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1. Introduction

I In 1934, Morgan [1] proved a famous result called Morgan’s theorem. It states that, for all α > 0, β >

0, δ > 2 and γ = δ
δ−1 , then for all measurable function f on R, the conditions:

eα|x|δ f (x) ∈ L∞(R) and eβ|x|γ f̂ (x) ∈ L∞(R),

imply f = 0 almost everywhere if and only if

(αδ)
1
δ (βγ)

1
γ >

(
sin
(π

2
(γ − 1)

)) 1
γ

,

where f̂ is the classical Fourier transform of f on R.
Recently, in 2003, Farah and Mokni [2] have generalized Morgan’s theorem to an Lp − Lq−version, where

1 ≤ p, q ≤ +∞, as follows:
Let b > 0, a > 0, γ, η positive real numbers satisfying γ > 2, and 1

γ + 1
η = 1, then for all measurable

function f on R, the conditions:

ea|x|γ f (x) ∈ Lp(R) and eb|y|η f̂ (y) ∈ Lq(R),

imply f = 0 almost everywhere if and only if

(aγ)
1
γ (bη)

1
η > (sin(

π

2
(η − 1)))

1
η .

They also extended this theorem to the euclidean space Rn, to the Heisenberg group and to noncompact
real symmetric spaces [2,3].

In 1989, Donoho and Stark [4] established an uncertainty principle for finite cyclic groups Zn. For a
nonzero function f defined on Zn which its support is denoted by supp( f ) = {x ∈ Zn : f (x) ̸= 0}. Then,

|supp( f )| |supp( f̂ )| ≥ n. (1)
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Later on, the Donoho-Stark uncertainty principle has been generalized by Smith [5] to finite abelian
groups, to abelian groups by Özaydm and Przebinda [6], and also to compact groups by Alagic and Russell
[7].

The Donoho–Stark uncertainty principles relies on the concept of ϵ−concentration of a function (signal)
on a measurable set U ⊆ Rn, in both the space and frequency domains. Given ϵ ≥ 0, a function f ∈ L2(Rn) is
ϵ−concentrated (ϵ−timelimited) on a measurable set U ⊆ Rn if

(∫
Rn\U

| f (x)|2 dx
) 1

2
≤ ϵ ∥ f ∥2 . (2)

The theorem of Donoho and Stark states that, for f ∈ L2(Rn), f ̸= 0, is ϵT−concentrated on T ⊆ Rn, and
its Fourier transform f̂ is ϵS−concentrated (ϵS−bandlimited ) on S ⊆ Rn, then

|T||S| ≥ (1 − ϵT − ϵS)
2. (3)

This paper is organized in the following way. We begin by giving an overview and some background
information on harmonic analysis in relation to the Multidimensional Fourier-Bessel transform. Next, we deal
with an Lp − Lq−version of Morgan’s theorem for the multidimensional Fourier-Bessel transform. Finally,
we establish Donoho-Stark and bandlimited uncertainty principles for the multidimensional Fourier-Bessel
transform.

2. Harmonic analysis associated with the multidimensional Fourier-Bessel operator

In this section we give an overview of the harmonic analysis associated with the multidimensional
Fourier-Bessel operator, one can see [8–11]. Consider the differential operator,

Bα f (x) =
d

∑
j=1

∂2 f
∂x2

j
(x) +

2αj + 1
xj

∂ f
∂xj

(x), (4)

where x = (x1, x2, ..., xd) ∈ Rd
+; α = (α1, α2, ..., αd) such that, αj > − 1

2 for all j = 1, ..., d.
We define the space Lp

α(Rd
+) = Lp(Rd

+, x2α+1dx), 1 ≤ p ≤ +∞, as the class of measurable functions f on
Rd
+ for which ∥ f ∥p,α < +∞, where

∥ f ∥p,α =

(∫
Rd
+

| f (x)|px2α+1dx
) 1

p
if p < +∞, (5)

where x2α+1 = x2α1+1
1 x2α2+1

2 ...x2αd+1
d , dx = dx1dx2...dxd, and

∥ f ∥∞,α = ∥ f ∥∞ = ess sup
x∈Rd

+

| f (x)|. (6)

We denote by the function

ωα,λ(x) = jα1(λ1x1)jα2(λ2x2)...jαd(λdxd), (7)

where λ = (λ1, λ2, ..., λd) ∈ Cd and x = (x1, x2, ..., xd) ∈ Rd
+, the Fourier-Bessel kernel on Cd × Rd of the

Fourier-Bessel operator Bα.
Where jαi (x) is the Bessel function of the first kind and Γ(x) is the gamma function defined by,

Γ(x) =
∫ +∞

0
e−ttx−1dt.

jαi (z) = Γ(αi + 1)
∞

∑
n=0

(−1)n

n!Γ(n + αi + 1)
(

z
2
)2n, z ∈ C.

From the properties of the function jαi the function (λ, x) 7→ ωα,λ(x) satisfies the following properties:
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Proposition 1. For all λ ∈ Cd and x ∈ Rd we have:

|ωα,λ(x)| ≤ e∥Imλ∥.∥x∥. (8)

In particular, for all λ ∈ Cd and x ∈ Rd we have:

|ωα,λ(x)| ≤ 1. (9)

Definition 1. The multidimensional Fourier-Bessel transform of order the multi-index α is defined for a
multivariate function f ∈ L1

α(Rd
+) by:

Fα( f )(λ) =
∫
Rd
+

f (x)ωα,λ(x)x2α+1dx for all λ ∈ Rd
+. (10)

Proposition 2. [9,10]
i) The multidimensional Fourier-Bessel transform Fα maps continously and injectively from L1

α(Rd
+) into the space

C0(Rd
+)(continous function on Rd

+ vanishing at infinity).
ii) If both f and Fα( f ) are in L1

α(Rd
+), then

f (x) =
∫
Rd
+

Fα( f )(λ)ωα,λ(x)dµα(λ), (11)

where

dµα(λ) =
d

∏
i=1

(
2αi Γ(αi + 1)−2λ

2αi+1
i dλi

)
.

iii) For every f ∈ L1
α(Rd

+) ∩ L2
α(Rd

+), we have∫
Rd
+

|Fα( f )(λ)|2dµα(λ) =
∫
Rd
+

| f (x)|2x2α+1dx. (12)

iv) For f ∈ L1
α(Rd

+),
∥Fα( f )∥∞,α ≤ ∥ f ∥1,α . (13)

v) The multidimensional Fourier-Bessel transform Fα extends uniquely to an isometric isomorphism from L2
α(Rd

+)

onto L2
α(Rd

+, dµα). The inverse transform is given by:

F−1
α (g)(x) =

∫
Rd
+

g(λ)ωα,λ(x)dµα(λ),

where the integral converges in L2
α(Rd

+).

By using relations (11) and (12) with Marcinkiewicz’s interpolation theorem [12], we deduce that for every
1 ≤ p ≤ 2, and for every f ∈ Lp

α(Rd
+), the function Fα( f ) belongs to the space Lq

α(Rd
+, dµα(x)), with q = p

p−1 ,
and we have,

∥Fα( f )∥q,α ≤ ∥ f ∥p,α . (14)

3. An Lp − Lq−version of Morgan’s theorem for the multidimensional Fourier-Bessel transform

In this section, we establish an analogue of Lp − Lq-version of Morgan’s theorem for the multidimensional
Fourier-Bessel transform. We start by getting the following lemma of Phragmén-Lindelöf type that follows
using the method described in [1,2,13]. We need this result to prove the main result of this paper.

Lemma 1. (Phragmén-Lindelöf) We assume that ρ ∈]1; 2[, q ∈ [1,+∞], σ > 0, and B > σsin(π
2 (ρ − 1)).If g is an

entire funstion on C satisfying :
|g(x + iy)| ≤ const.eσ|y|ρ , (15)
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and
eB|x|ρ g/R ∈ Lq

α

(
R, |r|2α+1dr

)
, (16)

for all x, y ∈ R, then g = 0.

Proof. See [2].

It’s clear that we have the following lemma by using (8), Hölder’s inequality and the theorem of
differentiation under the integral sign.

Lemma 2. Let p ∈ [1,+∞], γ > 2 and f a measurable function on Rd
+ such that for all a > 0:

ea∥x∥γ

f (x) ∈ Lp
α(Rd

+), (17)

then the function defined on Cd by:

Fα(λ) =
∫
Rd
+

f (x)ωα,λ(x)x2α+1dx for all x ∈ Rd
+, (18)

is well defined and entire on Cd; moreover, we have:

∀ ξ, ζ ∈ Rd
+ |Fα( f )(ξ + iζ)| ≤

∫
Rd
+

| f (x)|e∥x∥∥ζ∥x2α+1dx. (19)

The following Morgan-type theorem may be viewed as the analogue of the classical Morgan uncertainty
principle for the Euclidean Fourier transform. In the Fourier–Bessel setting, the weighted measure x2α+1dx
and the oscillatory kernel ωα,λ(x) replace the role of the Euclidean structure. The proof follows the classical
Phragmén–Lindelöf strategy but requires a careful adaptation to the growth properties of Fα( f ) as an entire
function on Cd.

Theorem 1. Let 1 ≤ p, q ≤ ∞, b > 0 a > 0 , γ, η positive real numbers satisfying γ > 2 and 1
γ + 1

η = 1, then

for all measurable function f on Rd
+, the conditions:

ea∥x∥γ

f (x) ∈ Lp
α(Rd

+), (20)

and
eb∥x∥η

Fα f (x) ∈ Lq
α(Rd

+), (21)

imply f = 0 almost everywhere if

(aγ)
1
γ (bη)

1
η >

(
sin
(π

2
(η − 1)

)) 1
η

. (22)

Proof. Let f be a measurable function on Rd
+ satisfying (20), we want to prove that the multidimensional

Fourier-Bessel transform satisfies the hypotheses (15) and (16) of Lemma 1 and hence we deduce that f = 0
almost everywhere. We apply Hölder’s inequality to (19) with: 1

p + 1
p′ = 1

|Fα( f )(ξ + iζ)| ≤
(∫

Rd
+

| f (x)|ea∥x∥γ

x2α+1dx
) 1

p
(∫

Rd
+

e−a∥x∥γ

e∥x∥∥ζ∥x2α+1dx
) 1

p′

≤const
(∫

Rd
+

e−ap′∥x∥γ

ep′∥x∥∥ζ∥x2α+1dx
) 1

p′
,

Let I =
∫
Rd
+

e−ap′∥x∥γ

ep′∥x∥∥ζ∥x2α+1dx, and let C > 0, we have the convexity inequality:

|ty| ≤
(

1
γ

)
|t|γ +

(
1
η

)
|y|η ,
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with t = C ∥x∥ and y =
(

1
C

)
∥ζ∥, we obtain:

∥x∥ ∥ζ∥ ≤ Cγ

γ
∥x∥γ +

1
ηCη ∥ζ∥η ,

then we obtain

I ≤
∫
Rd
+

e−ap′∥x∥γ

e
p′ Cγ

γ ∥x∥γ+p′ ∥ζ∥η

ηCη x2α+1dx

≤e
p′ ∥ζ∥η

ηCη
∫
Rd
+

e−p′(a− Cγ

γ )∥x∥γ

x2α+1dx.

Now, condition (22) implies

(aγ)1/γ > (bη)−1/η
(

sin
(π

2
(η − 1)

))1/η
,

so the open interval (
(bη)−1/η

(
sin
(π

2
(η − 1)

))1/η
, (aγ)1/γ

)
,

is nonempty. Choose any C in this interval. Then:
* a − Cγ/γ > 0, so the integral in I converges;
* b > 1

ηCη sin
(

π
2 (η − 1)

)
, which ensures that the growth condition required in Lemma 1 is satisfied.

Consequently,

|Fα f (ξ + iζ)| ≤ const · e
p′

ηCη ∥ζ∥η

,

and since eb∥·∥ηFα f ∈ Lq
α(Rd

+), we may apply Lemma (Phragmén–Lindelöf) with ρ = η, σ = p′
ηCη , and B = bp′,

noting that B > σ sin
(

π
2 (η − 1)

)
by construction. It follows that Fα f = 0, and by the injectivity of Fα, we

conclude f = 0 a.e.

Now we are going to study the sharpness of the condition

(aγ)
1
γ (bη)

1
η >

(
sin
(π

2
(η − 1)

)) 1
η

.

We start by the following proposition.

Proposition 3. Let a, b > 0 and γ, η positive real numbers satisfying γ > 2 and η = γ
γ−1 . If (aγ)

1
γ (bη)

1
η =(

sin
(

π
2 (η − 1)

)) 1
η , then for all m ∈ N there exists a non-zero measurable function f on Rd

+ satisfying the conditions:∥∥∥(1 + ∥x∥)−m ea∥x∥γ

f
∥∥∥

∞,α
and

∥∥∥(1 + ∥x∥)−m′
eb∥x∥η

Fα( f )
∥∥∥

∞,α
,

where

m′ =
2m + (2 − γ)(2β + d + 2)− 2

2γ − 2
,

and a, b, η, γ are given by the relation

(aγ)
1
γ (bη)

1
η =

(
sin
(π

2
(η − 1)

)) 1
η

.

Proof. We consider the following function as in [1],

f (x) = −i
∫

C
zνezq−qA∥x∥2zdz



Open J. Math. Anal. 2026, 10(1), 68-81 73

where q = γ
γ−2 , Aγ = 1

4 ((γ − 2)a)2 , ν = 2m+4−γ
2(γ−2) and C the path which lies in the half plane Re(z) > 0, and

goes to infinity, in the direction θ = arg(z) = ±θ0; π
2q < θ0 < π

2 . By adapting the method of Morgan in [1], we
obtain

f (x) ∼ (γ − 2)
(
(γ − 2)

2
a
)m

γ
√

π

γ
xme−a∥x∥γ

.

On the other hand

(∀y ∈ Rd
+) : Fα( f )(y) =

∫
Rd
+

f (x)ωα,y(x)x2α+1dx

= −i
∫
Rd
+

∫
C

zνezq−qA∥x∥2zωα,y(x)x2α+1dxdz.

Using Fubini’s theorem, we obtain:

(∀y ∈ Rd
+) : Fα( f )(y) = −i

∫
C

zνezqFα

(
e−qAz∥x∥2)

dz.

From the fact that (see [8])

Fα

(
e−

∥x∥2
4s

)
(x) = s

d
2 (4s)α

(
d

∏
i=1

Γ(αi + 1)

)
e−s∥x∥2

. (23)

We obtain,

Fα( f )(y) = −i
∏d

k=1 Γ(αk + 1)
2d(qA)α+d/2

∫
C

zνezq
z−(α+d/2)e−

∥x∥2
4Aqz dz

= −i
∏d

k=1 Γ(αk + 1)
2d(qA)α+d/2

∫
C

zν−(α+d/2)ezq− ∥x∥2
4Aqz dz.

Using the saddle-point method in calculating the integral, we obtain that:

∀y ∈ Rd
+, Fα( f )(y) = O

(
ym′

e−b∥y∥η
)

,

with

m′ =
2m + (2 − γ)(2α + d)− 2

2γ − 2
.

Proposition 4. Let p, q ∈ [1,+∞], a, b > 0 and γ, η positive real numbers satisfying γ > 2 and η = γ
γ−1 .

If (aγ)
1
γ (bη)

1
η ≤

(
sin
(

π
2 (η − 1)

)) 1
η , then there are infinitely many measurable functions f on Rd

+ satisfying the
conditions:

ea∥x∥γ

f ∈ Lp
α(Rd

+) and eb∥x∥η

Fα( f ) ∈ Lq
α(Rd

+).

Proof. We take

m′ =
2m + (2 − γ)(2α + d)− 2

2γ − 2
.

By Proposition 3, there exists a non zero measurable function f on Rd
+, such that∥∥∥(1 + ∥x∥)−m ea∥x∥γ

f
∥∥∥

∞,α
and

∥∥∥(1 + ∥y∥)−m′
eb∥y∥η

Fα( f )
∥∥∥

∞,α
.

Then, for all x, y ∈ Rd
+, the function f satisfies the inequalities

ea∥x∥γ

| f (x)| ≤ const (1 + ∥x∥)m and eb∥y∥η

|Fα( f )(y)| ≤ const (1 + ∥y∥)m′
.
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The conditions
m < −2α + d

p
and m′ < −2α + d

q
,

implies that ∥∥∥ea∥x∥γ

f
∥∥∥

p,α
< +∞ and

∥∥∥eb∥y∥η

Fα( f )
∥∥∥

q,α
< +∞,

which proves that there exists infinitely many measurable functions on Rd
+ satisfying the conditions when

(aγ)
1
γ (bη)

1
η ≤

(
sin
(

π
2 (η − 1)

)) 1
η .

4. Donoho-Stark uncertainty principle for the multidimensional Fourier-Bessel transform

In [4], Donoho and Stark demonstrate that it is not required to assume that the support and spectrum
(transform support) are concentrated on intervals, and that intervals can be substituted by measurable sets,
with the length of the interval naturally replaced by the set’s measure.

In the section, we establish the analogue of Donoho-Stark uncertainty principle for the multidimensional
Fourier-Bessel transform based on the techniques of Donoho and Stark [4]. First, we revist the concept of
ϵ−concentration of a signal on a measurable set E ⊆ Rd

+. We show the uncertainty inequality of Donoho-Stark

type on L1
α(Rd

+) ∩ Lp
α(Rd

+) for 1 < p ≤ 2. If F is a set of finite measure of Rd
+, we put: |F| =

∫
F

x2α+1dx. Note

that 0 < ϵE, ϵF < 1.
A function f ∈ Lp

α(Rd
+) is ϵE−concentrated on a measurable set E ⊆ Rd

+. If there is a measurable function
g vanishing outside E, such that

∥ f − g∥p,α ≤ ϵE ∥ f ∥p,α . (24)

Therefore, if we introduce a projection operator PE as,

(PE f )(x) =

{
f (x) , x ∈ E,

0 , x ∈ Rd
+ \ E,

(25)

PE f = χE f .

With χE the characteristic function of E. Then, f is ϵE−concentrated on E if and only if,

∥ f − PE f ∥p,α ≤ ϵE ∥ f ∥p,α . (26)

We define a projection operator QE as follows,

Fα(QE f ) = PE (Fα( f )) . (27)

Then, Fα( f ) is ϵF−concentrated on F if and only if,

∥Fα( f )−Fα(QF f )∥q,α ≤ ϵF ∥Fα( f )∥q,α . (28)

Lemma 3. If |F| < ∞ and f ∈ L1
α(Rd

+) ∩ Lp
α(Rd

+) for 1 ≤ p ≤ 2, then we have

QF( f )(x) =
∫

F
Fα( f )(λ)ωα,λ(x)dµα(λ). (29)

Proof. Let f ∈ L1
α(Rd

+) ∩ Lp
α(Rd

+) for 1 ≤ p ≤ 2, and 1
p + 1

q = 1. Then,

∥Fα (QF( f ))∥1,α =
∫

F
|Fα( f )(x)| x2α+1dx

≤ |F|
1
p ∥Fα( f )∥q,α

≤ |F|
1
p ∥ f ∥p,α ,
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and we have also,

∥Fα (QF( f ))∥2 =

(∫
F
|Fα( f )(x)|2 x2α+1dx

) 1
2

≤ |F|
q−2
2q ∥Fα( f )∥q,α

≤ |F|
q−2
2q ∥ f ∥p,α .

Then, Fα (QF( f )) ∈ L1
α(Rd

+) ∩ L2
α(Rd

+) and by (11), we obtain,

QF( f ) = F−1
α [PFFα( f )] .

Which completes the proof.

Lemma 4. Let f ∈ L1
α(Rd

+) ∩ Lp
α(Rd

+) for 1 ≤ p ≤ 2, then we have

∥Fα (QF( f ))∥q,α ≤ ∥ f ∥p,α . (30)

Proof. Let f ∈ L1
α(Rd

+) ∩ Lp
α(Rd

+) for 1 ≤ p ≤ 2, and 1
p + 1

q = 1,

∥Fα (QF( f ))∥q,α =

(∫
F
|Fα( f )(ξ)|q ξ2α+1dξ

) 1
q

≤ ∥Fα( f )∥q,α

≤ ∥ f ∥p,α .

Which completes the proof.

Lemma 5. Let f ∈ L1
α(Rd

+) ∩ Lp
α(Rd

+) for 1 ≤ p ≤ 2, then we have

∥Fα (QFPE f )∥q,α ≤ |E|
1
q |F|

1
q ∥ f ∥p,α . (31)

Proof. If |E| = ∞ or |F| = ∞, the inequality is clear. Assume that |E| < ∞ and |F| < ∞. Let f ∈ L1
α(Rd

+) ∩
Lp

α(Rd
+) for 1 ≤ p ≤ 2, and 1

q +
1
p = 1. We have,

Fα (QFPE f ) = χFFα (PE f ) ,

thus,

∥Fα (QFPE f )∥q,α =

(∫
F
|Fα (PE f ) (x)|q x2α+1dx

) 1
q

.

Since,
Fα (PE f ) (λ) =

∫
E

f (x)ωα,λ(x)x2α+1dx.

By Hölder’s inequality, we can get,

|Fα (PE f )| ≤
(∫

E
|ωα,λ(x)|q x2α+1dx

) 1
q
(∫

E
| f (x)|p x2α+1dx

) 1
p

≤ |E|
1
q ∥ f ∥p,α .

Therefore,

∥Fα (QFPE f )∥q,α ≤ |E|
1
q ∥ f ∥p,α

(∫
F
|χF|q x2α+1dx

) 1
q
≤ |E|

1
q |F|

1
q ∥ f ∥p,α .
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This completes the proof.

The classical Donoho–Stark uncertainty principle states that a non-zero signal cannot be simultaneously
well-concentrated in both time and frequency domains: if f is εT-concentrated on a set T and f̂ (Fourier
transform) is εS-concentrated on S, then |T||S| ≥ (1 − εT − εS)

2. In our framework, the Lebesgue measure is
replaced by the Fourier-Bessel weight x2α+1dx, and the Fourier transform is replaced by Fα. The projections PE
and QF are defined analogously via multiplication and transform-domain restriction. The following theorem
shows that the same qualitative phenomenon holds: strong concentration in both domains forces the function
to be small unless the weighted measures |E| and |F| are sufficiently large.

Theorem 2. Let E and F be measurable subsets of Rd
+ and f ∈ L1

α(Rd
+) ∩ Lp

α(Rd
+) for 1 ≤ p ≤ 2, and 1

p + 1
q = 1. If f

is ϵE−concentrated on E in Lp
α(Rd

+)−norm, then

∥Fα( f )∥q,α ≤ ϵE + |E|
1
q |F|

1
q

1 − ϵF
∥ f ∥p,α . (32)

Proof. Let f ∈ L1
α(Rd

+)∩ Lp
α(Rd

+) for 1 ≤ p ≤ 2, and 1
p +

1
q = 1. Applying (14), (31) and the triangle inequality,

∥Fα( f )−Fα (QFPE f )∥q,α ≤ ∥Fα( f )−Fα (QF f )∥q,α + ∥Fα(QF f )−Fα (QFPE f )∥q,α

≤ ϵF ∥Fα( f )∥q,α + ∥Fα (QF f − QFPE f )∥q,α

≤ ϵF ∥Fα( f )∥q,α + ∥ f − PE f ∥p,α

≤ ϵF ∥Fα( f )∥q,α + ϵE ∥ f ∥p,α .

Now, we apply the Lemma 5 and the triangle inequality again to get,

∥Fα( f )∥q,α ≤ ∥Fα( f )−Fα (QFPE f )∥q,α + ∥Fα (QFPE f )∥q,α .

This completes the proof.

Corollary 1. For q = 2, the expression (32) becomes,

|E||F| ≥ (1 − ϵE − ϵF)
2 . (33)

Theorem 3. Let E and F be measurable subsets of Rd
+ and Fα( f ) ∈ L1

α(Rd
+)∩ Lp

α(Rd
+) for 1 ≤ p ≤ 2, and 1

p +
1
q = 1.

If f is ϵE−concentrated on E in L1
α(Rd

+)−norm, and Fα( f ) is ϵF−concentrated on F in Lq
α(Rd

+)−norm, then

∥Fα( f )∥q,α ≤ |E|
1
q |F|

1
q

(1 − ϵE)(1 − ϵF)
∥ f ∥p,α . (34)

Proof. Let f ∈ L1
α(Rd

+) ∩ Lp
α(Rd

+) for 1 ≤ p ≤ 2, and 1
p + 1

q = 1. Since Fα( f ) is ϵF−concentrated on F in

Lq
α(Rd

+)−norm, then by (13) and the triangle inequality, we get

∥Fα( f )∥q,α ≤ ∥Fα( f )−Fα(QF f )∥q,α + ∥Fα(QF f )∥q,α

≤ ϵF ∥Fα( f )∥q,α +

(∫
F
|Fα( f )(x)|q x2α+1dx

) 1
q

≤ ϵF ∥Fα( f )∥q,α + |F|
1
q ∥Fα( f )∥∞

≤ ϵF ∥Fα( f )∥q,α + |F|
1
q ∥ f ∥1,α .

This will lead to

∥Fα( f )∥q,α ≤ |F|
1
q

1 − ϵF
∥ f ∥1,α . (35)
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Since f is ϵE−concentrated on E in L1
α(Rd

+)−norm, we can immediately obtain that,

∥ f ∥1,α ≤ ∥ f − PE f ∥1,α + ∥PE f ∥1,α

≤ ϵE ∥ f ∥1,α +
∫

E
| f (x)| x2α+1dx

≤ ϵE ∥ f ∥1,α + |E|
1
q ∥ f ∥p,α ,

then, we get

∥ f ∥1,α ≤ |E|
1
q

1 − ϵE
∥ f ∥p,α . (36)

By inserting (36) into (35), we obtain (34).

This theorem generalizes the result obtained by Donoho-Stark in [10]. In the particular case, when p = 2,
we obtain the following corollary.

Corollary 2. For q = 2, we have √
|E||F| ≥ (1 − ϵE)(1 − ϵF). (37)

Now we generalize the Theorem 3 on the space Lp1
α (Rd

+) ∩ Lp2
α (Rd

+). In fact, when the space Lp
α(Rd

+) is
substituted by Lp1

α (Rd
+) ∩ Lp2

α (Rd
+), we find the following result.

Theorem 4. Let E and F be measurable subsets of Rd
+ and f ∈ L1

α(Rd
+) ∩ Lp1

α (Rd
+) ∩ Lp2

α (Rd
+) for 1 < p1 < p2 ≤ 2,

and 1
p1

+ 1
q1

= 1, 1
p2

+ 1
q2

= 1. If f is ϵE−concentrated on E in Lp1
α (Rd

+)−norm and Fα( f ) is ϵF−concentrated on F

in Lq2(Rd
+)−norm then

∥Fα( f )∥q2,α ≤ |E|
p2−p1
p2 p1 |F|

q1−q2
q1q2

(1 − ϵE)(1 − ϵF)
∥ f ∥p2,α . (38)

Proof. Let E and F be measurable subsets of Rd
+ and f ∈ L1

α(Rd
+) ∩ Lp1

α (Rd
+) ∩ Lp2

α (Rd
+) for 1 < p1 < p2 ≤ 2,

and 1
p1

+ 1
q1

= 1, 1
p2

+ 1
q2

= 1. Since Fα( f ) is ϵF−concentrated on F in Lq2
α (Rd

+)−norm, then

∥Fα( f )∥q2,α ≤ ϵF ∥Fα( f )∥q2,α +

(∫
F
|Fα( f )(x)|q2 x2α+1dx

) 1
q2

≤ ϵF ∥Fα( f )∥q2,α + |F|
q1−q2
q1q2 ∥ f ∥q1,α

≤ |F|
q1−q2
q1q2

1 − ϵF
∥ f ∥q1,α ,

thus, by (14), we obtain,

∥Fα( f )∥q2,α ≤ |F|
q1−q2
q1q2

1 − ϵF
∥ f ∥p1,α . (39)

On the other hand, since f is ϵE−concentrated on E in Lp1
α (Rd

+)−norm, we can immediately obtain that,

∥ f ∥p1,α ≤ ϵE ∥ f ∥p1,α +

(∫
E
| f (x)|p1 x2α+1dx

) 1
p1

≤ ϵE ∥ f ∥p1,α + |E|
p2−p1
p1 p2 ∥ f ∥p2,α ,

then, we get

∥ f ∥p1,α ≤ |E|
p2−p1
p1 p2

1 − ϵE
∥ f ∥p2,α . (40)
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By combining (40) and (39), we immediately get the desired result.

Corollary 3. If p2 = 2, the formula (38) becomes,

|E|
2−p
2p |F|

q−2
2q ≥ (1 − ϵE)(1 − ϵF), (41)

with 1
p + 1

q = 1.

5. Bandlimited principles for the multidimensional Fourier-Bessel transform

Based on the works of Donoho and Stark in [4] and Soltani in [14], we show bandlimited principles of
concentration type on Lp

α(Rd
+) for 1 < p ≤ 2 and generalize this result on Lp

α(Rd
+) ∩ Lr

α(Rd
+) for 1 < p < r ≤ 2.

Definition 2. For 1 ≤ r ≤ 2, we denote by Br(T) the set of the functions h ∈ L1
α(Rd

+) ∩ Lr
α(Rd

+) that are
bandlimited to T. It means that every h ∈ Br(T) holds QTh = h. Moreover, it is said that f is ϵT−bandlimited
to T in Lr

α(Rd
+)−norm if there exists a function h ∈ Br(T) such that,

∥ f − g∥r,α ≤ ϵT ∥ f ∥r,α . (42)

The space Br(T) satisfies the following properties.

Lemma 6. Let E and T be measurable subsets of Rd
+. For h ∈ Br(T) with 1 ≤ r ≤ 2, we have,

∥PEh∥r,α ≤ |E|
1
r |T|

1
r ∥h∥r,α , (43)

with 1
r +

1
r′ = 1.

Proof. If |E| = ∞ or |T| = ∞, the inequality is clear. Assume that |E| < ∞ and |T| < ∞. For h ∈ Br(T) with
1
r +

1
r′ = 1. From Lemma 3, we have

QT f (t) =
∫

T
Fα( f )(λ)ωα,λ(t)dµα(λ).

Using Hölder’s inequality together with Hausdroff-Young inequality, we get,

|h(t)| ≤ |T|
1
r ∥Fα(h)∥r′ ,α

≤ |T|
1
r ∥h∥r,α ,

hence, we have

∥PEh∥r,α =

(∫
E
|h(t)|r dt

) 1
r

≤ |T|
1
r |E|

1
r ∥h∥r,α ,

which completes the proof.

The following concentration principles for bandlimited functions generalize the results of Donoho–Stark
and Soltani in the Euclidean setting. Here, bandlimitedness is defined with respect to the support of
the Fourier–Bessel transform, and the inequalities reflect the interaction between time-concentration and
weighted frequency-localization. In classical signal processing, a bandlimited function cannot be arbitrarily
concentrated in time; this is the essence of the “energy concentration” or “prolate spheroidal” problem studied
by Slepian, Landau, and Pollak [15–19]. Donoho and Stark and later Soltani extended this idea to approximate
concentration and bandlimiting. Here, we adapt these ideas to the Fourier–Bessel setting: a function that is
nearly bandlimited to a set T (in the sense that it is close in Lr

α-norm to a function whose transform vanishes
outside T) cannot be too concentrated on a small-measure set E ⊂ Rd

+ unless |E||T| is large.
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Theorem 5. Let E and T be measurable subsets of Rd
+ and f ∈ L1

α(Rd
+) ∩ Lr

α(Rd
+) for 1 ≤ r ≤ 2, and 1

r +
1
r′ = 1. If f

is ϵT−bandlimited to T in Lr
α(Rd

+)−norm, then

∥PE f ∥r,α ≤
(
|T|

1
r |E|

1
r (1 + ϵT) + ϵT

)
∥ f ∥r,α . (44)

Proof. Since the function f is ϵE−bandlimited to E in Lr
α(Rd

+)−norm, then there exists h ∈ Br(E), satisfying,

∥PE f ∥r,α ≤ ∥PEh∥r,α + ∥PE( f − h)∥r,α

= ∥PEh∥r,α +

(∫
E
|( f − h)(t)|r dt

) 1
r

≤ ∥PEh∥r,α +

(∫
Rd
+

|( f − h)(t)|r dt
) 1

r
.

Then, we obtain
∥PE f ∥r,α ≤ ∥PEh∥r,α + ϵT ∥ f ∥r,α . (45)

It is evident to see,
∥h∥r,α ≤ (1 + ϵT) ∥ f ∥r,α . (46)

By combining (43) and (46) and inserting them into (45), then we obtain the desired result.

In the following we state an Lp
α(Rd

+) ∩ Lr
α(Rd

+) bandlimited uncertainty principles of concentration type.

Theorem 6. Let E and F be measurable subsets of Rd
+ and f ∈ Lp

α(Rd
+) ∩ Lr

α(Rd
+), with 1 ≤ p ≤ r ≤ 2. If f is

ϵE−concentrated to E in Lp
α(Rd

+)−norm and ϵF−bandlimited to F in Lr
α(Rd

+)−norm, then

∥ f ∥p,α ≤ |E|
r−p
rp

1 − ϵF

[
|E|

1
r |F|

1
r (1 + ϵF) + ϵF

]
∥ f ∥r,α , (47)

where 1
s +

1
r = 1 and 1

p + 1
q = 1.

Proof. Assume that |E| < ∞ and |F| < ∞. Let f ∈ Lp
α(Rd

+) ∩ Lr
α(Rd

+) with 1 ≤ p ≤ r ≤ 2. Since f is
ϵE−concentrated to E in Lp

α(Rd
+)−norm, then by Hölder’s inequality, we deduce that,

∥ f ∥p,α ≤ ∥ f − PE f ∥p,α + ∥PE f ∥p,α

≤ ϵE ∥ f ∥p,α + ∥PE f ∥p,α

≤ ϵE ∥ f ∥p,α + |E|
r−p
pr ∥PE f ∥r,α .

Then,

∥ f ∥p,α ≤ |E|
r−p
pr

1 − ϵE
∥PE f ∥r,α . (48)

Since f is ϵF−bandlimited to F in Lr
α(Rd

+)−norm, by definition there is a g ∈ Br(F) with ∥ f − g∥r,α ≤
ϵF ∥ f ∥r,α . Then we get,

∥PE f ∥r,α ≤ ∥PEg∥r,α + ∥PE( f − g)∥r,α

≤ ∥PEg∥r,α + ϵF ∥ f ∥r,α .

We have g ∈ Br(F), then g(x) = F−1
α (PFFα(g)) .

|g(x)| ≤ |F|
1
r ∥Fα(g)∥s,α

≤ |F|
1
r ∥g∥r,α ,
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hence, we get,

∥PEg∥r,α =

(∫
E
|g(x)|r x2α+1dx

) 1
r
≤ |F|

1
r |E|

1
r ∥g∥r,α .

By (44) and the fact that ∥g∥r,α ≤ (1 + ϵF) ∥ f ∥r,α . We get,

∥PEg∥r,α ≤ |F|
1
r |E|

1
r (1 + ϵF) ∥ f ∥r,α .

∥PE f ∥r,α ≤
[
|F|

1
r |E|

1
r (1 + ϵF) + ϵF

]
∥ f ∥r,α .

Which completes the proof.

Corollary 4. Let E and F be measurable subsets of Rd
+ and f ∈ Lp

α(Rd
+), with 1 ≤ p ≤ 2. If f is ϵE−concentrated to E

and ϵF−bandlimited to F in Lp
α(Rd

+)−norm, then

|E|
1
p |F|

1
p ≥ 1 − ϵF − ϵE

1 + ϵF
. (49)
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