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1. Introduction

O n the one hand, the graphon theory in infinite combinatorics studies convergence properties of
sequences of dense or sparse weighted finite graphs or networks in terms of assigning suitable

graphon models and random graphs to their graph limits [1–5]. These graphon models are modifiable in
terms of changing the ground σ-finite measure spaces or applying rescaling techniques [6–9]. The graphon
theory and its extensions have provided interesting mathematical tools to deal with various problems in
applied and functional analysis [5,7,8,10,11], (theoretical) computer science [5,6,9,12,13] and mathematical
physics [11–15]. On the other hand, the renormalization theory in mathematical physics is a well-known
platform for the extraction of finite values from divergent Feynman integrals / diagrams and divergent
perturbative series of higher loop order Feynman diagrams which contribute to Green’s functions in quantum
field theories [13,16–18]. The method of the Bogoliubov–Parasiuk–Hepp–Zimmermann (BPHZ), formulated
on the basis of the (Bogoliubov–)Zimmermann’s forest formula, performs perturbative renormalization of
Feynman integrals / diagrams in terms of an inductive step by step removal of sub-divergences [19]. The
interrelation between analytic and combinatorial nature of the perturbative renormalization theory can be
considered by the formalism of the renormalization Hopf algebra [18,20–23]. The Connes–Kreimer–Marcolli
theory describes the BPHZ perturbative renormalization on the basis of the Riemann–Hilbert problem /
correspondence and the theory of motives [17,18,20,22,24]. The method of (stretched) Feynman graphons
formulated a new topological extension of the renormalization Hopf algebraic formalism. This setting recovers
Feynman graph limits for the study of the convergence properties of sequences of higher loop order Feynman
diagrams which contribute to divergent perturbative series in the structure of Green’s functions or solutions
of their fixed point equations [11,14,15,25]. The method of (stretched) Feynman graphons enables us to apply
fundamental tools of theoretical computer science such as random graphs, homomorphism densities, Halting
problem and Kolmogorov complexity for the extraction of meaningful information beyond perturbation theory
[12,13,25].

The present work applies this background to address some new interconnections between the graphon
theory and the renormalization theory where a new practical setting is introduced and developed to assign
renormalized values to unbounded stretched graphons defined on any σ-finite measure space.

1.1. Basics of the graphon theory

For the Lebesgue measure space ([0, 1], m), any [0, 1]-valued symmetric Lebesgue measurable function W
defined on [0, 1]× [0, 1] is called graphon. For any invertible Lebesgue measure preserving transformation ρ on

Open J. Math. Anal. 2025, 9(2), 193-213; doi:10.30538/psrp-oma2025.0175 https://pisrt.org/psr-press/journals/oma

https://pisrt.org/psr-press/journals/oma/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma


Open J. Math. Anal. 2025, 9(2), 193-213 194

[0, 1], such as u 7→ nu (mod 1), n ≥ 1, the new function Wρ(x, y) := W(ρ(x), ρ(y)) is called labeled graphon. The
set W ([0,1],m)([0, 1]) of graphons is equipped with a semi-norm, called cut-norm, given by

||W||cut := supA,B⊆[0,1]

∣∣∣∣ ∫A×B
W(x, y)dxdy

∣∣∣∣ , (1)

which can be extended to a pseudo-metric, called cut-distance, given by

dcut(W1, W2) = in f ρ1,ρ2
supA,B⊆[0,1]

∣∣∣∣ ∫A×B

(
Wρ1

1 (x, y)− Wρ2
2 (x, y)

)
dxdy

∣∣∣∣, (2)

such that A, B are Lebesgue measurable subsets in [0, 1] and ρ1, ρ2 are (invertible) Lebesgue measure preserving
transformations on [0, 1]. Graphons W1, W2 are called weakly isomorphic (i.e. W1 ≈ W2) iff there exist Lebesgue
measure preserving transformations τ1, τ2 on [0, 1] such that Wτ1

1 = Wτ2
2 almost everywhere with respect to the

Lebesgue measure. Because of
W1 ≈ W2 ⇔ dcut(W1, W2) = 0, (3)

up to the weakly isomorphism, the quotient space W ([0,1],m)
≈ ([0, 1]) is a metric space. Elements of this quotient

space are called unlabeled graphons [4,5].

Lemma 1. The set of finite weighted graphs embeds in W ([0,1],m)
≈ ([0, 1]).

Proof. Consider any finite graph G with the vertex set V(G), such that |V(G)| = n and each vertex vi is
weighted by some αi ∈ R, and the edge set E(G) such that any edge vivj is weighted by βij ∈ R. For any

partition σ := (I1, ..., In) of [0, 1] with m(Ik) =
|αk |

n
∑

i=1
|αi |

, the graph function

Wσ
G(x, y) =

{βij−⌊βij⌋ , (x,y)∈Ii×Ij

0, otherwise
, (4)

is a labeled graphon associated to G. While relabeling for the graph is given by permutation of its vertices,
any measure preserving bijection ρ on [0, 1] defines a relabeling Wρ(σ) associated to G such that ρ(σ) :=
(ρ(I1), ..., ρ(In)) is a partition of [0, 1]. Up to the weakly isomorphism, the unique class

WG := [Wσ
G]≈ =

{
Wρ(σ) : ρ Lebesgue measure presering transformation

}
, (5)

is called the canonical unlabeled graphon associated to G.

The interrelation between the theory random graphs and the graphon theory is started by extracting
Erdos–Renyi random graph models G(n, π, W), n ≥ 1, from graphons W defined on any probability measure
space (Ω, π). For the vertex set Vn = {v1, ..., vn} of G(n, π, W), each vertex vi assigns a type variable xvi ∈ Ω
distributed by π independent of each other such that with the probability W(xvi , xvj), there exists an edge
vivj in G(n, π, W) independent of each other. The random graphs G(n, π, W) and stochastic block model
have the same distribution. Thanks to Sampling Lemma, for the probability measure space ([0, 1], m), with
the probability at least 1 − 2exp(−n/(2logn)), we get dcut(G(n, m, W), W) ≤ 22√

logn
. For weakly isomorphic

graphons W1, W2, the random graphs G(n, π, W1) and G(n, π, W2) have the same distribution for any n ≥ 1.
It shows that for any sequence {Wk}k≥1 of graphons on (Ω, π) which converges to W with respect to the
metric (2), the sequence {G(n, π, Wk)}k≥1 of random graphs converges in distribution to the random graph
G(n, π, W) for any n ≥ 1. In relation to unbounded graphons on the probability measure space ([0, 1], m), for
any graphon W and n ≥ 1, there exists a Lebesgue measurable symmetric step function Un : Ω × Ω → R with
n steps such that ||W − Un||cut ≤ 2√

logn
[1–5,9].

The space W ([0,1],m)
≈ ([0, 1]) is a complete compact Hausdorff separable metric space which topologically

completes the space of finite weighted graphs. Any sequence {Gn}n≥1 of finite dense graphs with increasing
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vertex sets has a subsequence {Gni}i≥1 which converges to a graph limit with respect to the metric
dcut(Gni , Gnj) := dcut(WGni

, WGnj
). The graph limit of this subsequence is represented by a non-trivial unique

unlabeled graphon class such that

limi→∞Gni = X ⇔ limi→∞WGni
= WX . (6)

The graph limit of any Cauchy sequence {Hn}n≥1 of finite sparse graphs with increasing vertex sets is
represented by the zero graphon. It is possible to assign another non-trivial graph limit in terms of (i) using
rescaled techniques such as WHn 7→ 1

||WHn ||cut
WHn or WHn 7→ 1

||WHn ||p
WHn with respect to Lp norms for p ≥ 1,

or (ii) replacing ([0, 1], m) with other suitable σ-finite measure space U := (Ω ⊆ [0, ∞), µ). The generalizations
of graphons, defined on arbitrary σ-finite measure spaces, are called stretched graphons. They are real valued
symmetric µ-measurable functions defined on Ω × Ω. For the case of mathematical physics, they are called
stretched Feynman graphons. Up to the weakly isomorphism, the quotient space W (Ω⊆[0,∞),µ)

≈ (R) of bounded
and unbounded stretched graphons on Ω is a complete Hausdorff metric space [1,2,6,9,10,14,15].

For the rest of this paper, we work on weakly isomorphic classes of stretched graphons [.]≈ in WU
≈(R),

namely real valued unlabeled stretched graphons. We simplify the presentation by using W instead of [W]≈
and calling them stretched graphons.

For p ≥ 1, W is called Lp-stretched graphon if

||W||p,cut := in f ρsupA,B⊆Ω

( ∫
A×B

|Wρ(x, y)|pdµ(x)dµ(y)
)1/p

< ∞, (7)

such that A, B are µ-measurable subsets in Ω and ρ is any µ-measure preserving transformation on Ω. We have
||W||cut ≤ ||W||1,cut ≤ ||W||2,cut ≤ ||W||∞. Its corresponding pseudo-metric is given by

dp,cut(W1, W2) = ||W1 − W2||p,cut, (8)

which is a metric up to the weakly isomorphism. It can be checked that

d1,cut(W1, W2) = 0 ⇔ dcut(W1, W2) = 0. (9)

It means that convergence in d1,cut implies convergence in dcut, however, in general, it might fail for p > 1
where stretched graphons could be unbounded. For p > 1 and c > 0, a sequence {Gn}n≥1 of finite weighted
graphs is called a c-upper Lp regular sequence if for any ϵ > 0 there exists some nϵ such that for any n ≥ nϵ, Gn

is (c + o(1), o(1))-upper Lp regular. It means that for any n ≥ nϵ, Gn
||Gn ||1

has Lp norm at most c after averaging
over any partition of vertices of Gn into blocks of at least ϵ|V(Gn)| in size. The Lp upper regularity implies
unboundedness. For any c-upper Lp regular sequence {Gn}n≥1, there exists a graph limit X represented by a
Lp-stretched graphon WX with ||WX ||p ≤ c such that, [7–9];

limin f n→∞dcut

(
Gn

||Gn||1
, X

)
= 0 ⇔ limn→∞dcut

(
WGn

||WGn ||1
, WX

)
= 0 . (10)

1.2. From combinatorial representation of the renormalization Hopf algebra to (stretched) graphons

Feynman diagrams are a certain class of finite weighted decorated oriented graphs with nested loops
without self-loop which encode interactions of particles in a quantum field theory Φ. The edge set Γ[1] =

Γ[1]
int ⊔ Γ[1]

ext of any Feynman diagram Γ is divided in two types, namely internal edges which have beginning
and ending vertices and external edges which have only beginning or ending vertices. A Feynman diagram is
called 1PI if it remains connected after removing a single internal edge. A subgraph γ in Γ is a graph such that
γ
[1]
int ⊆ Γ[1]

int, γ[0] ⊆ Γ[0] and for each vertex v ∈ γ[0], resγ(v) = resΓ(v) [16,17].
Feynman integrals are iterated integrals on the momentum parameter which varies between zero and

infinity. Sub-divergences in Feynman integrals are represented by nested loops in Feynman diagrams and the
(Bogoliubov–)Zimmermann’s forest formula for the step by step removal of nested loops is encapsulated by
Kreimer’s renormalization coproduct on the graded K-vector space

⊕∞
n=0 H(n) such that for each n ≥ 1, H(n) is
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the K−vector space generated by 1PI Feynman diagrams with the loop number n or products of 1PI Feynman
diagrams with the overall loop number n. For n = 0, H(0) = K. The Kreimer’s renormalization coproduct and
its corresponding antipode are given by

∆FG(Γ) = I⊗ Γ + Γ ⊗ I+ ∑
γ

γ ⊗ Γ/γ , SFG(Γ) = −Γ − ∑
γ

S(γ)Γ/γ , S(I) = I, (11)

such that I is the symbol for the class of zero loop graphs and empty graph, and the sum is over all disjoint
unions of those non-trivial 1PI subgraphs of Γ that their corresponding Feynman sub-integrals have some
sub-divergences. The graph Γ/γ is obtained by shrinking all internal edges of γ into a new vertex vγ in Γ
such that external edges of γ are attached to vγ. The resulting Hopf algebra, presented by HFG(Φ) and called
renormalization Hopf algebra encodes the BPHZ renormalization on the basis of the Riemann–Hilbert problem
[17,18,20,22,24].

Rooted trees are basic tools for the construction of the combinatorial version of the renormalization Hopf
algebra. A rooted tree is a simple simply connected oriented graph with a particular vertex, called the root,
which has only outgoing edges while every other vertex has exactly one incoming edge. There exists at least
a path from the root to any leaf. A rooted tree embedded in the plane is called planar, and otherwise it
is called non-planar. Up to the isomorphism of trees, the renormalization Hopf algebra is combinatorially
reconstructed on the graded polynomial algebra

⊕∞
n=0 A(n)

rt of non-planar rooted trees with concatenation as

its multiplication. For each n ≥ 1, A(n)
rt is the K-vector space generated by non-planar rooted trees with the

vertex number n or forests of non-planar rooted trees with the overall vertex number n. For n = 0, A(0)
rt = K.

The reformulation of the coproduct and antipode (11) on this graded polynomial algebra is given in terms of
the notion of admissible cut. An admissible cut on a rooted tree t is a subset C of its edge set E(t) such that along
any path from the root to any of its leaf, there exists at most one element of C in the path. We get

∆ren(t) = I⊗ t + t ⊗ I+ ∑
C

RC(t)⊗ PC(t) , S(t) = −t − ∑
C

S(RC(t))PC(t) , S(I) = I, (12)

such that I is the empty tree and the sum is over all non-trivial admissible cuts of t where C divides t into
two parts. The subtree RC(t) which contains the root of t and a forest PC(t) of the remaining subtrees of t.
The resulting combinatorial Hopf algebra, presented by HCK and called Connes–Kreimer Hopf algebra, is graded
connected unital counital free commutative non-cocommutative Hopf algebra [26,27].

Lemma 2. The renormalization Hopf algebra has a universal combinatorial representation [18,22,26,27].

Proof. On the one hand, any Feynman diagram Γ has a rooted tree (or forest) representation tΓ such that
the loop number of Γ identifies the number of vertices of tΓ. Each vertex vγ in tΓ is decorated by a (1PI)
primitive Feynman subdiagram γ of Γ. For 1PI primitive Feynman subdiagrams γ1, γ2 of Γ, if γ1 ⊆ γ2, then
there exists an edge from the vertex vγ1 to the vertex vγ2 in tΓ. If γ1 ̸⊆ γ2 and γ2 ̸⊆ γ1, then there is no
edge between vertices vγ1 and vγ2 . If Γ has overlapping loops, then tΓ is a linear combination of decorated
non-planar tooted trees. Therefore the renormalization Hopf algebra HFG(Φ) embeds, by an injective Hopf
algebra homomorphism, in a decorated version of the Connes–Kreimer Hopf algebra presented by HCK(Φ)

such that vertices of rooted trees are decorated by (1PI) primitive Feynman (sub)diagrams.
On the other hand, let B+ be a linear operator on HCK which maps each forest t1...tn to a new non-planar

rooted tree t by adding a new root • together with n new edges which connect • to the roots of t1,..., tn. For
any t = B+(t1...tn), we get ∆ren(t) = (id ⊗ B+)∆ren(t1...tn) + t ⊗ I. Thanks to the Hochschild cohomology of
commutative Hopf algebras, consider a category of pairs (H, L) of a commutative (graded) Hopf algebra and
a linear operator L : H → H which satisfies the equation

∆H L(x) = (id ⊗ L)∆H(x) + L(x)⊗ I . (13)

Morphisms of this category are Hopf algebra homomorphisms f : H1 → H2 such that L2 ◦ f = f ◦ L1. The
object (HCK, B+) is the universal object. It means that for any object (H, L), there exists a unique Hopf algebra
homomorphism fH : HCK → H such that L ◦ fH = fH ◦ B+.
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The injective Hopf algebra homomorphism Γ 7→ tΓ together with the unique Hopf algebra
homomorphism fHFG(Φ) : HCK → HFG(Φ) determine the quotient Hopf algebra HCK(Φ)/IΦ for some Hopf
ideal IΦ as the universal representation of HFG(Φ).

Lemma 3. The Connes–Kreimer Hopf algebra of non-planar rooted trees topologically embeds in the metric space
W ([0,1),m)

≈ (R).

Proof. Thanks to Lemma 1, the adjacency matrix of any t ∈ HCK determines its unique canonical unlabeled
graphon Wt ∈ W ([0,1),m)

≈ (R). For a fixed p ≥ 1, we apply (7) to define a distance between non-planar rooted
trees given by

dp,cut(s, t) = dcut

(
Ws

||Ws||p,cut
,

Wt

||Wt||p,cut

)
. (14)

The graph limits of all Cauchy sequences in HCK are represented by some elements in W ([0,1),m)
≈ (R).

Consider any recursive equation X = I+
∞
∑

n=1
cnB+

• (Xn+1) with c > 1 in HCK such that X =
∞
∑

n=0
cnXn is given

by the recursive relations

Xn =
n

∑
j=1

B+
•

(
∑

k1+...+kj+1=n−j,ki≥0
Xk1 ...Xkj+1

)
, X0 = I . (15)

It can be presented by a stretched graphon WX ∈ W ([0,1),m)
≈ (R) such that

limm→∞Ym = X ⇔ limm→∞
WYm

||WYm ||p,cut
= WX , (16)

where Ym =
m
∑

k=1
ckXk. The stretched graphon WYm ∈ W ([0,1),m)

≈ (R) is determined by stretched graphons WXj

defined on subintervals Ij ⊂ [0, 1) with m(Ij) =
cj

m
∑

k=1
ck

.

For any x ∈ HCK ⊗ HCK,

||x||p,cross = in f
{ n

∑
i=1

||Ws′i
||p,cut||Ws′′i

||p,cut , x =
n

∑
i=1

s′i ⊗ s′′i

}
, (17)

defines a norm structure such that graph limits of Cauchy sequences in HCK ⊗ HCK are represented by some
elements in W ([0,1),m)

≈ (R). It leads us to describe ∆ren as a linear bounded operator between completed normed
spaces which should be continuous. Therefore for any Cauchy sequence {tn}n≥1 in HCK which converges
to the graph limit X, ∆ren(X) and Sren(X) are defined as graph limits of the sequences {∆ren(tn)}n≥1 and
{Sren(tn)}n≥1 such that

limn→∞
W∆ren(tn)

||W∆ren(tn)||p,cut
= W∆ren(X) , limn→∞

WSren(tn)

||WSren(tn)||p,cut
= WSren(X) . (18)

1.3. Achievements

Unbounded stretched graphons are useful tools to develop the graphon theory for the study of the
convergence properties of sequences of sparse graphs in applied mathematics and mathematical physics
[3,5–15,25]. The original achievement of this research is to introduce and develop a new concept of
"renormalization" for the study of unbounded stretched graphons defined on the Lebesgue measure space
U = ([0, ∞), m). Thanks to the formalism of the Hopf algebraic renormalization, this research provides a new
platform to associate meaningful renormalized values to unbounded stretched graphons which contribute as
the infinite direct sums of (Lp-)stretched graphons or limits of Cauchy sequences of (Lp-)stretched graphons in
WU

≈(R) with respect to the metrics (2) and (8).
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• The new operation of "direct sum" is introduced for (Lp)-stretched graphons in WU
≈(R) to generate a

class of unbounded stretched graphons. See Definition 1, Lemmas 4, 5.
• New topological core Hopf algebras HU,cut and HU,cut

p are formulated on the spaces of (Lp-)stretched
graphons to address some new properties of unbounded stretched graphons. See Theorem 1 and Corollaries
1, 2, 3, 4.

• The BPHZ renormalization is formulated on HU,cut underlying the Hopf–Birkhoff factorization to
associate renormalized values to unbounded stretched graphons. See Theorem 2.

• Thanks to the Rota–Baxter property of (Adr, Rms), the noncommutative associative convolution algebra
Cλ := (L(HU,cut, Adr), ◦λ) is deformed to introduce a new family of Poisson structures. The symplectic
geometry background of these Poison structures are applied to show an analytic continuation for the map
(U, z) 7→ ϕz

+(U) in any infinitesimal punctured disk in the complex plane around z = 0. See Lemma 6 and
Corollaries 6 and 7.

2. Topological core Hopf algebra of stretched graphons

Unbounded stretched graphons can be generated by an infinite family of bounded (Lp)-stretched
graphons in WU(R) for any p ≥ 1.

Definition 1. • For any (Lp-)stretched graphon W ∈ WU(R) and c ∈ R, the stretched graphon cW ∈ WU(R)
is called a rescaled version of W defined on a subinterval I ⊂ Ω with m(I) = |c|.

• For any family {Un}n≥1 of (Lp-)stretched graphons in WU(R) together with real values {cn}n≥1, define
a new stretched graphon U :

⊔∞
n=1 In × ⊔∞

n=1 In ⊆ Ω × Ω → R in WU(R) such that (i) for r ̸= s, Ir ∩ Is = ∅,
(ii) for any r ≥ 1, the stretched graphon crUr is a rescaled version of Ur defined on a subinterval Ir with
µ(Ir) = |cr|, and (iii) for any r ≥ 1,

U|Ir×Ir =

{Ur(x,y) , cr≥0

−Ur(x,y) , cr<0.
(19)

The unbounded stretched graphon U is called a direct sum of the rescaled versions of Ur of weights cr and
it is presented by U := c1U1 + ... + cnUn + ....

Lemma 4. The pair (WU(R),+) is a commutative group.

Proof. The zero graphon WI is its unit. For any stretched graphon W defined on I × I ⊆ [0, ∞) × [0, ∞),
consider the equation W +W ′ = WI such that W +W ′ : I

⊔
I′ × I

⊔
I′ → R with I ∩ I′ = ∅ , m(I) = m(I′) = 1.

We apply Lebesgue measure preserving transformations x 7→ x − α and x 7→ nx (mod 1) to project I′ onto I or
vice versa to replace the direct sum with its corresponding pointwise summation. Therefore W + W ′, which is
weakly isomorphic to WI, is also weakly isomorphic to the pointwise summation W(x, y) + W ′(x, y) on I × I
or on I′ × I′. It means that W(x, y) + W ′(x, y) = 0 (i.e. W ′ = −W) Lebesgue almost everywhere on I × I or on
I′ × I′.

Lemma 5. The cut-distance metric (2) and its Lp-extension (8) are well-defined for (infinite) direct sums of stretched
graphons.

Proof. For direct sums U, V defined on
⊔∞

n=1 In × ⊔∞
n=1 In and

⊔∞
n=1 Jn × ⊔∞

n=1 Jn, and also K :=⊔∞
n=1 In

⋂⊔∞
n=1 Jn, we have the following situations.

• If (x, y) ∈ K × K, then (U − V)(x, y) = U(x, y)− V(x, y). (i.e. pointwise summation)
• If (x, y) ∈ ⊔∞

n=1 In \ K ×⊔∞
n=1 In \ K, then (U − V)(x, y) = U(x, y),

• If (x, y) ∈ ⊔∞
n=1 Jn \ K ×⊔∞

n=1 Jn \ K, then (U − V)(x, y) = V(x, y).
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Therefore

dp,cut(U, V) =

∣∣∣∣∣∣∣∣U + (−V)

∣∣∣∣∣∣∣∣
p,cut

=

∣∣∣∣∣∣∣∣U|⊔∞
n=1 In\K×⊔∞

n=1 In\K

∣∣∣∣∣∣∣∣
p,cut

+

∣∣∣∣∣∣∣∣− V|⊔∞
n=1 Jn\K×⊔∞

n=1 Jn\K

∣∣∣∣∣∣∣∣
p,cut

+

∣∣∣∣∣∣∣∣(U − V)|K×K

∣∣∣∣∣∣∣∣
p,cut

. (20)

The core Hopf algebra is introduced as an extension of the renormalization Hopf algebra where the
coproduct (11) is replaced by the new one which involves almost all subgraphs in any Feynman diagram.
It is the K-vector space generated by connected 1PI Feynman diagrams which is graded by the loop number.
The disjoint union is its commutative multiplication where the empty graph I, as the equivalence class of all
graphs with the zero loop number, is the unit of this multiplication. Its coproduct is given by

∆core(Γ) = Γ ⊗ I+ I⊗ Γ + ∑
γcore

γcore ⊗ Γ/γcore, (21)

such that the sum is over all non-trivial subgraphs γcore =
⊔

i γi where γi are 1PI subgraphs and Γ/γcore is a
new graph inside Γ which completes γcore. It is obtained by shrinking any γi to a new vertex vγi in Γ where at
the end of shrinking all γi, any 2-valent vertex is replaced by an edge. The renormalization Hopf algebra can
be described as a quotient of the core Hopf algebra [28].

Theorem 1. The topological space WU
≈(R) with respect to the metrics (2) or (8) can be equipped with the core Hopf

algebra structure.

Proof. We apply §1.1 and Lemmas 4, 5 to present the proof for the metric (2). The structure of the proof for the
metric (8) is the same.

Define HU as the free commutative algebra generated by stretched graphons {WG, WX : G, X} ⊂ WU
≈(R)

associated to finite graphs G without self-loops and graph limits X of Cauchy sequences of finite graphs with
respect to the metric (2). We have HU =

⊕∞
n=0 HU,(n) such that for each n ≥ 1, HU,(n) is the K-vector space

generated by WG with |G| = n with respect to the direct sum given by Definition 1. We have H(0) = H(1) = K,
and for any graph limit X, WX ∈ H(∞). For weakly isomorphic graphs G1, G2 with the vertex numbers larger
than one, their corresponding stretched graphons WG1 , WG2 ∈ WU

≈(R) are weakly isomorphic which means
that there exists some n ≥ 2 such that WG1 , WG2 ∈ HU,(n).

The core coproduct (21) can be lifted onto HU by

∆(WG) = ∑
Hcore

WHcore ⊗ WG/Hcore , S(WG) = −WG − ∑
WHcore

S(WHcore)WG/Hcore , S(WI) = WI, (22)

such that, up to the isomorphism of graphs and weakly isomorphism of stretched graphons, the sum is over
all non-trivial subgraphs Hcore =

⊔
i Hi where Hi are connected subgraphs in G and G/Hcore is defined by

shrinking any Hi to a new vertex vHi in G where at the end of shrinking all Hi, any 2-valent vertex is replaced by
an edge. In addition, for the graph limit X of a Cauchy sequence {Gn}n of finite graphs and the corresponding
stretched graphon WX as the limit of the sequence { 1

||WGn ||cut
WGn}n≥1, the stretched graphons ∆(WX) in HU ⊗

HU and S(WX) in HU are defined as the limits of the sequences{
1

||WGn ||cut
∆(WGn)

}
n≥1

,
{

1
||WGn ||cut

S(WGn)

}
n≥1

. (23)

We have
∆(WX) = ∑

WZ

WZ ⊗ WX/Z, (24)

such that the sum is over all stretched graphons WZ ∈ WU
≈(R) such that Dom(WZ) ⊆ Dom(WX) and WZ is

weakly isomorphic to WX |Dom(WZ)
. The stretched graphon WX/Z is defined on Dom(WX) which is zero on
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Dom(WZ) and is weakly isomorphic to WX on Dom(WX) \ Dom(WZ). Furthermore, stretched graphons W∆(X)

and WS(X) are defined as the limits of the sequences { 1
||WGn ||cut

W∆core(Gn)}n≥1 and { 1
||WGn ||cut

WScore(Gn)}n≥1 such

that HU ⊗HU is equipped with the cross norm

||x||cross = in f
{ n

∑
i=1

||WG′
i
||cut||WG′′

i
||cut , x =

n

∑
i=1

WG′
i
⊗ WG′′

i

}
. (25)

Let W be a stretched graphon in WU
≈(R) which is not the representation of any graph limit. A suitable

invertible Lebesgue measure preserving transformations on [0, ∞) projects W onto its corresponding stretched
graphon W̃ ∈ W ([0,1],m)

≈ (R) [9]. Thanks to [4,5], for any n ≥ 1, there exists a Lebesgue measurable symmetric
step function Ũn ∈ W ([0,1],m)

≈ (R) such that ||W̃ − Ũn||cut ≤ 2√
logn

. It means that with the probability at least

1 − 2exp(−n/(2logn)), we get dcut(G(n, m, Ũn), W̃) ≤ 22√
logn

where G(n, m, Ũn) is the random graph with the

vertex set {x1, ..., xn} ⊂ [0, 1], uniformly selected, such that with the probability ||Ũn||−1
1 Ũn(xi, xj) there exists

an edge between xi and xj in G(n, m, Ũn). When n tends to infinity, the sequence {G(n, m, Ũn)}n≥1 of random
graphs converges in distribution to W̃. This supports the fact that the sequence {Ũn}n≥1 converges to W̃,
when n tends to infinity, with respect to the cut-distance metric (2). The inverse of the fixed Lebesgue measure
transformation can be applied to lift Ũn onto its original version Un in WU

≈(R) in a way that the sequence {Un}
converges to W with respect to the cut-distance metric (2). It is now possible to define ∆(W) and S(W) as the
graph limits of the sequences {∆(Un)}n≥1 and {S(Un)}n≥1 with respect to the cut-distance metric (2).

For a given infinite direct sum U = c1U1 + ... + crUr + ... of stretched graphon in WU(R), and each
Uj, consider its corresponding stretched graphon Ũj defined on [0, 1) × [0, 1). There exists a sequence
{P̃rj}r≥1 of Lebesgue measurable step functions with the property ||Ũj − P̃rj ||cut ≤ 2√

logrj
such that the

corresponding sequence {G(rj, m, P̃rj)}r≥1 of random graphs converges in distribution to Ũj. Therefore the

sequence {U(m)}m≥1 of the partial direct sums U(m) := c1U1 + ... + cmUm :
⊔m

n=1 In × ⊔m
n=1 In ⊆ Ω × Ω → R

can be replaced by the sequence {Ũ(m)}m≥1 such that Ũ(m) := c1Ũ1 + ... + cmŨm :
⊔m

n=1 Ĩn × ⊔m
n=1 Ĩn ⊆

[0, 1)× [0, 1) → R with the property that there exists a sequence
{
G(r1 + ...rm, m, P̃r1 + ...+ P̃rm)

}
r≥1

of random

graphs which converges in distribution to Ũ(m). This technique shows that ∆(U) and S(U) are definable as the
graph limits of the sequences{

1
||U(m)||cut

∆(U(m))

}
m≥1

,
{

1
||U(m)||cut

S(U(m))

}
m≥1

, (26)

with respect to the cut-distance metric (2). The resulting topological Hopf algebra on WU
≈(R), presented by

HU,cut, is called topological core Hopf algebra of stretched graphons.
We show the compatibility of the axioms of the Hopf algebra with infinite direct sums. For the counit

ε : HU,cut → K, which sends WI to 1 and other non-trivial stretched graphons WG to zero, and the identity
operator id on HU,cut, new stretched graphons (ε ⊗ id)∆(U) and (id ⊗ ε)∆(U) are defined as the limits of the
sequences {

1
||U(m)||cut

(ε ⊗ id)∆(U(m))

}
m≥1

,
{

1
||U(m)||cut

(id ⊗ ε)∆(U(m))

}
m≥1

, (27)

with respect to the cut-distance metric (2). For j ≥ 1, we have

(ε ⊗ id)∆(Uj) =(ε ⊗ id)∆(limr→∞ P̃rj)

=limr→∞(ε ⊗ id)∆(P̃rj) = limr→∞ ∑
WJ

ε(WJ)⊗ Q̃J,rj = 1 ⊗ Q̃∅,rj = P̃rj , (28)

(id ⊗ ε)∆(Uj) =(id ⊗ ε)∆(limr→∞ P̃rj)

=limr→∞(id ⊗ ε)∆(P̃rj) = limr→∞ ∑
WJ

WJ ⊗ ε(Q̃J,rj) = P̃rj ⊗ 1 = P̃rj , (29)
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with
∆(P̃rj) = ∑

WJ

WJ ⊗ Q̃J,rj , (30)

such that WJ is the Lebesgue measurable symmetric step function defined on J × J with J = ⊔a Ja ⊆ Dom(P̃rj),
for some subintervals Ja, such that Q̃J,rj is a Lebesgue measurable symmetric step function generated by
removing the interval J from the domain of P̃rj . In addition, for the multiplication <> of the Hopf algebra,
new stretched graphons < id ⊗ S > ∆(U) and < S ⊗ id > ∆(U) are defined as the limits of the sequences{

1
||U(m)||cut

< id ⊗ S > ∆(U(m))

}
m≥1

,
{

1
||U(m)||cut

< S ⊗ id > ∆(U(m))

}
m≥1

, (31)

with respect to the cut-distance metric (2). For j ≥ 1, we have

< id ⊗ S > ∆(Uj) = < id ⊗ S > ∆(limr→∞ P̃rj) = limr→∞ < id ⊗ S > ∆(P̃rj)

=limr→∞ ∑
WJ

WJS(Q̃J,rj) = limr→∞ ∑
WJ

S(WJ)Q̃J,rj =< S ⊗ id > ∆(Uj). (32)

The tensor space HU ⊗HU ⊗HU is equipped with the cross norm

||y||cross = in f
{ n

∑
i=1

||WG′
i
||cut||WG′′

i
||cut||WG′′′

i
||cut , y =

n

∑
i=1

WG′
i
⊗ WG′′

i
⊗ WG′′′

i

}
. (33)

New stretched graphons (∆ ⊗ id)∆(U) and (id ⊗ ∆)∆(U) are defined as the limits of the sequences{
1

||U(m)||cut
(∆ ⊗ id)∆(U(m))

}
m≥1

,
{

1
||U(m)||cut

(id ⊗ ∆)∆(U(m))

}
m≥1

, (34)

with respect to the cut-distance metric (2). For j ≥ 1, the order does not matter in keeping the recursively
removal of Lebesgue measurable symmetric step functions defined on J × J with disjoint unions J = ⊔a Ja of
sub-intervals chosen from the domain of P̃rj . Therefore both sides of the coassociativity equation

(∆ ⊗ id)∆(limr→∞ P̃rj) =limr→∞(∆ ⊗ id)∆(P̃rj) = limr→∞ ∑
WJ

∆(WJ)⊗ Q̃J,rj

=limr→∞ ∑
W ′

J

W ′
J ⊗ ∆(Q̃J,rj) = limr→∞(id ⊗ ∆)∆(P̃rj), (35)

enumerate the same family of decompositions which are sorted differently.

Corollary 1. Let U = c1U1 + ...+ crUr + ... be any (infinite) direct sum of bounded stretched graphon in WU(R) with

the property that the series
∞
∑

n=0
|cn| ≤ ∞ converges to a finite value or to infinity. Then U can be described as the graph

limit of a sequence of random graphs.

Proof. Consider the sequence {U(m)}m≥1 of its corresponding partial direct sums. Thanks to [9], we apply
Lebesgue measure preserving transformations on [0, ∞) to project U(m) to its corresponding stretched graphon
Ũ(m) :

⊔m
k=1 Jk ×

⊔m
k=1 Jk ⊆ [0, 1)× [0, 1) → R with respect to the stretched graphons Ũk : Jk × Jk → R for each

1 ≤ k ≤ m such that (i) for
m
∑

k=1
|ck| < 1, m(Jk) = |ck |

m
∑

k=1
|ck |

, (ii) for
m
∑

k=1
|ck| > 1, m(Jk) = |1/ck |

m
∑

k=1
(|1/ck |)

, and (iii) for

m
∑

k=1
|ck| = 1, m(Jk) =

2−val(Uk)
m
∑

k=1
2−val(Uk)

with val(Uk) := Max {n ≥ 1 : Uk ∈
⊕

l≥n HU,(l)}.

For each m ≥ 1, define a random graph Rm with the vertex set Am := {x1, ..., xm(m+1)/2} uniformly chosen
from nodes in

⊔m
n=1 Jn such that with the probability ||Ũ(m)||−1

1 Ũ(m)(xi, xj) there exists an edge between xi and
xj in Rm. When m tends to infinity, the sequence {Rm}m≥1 converges in distribution to the stretched graphon
Ũ :

⊔∞
k=1 Jk ×

⊔∞
k=1 Jk ⊆ [0, 1)× [0, 1) → R which is weakly isomorphic to U.
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Homomorphism densities of (stretched) graphons are discussed in [4,5,25] and here we address an
extension to infinite direct sums.

Corollary 2. Let U = c1U1 + ... + cnUn + ... be an infinite direct sum of bounded stretched graphons in WU(R) with
||Un||cut ≥ 1. The probability distribution of any finite graph G in U is well-defined.

Proof. Consider the sequence {U(m)}m≥1 of partial direct sums of U. The probability distribution of any finite
graph G in U is given in terms of the probability distribution of G in the partial direct sums U(m) given by
integrating over all possible choices of x1, ..., x|V(G)| ∈ Am with respect to U(m) such that Am is determined in
the proof of Corollary 1. In other words,

PU(m)(G) =
∫
(
⊔m

k=1 Ik)
|V(G)| ∏

eij∈E(G)

U(m)(xi, xj)

||U(m)||cut
∏

eij /∈E(G)

(
1 −

U(m)(xi, xj)

||U(m)||cut

)
dx1...dx|V(G)| (36)

⇒ PU(G) = limm→∞PU(m)(G). (37)

Corollary 3. For a fixed p ≥ 1, define HU
p =

⊕∞
n=0 H

U,(n)
p as the graded free commutative algebra generated by

stretched graphons {WG, WY : G, Y} ⊂ WU
≈(R) associated to finite graphs G without self-loops and graph limits Y of

Cauchy sequences of finite graphs with respect to the metric (8). HU
p is equipped with the core Hopf algebra.

Proof. The proof is similar to the proof of Theorem 1 for all Lp-stretched graphons which represent some graph
limits. The resulting topological Hopf algebra, presented by HU,cut

p , is called Lp-topological core Hopf algebra of
stretched graphons.

Corollary 4. For any p ≥ 1, HU,cut
p embeds in HU,cut. In addition, topological Hopf algebra of renormalization and

Hcut
CK embed in HU,cut

p .

Proof. The core coproduct is definable for any stretched graphon in WU
≈(R) with respect to the cut-distance

metric (2), but the core coproduct of a Lp-stretched graphon which does not represent a graph limit might fail
to be defined. Therefore for any p ≥ 1, HU,cut

p embed in HU,cut. The rest of the cases are the result of Lemma 3,
Theorem 1 and Corollary 3.

3. Renormalized stretched graphons

The Connes–Kreimer theory describes the BPHZ renormalization in terms of the Riemann–Hilbert
problem underlying the Hopf–Birkhoff factorization on the complex Lie group of characters of the
renormalization Hopf algebra [20,24]. A topological enrichment of the renormalization Hopf algebra has been
formulated to extend the BPHZ renormalization to deal with divergent perturbative series of solutions of fixed
point equations of (1PI) Green’s functions in terms of direct sums of stretched Feynman graphons [12,14,25].
Here we are going to explain a new extension of the BPHZ renormalization for the extraction of finite values
from unbounded stretched graphons. Since the space of stretched Feynman graphons embeds in WU

≈(R), this
new extension, which is independent of physical theories, has the universal property.

3.1. Method of the Hopf–Birkhoff factorization

Thanks to Milnor–Moore theorem [17], the graded dual of HU,cut determines the complex Lie group
GU(C) = Hom(HU,cut,C) of characters of HU,cut. The product ∗core of this particular Lie group, determined
by the core coproduct (24), is given by

ψ1 ∗core ψ2(WX) = ψ1 ⊗ ψ2(∆(WX)) = ∑
WZ

ψ1(WZ)ψ2(WX/Z), (38)
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such that ψ∗core−1 = ψ ◦ S for any ψ, ψ1, ψ2 ∈ GU(C). The Lie structure on GU(C) is given by the topology of
the pointwise convergence. In other words, the sequence {ϕm}m≥1 in GU(C) converges to character ϕ when n
tends to infinity iff for any stretched graphon W, ϕm(W) tends to ϕ(W).

Definition 2. Let Adr be the unital commutative algebra of Laurent series with finite pole parts, and Rms :

Adr → Adr be the linear map which sends any series
∞
∑

n≥−m
anzn onto its pole parts 7→ T ∞

∑
n≥−m

anzn
:=

−1
∑

n≥−m
anzn.

The pair (Adr, Rms), which has the Rota–Baxter property, is applied to regularize the dimension of divergent
integrals to replace them with some Laurent series. The map Rms, called minimal subtraction, is a projector

which keeps the finite part by removing the polar part
∞
∑

n≥−m
anzn − T ∞

∑
n≥−m

anzn
.

The Atkinson’s theorem shows that Adr has the subdirect Birkhoff factorization (Rms(Adr),−R̃ms(Adr)) ⊂
Adr × Adr with R̃ms = idAdr − Rms such that each x ∈ Adr has a unique factorization x = Rms(x) + R̃ms(x).
This factorization can be extended to the Lie algebra of infinitesimal characters

L(HU,cut, Adr) :=
{

f : HU,cut → Adr : linear , f (W1W2) = f (W1)ε(W2) + ε(W1) f (W2)

}
, (39)

such that ε is the counit in HU,cut. The factorization f = Rms( f ) + R̃ms( f ) is called Hopf–Birkhoff factorization
such that

Rms : L(HU,cut, Adr) → L(HU,cut, Adr) , ψ 7→ Rms ◦ ψ . (40)

[21,26,27].

Remark 1. For any stretched graphon W, its corresponding infinitesimal character fW : HU,cut → C is given
by fW(U) = δW,U . The collection { fW : W ∈ HU} generates the Lie algebra L(HU,cut, Adr) with respect to the
commutator [ fW , fU ] = fW ∗core fU − fU ∗core fW .

Theorem 2. Unbounded stretched graphons in WU
≈(R) are renormalizable.

Proof. We apply Theorem 1. Let WX ∈ WU
≈(R) be any unbounded stretched graphon representation of a

graph limit X with ||WX ||cut = ∞.
Step I. Regularized character and its meromorphic extension.
The existence of meromorphic continuation to the complex plane for generalized functions with respect

to a parameter was shown in [29] and applied for dimensional regularization parameter in [17,30]. Here we
update this technique for our setting. Consider any n variable polynomial Q(u) with u = (u1, ..., un), and
a parameter f (z, n) ∈ C which depends on z, n. Define the module of elements p(u, f (z, n))Q(u)− f (z,n)/2−k

over the ring of differential operators P(u, ∂, f (z, n)) where p(u, f (z, n)) are polynomials in u with rational
functions of f (z, n) as their coefficients. Since there exist some P and k which contribute to the equation
Q(u)− f (z,n)/2−k−1 = P(u, ∂, f (z, n))Q(u)− f (z,n)/2−k, this module is finitely generated in terms of the filtrations

Mm :=
{

p(u, f (z, n))Q(u)− f (z,n)/2−m : deg(p(u, f (z, n))) ≤ m(deg(Q(u)) + 1)
}

, (41)

such that dim(Mm) ∼ (deg(Q(u)) + 1)nmn. Therefore we can find polynomials T and Tj which contribute
to the equations TQ(u) + ∑

j
Tj∂jQ(u) = 1. This leads us to define a new polynomial differential operator

L( f (z, n)) in n variables given by

L( f (z, n)) = − f (z, n)
2

T + ∑
j

Tj∂j, (42)

and a new polynomial q( f (z, n)) = − f (z,n)
2 which satisfy in the equation

L( f (z, n))Q(u)− f (z,n)/2 = q( f (z, n))Q(u)− f (z,n)/2−1 . (43)



Open J. Math. Anal. 2025, 9(2), 193-213 204

Consider certain regularized characters ϕz in GU(Adr) with respect to the parameter z ∈ ∂∆∗ which
varies in the boundary of an infinitesimal punctured disk ∆∗ around zero in the complex plane. They are
homomorphisms which assign a Laurent series to any generator WX of HU,cut. This Laurent series is the result
of defining a new function ϕz(WX), which has a meromorphic continuation to the complex plane, such as the
one defined in terms of replacing the integrator dxdy in (2) by d1−zxd1−zy. Thanks to Lemmas 1.7 and 1.8 in
[17], these new functions could have general forms such as

ϕz(WX) =
∫

u=(u1,...,un)∈[0,∞)n
g(z, u)QWX (u)

f (z,n)
n

∏
j=1

duj , f (z, n) ∈ C , (44)

such that QWX (u) is a polynomial in n variables built in terms of the Schwinger parametrization

∫ dxdy
WX(x, y)n =

1
Γ(n)

∫
dxdy

∫
[0,∞)

duun−1e−uWX(x,y) , (45)

and g(z, u) has the Taylor expansion ∑
m∈Z

gm(u)zm at z = 0. Firstly, by applying the integration-by-parts

together with (42) and (43), we get

∫
[0,∞)n

g(z, u)QWX (u)
f (z,n)+2

n

∏
j=1

duj = q( f (z, n))−1
∫
[0,∞)n

L( f (z, n))∗g(z, u)QWX (u)
f (z,n)

n

∏
j=1

duj + B( f (z, n)),

(46)

such that L( f (z, n))∗ is the adjoint operator of L( f (z, n)) and B( f (z, n)) is a meromorphic boundary term.
Secondly, the coefficients gm(u) of the Taylor expansion of g(z, u) are of the form QWX (u)

−|m|hm for some
smooth functions hm of rapid decay defined for uj ∈ [0, ∞) whose derivations are also of rapid decay.
Therefore, ϕz(WX) can be extended meromorphically to the whole complex plane.

Step II. Renormalization program.
Consider the infinite dimensional complex Lie group GU(C) = Hom(HU,cut,C) of characters of the

topological core Hopf algebra of stretched graphons. It is the projective limit of finite dimensional Lie groups
modeled by suitable Lie subgroups of GLn(C). Therefore the topology of GU(C), which is inherited from the
inverse system of simpler Lie groups, is the topology of pointwise convergence. This topology is valid for the
space of algebra homomorphisms from HU,cut to any commutative locally convex algebra such as C[z−1] and
z−1C[z−1]. Since HU,cut is connected and graded, GU(C) becomes a Baker–Campbell–Hausdorff (BCH) Lie
group which means that smooth solutions of differential equations are well-defined.

For any complex value z in the boundary of an infinitesimal punctured disk around z = 0 in the complex
plane, we work on regularized characters ϕz ∈ GU(Adr) with the general form (44) such that for any stretched
graphon WX , the integral ϕz(WX) is meromorphic in z where (i) the coefficients of the Laurent series, which
grow at most polynomially, are uniformly bounded, or (ii) the location and order of poles in the Laurent series
remain stable under cut-distance convergence of stretched graphons. These characters, as linear and bounded
maps, are continuous. These continuous characters, which allow for controlled subtraction of divergences,
form a dense subspace in GU(Adr) with respect to the pointwise convergence topology.

Let Tϕz(WX)
be the polar part of the Laurent series expansion Lϕz(WX)

of ϕz(WX) such that the minimal
subtraction map Rms removes the polar part Lϕz(WX)

− Tϕz(WX)
. Following the Atkinson Theorem [26,27],

for the algebra Adr of Laurent series with finite pole parts, the Rota–Baxter algebra (Adr, Rms) inherits the
(Hopf–)Birkhoff factorization for elements of GU(Adr). The unique Hopf–Birkhoff factorization of any ϕz ∈
GU(Adr), such as (44), is given by the pair (ϕz

−, ϕz
+) of characters on HU,cut such that ϕz = (ϕz

−)
∗core−1 ∗core ϕz

+

with ϕz
− ∈ GU(C[z−1]) and ϕz

+ ∈ GU(z−1C[z−1]).
Thanks to [17,19,22,26,27] and the coproduct (24), we show the compatibility of this factorization with

unbounded stretched graphons and infinite direct sums of stretched graphons. For any sequence {Wn}n≥1

of unbounded stretched graphons in WU
≈(R), there exists a subsequence {Uni}i≥1 which converges to an

unbounded stretched graphon V with respect to the cut-distance metric (2). We get ϕz(V) as the limit of
the sequence {ϕz(Uni )}i≥1 with respect to the topology of pointwise convergence when n tends to infinity. The



Open J. Math. Anal. 2025, 9(2), 193-213 205

renormalized value for V is determined by the limits of the sequences {ϕz
−(Uni )}i≥1 and {ϕz

+(Uni )}i≥1 such
that

ϕz
+(V) =

(
ϕz
− ∗core ϕz

)
(V) = limi→∞

(
ϕz
− ∗core ϕz

)
(Uni ) , (47)

ϕz
−(Uni ) = −Rms

(
ϕz(Uni ) + ∑ ϕz

−(Z′
(ni)

)ϕz(Z′′
(ni)

)

)
, (48)

ϕz
+(Uni ) = ϕz(Uni ) + ϕz

−(Uni ) + ∑ ϕz
−(Z′

(ni)
)ϕz(Z′′

(ni)
), (49)

with respect to the Sweedler notation for coproducts. Following a similar process, for any infinite direct sum
U of stretched graphons Un, n ≥ 1, with the corresponding sequence {U(m)}m≥1 of partial direct sums, we get
ϕz(U) as the limit of the sequence {ϕz(U(m))}m≥1 such that (i) ϕz(U) has a meromorphic extension to the whole
complex plane and (ii) the renormalized value ϕz

+(U) exists as the limit of the sequence {ϕz
+(U

(m))}m≥1.

Corollary 5. For p ≥ 1, any unbounded stretched graphon which contributes to the graph limit of a Cauchy sequence
of Lp-stretched graphons, with respect to the metric (8), is Lp-renormalizable.

Proof. It is a result of Corollaries 3, 4 such that we need to update the proof of Theorem 2 for the complex Lie
group GU

p (Adr) = Hom(HU,cut
p , Adr) of regularized characters on HU,cut

p .

3.2. Analytic continuation

The analytic extension of the Hopf–Birkhoff factorization via generalized evaluators has been studied
in the context of different regularization schemes such as Riesz and covariant regularizations [21]. Here
we address a new symplectic geometry model to show the analytic continuation of renormalized values
corresponding to any unbounded stretched graphon. This new symplectic model, which is explained for
dimensional regularization and minimal subtraction scheme, can be extended to any renormalization scheme
in terms of its associated Rota–Baxter algebra.

Definition 3. Thanks to [26,27,31], for the linear functionals Rms given by (40) and R̃ := IdL(HU,cut ,Adr)
−Rms

and any λ ∈ R, the new linear functional Rλ := Rms − λR̃ on L(HU,cut, Adr) defines a new associative
noncommutative product on L(HU,cut, Adr) given by

ϕ ◦λ ψ := Rλ(ϕ) ∗core ψ + ϕ ∗core Rλ(ψ)−Rλ(ϕ ∗core ψ) . (50)

The commutator [ϕ, ψ]λ = ϕ ◦λ ψ − ψ ◦λ ϕ = [Rλ(ϕ), ψ] + [ϕ,Rλ(ψ)] − Rλ([ϕ, ψ]) determines a new
Poisson structure on the algebra Cλ := (L(HU,cut, Adr), ◦λ).

Lemma 6. Define a new star product on Cλ given by

ϕ ⋆λ,h̄ ψ = ϕ ∗core ψ + h̄[ϕ, ψ]λ + O(h̄2) . (51)

The Hopf–Birkhoff factorization with respect to ⋆λ,h̄ on L(HU,cut, Adr) determines renormalized values of
unbounded stretched graphons in WU

≈(R).

Proof. This is a consequence of [32], Theorems 1, 2 and Definition 3. For any unbounded stretched graphon
U, as the infinite direct sum of stretched graphons Un with the corresponding sequence {U(m)}m≥1 of finite

partial direct sums,
(

ϕ ⋆λ,h̄ ψ

)
(U) is the limit of the sequence

{(
ϕ ⋆λ,h̄ ψ

)
(U(m))

}
m≥1

when m tends to

infinity. Then, thanks to Theorem 2, for the regularized character ϕz : HU,cut → Adr given by (44), we get

ϕz
+(U) =

(
ϕz
− ⋆λ,h̄ ϕz

)
(U) =

(
ϕz
− ⋆λ,h̄ ϕz

)
(limm→∞U(m)) = limm→∞

(
ϕz
− ⋆λ,h̄ ϕz

)
(U(m)). (52)
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Consider the complex Lie group charλHU,cut ⊂ Cλ of characters with the corresponding Lie algebra
∂charλHU,cut ⊂ Cλ of infinitesimal characters. There exists the bijection

∂charλHU,cut → charλHU,cut, exp◦λ( fW) := ∑
n≥0

f ◦λn
W
n!

, (53)

for any infinitesimal character fW corresponding to W ∈ HU,cut.

Remark 2. • For any sequence {Wn}n≥1 of stretched graphons which converges to W with respect to the metric
(2), we get exp◦λ( fW) = limn→∞exp◦λ( fWn).

• For any infinite direct sum U of stretched graphons with the corresponding sequence {U(m)}m≥1 of
partial direct sums, we get exp◦λ( fU) = limm→∞exp◦λ( fU(m)).

Corollary 6. Let U be an infinite direct sum of stretched graphons in WU
≈(R) with the corresponding sequence

{U(m)}m≥1 of finite partial direct sums. Renormalized values ϕz
+(U) generated by the Hopf–Birkhoff factorization

of regularized characters ϕz ∈ GU(Adr), z ∈ ∂∆∗, have analytic continuation in any infinitesimal punctured disk ∆∗ in
the complex plane around z = 0.

Proof. This is a consequence of Theorems 1, 2, Definition 3, Lemma 6 and Dubois-Violette’s noncommutative
differential calculus [33].

Consider Derλ as the space of derivations θ : Cλ → Cλ which are linear maps that satisfy Leibniz rule, and
Hamλ as the Z(Cλ)-module generated by Hamiltonian derivations ham(ϕ) : ψ 7→ [ϕ, ψ]λ for any ϕ ∈ Cλ such
that Z(Cλ) is the center of Cλ. For n ≥ 1, define Ωn(Cλ) as the space of all Z(Cλ)-multilinear antisymmetric
functionals Hamλ × ...n... × Hamλ → Cλ such that for n = 0, Ω0(Cλ) = Cλ.

If Ω•(Cλ) =
⊕∞

n=0 Ωn(Cλ), then for any ω ∈ Ω•(Cλ) and θ0, ..., θn ∈ Derλ, define

(dλω)(θ0, ..., θn) :=
n

∑
k=0

(−1)kθkω(θ0, ..., θ̂k, ..., θn) + ∑
0≤r<s≤n

(−1)r+sω([θr, θs]λ, θ0, ..., θ̂r, ..., θ̂s, ..., θn). (54)

The noncommutative deRham complex associated to the differential graded algebra (Ω•(Cλ), dλ) is given by
DR•(Cλ) := Ω•(Cλ)

[Ω•(Cλ),Ω•(Cλ)]λ
. The symplectic form

ωλ : Hamλ × Hamλ → Cλ, (θ, θ′) =

(
∑

i
ui ◦λ ham(ϕi), ∑

j
vj ◦λ ham(ψj)

)
7→ ∑

i,j
ui ◦λ vj ◦λ [ϕi, ψj]λ, (55)

in Ω2(Cλ) defines the Poisson structure {ϕ, ψ}λ = iθλ
ϕ
iθλ

ψ
ωλ on Cλ with the corresponding star products

ϕ ⋆{.,.}λ ,z ψ = ϕ ∗core ψ + |z|{ϕ, ψ}λ + O(|z|2), (56)

such that z varies in ∂∆∗ and θλ
ϕ , θλ

ψ are symplectic vector fields associated with dλϕ, dλψ.
We have

ϕz
+(U) =

(
ϕz
− ⋆{.,.}λ ,z ϕz

)
(U) =

(
ϕz
− ⋆{.,.}λ ,z ϕz

)
(limm→∞U(m)) = limm→∞

(
ϕz
− ⋆{.,.}λ ,z ϕz

)
(U(m)). (57)

Therefore the continuum limit of
{

ϕz
− ∗core ϕz + |z|{ϕz

−, ϕz}λ + O(|z|2)
}

z→0
describes the analytic

continuation for ϕz
+(U) in ∆∗.

Assigning suitable family of graphons is a new way of dealing with boundary problems in physical
systems. In this regard, a new solution to the fundamental problem of triviality or "zero charge problem"
in quantum theories has been achieved in terms of building a certain family of discrete-time Markov chains of
random operators on the spaces of graphons [34]. This investigation leads us to search for possible applications
of stochastic processes for the study of the asymptotics of star products in deformation quantization and search
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for suitable graphon processes that star products corresponding to unbounded graphons could be definable as
limits of star products generated by simpler graphons underlying the renormalization program provided by
Theorem 2 and Corollary 6. Here we testify the impact of Corollary 6 to clarify the motivation of working on
this unexplored case study.

Deformation quantization is a mathematical method of deforming the pointwise multiplication of a space
of functions into a non-commutative star product with a general form

f ⋆ g = f .g + h̄B1( f , g) + h̄2B2( f , g) + ..., (58)

such that h̄ is the deformation parameter and Bn are a certain family of bi-differential operators. Generally
speaking, thanks to the basic structure of star products in deformation quantization [32,35], let {Wn}n≥1 be
a convergent sequence of graphons to the limiting graphon W with respect to the cut-distance topology and
suppose each Wn determines a star product ⋆n on a suitable algebra of functions given by

f ⋆n g = ∑
G∈Gn

h̄|G|

|Aut(G)|ωn(G)BWn ,G( f , g), (59)

such that Gn is a set of finite weighted graphs associated to the graphon Wn, ωn(G) is the weight of graph G
determined by the graphon Wn and BWn ,G( f , g) is the bi-differential operator associated to the graph G and
graphon Wn. Under some controlled analytic conditions, the limiting star product ⋆ is definable by

f ⋆ g = limn→∞ f ⋆n g = ∑
G∈G

h̄|G|

|Aut(G)|ω(G)BW,G( f , g), (60)

such that G =
⊔

n≥1 Gn and ω(G) is the weight of graph G determined by the graphon W. This formulation of
star products leads us to interconnect the structure of renormalized star products with the asymptotic behavior
of dense graph sequences.

Example 1. Renormalized values corresponding to the BPHZ renormalization of the infinite direct sum U :=
W1 + W2 + ... of graphons Wn = n.1[0, 1

2n ]×[0, 1
2n ]

, n ≥ 1, have analytic continuation with respect to the regulator
z in any infinitesimal punctured disk ∆∗ in the complex plane around z = 0.

Proof. For each n, define U(n) := U|In×In = W1 + ... + Wn with In =

[
n−1
∑

k=1

1
2k ,

n
∑

k=1

1
2k

)
such that the total

measure of all intervals is less than 1 while they converge to 1. When n increases, the mass of Wn concentrates
in smaller regions which allows to remain small with respect to the cut-distance topology. It can be checked
that {dcut(U, U(n))}n converges to zero. Therefore U as the cut-distance convergent limit of the sequence
{U(n)}n≥1 of bounded graphons is an unbounded graphon.

Renormalization. We apply a new regulator z ∈ ∆∗ to define bounded regulated graphons together with
related integrals

Uz(x, y) :=
∞

∑
n=1

n
1 + |z|n 1In×In(x, y) , T(z) :=

∫
[0,1]2

Uz(x, y)dxdy, (61)

such that {T(z)}z might diverges when the regulator z tends to zero, however, these divergences are isolated
as poles in z. The minimal subtraction map Rms removes the divergent part to get

Tren = limz→0

(
T(z)− divergent part

)
. (62)

Consider the regulator z as a deformation parameter, the regulated graphons Uz as deformed versions of
U where singularities are untangled, and the minimal subtraction map Rms as a machinery for the removal of
the divergent part of the formal series in z which is the same as the subtracting singular terms in a star product
expansion. This dictionary leads us to formulate a new family of deformed star products on the algebra HU

given by
W1 ⋆z W2 := W1W2 + |z|B1(W1, W2) + |z|2B2(W1, W2), (63)



Open J. Math. Anal. 2025, 9(2), 193-213 208

such that the bi-differential operators Bn, as the analogs of their classical ones, are definable on the basis of
homomorphism densities hom(G, Wi) of finite graphs with respect to graphons W1, W2. The renormalized
graphon Uren is well-defined by subtraction of divergent terms in the z-expansion of Uz ⋆z Uz.

The operator NU =
∞
∑

n=1

1
n Wn is a Nijenhuis map on the free commutative graded finite type algebra HU

such that NU(Wn) =
1
n Wn, NU(Wi1 ...Wik ) =

(
k
∑

j=1

1
j

)
Wi1 ...Wik and for any monomial f (Vi1 , ..., Vik ) of graphons,

NU( f ) =
∞
∑

n=1

1
n Wn f . It defines a new star product

W1 ⋆NU W2 = W1W2 + |z|{W1, W2}NU + |z|2B2(W1, W2) + ..., (64)

such that the Poisson bracket {W1, W2}NU := {NU(W1), W2}K,U + {W1, NU(W2)}K,U is a deformation of the
Poisson bracket

{W1, W2}K,U(W) :={FW1 , FW2}K,U(W)

=
1
2

∫
[0,1]4

(
δFW1

δW
(x, y, W)KU(u, v)

δFW2

δW
(u, v, W)

−
δFW2

δW
(x, y, W)KU(u, v)

δFW1

δW
(u, v, W)

)
dxdydudv, (65)

with respect to some suitable kernel K = K(x, y, u, v) such that FWi is the operator on the Hilbert space
L2(WU

≈(R)) corresponding to Wi given by

f 7→ FWi ( f ) :=
∫
WU≈(R)

Wi(x1, x2) f (x2)dµBorel(x2) . (66)

Here the space of graphons is considered as a metric space with its corresponding Borel σ-algebra or
a subset of a Lp-space with its Borel σ-algebra. The limit of the sequence {U(n) ⋆NU U(n)}n recovers the
renormalization of U. It is enough to add some bounded graphons W−1, W0 to U to define some new regulated
graphons Vz := |z|−1W−1 + W0 + |z|W1 + ... such that Rms(Vz) = W0 + |z|W1 + .... We get the renormalized
version of the deformed star product (63) given by

Vren⋆̃zVren := Rms(V|z|V|z|) + |z|Rms(B1(V|z|, V|z|)) + |z|2Rms(B2(V|z|, V|z|)) + ... . (67)

Applying some regularized character ϕz, such as the one given by (44) together with the Hopf–Birkhoff
factorization ϕz = (ϕz

−)
∗core−1 ∗core ϕz

+, we get

ϕz
− = |z|−1W−1 , ϕz

+ = Vren = Rms(Vz) . (68)

Analytic continuation. For the sequence {Wn}n≥1 which contributes to the infinite direct sum U, we
consider an approximating sequence {Zs}s≥1 of graphons with nested supports given by

Zs(x, y) = 1[0,rs ]2
(x, y) , rs = 1 − 1

s + 1
, (69)

which converges to 1[0,1]2 . They are nested graphons such that (i) each Zs can be approximated by some Wk,
k < s, (ii) any measurable subgraphon of Zs is a restriction of a smaller square, and (iii) the core coproduct (22)
in Theorem 1 on these nested graphons are given by

∆(Zs) =
s

∑
l=1

Zl ⊗ Zs−l . (70)
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Replace NU by the new Nijenhuis map NŨ =
∞
∑

n=1

1
n Zn which is an almost everywhere bounded smooth

map on [0, 1]2 and it increases when (x, y) tends to (0, 0). In addition, NŨ obeys the co-Nijenhuis identity

∆(NŨ(W)) =

(
NŨ ⊗ id + id ⊗ NŨ − NŨ ⊗ NŨ

)
(∆(W)), (71)

with respect to the core coproduct(22). This allows us to lift NŨ onto the dual space of the free commutative
graded finite type topological Hopf algebra HU,cut. In other words, NŨ induces a dual map N∗

Ũ :
L(HU,cut, Adr) → L(HU,cut, Adr) given by N∗

Ũ(ϕ)(W) = ϕ(NŨ(W)) which obeys the Nijenhuis identity.
Define the noncommutative associative algebra CNŨ

:= (L(HU,cut, Adr), ◦NŨ
) such that the multiplication

◦NŨ
is a deformation of the convolution product ∗core with respect to the Nijenhuis map NŨ . Thanks to

Corollary 6, the noncommutative symplectic geometry built on the space of Hamiltonian derivations on CNŨ
determines the star product ⋆{.,.}NŨ ,z

given by

ϕ ⋆{.,.}NŨ
,z ψ = ϕ ∗core ψ + |z|{ϕ, ψ}NŨ

+ O(|z|2), (72)

such that, by applying Theorem 2, the continuum limit of
{

ϕz
− ∗core ϕz + |z|{ϕz

−, ϕz}NŨ
+O(|z|2)

}
z→0

describes

the analytic continuation for ϕz
+(Ũ) in ∆∗.

Example 2. The BPHZ renormalization of the cut-distance convergent limit of the sequence {Wn}n≥1,
Wn(x, y) = n.1[0,1/n]2(x, y) of graphons on the Lebesgue measure space [0, ∞) generates a certain family of
renormalized start products.

Proof. The sequence {Wn}n≥1, Wn(x, y) = n.1[0,1/n]2(x, y) of graphons represents a concentration into a
shrinking infinitesimal square around the origin in the plane. Each Wn has the total integral 1 such that
by increasing n the local height inside the infinitesimal square grows but the sequence pointwise tends
to zero almost everywhere. For large enough n, each Wn can determine finite graphs with many edges
concentrated in an infinitesimal region such that amplitudes generated by these concentrated substructures
restore extremely short-distance interactions. In this scenario, if we translate these graphons to Feynman
graphons, the corresponding Feynman amplitudes will have ultraviolet divergences. It is possible to assign
Laurent series with finite pole parts to these amplitudes in terms of involving a short-distance regulator z.

Rescaling or stretching methods allow us to determine a non-trivial unbounded graphon W defined on
[0, ∞)2 as the graph limit of the sequence {Wn}n≥1 when n tends to infinity. Define a regulated weight ωz(W)

such as ωz(W) = c−1(W)z−1 + c0(W) + O(z) for W. Here c−1(W), as the coefficient of the simple pole in
the regulator expansion of the regularized amplitudes of W, represents the ultraviolet divergent strength. In
addition, c0(W), as the finite pole part, is the renormalizable finite amplitude which remains after subtracting
divergences.

Thanks to Theorem 2, the renormalization of W with respect to the regularized character ϕ is given by the
recursive relations (47), (48) and (49) such that

ϕz
−(W) = −Rms

(
ωz(W) + ∑ ϕz

−(W
′)ωz(W ′′)

)
, Rms(ωz(W)) = c−1(W)z−1, (73)

with respect to the Sweedler notation for coproducts.
The Nijenhuis operator N1 = 2Rms − Id generates a finite weight such that after canceling of z−1 terms via

the Nijenhuis identities, this finite weight equals the finite coefficient c0(W) up to O(z). If we replace singular
coefficients ωz(W) by c0(W), then we get the renormalized star product

f ⋆N1,ren,W g = exp
(

∑̃
W

c0(W̃)BW̃

)
( f , g), (74)
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such that the sum is over the chosen decomposition of the graphon W into its building blocks called
graphon-modes.

• For any finite graph G, BG is a bi-differential operator defined by assigning one derivative to each edge
in terms of the combinatorial information of the graph and here BW̃ , as the natural continuum analogue, are
bi-differential operators associated to the graphon-modes of W.

• If W̃ is the indicator of a block mode, then BW̃ is the block-weighted sum of the corresponding
finite-graph bi-differential operators restricted to that region.

• If W concentrates near a point, then BW̃ approximates a local bi-differential operator which generates
ultraviolet divergences removable by renormalization.

• The renormalized star product is independent of the choice of the graphon-mode decompositions
because different decompositions only affects the intermediate coefficients and operators.

• It is possible to assign different renormalized start products to the renormalization of W in terms of
changing the Nijenhuis operator N1 by Nλ.

The description of the renormalized star product built from the graphon W in terms of the convergence
of star products built from the approximating sequence {Wn}n≥1 requires additional technical steps such as
(i) checking th convergence of the scalar weights after regularization / renormalization, and (ii) checking the
convergence of the bi-differential operators BWn .

Example 3. Consider the graphon W(x, y) = a.1[0,α]2(x, y), for any fixed real values 0 < α, a ≤ 1, as the
graph limit of the sequence {Wn}n≥1 such that Wn is the block-average of W on each In,i × In,j for the partition
{In,k}n,k of [0, 1]. There exists a renormalized star products built from W which can be described as the limit of
the renormalized star products built from the initial approximating sequence.

Proof. Each Wn, as a step graphon, is constant on each block equal to the mean of W over that block. Consider
the single graphon-mode 1[0,α]2 and the regulated weight ω

(n)
z = Anz−1 + Bn + O(z) such that sequences

{An}n, {Bn}n converge respectively to A, B. The minimal subtraction map generates the counterterm −Anz−1

where its corresponding renormalized coefficient cren
0,n = Bn tends to B and it defines the limit weight for W.

For the Poisson tensor π, consider the Nijenhuis operator N1 = 2Rms − Id together with the bi-differential
operator

BW( f , g)(x) = (a.1[0,α)(x))πij(x)∂i f (x)∂jg(x), (75)

to define

f ⋆N1,ren,n g = exp
(

cren
0,n BWn

)
( f , g) → f ⋆N1,ren,W g = exp

(
BBW

)
( f , g), (76)

such that the renormalized star product ⋆N1,ren,W can be described as the limit of the renormalized star products
built from the initial approximating sequence and Nijenhuis operator N1.

Example 4. The cut-distance convergent limit of the sequence {Vn}n≥1, Vn : [0, 1] × [0, 1] → R, Vn(x, y) =

min(n, 1
xy ), of graphons generates a certain family of Nijenhuis operators which recover renormalization of

functions in L[0,1].

Proof. The sequence {Vn}n≥1 is convergent to V(x, y) = 1
xy when n tends to infinity. For n ≥ 1, the bounded

operator

(Nn f )(x) =
∫
[0,1]

Vn(x, y) f (y)dy, (77)

is a Nijenhuis operator on a suitable subalgebra of L2([0, 1]) and it defines the star product

f ⋆Nn g = Nn( f )g + f Nn(g)− Nn( f g) . (78)
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The cut-distance convergence implies the limiting Nn → N with respect to the weak operator topology
such that the renormalized Nijenhuis operator

(Nren f )(x) = Finite − Part
∫
[0,1]

f (y)
xy

dy, (79)

is extracted by minimal subtraction map.

Example 5. The limiting graphon V in Example 4 defines a certain family of renormalized star products on
the algebra HU.

Proof. For any ϵ > 0, define the bounded bilinear integral operator

Nϵ,V(x, y) :=
∫
[0,1]2

V(u, v)
(x + ϵ)(y + ϵ)(u + ϵ)(v + ϵ)

dudv, (80)

which acts on HU,cut. These operators regulate singularities at x, y, u, v = 0. When ϵ tends to zero, the kernel
Kϵ(x, y, u, v) = 1

(x+ϵ)(y+ϵ)(u+ϵ)(v+ϵ)
has a Laurent series in ϵ with some divergent terms. Minimal subtraction

map removes pole terms to generate the renormalized Nijenhuis operator

Nren,V(x, y) = Finite − Part
∫
[0,1]2

V(u, v)
xyuv

dudv . (81)

The renormalized star product

W1 ⋆Nren,V W2 = Nren,V(W1)W2 + W1Nren,V(W2)− Nren,V(W1W2), (82)

encodes the renormalization underlying the limiting Nϵ,V → Nren,V .

Corollary 7. Consider the decorated version HCK(N) of the Connes–Kreimer Hopf algebra such that vertices of
non-planar rooted trees are decorated by natural numbers. For any family {•n}n≥1 of decorated vertices, consider any

recursive equation E: X = I+
∞
∑

n=1
cnB+

•n(Xn+1) with c ≥ 1 in HCK(N). Its solution is represented by an unbounded

stretched graphon WX in WU
≈(R) such that WX is renormalizable and the map (WX , z) 7→ ϕz

+(WX) has an analytic
continuation in any infinitesimal punctured in the complex plane disk around z = 0 .

Proof. It is a consequence of Lemmas 2, 3, Theorem 1 and Corollaries 4, 6 where X =
∞
∑

n=0
cnXn is given by the

recursive relations Xn =
n
∑

j=1
B+
•n

(
∑

k1+...+kj+1=n−j,ki≥0
Xk1 ...Xkj+1

)
with X0 = I.

Thanks to [13,22,26,27], the collection {Xn}n≥1 generates a graded Hopf subalgebra HE of HCK(N) which
embeds in HU,cut such that charλHE ⊂ Cλ,E = (L(HE, Adr), ◦λ). The injective morphism HE → HU,cut of Hopf
algebras defines a surjective morphism charλHU,cut → charλ HE. It allows us to lift the symplectic geometry
model introduced in Corollary 6 onto Cλ,E.

Thanks to Corollaries 3, 4 and 5, the symplectic geometry model introduced in Corollary 6 can be modified
for the Lp-topological Hopf algebra of stretched graphon HU,cut

p , p ≥ 1, to show the analytic continuation of
renormalized values of any direct sum of Lp-stretched graphons with respect to the method of Hopf–Birkhoff
factorization.

This study addresses a new interrelation between the renormalization of unbounded stretched graphons
via the method of Hopf–Birkhoff factorization (i.e. Theorems 1, 2 and Corollary 6) and the challenge of the
convergence of star products in deformation quantization discussed in [32,35].
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