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Abstract: This study investigates a generalized fractional Hill differential equation subject to two-point
separated homogeneous boundary conditions. First, we formulate the Green’s function and detail its
fundamental characteristics. Subsequently, we derive a Lyapunov-type inequality for this specific boundary
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literature as special cases. Finally, the work highlights potential avenues for future study through a series of
open problems.
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1. Introduction

L et p be a real and continuous function defined on the interval [0, T]. The classical Lyapunov inequality
[1] states that if the Hill differential equation

v +p(tly=0, 0<t<T, (1)
subject to Dirichlet boundary conditions
y(0) =y(T) =0, )
has a non-trivial solution y, then
T 4
| polar> - ©

Additionally, the constant 4 in this inequality is sharp in the sense that the constant 4 cannot be replaced
by a larger number.

Since its inception, the Lyapunov inequality has garnered substantial academic interest, leading to
numerous generalizations across various mathematical frameworks. These inequalities are vital to the
qualitative study of differential equations, serving as essential tools in oscillation theory, stability analysis, and
the investigation of boundary value problems by providing rigorous criteria for the non-existence of non-trivial
solutions and establishing bounds for eigenvalues in Sturm-Liouville problems. In practical applications, they
are indispensable for evaluating the stability and controllability of dynamical systems within engineering and
mathematical physics. Extensive reviews of these inequalities and their applications can be found in [2-10].

The field of fractional calculus [11,12], centered on non-integer order derivatives and integrals, traces
its history back to the inception of classical analysis. While rooted in tradition, the discipline has seen
an explosion of growth in recent decades, evolving into a highly productive research domain. The
expansion of Lyapunov-type inequalities to include fractional operators has significantly broadened their
utility, particularly in modeling non-local phenomena and systems with memory-dependent dynamics.

Open |. Math. Anal. 2026, 10(1), 176-185; d0i:10.30538 / psrp-oma2026.0195 https:/ /pisrt.org/psr-press/journals/oma


https://pisrt.org/psr-press/journals/oma/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma

Open J. Math. Anal. 2026,10(1), 176-185 177

Consequently, a substantial body of recent literature [13-24] has focused on establishing these inequalities
for diverse categories of fractional boundary value problems.

While local differential operators first emerged in the 1960s, their formalization was only recently
established through the introduction of the conformable derivative [25]. This framework was further expanded
in 2018 with the development of the non conformable derivative [26-29], a breakthrough that significantly
widened both the theoretical scope and the practical utility of the field. To gain a more comprehensive
perspective on these advancements and their many developments, interested readers may refer to [30-33].

Generalized differential operators [34,35] have become a cornerstone in tackling complex problems across
mathematical analysis, particularly where traditional calculus falls short. These operators are essential for
modeling anomalous diffusion, non-local elliptic and parabolic equations, and integro-differential systems,
as they effectively account for memory effects and long-range interactions. Beyond modeling, they are
fundamental to the architecture of generalized Sobolev spaces and play a vital role in spectral theory through
generalized Sturm-Liouville problems. Their versatility extends to the calculus of variations and non-linear
analysis, where they enable the development of generalized Euler-Lagrange equations and fixed-point
frameworks.

Building on these motivations, this research explores a version of the Hill differential equation where the
traditional second-order derivative is substituted with a generalized derivative of order v € (1,2), governed
by two-point separated homogeneous boundary conditions. Our analysis begins with the formulation of
the corresponding Green’s function and a detailed examination of its fundamental characteristics. These
properties then serve as the basis for deriving a new Lyapunov-type inequality for the problem at hand.
Furthermore, we demonstrate the generality of our framework by showing that it encompasses several
well-known results from previous studies as specific instances. The article wraps up by identifying various
unresolved problems to stimulate further investigation in the field.

2. Preliminaries

This section presents the preliminary concepts of generalized integrals and derivatives employed in
deriving the main results. The notion of a generalized derivative introduced in [29] is further extended in
[34,35] to encompass higher-order generalizations.

Definition 1. Let f : [0, +00) — R, u € (0,1) and ®(-, u) be an absolutely continuous real function defined on
the interval [0, +00). Then, the N-derivative of f of order y is defined by

NEF(t) = lim fltredltw) =fB] o

e—0 €

If lim N} f(t) exists, then
t—=0"

Nif(0) = lim NEf(t).

t—0+

Remark 1. [36] The generalized derivative defined above contains conformable and non-conformable local
derivatives as particular cases.

D(t, 1) Derivative
1 Classical
el" Non-conformable [26,28]
e(n=Dt Conformable [34]
H=n Conformable [25]
tH Non-conformable [37]
tH Non-conformable [38]
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Definition 2. Let f : [0,+o0) - R, n € N,y € (n —1,n) and ®(-, ) be an absolutely continuous real function
defined on the interval [0, +co). If f("~1) exists on (0, +-c0), then the N-derivative of f of order y is defined by

NE (1) — tim FOD (4 ed(t,p —n+1)) — FO=D (1) s

e—0 €

Now, we give the definition of a general fractional integral [27,34-36].

Definition 3. Let u € R, K(-, ) be an absolutely continuous real function defined on the interval [0, +-o0) and
f :[0,40) — R be a locally integrable function. Then,

1. the left integral of f of order y is defined by

oo fO) = [ gifotsds, >0 @

2. the central integral of f of order y is defined by

o) = [ fi0sas t>0 ©)

Remark 2. [36] The generalized integrals defined above contain, as particular cases, the integral operators
obtained from conformable and non-conformable local derivatives.

The following result is similar to the known result from classical calculus [36].

Theorem 1. Let f : [0,400) = R, n € N,y € (n—1,n) and ®(-, i) be an absolutely continuous real function defined
on the interval [0, +c0). If f is u-differentiable on (0, +o0) such that ") is locally integrable on (0, +co), then

n=1 £(i) Q) .
TaoNaf () = £(£) - [2 f@t} , t>0
= "

Throughout this article, we assume that 1 < v < 2 and F(-,v) is an absolutely continuous real positive
function defined on the interval [0, T].

3. Main Results
The outline of this section is as follows: First, we consider the following boundary value problem:

Npx(t)+h(t) =0, 0<t<T,
x'(0) =0, (6)

where «, B, v, 6 € R such that a4+ ,Bz >0andy?>+62>0,T >0and h : [0, T] — R is a continuous function.
We construct the associated Green’s function in Theorem 2 and derive a few of its important properties in
Theorems 3 and 4. Next, we consider the following boundary value problem

(H)x(t) =0, 0<t<T,
'(0) =0, (7)

corresponding to (6), and establish a Lyapunov-type inequality in Theorem 7. Here a is a real and continuous
function defined on the interval [0, T].

Remark 3. If F(t,v) = t!=V, 0 = B = ¢ = 6 = 1, then (7) reduces to the boundary value problem considered
in[15]. If F(t,v) = t!7Y,a = ¢y = 1 and B = 0 = 0, we obtain the boundary value problem studied in [14].
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Theorem 2. Assume ayT + aé + By # 0. The unique solution of (6) is given by

T
x(t) = / G(t,s)h(s)ds, 0<t<T, ®)
0
where
Gi(t;s), 0<t<s<T,
Gltys) = i 4 1) S ©)
F(s,v) | Gao(t,s), 0<s<t<T,
is the Green’s function associated with (6). Here
Gitys) = —P T (15 14), (10)
ayT + ad + By
and
Ga(t,s) = Gi(t,s) — (t —s). (11)
Proof. The general solution of
Npx(t)+h(t) =0, 0<t<T,
can be expressed as
' h(s)
t) = t— t— d <t<T 12
x(H) = 1 + ¢ /0( Vet 0SHST (12)
where cj and c; are arbitrary constants. Then, we have
toh(s)
"(t) =y — <t<T.
xX'(t) = ¢ : F(s,v)ds’ 0<t<T (13)
Using the boundary condition ax(0) — fx’(0) = 0in (12) - (13), we obtain
xcy — PBcy =0. (14)
Using the boundary condition yx(T) 4 6x’(T) = 0in (12) - (13), we obtain
a1+ (YT+6)c —/T[ (T—s)+4] hs) ds (15)
yer + 2=, g F(s,v)"
Solving (14) and (15) for c¢1 and ¢, we get
B /T hi(s)
=——Ft— T — ) d 1
“ ayT +ad+ By Jo (T =s)+] F(s,v) K 1o
and . h(s)
o s
= T — ) ds. 17
2 o«yTJroc(SJrﬁ')//o (T =s)+ ]F(s,v) ° (17

Using (16) and (17) in (12), for 0 < ¢t < T, we have

zxfyT[ijxg t+ By ./oT (T =s)+9] F}(lgsv)/) ds = ./c;t(t =) F;(lisi) ds

ot T
:./0 Gz(t,s)h(s)ds+/t Gi(t,5)h(s)ds,

x(t) =

the result we were looking for. [

Remark 4. If F(t,v) = HY o = B = v =06 =1, Theorem 2 becomes Theorem 3.1 of [15]. If &« = ¢ =1,
B=0J=0and F(t,v) = t'7", we obtain Lemma 3 of [14] from Theorem 2.
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Theorem 3. Assume «, B, 7y, & > 0 such that ad + ayT + By > 0. Then, the Green’s function G(t,s) defined in (9) is
non-negative for all (t,s) € [0, T| x [0, T}.

Proof. It follows from «, 8, v, 6 > O such that aé + ayT + fy > 0and 0 <t < s < T that

at+ B

) = T e + By

[Y(T —s)+46] > 0.
Now, for 0 < s <t < T, consider

Ga(t,s) = Gi(t,s) — (t—s)

. at+ B

—W[V(T—S)Jré]—(t—s)

= W [(at +B) [Y(T —s)+ 9] — (t —s)(ad + ayT + B)]
— T | P =9~ (=8 +ay (T —5) =Tt )

+ad [t —(t—s)] + ;35} = [BY(T —t) +ay(T —t)s + ads + o] .

1
ad +ayT + By
Since «, B, v, § > 0 such that ad + ayT 4+ By > 0and 0 < s < t < T, we obtain Gy(t,s) > 0. Thus, G(¢,s)
is non-negative for all (¢,s) € [0, T| x [0, T]. The proof is completed. [

Remark 5. Theorem 3 coincides with Lemma 4 of [14] and with Lemma 3.2 of [15], obtained within the
framework of the conformable derivative and with particular choices of «, , v, and ¢.

Theorem 4. Assume 5,6 > 0, «, v > 0 such that a6 + ayT + By > 0. Further, assume ‘% — g’ < T. For the Green’s
function G(t,s) defined in (9), we have

523¥][F(S,U)G(t,s)] = F(t,v)G(t,t), tel0,T],

and

ad +ayT + By
F(t,v)G(t,t)] = ———F—.
trer%[ (tv)G(t )] e

Proof. For the first part, we show that for any fixed t € [0, T], G(t,s) increases in s for s from 0 to ¢, and then
decreases in s for s from tto T. Let 0 < t < s < T and consider

9 B v(at + B)
gGl(t,s) T wb+ayT+ By

Sinced > 0,a, B, ¥ >0and 0 < t < s < T, it follows that %Gl(t,s) < 0 implying that Gl(t,s) decreases
insforsfromfttoT. Let0 <s <t < T and consider
v(at+ B) ay(T—t)+ad

IG(ts) = ——1tHh)
3s 2T T ws+anT+ By aS+anyT+ By

Sinced > 0,4, 8,7y >0and 0 < s <t < T, we obtain %Gz(t,s) > 0 implying that G,(t,s) increases in s
for s from 0 to t. Thus, we have

Srg}g);][F(s,v)G(t,s)] = F(t,v)G(t,t), te]0,T].
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To prove the second part, for t € [0, T], consider

at+ B

PG = T+ By

[Y(T —t)+4].

We find the maximum value of this expression with respect to t on [0, T|]. Denote by

at + B

Ht)=———F
(*) ad +ayT + By

[Y(T —t)+4].

Differentiating H with respect to t and equating it to zero, we obtain

r=zr+2-£].
2 ¥ o«

Since —T < £ — £ < T, wehave 0 < T+ ¢ — £ < 2T, and hence

0<z|T+2-8|<r
v o«

2
implying that
1 5 B
F=o|T+= =21 e(0T)
2 [ t ,X] €(0,T)
Further ,
H'()=-—— 2 9
© ad +ayT + By
implying that H(t) attains its maximum value at t = t*. Thus,
) T
max F(t,V)G(i’,t) — max H(i’) — H(f*) _ w
te(0.T] te[0,T] 4y

The proof is completed. O
Theorem 5. Assume y > 0and 6 > 0. For the Green’s function G(t,s) defined in (9) with « = 0 and p = 1, we have

Srg}g);][F(s,v)G(t,s)] = F(t,v)G(t,t), t€]0,T),

and

)
F(t,v)G(t,t)| =T+ —.
E&’ﬁ[ (t,v)G(t,1)] +7

Proof. Let 0 <t < s < T and consider

0
gcl(t,s) = —1.

It follows that Gy (t,s) decreases in s for s from t to T. Let 0 < s < t < T and consider

0
$G2(t,5> =0.

Clearly, G,(t,s) is a constant function of s for s from 0 to ¢. Thus, we have

max [F(s1)G(t,9)] = F(11)G( 1), t€ [0,T],

To prove the second part, for t € [0, T], consider

F(t,v)G(t,t) = = [y(T—t)+4].

=
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Clearly,

max F(Lv)G(Lt) = T+ 2.
te[0,T) Y

The proof is completed. O
Theorem 6. Assume « > 0and > 0. For the Green’s function G(t,s) defined in (9) with v = 0 and § = 1, we have

srg&);][F(s,v)G(t,s)] = F(t,v)G(t,t), t€]0,T),

and

B
max |[F(t,v)G(t,t)]| =T+ ~.
te[(?,)T(][ (tv)G(t t)] a

Proof. Let 0 <t < s < T and consider

d
gGl(t,S) — 0

Clearly, G1(t,s) is a constant function of s for s from ¢t to T. Let 0 < s < t < T and consider

0
ng(t,S) =1.

It follows that G,(t, s) increases in s for s from 0 to t. Thus, we have

Sg&);][F(s,v)G(t,s)] = F(t,v)G(t,t), tel0,T].

To prove the second part, for t € [0, T], consider

at+ B

F(Lv)G(Lt) = =

Clearly,

B
F(t tt)=T+E.
tg&}(] (t,v)G(t,1) +

The proof is completed. [J

Remark 6. If we consider the conformable derivative, then we can derive Lemma 4 of [14] and Lemma 3.2 of
[15] from Theorem 4, for appropriate choices of the parameters «, , v, and .

We are now able to formulate a Lyapunov-type inequality for (7).

)
Theorem 7. Assume B, > 0, «, v > 0 such that a6 + ayT + By > 0. Further, assume ‘; — g < T.If (7) has a

non-trivial solution x, then
T Ja(s)| day

o F(s,v) ° ad+ayT + By’ (18)

Proof. Let B = CJ0, T] be the Banach space of real and continuous functions defined on the interval [0, T]
endowed with the maximum norm. It follows from Theorem 2 that a solution to (7) satisfies the equation

T
x(t):/o G(t,s)a(s)x(s)ds, 0<t<T.
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Hence

= t
] max |x(8)]

= max
te(0,T]

max | [76(t,9)la(s)x(5) |

te[0,T]

ol max | [ Glo,9)late) |

= ol max [ [ 1P 600,91 1 ]

te[0,T

T
/0 G(t,s)a(s)x(s)ds

IN

IN

<l max [F(t,1)G(t,0)] | e

or equivalently,

1 < max [F(t,v)G(t )] UOT ja(s)] ds} .

te[0,T]
An application of Theorem 4 yields the result. [J

Theorem 8. Assume v > 0and é > 0. If (7) with « = 0and B = 1 has a non-trivial solution x, then

T a(s)]
o F(s,v)

ds> . (19)
T+

2l

Theorem 9. Assume o > 0and f > 0. If (7) with v = 0 and § = 1 has a non-trivial solution x, then

T Ja(s)| 1
ds > . 20
[ Hon® T (20)

Remark 7. Theorems 7 - 9 are natural generalizations of Theorem 3 of [14], Theorem 3.3 of [15] and Theorem
2 of [20] and Theorem 3.1 of [10] for appropriate choices of the parameters «, 8, v, and . Obviously, if F =1,
from (18), we obtain the classical Lyapunov inequality (3).

4. Conclusions

The Lyapunov inequality and its various extensions play a fundamental role in analyzing the
qualitative behavior of differential equations, with significant applications in oscillation theory, asymptotic
analysis, disconjugacy, and eigenvalue problems. Generalizations of these inequalities to fractional and
other generalized differential operators broaden their scope by incorporating nonlocal interactions and
memory-dependent phenomena.

In this work, we investigated the Hill differential equation by substituting the classical second-order
derivative with a generalized derivative of order v € (1,2), together with two-point separated boundary
conditions. By exploiting the properties of the corresponding Green’s function, we established a generalized
form of the classical Lyapunov inequality. Our approach not only recovers the results obtained in [10,13,17,20,
23,30], but also provides new improvements and extensions of the classical Lyapunov inequality (3).

The nonnegativity property of the Green’s function is crucial in determining sufficient conditions that
guarantee at least one positive solution for the corresponding boundary value problem. The well-known
Guo—Krasnoselskii, Leggett-Williams, and Avery-type fixed point theorems are essential for establishing the
existence of multiple positive solutions in a cone of a Banach space.
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