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Abstract: We introduce the concept of a generalized sequential Yeh-Feynman integral for functionals defined
on Yeh-Wiener space, formulated via stochastic process Z, associated with a nonzero function /. Existence
theorems and evaluation formulas for generalized sequential Yeh-Feynman integral are established for
functionals in the Banach algebra S(L>(Q)) and some related functionals. Furthermore, we show that the
class of generalized sequential Yeh-Feynman integrable functionals is strictly larger than S(L,(Q)). Previous
results on sequential Yeh-Feynman integral are recovered as corollaries of our results.

Keywords: Yeh-Wiener space, sequential Feynman integral, generalized sequential Yeh-Feynman integral,
Banach algebra S(L,(Q))

MSC: 28C20, 46G12.

1. Introduction

T he analytic Feynman integral is defined via analytic continuation of the Wiener integral, whereas the
sequential Feynman integral is defined as the limit of finite-dimensional Lebesgue integrals. Cameron

and Storvick provided a simple definition of the sequential Feynman integral on Wiener space [1]. In [2], they
established explicit formulas for the sequential Feynman integral for functionals in the classes containing the
Banach algebra & which was introduced in [1]. In [3,4], Yeh extended Wiener space to Yeh-Wiener space, a
space of continuous functions of two variables. Various works on the integrals on Yeh-Wiener space have been
carried out in [5-9].

On the other hand, the concepts of generalized Wiener integral and generalized analytic Feynman integral
were introduced in [10] and further developed in [11]. In [12], the author and a collaborator established the
generalized sequential Feynman integral for functionals in S and some related functionals.

This paper introduces the concept of generalized sequential Yeh-Feynman integral (see Egs. (2) and (3)
below), and establish the existence of the integral for functionals in the Banach algebra S(L,(Q)).

We now summarize the results of this paper. Theorem 1 in §3 deals with the existence and evaluation
formula for the generalized sequential Yeh-Feynman integral for functionals in the Banach algebra S(L,(Q))
and serves as the key result of the paper. Two additional classes of functionals, important in the application of
the Feynman integral to quantum theory are treated in Theorem 2 and Corollary 1. Moreover, we demonstrate
via Example 1 that the class of generalized sequential Yeh-Feynman integrable functionals is strictly larger

than S(L,(Q)).

2. Preliminaries and some lemmas

Let C»(Q) denote the Yeh-Wiener space, that is, the space of real valued continuous functions x(s,t) on

Q = [0,S] x [0, T] satisfying the boundary conditions x(s,0) = x(0,¢) = 0 for all (s,t) € Q. Let a subdivision
o of Q be given:

O=sg<s < <5=5 0=tg<t <-<ty=T. (1)
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Let X = X(s,t) be an element in C5(Q) based on ¢ and the I x m matrix of real numbers & = {;} and
defined by

X(s,t) = X(s,t;0,8)
o —Ci —Cir_ + i _
_ Gk = Gj-1k — Gjk—1+ &1k (s — 50t — te)
(sj = sj—1) (tk — tk-1)
Gik—1—GCi—1k-1 Cictk—Gi—1k—1
TSy SR T 6k
§j—Sj-1 te — t_1

(t—tk1) + G161,

for (5,£) € [5;-1,5] [t 1,t), and Goo = Gox = &jo = Ofor j = 1,2,...,land k = 1,2,-++,m. When a
sequence of subd1v151ons {0} is considered, the corresponding notations o, l m, sj, t, and & will be replaced
by oy, Iy, My, Sn;jr ks and &, respectively.

For a nonzero function # in L,(Q), let Z;, be the process on C>(Q) x Q defined by

s t
Zh(x;s,t):/O /O h(t, ) dx(T1, ),

where the integral is understood in the Paley-Wiener-Zygmund sense [13,14]. The process Z;, on Wiener space
was introduced by Park and Skoug [15] and used in, for example, [10,12,16,17].

Let g # 0 be a real number, and let F(x) be a functional defined on a subset of C;(Q) that contains every
path Z,(X; -, ), where X is the quadratic surface in C»(Q). Let {05, } be a sequence of subdivisions of Q such
that the norm

]| = max /(5 = 5j-1)2 + (b — 112 =0,
and let {1, } be a sequence in C with Re A, > 0 such that A, — —ig asn — oo. If the integral on the right-hand

side of (2) exists, and if the limit exists independently of the particular choices of the sequences {¢,, } and {A,},
then the generalized sequential Yeh-Feynman integral with parameter g is said to exist and is denoted by

&sYf . ' 92X 2
/ F(Zy(x;-,-)) dx = nlgrc}o'ygm;m /Rlnmn exp {— / [8 pY (s, t 0’n,\.-4n)i| ds dt}

X F(Zh(X(, 7 0n, EH)/ /)) dﬁn/ (2)
where
Ao N\ It /2 ln my
Youdn = (2;) HH{ Sn;j — Sm;j—1 J(tux — trgk—1) 1~ 12,

j=1k=
Here, if I,,m,, is odd, we take )\}l/ 2
Let

with positive real part.

_ 92X 2
H)\n (O'nrs:an) ’)/o-n )\n ex p{ / |:asat (S t 0’71/‘_‘”):| dS dt}

(An )lnmn/z In_ 1y

2n 1/2
27T .

{(su;j = smsj—1) (b — tuk—1)
P

b (i — Cnsi—1k — Smjk—1 + Cngjm1k—1)°
X eXp —_— Z Z .

j=1k= (Sn;j - Sn;jfl)(tn;k - tn;kfl)

Thus in terms of Hy, (0,,, E,), the generalized sequential Yeh-Feynman integral can be written

g-syf
/ "F(Zy(x;-,-)) dx = lim Hy, (G, B ) E(Z3(X (0 30 En); 0 )) dE. 3)

n—oo ]Rln"ln
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It is easy to see that the generalized sequential Yeh-Feynman integral is linear. When i = 1 on Q, the
generalized sequential Yeh-Feynman integral is reduced to the sequential Yeh-Feynman integral [ i F (x)dx
studied in [8,9].

We now introduce the class of functionals considered throughout this paper. Let D,(Q) denote the class
of functions x € C(Q) such that x is absolutely continuous on Q and % (s,t) € Ly(Q). For the definition of
absolute continuity on Q, see [8,18].

For u,v € Ly(Q) and x € C2(Q), we let

(u,v) :/Qu(s,t)v(s,t) dsdt,

and
ty Sj
(u,0);x = / u(s,t)v(s, t)dsdt,
S

te—1

forj=1,...,land k =1,...,m. Thus we have

[\13

1
=)
j=1k 1

If there exists a sequence of subdivisions {7y }, then (u,v);, will be replaced by (u, v),,,; -

Let M(Ly(Q)) denote the class of complex Borel measures of bounded variation on L,(Q). A functional
F, defined on a subset of C>(Q) containing D;(Q), is said to belong to S(Ly(Q)) if there exists a measure
f € M(L(Q)) such that, for every x € D»(Q),

F(x) = /LZ(Q) exp {i<v,;;gt>} df (v). @)

Note that S(L,(Q)) with the norm ||F|| = ||f|| = var f is a Banach algebra [5].
Letv € L»(Q), and let 0 be an arbitrary subdivision as defined in (1). Define the averaged function vy, ,

for v and h on o by
1

(sj —sj—1)(tx — t1)

whensj,l §s<sjandtk_1 <t<tforj=1,...,landk=1,...,m,and

vh,a(sl t) = <vrh>]',k/ (5)

vpe(s,t) =0, (6)
when s = Sort = T. Then we have
s L m (v, h)]%k
o113 = lekzl/k L ets P = 13 e et @)

The following lemmas extend the results established in [6].

Lemmal. Leth € Ly(Q) and v € Ly(Q). Let {0y, } be a sequence of subdivisions of Q such that ||oy,|| — 0as n — oo.
Then, the sequence of averaged functions converges to vh; that is,

lim vy, . (s,t) = v(s,t)h(s,t), 8)

n—o0

for almost every (s, t) € Q.
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Proof. Let (s,t) € Q be a Lebesgue point of vh, and assume that Si-1 < s <'sj and t,_; < t < t; for each n.
Since v, h € Lp(Q), we have vh € L1(Q) by the Holder inequality. Noting that

1
(sj —sj—1)(tx — tx—1)

ty Sj
O, (5 1) = [ [ v mhtn, w) dn o,
k-1 j

we apply the Lebesgue differentiation theorem (e.g., [19, Theorem 7.10]) to the integrable function vh. This
directly yields }}E;Iolo U, (S, t) = v(s, t)h(s, t), which completes the proof. []

Lemma 2. Let h € Loo(Q) and v € Ly(Q). Let {0y} be a sequence of subdivisions of Q satisfying ||y || — 0 as
n — oo. Then we have
lim ([0, 2 = [[oh]3. ©)

Proof. By Lemma 1, li£r1 U, (s,t) = v(s, t)h(s, t) for almost every (s, t) € Q, and by Fatou’s lemma,
n—oo
o 2 2
hﬂlo{}f 1080, 12 = [[oh]l2.

On the other hand, by the Schwarz inequality
nkn Sn,jn
(v, h>n]k < (Sn] Sn,j— 1)tk — tug—1 / /s v(T1,T2) (T1,Tz)}2dT1 an.
n kn—1 n,jn— 1

Therefore, by (7), we have

In my <U,h>%,]-k

‘Uhan”Z 22

j=1k=1 Sn] Sn,jfl)(tn,k_tn,k—l)

< ||oh]j3.

Thus we have

: 2 2
limsup [[oy,q, I3 < [lohf3,
n—oo

and this completes the proof. O

3. Existence of the generalized sequential Yeh-Feynman integral

In this section we establish the generalized sequential Yeh-Feynman integrability for functionals in
S(L,(Q)) and for some related functionals. Our first theorem shows that every functional in S(L,(Q)) is
generalized sequential Yeh-Feynman integrable.

To ensure the existence of various Lebesgue integrals involved, throughout this paper, we assume that
belongs to Lo (Q) rather than simply to Ly (Q).

Theorem 1. IfF € S(L,(Q)) is given by (4), then F is generalized sequential Yeh-Feynman integrable and

[ B D= [ ew{- Lo} aro (10
X;-,0))dx = exp§ —=—|v v),
" L@t 29
for each nonzero real number q.

Proof. Let o be a subdivision given by (1). Note that Z,(X(-,-; o, Z); -, -) belongs to D>(Q) and

FE(XC50,2)50) = [ e {i(o g 2uXC0,20) | afo

LI Cik— Gk — Cik—1 +Cji—1k-1
— h): ] J—4 ] J—4 d )
L@ T {l]; I;<v ik (sj = sj—1) (tk — tx—1) } fo)
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Let A € Csatisfy ReA > 0, and let

B

Loa(F) = [ HA(@ B)F(Z(X(,50,2);-,-))d

To evaluate the integral on R below, we first consider the Im x Im matrix T representing the
transformation R — R defined by

Nk =Cik—Ci—1k — Cjk—1+Cji-1k-1,
forj=1,2,...,land k =1,2,...,m. This transformation is invertible; in fact we have
i m
k=2 2. Maps
a=1p=1

forj=1,2,...,land k = 1,2,...,m. Moreover, T can be expressed via the Kronecker product representation
[3] as T = D; ® Dy, where D; denotes the | x | lower bidiagonal first-difference matrix. Consequently, we
obtain

det(T) = {det(D;)}" - {det(Dy,)}' = 1.

Since

A +¢&i1k1)?
/le/ exp{ Re ZZ (Cik—Cj-1k—Gjk-1+Gj-1k1) }d3d|f|(v)

j=1k= (sj —sj—1)(tx — tx—1)

Re A lom T]',k
N /Lz(Q) /IR’"’ P {_2 ‘ L (sj — sj_l)](tk —t_1) } d{njk} d|f[(v) < oo

j=1k=1

we apply Fubini’s theorem to obtain

_ A &k — i1k —Cjk—1+Ej1h-1)?
F)=on /u(Q) /le P { Z Z (s —5;1) (b — bx_1)

]1k

I m & _ & .
+i Z Z <U/h>j,k g],k é]fl,k é],kfl + g]fl,kfl } A= df(U)

Slk= (sj —sj-1)(tk — tx-1)

- 2’7]k+l<v h)j kK

!
= Yo /LZ(Q) /le exp {]Z%k_zl — 5 Dt — t_1) } d{’?j,k}df(v)
_ Lo <U'h>j,k
RECA {_2/\ J;kzzl (5j = sj-1) (tk — tx—1) } >

where the last equality results from the integration formula [, e—an* +iby dyp = (Z)V/ 20-b%/4a for Rea > 0. Let
{0} be a sequence of subdivisions of Q with ||o,|| — 0, and let {A,, } be a sequence in C satisfying Re A,, > 0
and A, — —igasn — co. Now let v, , be the function defined by (5) and (6). Since, fora > 0 and Re A, > 0,

a aReAy,
_ — _ Iy~
oo gt fl e { TR <0

we apply the bounded convergence theorem together with (7) and (9) to obtain
n <U h > n;j, k
s

1 )
I F) = — d
ot (F) /Lz(Q) P { An ]; k:Zi ( nj — Sn;jfl)(tn;k buk—1) } f)

i
— ——||vh Z}d v),
[ {51018} 4
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as n — oo. Finally we conclude that

g-syf, i
F(Zy(x;-,-))dx = lim I, F:/ - hz}d
J7 Rt ) s = fim b, (B = [ exp {5 lonlB | drco

and this completes the proof. O

Next we consider two more functionals which are different from but are closely related with the (4). The
functional treated in Theorem 2 and Corollary 1 below are functionals on Yeh-Wiener space corresponding to
the class of functionals studied in [2,21,22] and [23], respectively, concerning sequential Feynman integrals on
Wiener space. In applications of the Feynman integral to quantum mechanics, the function ¥ appearing in
Theorem 2 serves as the initial condition for the Schrédinger equation.

Define T to be the collection of functions ¥ on R of the form

() = [ exp{irg}do(), ay

where p is a complex Borel measure on R with bounded variation .

For each ¢ € R, let ¢(&) denote the function v € Ly(Q) defined by v(s,t) = ¢ for0 <s < Sand0 <t < T.
Hence, ¢ : R — L,(Q) is continuous. Therefore, If E is a Borel measurable subset of L,(Q), then ¢~1(E) is a
Borel measurable subset of R. Let

Y(E) = p(¢p'(E)). (12)

Thus ¢ is a measure on Ly (Q) and ¢ € M(Ly(Q)). Transforming the right-hand member of Eq. (11), we
have for x € D,(Q),

Y (x(S,T)) = /Lz(Q) exp{i<v,%>}d¢’(v)

and ¥(x(S, T)), regarded as a functional of x, belongs to S(Ly(Q)).

Theorem 2. For x € D>(Q), define F(x) = G(x)¥(x(S,T)) where G € S(Ly(Q)) and ¥ € T are given by (4)
and (11), respectively, with corresponding measure g in M(Lp(Q)). Then F is generalized sequential Yeh-Feynman
integrable and

[ F @ ) = Lo o {—||v+qo< >>h||%}dp<c>dg<v>, 13)

.

Proof. Since S(L,(Q)) is a Banach algebra, and both G(x) and ¥(x(S, T)), viewed as functions of x, belong
to S(L2(Q)), it follows that F € S(Ly(Q)). Moreover, by the first part of the proof of Theorem 2.3 in [8], we
obtain

for each nonzero real number q, where ¢ (&) is the function in Ly(Q) defined by ¢(&)(s, t)

F) = | o exp{i(w, %>} dfep(w),

where fg 4 is a complex measure on B(Lz(Q)) given by

fow(B)= [ 8(E-w)dy(u),

and 1 is as in (12). Applying Theorem 1, we have

g-syf i
[ F e ax = [ exp {5 lunl | dfgy (o).
2
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Applying the unsymmetric Fubini theorem (Theorem 6.1 of [24]) together with the change of variables
v = w — u, we obtain

g-syf, i
F(Z,(x;-,- dx:/ / ex {— U+uh2}d u)dg(v).
[ @ Nax= [ exp ol whlB | () dgo)
Finally by (12) and the Fubini theorem, we obtain (13). [

Corollary 1. Let ® be a bounded measurable functional on L,(Q), and let

92x

F(x) = /Lz(Q) exp {i<v, asat>} ®(v)df(v),

for x € Dy(Q). Then F is generalized sequential Yeh-Feynman integrable and

[ Bz = [

for any nonzero real number q.

L on2
o &P {10} o0 ar(o) 1)

2

Proof. Let a measure fy be defined by f,(E) = [ ®(v)df(v) for E € B(L2(Q)). Clearly fp € M(Ly(Q)) and
for x € D»(Q),

/o 0%x
F(x) = /Lz(Q) exp {z<v, E)sat>} df¢(v),
so that F € 8(L(Q)). Applying Theorem 1 and replacing dfy(v) by ®(v) df (v), we complete the proof. [

It is evident that the results established in Theorem 2 and Corollary 1 recover the corresponding results
for the sequential Yeh-Feynman integrals. That is, if we take & = 1 on Q, (13) and (14) reduced to

[ R [ e { =gl i3} @) asto)

and

/g_syfq F(x)dx = /Lz(Q) exp {—Ziq|v|§} ®(v)df (o),

which is given in Theorems 2.3 and 2.4 of [8], respectively.

Although S(L,(Q)) is a useful Banach algebra to study generalized sequential Yeh-Feynman integration
theory, it does not contain all of the generalized sequential Yeh-Feynman integrable functionals. In Example
1 below we provide an example illustrating that there is a generalized sequential Yeh-Feynman integrable
functional which does not belong to S(L(Q)).

Example 1. Let F(x) = ¢*(5T) for x € D,(Q). Since F is not bounded on D5 (Q), F does not belong to S(L,(Q)).
However, we now show that F is generalized sequential Yeh-Feynman integrable. Let {0, } be a sequence of
subdivisions on Q with |lo,|| — 0asn — oo, and let {A,} be a sequence in C satisfying ReA,, > 0 and
Ay — —igq as n — oo, where g is a nonzero real number. Note that

F(Z(X(e, 500, 8n), 7)) = exp{Zp(X(-, 00, Z0); S, T) }
Ip m
n My i — G 1 — Gt A Cri 1
:exp{z 2 én,],k ‘:n,] 1,k gn,],k 1 é{n,] 1,k 1<h/1>n;]',k}/

j=1k=1 (Sn;j - Sn,jfl)(tn;k - tn;k—l)
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and so we have
‘/IRlnmn H)L” (Un’EH)F(Zh(X(I ';O'Yl/ En)/ °y )) dEn

ln m 2
n e Ay (Csik = Crsi1k — Cnsjk—1 + Cnsjm1k—1)
B ')/Un//\n /]Rlnmn eXp {Z Z [_?n = = e -

j=1k=1 (S”;j - SVl,j—l) (tn;k - tn;kfl)

Cnik — Cmji—1k — Cmjk—1 T Cmyjm1,k—1
4 Smi j i i
(S'fl;j - Sn,jfl)(tn;k - tn;k—l)

1 Iy my <h, 1>i;j,k
= eX .
P {2)\11 ngkzzl (Sn;j - Sn,j—l)(tn;k - tn;kfl)

Taking v = 1in (7) and applying Lemma 2, we see that

<hrl>n;j,k} } =,

2
ln_ 1y (h,1)s,. ik

j=1k=1 (Sn;j - sn,j—l) (tn;k - tn;kfl)

= 1he, 12 = 11113,

as n — oo, and so we conclude that

&Sy i
[ F@twin ) dx = oxp {101}

and F is generalized sequential Yeh-Feynman integrable.

Remark 1. (1) Example 1 merely demonstrates the existence of a generalized sequential Yeh-Feynman
integrable functionals that does not belong to S(L,(Q)). At present, it remains open whether we can
define a larger class of generalized sequential Yeh-Feynman integrable functionals than S(L,(Q)) that can
be characterized in an explicit functional form.

(2) In our future research, we will seek to identify and construct a larger class of generalized sequential
Yeh-Feynman integrable functionals that includes the functional in Example 1.

(3) Furthermore, we plan to extend the results of this manuscript to the framework of the generalized
sequential Fourier-Yeh-Feynman transform associated with the process Z; and a nonzero function #, and to
investigate its fundamental properties.

Conflicts of Interest: The author has no relevant financial or non-financial interests to disclose.
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