 6)

This proves that dom(T") C e 21(U) : f € 21(U)}. To show the converse, let f € Z(U) such that
P 0 0 0
f' € 2}(U). By the Fundamental Theorem of Calculus,

Cufw) = fw) = [ 5 (Cofw)ds
_ /Ot%(f(w—i—s)  f(i+5))ds
- /Otf’(w+s) — f'(i+s)ds
- /ot CF(w)ds,  for F(w) = f'(w) — f'(i) € Z4(U).

Thus,

A

lim M = lim - /CS

t—0+ t 150+ b

where F(w) = f'(w) — f'(i) € Z}(U). Strong continuity of (Cs)scg implies that 1 fot |CsF — F||ds — Oast — 0.
Therefore, dom(I') = {f € 2}(U ) | f/ € 2{(U)}, which concludes our proof. [

Lemma 1. Forz € U, a function f(z) = ¢*(z +1i)~¢ € Zy(U) if 3 < ¢ < co.
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Proof. Let f(z) = ¢*(z + i)~ then

/ _ ,iz n—cf__¢€ ;
f'(z) = e*(z+1) ( z+i+l>'
For z = x + iy we have

e [x2+ (c+y+1)?]

! > 2
£@) R
and
o oo p—2Y [42 2
) _ e [x*+ (c+y+1)?
Hf”%,l(m) = /0 /700 [x2+(y+1)2]c+1 dxdy,

which is finite if % <c<oo. O
Theorem 2. Let T be the infinitesimal generator of Cy given in Eq. (5), then the 0,(T') = @ and o(T') = {is : s > 0}.

Proof. Let T be the infinitesimal generator of C;, and A € C such that A € 0p(T). Also, let f be the
corresponding eigen function, then for some 0 # f € 2. (U) we have

Aeoy(T) & Af=Tf
& Af(w) = f'(w) - f(i). (6)

We solve Eq. (6). Let f'(i) = A then f'(w) — Af(w) = A. The integrating factor, I.F = e/ ~Aw — g=Aw,
which implies

e M f(w) = A/e*/\wdw & flw) = % + BeM®
where B is a constant of integration. By simple calculation we have that e** ¢ 7 (U) therefore f(w) ¢ Z}(U).
This implies A such A € C hence 0,,(T') = @.

Next we calculate the spectrum, o(T).

The spectral mapping theorem for semigroups asserts that, e/”(l) C ¢(C;). Since Proposition 1 holds we
have o(C¢) C 9D. This gives the relation, e!?(1) C ¢(C;) C aD. Let A € o(T), then |e*| = 1. This shows that
() = 1 which means tR(A) = 0 implying R(A) = 0 and so A € iR which shows ¢(I') C iR.

Let A = is for s > 0 and since (Al —T)f = h for h € 2}(U) we have

Af(w) = h(w) + f'(w) — (i)
& Af(w) = f(w) = h(w) - f'(i)
& fl(w) = Af(w) = f'(i) = h(w). )

If we let f'(i) = A and solve Eq. (7) by the integrating factor method we have,
(e Mf(w)) = e M (A=h(w)). ®)

If h(w) = e (w+A) =€ —eM(i+A) "¢ for § < ¢ < oo then from Eq. (8) we have,

flw) = e/\w/(A—ﬁ—e)‘i(i—i—)\)*C)e*)‘w —(w+A)")dw.
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Let A +e(i+A)~° = B then

f(w) = e/\w/(Be*)‘w —(w+A)")dw

*TB—e)‘ M+I<em" ifc #£1, 9
£ —eMIn(w+A) +Ke'®, ifc=1,

where K is a constant of integration. But 7 such a K in either case of Eq. (9) such that f(w) € @6([[}). Therefore

h ¢ ran(AI —T)and {is:s > 0} C o(T).
For 3(A) < 0, let f € H(U) be defined as

Flw) = M / T e (A — h(2))dz. (10)

Integrating Eq. (10) along the pathz = w + Atfor0<t< oo implies

Al

flw) = |?\|/Owe_/\|t (A—h (w & >> dt, (11)

which is absolutely convergent by the growth condition, Eq. (2), on @6([[}). Eq. (11) is analytic, that is,

= Gy (o)

with

< / e (s Ap) | ar
0 |A|
K1 o

< | HL2[Uy0 / oAl gy
S (wtppt) P

_ KIF 2 )
|A|d(w+m)

and note that f(w) as defined in Eq. (10) satisfies Eq. (8).
The upper norm bound of f on Z}(U) is given by applying the integral version of Minkowski’s inequality

[19], that is,
- — 0\ 2
At /
/0 e IUh <w+|)\|>‘ du(w) dt

./o e W2, o dt

— 1 2
- WHhH'};(U)' (12)

2
Hf”o&([u)

IN

IN

Therefore, for S(A) < 0, the R(A,T) exists with ||R(A,T)|| < ﬁ and thus the set {is : s < 0} C p(T'). Asa

result we conclude that o(T') = {is : s > 0}, as claimed. O
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Proposition 4. If A € p(T) and h € Z(U) then

R(A, T)h(w) = &M / T e (A—h(z2))dz,
and R(A,T) : Z4(U) — 2i(U).

Proof. Let h € Z}(U). If f = R(A,T')h, then f satisfies equation (8). Whenever 3(A) > 0and 0 < t < o0, we
integrate Eq. (8) along the path z = w + t if R(A) > 0 while if R(A) < 0 we integrate Eq. (8) along the path
z = w — t. In both cases we have

R(A, T)h(w) = M / e (A~ h(z)) d.
w
Moreover, it’s clear that for any h € Z}(U), h(i) = 0 and therefore obviously R(A,I')i(i) = 0 implying
that R(A,T) : 2}(U) — 2}(U), as desired. O

Proposition 5. For A € p(T),

(
1. If R(A) # Oand J()L) > 0, then o(R(A,T)) is the arc from L to O that contains the upper half of the circle

’Z A)‘ = e

2. If\s(/\) < 0, then o(R(A,T)) is the arc from + to O contained in the upper half of the circle ‘z - ﬁ()\)’ = ‘2%1(/\”
3. IfR(A) = 0 then o(R(A,T)) is the line on the imaginary axis from 0 to .
Proof. The spectral mapping theorem for resolvents asserts that
C(R(AT)) = {Aiis s> o} u{o}, (13)
wrkD) = {25 v -, 9
and the spectral radius is given by
r(R(A,T)) =sup{|v|:v e o(R(AT))}. (15)

Now,
1. Whenever (1) > 0, the spectrum ¢(R(A,T)) is given as,

./ -

A

R(A) > 0. R(A) < 0.

Also, by the Hille-Yosida Theorem and the spectral radius characterization we have

1 1
HROLT)) = gy < IRADI € g

2. IfS(A) < 0and R(A) # 0, the spectrum o(R(A,T)) is given as,
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O

} 3
R(A) > 0. R(A) <O0.
By the Hille-Yosida Theorem and the spectral radius characterization we have
r(ROT) = o < IR < oo
A g = D= sy

3. If R(A) =0, thenr(R(A,T)) = ‘17‘ and the spectrum ¢(R(A,T')) is given as

1
A
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