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1. Introduction

In 1934, Morgan [1] proved a famous result called Morgan’s theorem. It states that, foralla > 0, g >
0,06>2 and 7= %, then for all measurable function f on R, the conditions:

e f(x) € L®(R) and e f(x) € L¥(R),

imply f = 0 almost everywhere if and only if

=

. 1
(@0)} (B7)7 > (sin (F(v=1))",
where f is the classical Fourier transform of f on R.
Recently, in 2003, Farah and Mokni [2] have generalized Morgan's theorem to an L¥ — L7—version, where
1 < p,q < 400, as follows:
Letb > 0, a > 0, 7,7 positive real numbers satisfying v > 2, and % + % = 1, then for all measurable
function f on R, the conditions:

M f(x) e LP(R) and &M f(y) € LI(R),

imply f = 0 almost everywhere if and only if

()7 (by)1 > (sin(Z(y —1)))7.

NN

They also extended this theorem to the euclidean space R", to the Heisenberg group and to noncompact
real symmetric spaces [2,3].

In 1989, Donoho and Stark [4] established an uncertainty principle for finite cyclic groups Z,. For a
nonzero function f defined on Z, which its support is denoted by supp(f) = {x € Z, : f(x) # 0}. Then,

|supp(f)| lsupp(f)| > n. (1)
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Later on, the Donoho-Stark uncertainty principle has been generalized by Smith [5] to finite abelian
groups, to abelian groups by Ozaydm and Przebinda [6], and also to compact groups by Alagic and Russell
[7].

The Donoho-Stark uncertainty principles relies on the concept of e—concentration of a function (signal)
on a measurable set U C R”, in both the space and frequency domains. Given € > 0, a function f € L?(R") is
e—concentrated (e—timelimited) on a measurable set U C R" if

(L k) <elsle ®

The theorem of Donoho and Stark states that, for f € LZ(R”), f #0,is eg—concentrated on T C R", and
its Fourier transform f is eg—concentrated (eg—bandlimited ) on S C R”, then

IT|IS| > (1—er —es)>. €)

This paper is organized in the following way. We begin by giving an overview and some background
information on harmonic analysis in relation to the Multidimensional Fourier-Bessel transform. Next, we deal
with an LP — L9—version of Morgan’s theorem for the multidimensional Fourier-Bessel transform. Finally,
we establish Donoho-Stark and bandlimited uncertainty principles for the multidimensional Fourier-Bessel
transform.

2. Harmonic analysis associated with the multidimensional Fourier-Bessel operator

In this section we give an overview of the harmonic analysis associated with the multidimensional
Fourier-Bessel operator, one can see [8-11]. Consider the differential operator,

aZf 20(‘+laf
Buf(x) = ]Zl T R

(%), (4)

where x = (x1, X2, ..., X4) € R‘i; a = (aq, a3, ...,aq) such that, aj > —% forallj=1,..,d.
We define the space LZ(Ri) =LF (R‘i, x2%+t1dx), 1 < p < +o0, as the class of measurable functions f on
R% for which 1 f1l0 < 400, where

1
p .
e = ([, 10t it p < oo ®)
+
where x2¢t1 = x%“lﬂx%“ﬁl...x;“dﬂ, dx = dxydx;...dx;, and
o = |Iflle = esssup [f(x)]. (6)
xeRi

We denote by the function

wtx,/\(x) = jal (Alxl)jaz(/\ZXZ)"'jad (/\dxd)r (7)

where A = (Aq,Ag, ..., Ay) € C? and x = (x1,%0, ..., x4) € R’i, the Fourier-Bessel kernel on C? x R? of the
Fourier-Bessel operator B,.
Where j,, (x) is the Bessel function of the first kind and I'(x) is the gamma function defined by,

—+00
I'(x) = / e~ ¥ 1dt,
0

1)n Z\2n

Jay(z) = T(a; +1) Zm( )™, zeC.

From the properties of the function j,,; the function (A, x) — w, ) (x) satisfies the following properties:
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Proposition 1. Forall A € C? and x € R? we have:
@i (x)] < el ®)
In particular, for all A € C% and x € R? we have:
|wa (%) < 1. ©)

Definition 1. The multidimensional Fourier-Bessel transform of order the multi-index « is defined for a
multivariate function f € L} (R%) by:

Fu(f)(A) = Jea F(x)wr(x)x*dx forall A€ R‘i. (10)

Proposition 2. [9,10]

i) The multidimensional Fourier-Bessel transform J, maps continously and injectively from L} (]R‘j_) into the space
Co(R% ) (continous function on RY. vanishing at infinity).

ii) If both f and Fo(f) arein LL(R%), then

£ = [, Fal)Dwna(x)dpa(d), ay
where
d
dia(N) =T (2“ir(le- + 1)’2Af“i+ld)\i) .
i=1

iii) For every f € LL(R%) N L2(R%), we have

Jeo 1F I Paa () = [, 170 P (12)
iv) For f € LL(R4),
H]:a(f)Hoo,a < Hf la- (13)

v) The multidimensional Fourier-Bessel transform F extends uniquely to an isometric isomorphism from L2(R%)
onto L2(R%, dy,). The inverse transform is given by:

FR = |

[ 8war (Wi (1),

+

where the integral converges in L2 (R%).

By using relations (11) and (12) with Marcinkiewicz’s interpolation theorem [12], we deduce that for every
1 < p <2,and for every f € Ly(R%), the function F,(f) belongs to the space L{(R% , duy(x)), with g = %,
and we have,

172 (f)

o < Ifle- (14)

3. An L? — L7—version of Morgan’s theorem for the multidimensional Fourier-Bessel transform

In this section, we establish an analogue of LP — Li-version of Morgan’s theorem for the multidimensional
Fourier-Bessel transform. We start by getting the following lemma of Phragmén-Lindelof type that follows
using the method described in [1,2,13]. We need this result to prove the main result of this paper.

Lemma 1. (Phragmén-Lindelof) We assume that p €]1;2[, q € [1,40c0], ¢ > 0,and B > osin(5(p —1)).If g is an
entire funstion on C satisfying :
lg(x+iy)| < const.e”VV, (15)
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and
B gy € LT (R, 1+ dr), (16)

forall x,y € R, then g = 0.
Proof. See[2]. O

It’s clear that we have the following lemma by using (8), Holder’s inequality and the theorem of
differentiation under the integral sign.

Lemma 2. Let p € [1,+c0],v > 2 and f a measurable function on RY. such that for all a > 0:
el f(x) € LERY), 17)
then the function defined on C* by:

Fa(A) = - F(X)wr (x) ¥ dx forall x e R, (18)

is well defined and entire on C?: moreover, we have:

VELeR] (R (NE+IDI< [, G0l g 19)

+

The following Morgan-type theorem may be viewed as the analogue of the classical Morgan uncertainty
principle for the Euclidean Fourier transform. In the Fourier-Bessel setting, the weighted measure x**1dx
and the oscillatory kernel w, ) (x) replace the role of the Euclidean structure. The proof follows the classical
Phragmén-Lindelof strategy but requires a careful adaptation to the growth properties of F,(f) as an entire
function on C%.

Theorem 1. Let1 < p,g < oo, b >0 a >0, v, 1y positive real numbers satisfying v > 2 and % + % =1, then
for all measurable function f on R%, the conditions:
eI f(x) € LE(RY), (20)
and
M Fof(x) € LYRD), (21)
imply f = 0 almost everywhere if
1 1 T 7
(a7)7 ()7 > (sin (S (1 —1)))". (22)

Proof. Let f be a measurable function on R% satisfying (20), we want to prove that the multidimensional
Fourier-Bessel transform satisfies the hypotheses (15) and (16) of Lemma 1 and hence we deduce that f = 0
almost everywhere. We apply Holder’s inequality to (19) with: % + pl =1

|f(x)|eu|x|7x2a+ldx>; </Rd

+

3=

el < ([,

+

<const (/
JRY

+

ea|x|”e|x||éxza+1dx> ’

1
v
e—ap'lxwepwx|g|xza+1dx) v

Let = /d e~ IXI1" P IXI1Ell 2041 gy and let C > 0, we have the convexity inequality:

R+
1 1
tyl < (= t7+(> !,
ty] <7)|| )Y
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witht = C x| andy = (%) IC||, we obtain:

b

C
< v
Jx[[ 121} < Y [ x]] T

g1,

then we obtain

1CY a1V gy NN
I S/ e—ap’HxH"’eP 5 [lx[|"+p 7CT x2a+1dx
n

el 7
<l ner /d e—P/(“—CT)HxHVXZa—&-ldx.
R+

Now, condition (22) implies

(@7 > ) (sin( 20y - 1)),

so the open interval
/17 (qin( (4 — 1 1/
Qw> (sin(Zr=1)) ", (an)'7),

is nonempty. Choose any C in this interval. Then:
*a—C7/9 >0, so the integral in I converges;
*b> }7% sin(% (7 — 1)), which ensures that the growth condition required in Lemma 1 is satisfied.
Consequently,

N
|fo¢f(§+ l§)| < const - enCl Hanl

and since ! Il 7, f € LI (R%), we may apply Lemma (Phragmén-Lindelof) with p = 1, o = ”p—cl,], and B = bp/,
noting that B > ¢sin (% (7 — 1)) by construction. It follows that F,f = 0, and by the injectivity of Fy, we
conclude f =0ae. O

Now we are going to study the sharpness of the condition

=

1 1 LT
(a7)7 (by)7 > (sin (S (1 —1)))
We start by the following proposition.

Proposition 3. Let a,b > 0 and -y, positive real numbers satisfying v > 2 and n = % If (a'y)%(bn)% =

1
(sin (2(17 —1)))7, then for all m € N there exists a non-zero measurable function f on R% satisfying the conditions:

|+t~ el s

o, md [ )

00,0

where
o 2m+ (2 —y)(2B+d+2)—2

2y —2 !

and a, b, n, 7y are given by the relation

11 Nz i
(a7)7 (by)7 = (sin (Z(n=1)))""
Proof. We consider the following function as in [1],

fla) = =i [ 2ot -aAags
C
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where g = ;15, A7 = ; L((y=2)a)?, v= 22"&”4 )7 and C the path which lies in the half plane Re(z) > 0, and

goes to infinity, in the direction 6 = arg(z) = +6p; 5; < 6o < 5. By adapting the method of Morgan in [1], we
obtain .
(v —2) )” T m —al|x||”
x)~(y—2 (a —x"e .
fo~ -2 (U522

(Vy e RL): / F(x)@ay (x)x** T ldx

2
_ _l/d / 2V zq qA| x| Zwa,y(x)xz"‘ﬂdxdz.
R

On the other hand

Using Fubini’s theorem, we obtain:

(W € RY) - Flf)ly) = —i [ 26 Fo (e

From the fact that (see [8])

Fa <e Zf) (x) = s%(4s)”‘ (Hf(ai + 1)) eI, (23)

We obtain,
Hk WD +1) [y (ardy2),—BLE
Falf)y) = W/Z e“'z e 1Az dy
- w = v—(at+d/2) zLLL‘;dZ
24 (gA)ntd/2
O

Using the saddle-point method in calculating the integral, we obtain that:

weRL Fulf)y) =0 (y e,

with
;o 2m4+ (2—9)2a+d) —
m =
29 —2
Proposition 4. Let p,q € [1,400], a,b > 0 and -y, positive real numbers satisfying v > 2 and n = %

1
If (a'y) (b11)’7 < (sin (3(7—1)))", then there are infinitely many measurable functions f on R satisfying the
conditions:

M e th®y)  and  SPITF(f) € LIRY).

Proof. We take
= 2m+ (2—9)2a+d) —
29 —2

By Proposition 3, there exists a non zero measurable function f on R? , such that

|+t~ el s

Lood @l e )

Hoo,lx

Then, for all x,y € R‘i, the function f satisfies the inequalities

eI f(x)| < const (1+ |x|)™  and W FL(F)(y)] < comst (1+ [|y|)™
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The conditions
200 +d p 200 +d
< — and m < -—"7F—,

p q

implies that
eallxI” f

< 400 and Hehuwaa(f)‘

< +oo,

p g

which proves that there exists infinitely many measurable functions on R% satisfying the conditions when
1 1 , 1

(ay)7 (by)1 < (sin (F(n—1)))7. O

4. Donoho-Stark uncertainty principle for the multidimensional Fourier-Bessel transform

In [4], Donoho and Stark demonstrate that it is not required to assume that the support and spectrum
(transform support) are concentrated on intervals, and that intervals can be substituted by measurable sets,
with the length of the interval naturally replaced by the set’s measure.

In the section, we establish the analogue of Donoho-Stark uncertainty principle for the multidimensional
Fourier-Bessel transform based on the techniques of Donoho and Stark [4]. First, we revist the concept of
e—concentration of a signal on a measurable set E C R‘i. We show the uncertainty inequality of Donoho-Stark

type on LL(RY) N LE(RE) for 1 < p < 2.If F is a set of finite measure of R?, we put: |F| = / x**+1dyx. Note
JF

that 0 < eg, ep < 1.
A function f € L} (R%) is eg—concentrated on a measurable set E C R% . If there is a measurable function
g vanishing outside E, such that

Hf 7g||p,o< S € ||f||p,1x : (24)
Therefore, if we introduce a projection operator P as,
f(x) , x€E,
P = 2
(Ef)(x) { 0 , xGR‘j_\E, (5)

Pef = Xef.

With xg the characteristic function of E. Then, f is eg—concentrated on E if and only if,

1 = Pefll e < ez [l (26)
We define a projection operator Qf as follows,
Fu(Qef) = Pe (Ful(f)) - (27)
Then, F,(f) is eg—concentrated on F if and only if,
1Fa(F) = FalQePllye < 5 IFal Pl 28)
Lemma 3. If |[F| < coand f € LL(RL) NLE(RY) for 1 < p < 2, then we have
QA = [ Ful Y Mwnp (x)epa (). 29)

Proof. Let f € LL(RY)NLE(RL) for1 < p < 2,and % + % = 1. Then,

IF Qe = [ IFal)(x)| ¥ 1dx
< EIP 1 Ff) g

1
< [E[P N f 1l
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and we have also,

1
2
17 Qe = (7)) a2 i )
< || 1 Fa () g
q-2
< IE)% |Ifl,
Then, F, (Qr(f)) € LL(RY) N L2(R%) and by (11), we obtain,
Qr(f) = Fa  [PrFa(f))-
Which completes the proof. [
Lemma 4. Let f € LL(RL) N LE(RE) for 1 < p < 2, then we have

H]:l’é (QP(f>)||q,1x < Hf“p,a : (30)

Proof. Let f € LL(RY) NLE(RL) for 1 < p < 2,and % + % =1,

17 QMg = [ 17 D@ &4 )

< Fe(F) g
< fla-

Which completes the proof. [

Lemma 5. Let f € LL(RL) N Ly (RE) for 1 < p < 2, then we have

| Fa (QePEF)g < [EITELT £, (31)

Proof. If |E| = o or |F| = o, the inequality is clear. Assume that |E| < co and |F| < 0. Let f € LL(RL) N
LE(R‘i) forl1 <p<2,and % + % = 1. We have,

Fu (QrPef) = xpFu (PEf),
thus, 1
[ Fa (QEPES)llg = </ | Fu (PEf) ( )|qx2”‘+ldx>q

Since,

Fu(Pef) (N) = [ f(x)na(x)x>dx.

By Holder’s inequality, we can get,

| Fa (PES)| < (/E |wan ()| xz'x“dx); (/E |f(x)|px2“+1dx>’l’
<IET (£l -

Therefore,

o q
175 (QePe e < BV 11 ([ el t1ax) " < EPIER 1]
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This completes the proof. [

The classical Donoho-Stark uncertainty principle states that a non-zero signal cannot be simultaneously
well-concentrated in both time and frequency domains: if f is er-concentrated on a set T and f (Fourier
transform) is es-concentrated on S, then |T||S| > (1 — er — e5)?. In our framework, the Lebesgue measure is
replaced by the Fourier-Bessel weight x?*1dx, and the Fourier transform is replaced by F,. The projections Pg
and Qr are defined analogously via multiplication and transform-domain restriction. The following theorem
shows that the same qualitative phenomenon holds: strong concentration in both domains forces the function
to be small unless the weighted measures |E| and |F| are sufficiently large.

Theorem 2. Let E and F be measurable subsets of R% and f € LL(RY)NLE(RY) for 1 < p <2, and % + % =1LIf

is eg—concentrated on E in Ly (R ) —norm, then

E|7|F
IF (e < % 11l 32)

Proof. Let f € LL(R%)NLE(RY) for1 < p < 2,and % + % = 1. Applying (14), (31) and the triangle inequality,

1Fa(f) = Fau (QrPES) g0 < 1Fa(f) = Fa (Qef) g0 + 172 (Qef) — Fu (QePES )l
< €r (| Fa(f)llg e + 117 (Qef — QePEf )l g0
< ep | Fa(f)llge +11f — Pef
< er [[Fa(Hllga +€elfllpa-

p.a

Now, we apply the Lemma 5 and the triangle inequality again to get,
1Fa(lga < IFa(f) = Fa (QePEf) g + Fa (QEPEF) g -
This completes the proof. [
Corollary 1. For q = 2, the expression (32) becomes,
E|IF| > (1 —eg —ep). (33)

Theorem 3. Let E and F be measurable subsets of R and Fo(f) € LL(RE) NLE(RE) for 1 < p < 2, and % + % =1
If f is eg—concentrated on E in LL(RL ) —norm, and F,(f) is ep—concentrated on F in L}(R% ) —norm, then

Il llga < _'f;'g' Wl )

Proof. Let f € LL(REL)NLE(RL) for 1 < p < 2, and % + % = 1. Since F4(f) is ep—concentrated on F in
L} (R%)—norm, then by (13) and the triangle inequality, we get

IFa( M lga < NFalf) = FalQefMlgu + 1 Fa(QE) |l

1
<er H]:a (/ ‘]:“ |'1 2a+ldx>

< er IFal) lgn + EIT 11 Fe()]e

1
< er [ Falllga + 11T 1f 1,0

This will lead to

1Pl < 1'F'7

(35)
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Since f is eg—concentrated on E in L} (R‘i) —norm, we can immediately obtain that,

<eelflla+ /E 2

1
<eelfllye +EI7IIf

pa’

then, we get
BT

11 - (36)

By inserting (36) into (35), we obtain (34). O

This theorem generalizes the result obtained by Donoho-Stark in [10]. In the particular case, when p = 2,
we obtain the following corollary.

Corollary 2. For q = 2, we have
VIEIF = (1 —eg)(1 —e). (37)

Now we generalize the Theorem 3 on the space L} (]Ri) NLE? (R’i). In fact, when the space L} (]R’i) is
substituted by Ly' (R ) N Ly (R4.), we find the following result.

Theorem 4. Let E and F be measurable subsets of R% and f € LL(RE) N LY (RY) NLE2(RL) for 1 < p1 < pa < 2,
and % + qi] =1, ;—2 + q% = 1. If f is eg—concentrated on E in L§* (RL)—norm and F,(f) is ep—concentrated on F
in L2 (R ) —norm then

P2—P1

EAGIES e “”) T (38)

Proof. Let E and F be measurable subsets of RY and f € LL(RY) N LYY (RE) NLR2(RY) for 1 < py < pp < 2,
and % + q% =1,L +3 1 = 1. Since F(f) is ep—concentrated on F in L{?(R% ) —norm, then

" p2
1
I
P g < 6 1Fa Dl ([ 1T 20 10) ™
< €F [|Fa(f)llgpe + IF\W 11l 4
|F|q1 (7
1102
Hf”qla’
thus, by (14), we obtain,
q
H]:’X(f)qulx — ||f||p1 o (39)

On the other hand, since f is eg—concentrated on E in L} (Ri )—norm, we can immediately obtain that,

1
P1
Il < €10y (1P 0

p2—P1
< e [ fllyyu+ 1EL P72 [1flpe

then, we get
p2—pP1

‘E| p1p2
— €

£ 1y <

(40)
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By combining (40) and (39), we immediately get the desired result. O
Corollary 3. If py = 2, the formula (38) becomes,
2-p 4-2
[E[7 [F|2 = (1 —ep)(1—ep), (41)
a7 1 1 _
with st7= 1.

5. Bandlimited principles for the multidimensional Fourier-Bessel transform

Based on the works of Donoho and Stark in [4] and Soltani in [14], we show bandlimited principles of
concentration type on Ly (R4 ) for 1 < p < 2 and generalize this result on L} (R%) N L}(R%) for1 < p < r < 2.

Definition 2. For 1 < r < 2, we denote by B'(T) the set of the functions h € LL(R%) N L} (R%) that are
bandlimited to T. It means that every h € B"(T) holds Qrh = h. Moreover, it is said that f is ey —bandlimited
to T'in L} (R? ) —norm if there exists a function h € B'(T) such that,

1f=8llra <erlifllya- 42)
The space B"(T) satisfies the following properties.
Lemma 6. Let E and T be measurable subsets of Ri. Forh € B"(T) with 1 < r < 2, we have,

1 1
IPER], o < |E7|T[" [|K]]

(43)

ru’
1, 1
wzth;+7—1.

Proof. If |[E| = oo or |T| = oo, the inequality is clear. Assume that |[E| < oo and |T| < oo. For h € B"(T) with
% + % = 1. From Lemma 3, we have

Qrf(H) = [ FalHN)wan(Ddpa().
Using Holder’s inequality together with Hausdroff-Young inequality, we get,

Ih(t)] < |T|7 || Fu(h)

Hr’,tx

1
< [TI" Il q

hence, we have

Pl = ( |h<t>|fdt)}

1 1
< [T|" [E[" |||

ru’
which completes the proof. [

The following concentration principles for bandlimited functions generalize the results of Donoho-Stark
and Soltani in the Euclidean setting. Here, bandlimitedness is defined with respect to the support of
the Fourier—Bessel transform, and the inequalities reflect the interaction between time-concentration and
weighted frequency-localization. In classical signal processing, a bandlimited function cannot be arbitrarily
concentrated in time; this is the essence of the “energy concentration” or “prolate spheroidal” problem studied
by Slepian, Landau, and Pollak [15-19]. Donoho and Stark and later Soltani extended this idea to approximate
concentration and bandlimiting. Here, we adapt these ideas to the Fourier-Bessel setting: a function that is
nearly bandlimited to a set T (in the sense that it is close in Lj-norm to a function whose transform vanishes
outside T) cannot be too concentrated on a small-measure set E C R? unless |E||T]| is large.
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Theorem 5. Let E and T be measurable subsets of R% and f € LL(RL) NLL(RY) for 1 <r <2,and 1 + rl, =1If
is ey —bandlimited to T in L, (R4 ) —norm, then

1Pefll,o < (ITI7 IEI” (1+er) +er) £l (44)
Proof. Since the function f is ez —bandlimited to E in L],(R% ) —norm, then there exists h € B'(E), satisfying,

||PEf||ra = HPEhHra + ||PE(f h)”?‘lX

= pehl+ ( [ I(f—h)(t)l’df)}
< Ipehlac+ ([, I(f—h)(t)l’dt)}

Then, we obtain

IPEfly0 <

y +eér Hf”r,a' (45)

It is evident to see,

1]l < (1+er)

By combining (43) and (46) and inserting them into (45), then we obtain the desired result. [

(46)

In the following we state an L (R4 ) N L} (R%) bandlimited uncertainty principles of concentration type.

Theorem 6. Let E and F be measurable subsets of R% and f € LE(RL) NLL(RL), with1 < p < r < 2.If f is
eg—concentrated to E in Ly (RL) —norm and ep—bandlimited to F in Ll,(R% ) —norm, then

El™”
1—61:

1l < [IEI7 1FI7 (14 er) + €] [1fl 47)

where 1 +1—land1+1 1.

Proof. Assume that |[E| < co and |F| < co. Let f € Ly(RY)NLL(RY) with1 < p < r < 2. Since f is
ep—concentrated to E in L} (R% ) —norm, then by Holder’s inequality, we deduce that,
1A llpe < 1f = Pefllpe + 1PEfl
< €t | fllpa + I1PEfllpu

r—p
<e€g Hf pa + |E| py

Then,

IEI

||f p,a =1 ||PEf||ro¢ (48)

Since f is ep—bandlimited to F in L;(R‘i)—norm, by definition there is a ¢ € B'(F) with ||f —g][,, <
€r || fIl; - Then we get,

1PNl 0 < IIPES 0 + [1PECS = &)
< [IPegll;

We have g € B'(F), then g(x) = F ! (PrFa(g)).

1
18| < [FI7 ([ Fa(8)]ls

1
< IF[7 I8l e
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hence, we get,

1
’ 11

IPegl = ( [ 182 41ax) " < [} [EL g,

By (44) and the fact that ||g||, , < (1 +e€F) [|f]],, - We get,

1
7

1
ra S IFITIE["(L+ep) [|fll,q-

| Peg

1
-

El" (1 +ep) +er] |If

1
o < |IFI7

I Pef
Which completes the proof. O

re”

Corollary 4. Let E and F be measurable subsets of R%. and f € Ly (RL), with 1 < p < 2.If f is eg—concentrated to E
and ep—bandlimited to F in L} (RL) —norm, then

1 1 1—€er—e€r

E|? |[F|r > ———=. 49

EF IR > 5 9)
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