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1. Introduction

T he q-Laguerre-Hahn regular form uq ( linear functional) its formal Stieltjes function S(z, uq) = − ∑
k≥0

(u)k
zk+1 ,

where (uq)n :=
〈
uq, xn〉 , n ≥ 0, fulfills the following q-Riccati equation [1–3]

ϕ(q−1z)Hq−1(S(z, uq)) = B(z)S(z, uq)S(q−1z, uq) + C(z)S(z, uq) + D(z), (1)

where ϕ, B, C, D are a polynomials (ϕ monic) and Hq the q-derivative operator.
The monic orthogonal polynomials sequence associated to uq is said to be Hq-Laguerre-Hahn orthogonal

polynomials.
When the Eq. (1) can not be simplifying by any polynomial the class of uq is defined by s(uq) :=

max(deg B − 2, deg C − 1, deg D) [3].
In the case where B = 0, we deal with the Hq-semi-classical forms [4] in particular the symmetrical

Hq-semi-classical forms of class one are treated in [5].
Moreover, the symmetrical Hq-Laguerre-Hahn of class zero and one are exhaustively studied in [6,7] and

some examples of non symmetrical Hq-Laguerre-Hahn of class two are given in [8] via Cristoffel an Geronimus
transformations.

Notice that the first order q-difference equation for Stieltjes function is studied in [1] for the Hq-classical
forms.

In this work, we prove that when the form uq is q-Laguerre-Hahn form of class s(uq) satisfying (1), its
Stieltjes function S(z, uq) satisfies also the qk+1-Riccati equation, k ∈ N:

(q−k−1 − 1)zRk+1(z)Hq−k−1
(
S(z, uq)

)
=− Bk+1(z)S(z, uq)S(q−k−1z, uq)− (Rk+1(z) + Ck+1(z)) S(z, uq)

− Dk+1(z), (2)

where Bk+1, Rk+1, Ck+1 and Dk+1 are a polynomials for k ∈ N (see Proposition 1 below), which means that the
same form uq is also qk+1-Laguerre-Hahn ( respectively Hqk+1-semi-classical) form relatively to the operator
operator Hqk+1 . Consequently, the class of the form uq depends on the integer k with respect to the operator

Hqk+1 . Of course, we have s(uq) = s(uqk+1) since q is replaced by qk+1.
Some examples are highlighted, when uq := Tq (respectively uq := Uq), where Tq (respectively Uq) is the

q-Chebyshev form of the first kind ( respectively the second kind) which is Hq-classical form [9], we establish
the q-difference Eq. (2) satisfied by S(z, Tq) (respectively S(z,Uq) ) and we prove that Tq (respectively Uq) it is a
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Hqk+1-semi-classical form of class 2k, k ≥ 0. In the case where uq := uq(ω) where uq(ω) is the symmetric Brenk
type form which is Hq-semi-classical form of class s(uq(ω)) = 1 [8], on one hand, we determine the Stieltjes
function S(z, uq(ω)), in particular, we show that S(z, uq(0)) it is a solution of an q-difference equation involving
the Jacobi triple product identity [10,11], also the polynomials Bk+1, Rk+1, Ck+1 and Dk+1 are calculated. As
a consequence, we prove that the form uq(ω) is also Hqk+1-semi-classical form of class 2k + 1, k ≥ 0. On the

other hand, we establish the qk+1-difference Eq. (2) satisfied by S(z, u(1)
q (ω)), which allowed us to show that

the first associated form u(1)
q (ω) it is qk+1-Laguerre-form of class 2k + 1, k ≥ 0.

2. Preliminaries and fundamental results

Let P be the vector space of polynomials with coefficients in C and let P ′ be its dual. We denote by ⟨w, f ⟩
the effect of w ∈ P ′ on f ∈ P . In particular, we denote by (w)n := ⟨w, xn⟩ , n ≥ 0, the moments of w. Let us
introduce some useful operations in P ′. For any linear form w, any polynomial g and any a ∈ C− {0}, ∈ C,
we let gw, haw and Hqw be the forms (linear functionals) defined by duality

⟨gw, f ⟩ := ⟨w, g f ⟩ , ⟨haw, f ⟩ := ⟨w, ha f ⟩ ,
〈

Hqw, f
〉

;= −
〈
w, Hq f

〉
, f ∈ P ,

where

Hq( f )(x) =
f (qx)− f (x)
(q − 1)x

, x ̸= 0, q ∈ C̃ := C−
(
{0} ∪

⊔
n≥0

{z ∈ C, zn = 1}
)

,

Hq( f )(0) = f ′(0).

We also define the right-multiplication of a form by a polynomial with

(w f )(x) :=
〈

w,
x f (x)− ξ f (ξ)

x − ξ

〉
, w ∈ P ′, f ∈ P .

This allows to define the product of two forms:

⟨uw, f ⟩ := ⟨u, w f ⟩ , u, w ∈ P ′, f ∈ P .

The formal Stieltjes function of w ∈ P ′ is defined by

S(z, w) = − ∑
n≥0

(w)n

zn+1 , z ∈ C− {0}.

Next, we define Hq(S(z, w)) as following

Hq(S(z, w)) =
S(qz, w)− S(z, w)

(q − 1)z
, z ∈ C− {0}.

We call polynomial sequence (PS), the sequence of polynomials {Pn}n≥0 when deg Pn = n, n ≥ 0.
Then any polynomial Pn can be supposed monic and the sequence becomes a monic polynomial sequence
(MPS). The MPS {Pn}n≥0 is orthogonal (MOPS) with respect to w ∈ P ′ when the following conditions hold
⟨w, PmPn⟩ = rnδn,m, n, m ≥ 0, rn ̸= 0, n ≥ 0. In this case the form w is said regular. The form w is called
normalized if (w)0 = 1. In this paper, we suppose that the forms are normalized. Thus, {Pn}n≥0 satisfies the
standard recurrence relation{

P0(x) = 1 , P1(x) = x − β0,
Pn+2(x) = (x − βn+1)Pn+1(x)− γn+1Pn(x), n ≥ 0; γn+1 ̸= 0, n ≥ 0.

(3)

The regular form w is said to be symmetric when (w)2n+1 = 0, n ≥ 0, or equivalently βn = 0, n ≥ 0 in (3) [12].
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Given a regular form w and the corresponding MOPS {Pn}n≥0 satisfying (3), we define the first associated
sequence {P(1)

n }n≥0 by [12]

P(1)
n (x) =

〈
w,

Pn+1(x)− Pn+1(ξ)

x − ξ

〉
= (wθ0Pn+1)(x). (4)

We know that {P(1)
n }n≥0 is a MOPS with respect to w(1) satisfying (3) with [12]

β
(1)
n = βn+1, γ

(1)
n+1 = γn+2, n ≥ 0. (5)

Definition 1. [3] A form w is called q-Laguerre-Hahn when it is regular and its formal Stieltjes function S(., w)

satisfies the follwoing q-Riccati equation

(hq−1 ϕ)(z)Hq−1(S(z, w)) = B(z)S(z, w)S(q−1z, w) + C(z)S(z, w) + D(z), (6)

with ϕ, B, C and D are a polynomials (ϕ monic).

The class of the q-Laguerre-Hahn satisfying ((6)) is s(w) = max(deg(B)− 2, deg(C)− 1, deg(D)) if and
only if [3]

∏
c∈Zϕ

{
| B(cq) | + | C(cq) | + | D(cq) |

}
> 0, (7)

where Zϕ is the set of roots of ϕ.

Remark 1. 1. When the conditions (7) are realized, Eq. (6) can not be simplified by any polynomial [3].
2. When B = 0, we deal with the Hq-semi-classical forms [4].
3. The case, when B = 0, deg(ϕ) ≤ 2, deg(C) ≤ 1, deg(D) ≤ 0, corresponds to the Hq-classical forms [13].
4. By extension, the integer s(w) is also the class of the MOPS {Pn}n≥0 with respect to w.

In what follows, we assume that q ∈ C̃.
We are going to use the following notations and results [14].
For a, a1, ..., an:

(a, q)n :=


1, n = 0,
n−1
∏

ν=0
(1 − aqν), n ≥ 1,

(8)

(a, q)∞ = ∏
ν≥0

(1 − aqν), | q |< 1, (9)

(a1, ..., an; q)∞ =
n

∏
j=1

(aj, q)∞, | q |< 1. (10)

3. The difference-equations satisfied by the Stieltjes function of q-Laguerre-Hahn forms

In the sequel, we suppose that uq is q-Laguerre-Hahn form of class s(uq) satisfying the q-Ricatti equation
[3]

ϕ(q−1z)Hq−1(S(z, uq)) = B(z)S(z, uq)S(q−1z, uq) + C(z)S(z, uq) + D(z). (11)

Lemma 1. The Eq. (11) it is equivalent to

B1(z)S(z, uq)S(q−1z, uq) + R1(z)S(q−1z, uq) + C1(z)S(z, uq) + D1(z) = 0, (12)

where
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B1(x) = (q−1 − 1)xB(x), R1(x) = −ϕ(q−1x),

C1(x) = ϕ(q−1x) + (q−1 − 1)xC(x), D1(x) = (q−1 − 1)xD(x). (13)

Moreover, we have
(R1, D1), (C1, D1), (B1, R1), (B1, C1) ̸= (0, 0), (14)

B1D1 − R1C1 ̸= 0. (15)

Proof. As, we have Hq−1(S(z, uq)) =
S(q−1z,uq)−S(z,uq)

(q−1−1)z , Eq. (11) can be written as following

(q−1 − 1)zB(z)S(z, uq)S(q−1z, uq)− ϕ(q−1z)S(q−1z, uq)

+
(

ϕ(q−1z) + (q−1 − 1)zC(z)
)

S(z, uq) + (q−1 − 1)zD(z) = 0.

Which provides (12) with (13).
Since the S(z, uq) is not a rational function [12], we deduce the relations (14). Suppose that B1D1 − R1C1 =

0. Multiplying both sides identities of (12) by the polynomial B1, we obtain

B2
1(z)S(z, uq)S(q−1z, uq) + B1(z)R1(z)S(q−1z, uq) + B1(z)C1(z)S(z, uq) + B1(z)D1(z) = 0,

but B1D1 = R1C1, we get

B2
1(z)S(z, uq)S(q−1z, uq) + B1(z)R1(z)S(q−1z, uq) + B1(z)C1(z)S(z, uq) + C1(z)R1(z) = 0.

Which is equivalent to(
B1(z)S(q−1z, uq) + C1(z)

) (
B1(z)S(z, uq) + R1(z)

)
= 0.

Therefore B1(z)S(q−1z, uq) + R1(z) = 0 or B1(z)S(z, uq) + C1(z) = 0, thus S(z, uq) is a rational function.
Which is absurd, then B1D1 − R1C1 ̸= 0. Hence (15).

Remark 2. Let M(z) be the matrix defined as following

M(z) =

(
−R1(z) B1(z)
−D1(z) C1(z)

)
. (16)

Proposition 1. The Stieltjes function S(z, uq) satisfies the following q−k−1-difference equation

Bk+1(z)S(q−k−1z, uq)S(z, uq) + Rk+1(z)S(q−k−1z, uq) + Ck+1(z)S(z, uq) + Dk+1(z) = 0, k ∈ N, (17)

where (
Bk+1(z)
Ck+1(z)

)
= M(q−kz)

(
Bk(z)
Ck(z)

)
, k ≥ 0,

(
Rk+1(z)
Dk+1(z)

)
= M(q−kz)

(
Rk(z)
Dk(z)

)
k ≥ 0, (18)

with
C0 = 1, R0 = −1, B0 = D0 = 0. (19)

Moreover (
Bk+1(z)
Ck+1(z)

)
= M(q−kz)M(q−(k−1)z)...M(z)

(
0
1

)
, k ≥ 0. (20)
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(
Rk+1(z)
Dk+1(z)

)
= M(q−kz)M(q−(k−1)z)...M(z)

(
−1
0

)
, k ≥ 0. (21)

In addition uq is also q−k−1-Laguerre-Hahn form satisfying the qk+1-Ricatti equation

φk+1(q−k−1z)Hq−k−1
(
S(z, uq)

)
=− Bk+1(z)S(z, uq)S(q−k−1z, uq)

− (Rk+1(z) + Ck+1(z)) S(z, uq)− Dk+1(z). (22)

where
φk+1(z) = (1 − qk+1)zRk+1(qk+1z). (23)

Proof. By induction on k ∈ N.
For k = 0 it is the q-difference Eq. (12).
Assume that for an integer k ≥ 0 we have

Bk(z)S(q−kz, uq)S(z, uq) + Rk(z)S(q−kz, uq) + Ck(z)S(z, uq) + Dk(z) = 0, k ∈ N. (24)

From the Eq. (12), we get

S(z, uq) = −
R1(z)S(q−1z, uq) + D1(z)
B1(z)S(q−1z, uq) + C1(z)

.

Therefore

S(q−kz, uq) = −
R1(q−kz)S(q−k−1z, uq) + D1(q−kz)
B1(q−kz)S(q−k−1z, uq) + C1(q−kz)

.

Based on the previous relation, (24) becomes

−Bk(z)S(z, uq)
R1(q−kz)S(q−k−1z, uq) + D1(q−kz)
B1(q−kz)S(q−k−1z, uq) + C1(q−kz)

− Rk(z)
R1(q−kz)S(q−k−1z, uq) + D1(q−kz)
B1(q−kz)S(q−k−1z, uq) + C1(q−kz)

+ Ck(z)S(z, uq) + Dk(z) = 0.

Equivalently

Bk+1(z)S(z, uq)S(q−k−1z, uq) + Rk+1(z)S(q−k−1z, uq) + Ck+1(z)S(z, uq) + Dk+1(z) = 0, (25)

where

Bk+1(z) = B1(q−kz)Ck(z)− R1(q−kz)Bk(z),

Ck+1(z) = C1(q−kz)Ck(z)− D1(q−kz)Bk(z),

Rk+1(z) = B1(q−kz)Dk(z)− R1(q−kz)Rk(z),

Dk+1(z) = C1(q−kz)Dk(z)− D1(q−kz)Rk(z). (26)

Thus we get (17) with (18).
Based on (26), we deduce (20) and (21).
Eq. (22) can be deduced from (17) and Lemma 1.

Remark 3. Based on Eq. (22), we see that the form uq is also qk+1-Laguerre-Hahn and its class depends on the
integer k with respect to the operator Hq−k−1 . Of course the form uqk+1 remains of class s(uq).

Lemma 2. When B = 0 i.e B1 = 0, we have



Open J. Math. Anal. 2026, 10(1), 102-115 107

M(q−kz)M(q−(k−1z)...M(z) =

 (−1)k+1
k

∏
n=0

R1(q−nz) 0

Ak(z)
k

∏
n=0

C1(q−nz)

 , k ≥ 0, (27)

with

Ak(z) = −
(

k

∏
n=0

C1(q−nz)

)
k

∑
n=0

(−1)n D1(q−nz)
R1(q−nz)

n

∏
µ=0

R1(q−µz)
C1(q−µz)

, k ≥ 0. (28)

Proof. Since B1 = 0, from Lemma 1, we get C1R1 ̸= 0.
By induction on k, k ∈ N.
For k = 0, it is (16).
Suppose that for an integer k, we have (27). We may write

M(q−(k+1)z)M(q−kz)...M(z) = M(q−(k+1)z)
(

M(q−kz)...M(z)
)

,

using the hypothesis of the induction and (16), we get

M(q−(k+1)z)
(

M(q−kz)...M(z)
)

=

(
−R1(q−(k+1)z) B1(q−(k+1)z)
−D1(q−(k+1)z) C1(q−(k+1)z)

) (−1)k+1
k

∏
n=0

R1(q−nz) 0

Ak(z)
k

∏
n=0

C1(q−nz)



=

 (−1)k
k+1
∏

n=0
R1(q−nz) 0

xk(z)
k+1
∏

n=0
C1(q−nz)

 ,

with xk(z) = C1(q−k−1z)Ak(z) + (−1)kD1(q−k−1z)
k

∏
n=0

C1(q−nz).

From (28), it follows that

xk(z) = (−1)kD1(q−k−1z)
k

∏
n=0

R1(q−nz)− C1(q−k−1z)

(
k

∏
n=0

C1(q−nz)

)
k

∑
n=0

(−1)n D1(q−nz)
R1(q−nz)

n

∏
µ=0

R1(q−µz)
C1(q−µz)

= −
(

k+1

∏
n=0

C1(q−nz)

)
k+1

∑
n=0

(−1)n D1(q−nz)
R1(q−nz)

n

∏
µ=0

R1(q−µz)
C1(q−µz)

.

Hence the desired result.

Corollary 1. When uq is Hq-semi-classical form (B1 = 0), we have

Rk+1(z)S(q−k−1z, uq) + Ck+1(z)S(z, uq) + Dk+1(z) = 0, k ∈ N, (29)

where

Rk+1(z) = (−1)k
k

∏
n=0

R1(q−nz), (30)

Ck+1(z) =
k

∏
n=0

C1(q−nz), (31)

Dk+1(z) =

(
k

∏
n=0

C1(q−nz)

)
k

∑
n=0

(−1)n D1(q−nz)
R1(q−nz)

(
n

∏
µ=0

R1(q−µz)
C1(q−µz)

)
, k ∈ N. (32)
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Moreover, the form uq is also Hqk+1-semi-classical, satisfying

φk+1(z)Hq−k−1
(
S(z, uq)

)
= − (Rk+1(z) + Ck+1(z)) S(z, uq)− Dk+1(z), (33)

with
φk+1(z) = (q−k−1 − 1)zRk+1(z). (34)

Proof. Since B1 = 0, by (26) and Proposition 1, we get successively

(
Bk+1(z)
Ck+1(z)

)
=

 (−1)k+1
k

∏
n=0

R1(q−nz) 0

Ak(z)
k

∏
n=0

C1(q−nz)


(

0
1

)
, k ≥ 0,

and (
Rk+1(z)
Dk+1(z)

)
=

 (−1)k+1
k

∏
n=0

R1(q−nz) 0

Ak(z)
k

∏
n=0

C1(q−nz)


(

−1
0

)
, k ≥ 0.

Which implies (29)-(32) and Bk+1 = 0, k ≥ 0.
Based on (29) and Proposition 1, we get (33). Hence the desired results.

In the following we study some examples of Hq-semi-classical and q-Laguerre-Hahn forms.

4. Some examples

4.1. Case where uq is the q-Chebyshev form of the first kind

Let uq := Tq, we know that Tq it is of class s = 0 and we have [9]{
γ
Tq
1 = q

q+1 , γ
Tq
n+1 = qn+1

(qn+1)(qn+1+1) , n ≥ 1,

(z2 − q2)Hq−1(S(z, Tq)) + qzS(z, Tq) = 0.
(35)

Proposition 2. For k ≥ 0, the Stieltjes function S(., Tq) satisfies the following qk+1-difference equation

φk+(q−k−1z, Tq)Hq−k−1(S(z, Tq)) + Xk+1(z, Tq)S(z, Tq) = 0, (36)

where

φk+1(z, Tq) = (z2, q2)k+1,

Xk+1(z, Tq) =
1

(q−k−1 − 1)z

{
(q−2z2, q−2)k+1 − (q−1z2, q−2)k+1

}
, k ≥ 0. (37)

Furthermore, the form Tq it is Hqk+1-semi-classical form of class 2k.

Proof. From (35) and Lemma 1, we get

q2(1 − q−2z2)S(q−1z, Tq)− q2(1 − q−1z2)S(z, Tq) = 0.

Which implies that S(z, Tq) satisfies (12) with

R1(z) = 1 − q−2z2, C1(z) = −(1 − q−1z2), D1(z) = 0, B1(z) = 0. (38)
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Taking into account Corollary 1, we obtain the following qk+1-difference equation

Rk+1(z)S(q−k−1z, Tq) + Ck+1(z)S(z, Tq) = 0. (39)

with

Rk+1(z) = (−1)k(q−2z2, q−2)k+1,

Ck+1(z) = (−1)k+1(q−1z2, q−2)k+1, k ≥ 0. (40)

Based on (39), (40) and Corollary 1, we deduce (36) with (37).
Let c be zero of φ2k+2(x, Tq), then c2 = q−2m, 0 ≤ m ≤ k.
We have Xk+1(cqk+1, Tq) = Xk+1(qk+1−2m, Tq), using (37) we obtain

Xk+1(cqk+1, Tq) =
1

(1 − qk+1)c

{
k

∏
n=0

(1 − q2(k−n−m))−
k

∏
n=0

(1 − q2(k−n−m)+1)

}

= −

k
∏

n=0
(1 − q2(n−m)+1)

(1 − qk+1)c
̸= 0.

From (7), we can not simplify Eq. (36). Since deg(Xk+1(x, Tq)) = 2k + 1, we deduce that Tq is
Hqk+1-semi-classical of class s = deg(Xk+1(x, Tq))− 1 = 2k, k ≥ 0. Hence the desired result.

4.2. Case where uq is the q-Chebyshev form of the second kind

Let uq := Uq, we know that Uq it is of class s = 0 and we have [9]{
γ
Uq
n+1 = qn+2

(qn+1+1)(qn+2+1) , n ≥ 0,

(z2 − 1)Hq−1(S(z,Uq))− zS(z,Uq)− q − 1 = 0.
(41)

Proposition 3. One has

hq−k−1 φk+1(z,Uq)Hq−k−1(S(z,Uq)) + Xk+1(z,Uq)S(z,Uq) + Tk+1(z,Uq) = 0, (42)

where

φk+1(z,Uq) = (qz2, q2)k+1,

Xk+1(z,Uq) =
1

(q−k−1 − 1)z

{
(q−1z2, q−2)k+1 − (q−2z2, q−2)k+1)

}
,

Tk+1(z,Uq) =
1 − q−2

q−k−1 − 1
(q−2z2, q−2)k+1 ×

k

∑
n=0

(−1)nq−n

1 − q−2n−1z2
(q−1z2, q−2)n+1

(q−2z2, q−2)n+1
, k ≥ 0. (43)

In addition, the form Uq it is Hqk+1-semi-classical form of class 2k, k ≥ 0.

Proof. Based on (41) and Lemma 1, we get

R1(z)S(q−1z,Uq) + C1(z)S(z,Uq) + D1(z) = 0, (44)

with
R1(z) = 1 − q−1z2, C1(z) = −(1 − q−2z2), D1(z) = (q−2 − 1)z. (45)

Indeed by virtue of Corollary 1, we get
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Rk+1(z) = (−1)k(q−1z2, q−2)k+1,

Ck+1(z) = (−1)k+1(q−2z2, q−2)k+1,

Dk+1(z) = (−1)k+1(1 − q−2)z(q−2z2, q−2)k+1 ×
k

∑
n=0

q−n

1 − q−2n−1z2
(q−1z2, q−2)n+1

(q−2z2, q−2)n+1
, k ≥ 0, (46)

and
Rk+1(z)S(q−k−1z,Uq) + Ck+1(z)S(z,Uq) + Dk+1(z) = 0, k ≥ 0. (47)

Taking into account (46), (47) and Corollary 1, we obtain (42) with (43).
Let c be zero of ϕ2k+2(x,Uq), by (43), we get c2 = q−2m−1, 0 ≤ m ≤ k.
From (43), we obtain

Xk+1(qk+1c,Uq) =
−1

(q−k−1 − 1)cqk+1

{
(q2, q−2m)k+1 − (q2, q−2m+1)k+1

}
=

(q2, q−2m+1)k+1

(q−k−1 − 1)cqk+1 ̸= 0, k ≥ 0.

Based on (7), (42) cannot be simplified. Then the class of Uq is 2k, k ≥ 0 since deg(Xk+1(x,Uq)) = 2k + 1
and deg(Tk+1(x,Uq)) = 2k, k ≥ 0.

4.3. Case where uq is the symmetric form of Brenk type

Let uq(ω) be the symmetric form of Brenk type which is Hq-semi-classical form of class one [5, pp.20] [8,
pp.134] 

γ
uq(ω)
2n+1 = q−4n−3(1 − ωq2n), γ

uq(ω)
2n+2 = q−4n−5(1 − q2n+2), n ≥ 0,

ω ̸= q, ω ̸= q2n, n ≥ 0,
ϕ(q−1z)Hq−1(S(z, uq(ω))) = C(z)S(z, uq(ω)) + D(z),
ϕ(z) = z(z2 + ωq−3), C(z) = q−3(q − 1)−1(qz2 + ω − q),
D(z) = q−1(q − 1)−1z.

(48)

We recall the Jacobi triple product identity [10,11]:

+∞

∑
n=−∞

q−n2
zn = (q−2,− z

q
,− 1

qz
; q−2)∞, | q |> 1, z ∈ C− {0}. (49)

Proposition 4. On has

S(z, uq(0)) = −1
z

+∞

∑
n=0

q−n2
(

1
q2z2

)n
, | q |> 1, z ∈ C− {0}, (50)

−zS(z, uq(0))−
1

q2z
S(

1
q2z

, uq(0))− 1 = (q−2,− 1
q2z2 ,−qz2; q−2)∞ | q |> 1, z ∈ C− {0}, (51)

S(z, uq(ω)) = −1
z

+∞

∑
n=0

(−ωq−3)n (ω
−1, q−2)n

z2n , | q |> 1, | z |>| ωq−3 |
1
2 , ω ̸= 0. (52)

Proof. From (48), we may write〈
Hq

(
x(x2 + ωq−3)uq

)
− (q − 1)−1

(
x2 + (ω − 1)q−3

)
uq, x2n

〉
= 0, n ≥ 0.
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Equivalently

(q2n − 1)
〈

uq, x2n−1(x(x2 + ωq−3)
〉
+
〈

uq, x2n
(

x2 + (ω − 1)q−3
)〉

= 0, n ≥ 0.

Thus
(uq(ω))2n+2 = (q−2n−3 − ωq−3)(uq(ω))2n, n ≥ 0.

Since (uq(ω))0 = 1, then

(uq(ω))2n+2 =
n

∏
k=0

(q−2k−3 − ωq−3), n ≥ 0. (53)

When ω = 0, by (53), we get

(uq(0))2n =
n−1

∏
k=0

q−2k−3 = q−n2−2n, n ≥ 0. (54)

From (54) and the fact that (uq(0))2n+1 = 0, n ≥ 0, we obtain (50).
By (49), we may write

+∞

∑
n=−∞

q−n2

(q2z2)n = (q−2,− 1
q3z2 ,−qz2; q−2)∞, | q |> 1, z ∈ C− {0}.

Which is equivalent to

+∞

∑
n=0

q−n2

(q2z2)n +
+∞

∑
n=0

q−n2
(q2z2)n − 1 = (q−2,− 1

q3z2 ,−qz2; q−2)∞, | q |> 1, z ∈ C− {0}, (55)

and by (50), we get

−zS(z, uq(0)) +
+∞
∑

n=0
q−n2

(q2z2)n − 1 = (q−2,− 1
q3z2 ,−qz2; q−2)∞, | q |> 1, z ∈ C− {0}.

Based on (50), we have
+∞
∑

n=0
q−n2

(q2z2)n = − 1
q2z S( 1

q2z , uq(0)), which provides (51).

In the case where ω ̸= 0, (53), implies that

(uq(ω))2n = (−q−3ω)n(ω−1, q−2)n, n ≥ 0.

Then, we obtain (52).
Let an = (−q−3ω)n(ω−1,q−2)n

z2n , n ≥ 0. Then

lim
n−→+∞

| an+1

an
|= lim

n−→+∞

| ωq−3 |
| z |2 (1 − ω−1q−2n) =

| ωq−3 |
| z |2 , | q |> 1.

By the D’Alembert criterion, we conclude the convergence of the series (52) when | z |>| ωq−3 | 1
2 .

Proposition 5. The Stieltjes function S(z, uq(ω)) satisfies the following q−k−1 -difference equation for k ≥ 0

Xk+1(z, uq(ω))S(q−k−1z, uq(ω)) + Yk+1(z, uq(ω))S(z, uq(ω)) + Zk+1(z, uq(ω)) = 0, (56)
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where

Xk+1(z, uq(ω)) =
k

∏
n=0

(
ω + q−2n+1z2

)
, Yk+1(z, uq(ω)) = −qk+1,

Zk+1(z, uq(ω)) = qk+1z
k

∑
n=0

q−2n+1

ω + q−2n+1z2

n

∏
µ=0

(
ω + q−2µ+1z2

)
. (57)

Moreover, the form uq(ω) it is Hqk+1-semi-classical form of class 2k + 1, k ≥ 0 satisfying the following equation:

φk+1(q−k−1z, uq(ω))Hq−k−1
(
S(z, uq(ω))

)
= −

(
Xk+1(z, uq(ω)) + Yk+1(z, uq(ω))

)
S(z, uq(ω))− Zk+1(z, uq(ω)),

(58)

where
φk+1(z, uq(ω)) = (1 − qk+1)zXk+1(qk+1z, uq(ω)). (59)

Proof. From (48) and Lemma 1, we get
−q−4z(qz2 + ω)S(q−1z, uq(ω)) + q−3zS(z, uq(ω))− q−2z2 = 0.

Then
R1(z)S(q−1z, uq(ω)) + C1(z)S(z, uq(ω)) + D1(z) = 0, (60)

where
R1(z) = qz2 + ω, C1(z) = −q, D1(z) = q2z. (61)

By virtue of Corollary 1, it follows that

Rk+1(z)S(q−k−1z, uq(ω)) + Ck+1(z)S(z, uq(ω)) + Dk+1(z) = 0, k ∈ N, (62)

where

Rk+1(z) = (−1)k
k

∏
n=0

(ω + q−2n+1z2), Ck+1(z) = (−1)k+1qk+1,

Dk+1(z) = (−1)kqk+1z
k

∑
n=0

q−2n+1

q−2n+1z2 + ω

n

∏
µ=0

(q−2µ+1z2 + ω), k ∈ N. (63)

Taking into account (62) and (63), we obtain (56) with (57).
From (57) and Corollary 1, we get (58).
Let c be a zero of φk+1(z, uq(ω)), by (34), we have c = 0, or Xk+1(qk+1z, uq(ω)) = 0.
If c = 0, we have Xk+1(0, uq(ω)) + Yk+1(0, uq(ω)) = ωk+1 − qk+1 ̸= 0. By (7), we can not simplify (58) by

the factor z.
In the case where Xk+1(qk+1c, uq(ω)) = 0, (57) implies that Yk+1(qk+1c, uq(ω)) = −qk+1 ̸= 0, then, (58) is

not simplified by the factor z − cqk+1 by virtue of (7).
Moreover, we have deg(Xk+1 +Yk+1) = 2k + 2, deg(Zk+1) = 2k + 1, then uq(ω) Hqk+1-semi-classical form

of class 2k + 1.

In the following, we study the first associated form u(1)
q (ω).

Proposition 6. For k ≥ 0, the form u(1)
q (ω) it is qk+1-Laguerre-Hahn form of class 2k + 1 and its Stieltjes function

satisfy the following qk+1-Ricati equation

φ
(1)
k+1(q

−k−1z, u(1)
q (ω))Hq−k−1(S(z, u(1)

q (ω)))

= B(1)
k+1(z, u(1)

q (ω))S(z, u(1)
q (ω))S(q−k−1z, u(1)

q (ω)) + X(1)
k+1(z, u(1)

q (ω))S(z, u(1)
q (ω)) + Y(1)

k+1(z, u(1)
q (ω)),

(64)
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with

φ
(1)
k+1(z, u(1)

q (ω)) =γ
uq(ω)
1

{
φk+1(z, uq(ω)) + (qk+1 − 1)z

(
Xk+1(qk+1z, uq(ω))

+ Yk+1(qk+1z, uq(ω))− qk+1zZk+1(qk+1z, uq(ω))
)}

,

B(1)
k+1(z, u(1)

q (ω)) =− (γ
uq(ω)
1 )2Zk+1(z, uq(ω)),

X(1)
k+1(z) =γ

uq(ω)
1

{
Xk+1(z, uq(ω)) + Yk+1(z, uq(ω))− (1 + q−k−1)zZk+1(z, uq(ω))

}
,

Y(1)
k+1(z, u(1)

q (ω)) =q−k−1z
{

Xk+1(z, uq(ω)) + Yk+1(z, uq(ω))− zZk+1(z, uq(ω))
}
− φk+1(q−k−1z, uq(ω)), (65)

where Xk+1(z, uq(ω)), Yk+1(z, uq(ω)), Zk+1(z, uq(ω)) and φk+1(z, uq(ω)) are the polynomials defined by (57) and
(59).

Proof. We know that [12]

S(z, uq(ω)) =
−1

γ
uq(ω)
1 S(z, u(1)

q (ω)) + z
. (66)

Applying the operator Hq−k−1 to (66), we get

Hq−k−1(S(z, uq(ω))) =
γ

uq(ω)
1 Hq−k−1(S(z, u(1)

q (ω))) + 1(
γ

uq(ω)
1 S(z, u(1)

q (ω)) + z
) (

γ
uq(ω)
1 S(q−k−1z, u(1)

q (ω)) + q−k−1z
) .

Multiplying both sides identities by ϕ(q−k−1z), and using (58), we get

−
(
Xk+1(z, uq(ω)) + Yk+1(z, uq(ω))

)
S(z, uq(ω))− Zk+1(z, uq(ω))

=
γ

uq(ω)
1 ϕ(q−k−1z)Hq−k−1(S(z, u(1)

q (ω))) + ϕ(q−k−1z)(
γ

uq(ω)
1 S(z, u(1)

q (ω)) + z
) (

γ
uq(ω)
1 S(q−k−1z, u(1)

q (ω)) + q−k−1z
) ,

and by (66), it follows that

Xk+1(z, uq(ω)) + Yk+1(z, uq(ω))

γ
uq(ω)
1 S(z, u(1)

q (ω)) + z
− Zk+1(z, uq(ω))

=
γ

uq(ω)
1 ϕ(q−k−1z)Hq−k−1(S(z, u(1)

q (ω))) + ϕ(q−k−1z)(
γ

uq(ω)
1 S(z, u(1)

q (ω)) + z
) (

γ
uq(ω)
1 S(q−k−1z, u(1)

q (ω)) + q−k−1z
) .

Equivalently

γ
uq(ω)
1 ϕk+1(q−k−1z)Hq−k−1(S(z, u(1)

q (ω))) =γ
uq(ω)
1 (Xk+1(z) + Yk+1(z)− zZk+1(z)) S(q−k−1z, u(1)

q (ω))

− (γ
uq(ω)
1 )2Zk+1(z)S(z, u(1)

q (ω))S(q−k−1z, u(1)
q (ω))

− γ
uq(ω)
1 q−k−1zZk+1(z)S(z, u(1)

q (ω))

+ q−k−1z (Xk+1(z) + Yk+1(z)− zZk+1(z))− ϕk+1(q−k−1z).

Since S(q−k−1z, u(1)
q (ω)) = (q−k−1 − 1)zHq−k−1(S(z, u(1)

q (ω))) + S(z, u(1)
q (ω)). We deduce deduce (64)

with (65).
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Let c be a zero of φ
(1)
k+1(z, u(1)

q ), and suppose that we can simplify (64) by the factor z − cqk+1. From (7), we
get

φk+1(c, uq(ω)) + (qk+1 − 1)c +
(

Xk+1(qk+1c, uq(ω)) + Yk+1(qk+1c, uq(ω))− qk+1cZk+1(qk+1c, uq(ω))
)
= 0,

Zk+1(qk+1c, uq(ω)) = 0,

Xk+1(qk+1c, uq(ω)) + Yk+1(qk+1c, uq(ω))− (1 + qk+1)cZk+1(qk+1c, uq(ω)),

c
{

Xk+1(qk+1c, uq(ω)) + Yk+1(qk+1c, uq(ω))− qk+1cZk+1(qk+1c, uq(ω))
}
− φk+1(c, uq(ω)) = 0.

Equivalently
ϕk+1(c) = 0, Zk+1(qk+1c) = 0, Xk+1(qk+1c) + Yk+1(qk+1c) = 0.

Which means that (58) can be simplified by the factor z − cqk+1. Which is contradictory by virtue of (7).
From (57), we may write for k ≥ 0

Xk+1(z, uq(ω)) = q−k2+1z2k+2 + ...,

Yk+1(z, uq(ω)) = −qk+1,

Zk+1(z, uq(ω)) = q−k2+k+2z2k+1 + ...,

φk+1(z, uq(ω)) = (1 − qk+1)qk2+4k+3z2k+1 + .... (67)

By (65), we have
deg(B(1)

k+1, u(1)
q (ω)) = 2k + 1. (68)

Always by (65) and (67) we have Xk+1(z, uq(ω)) = −(γ
uq(ω)
1 )2q−k2+k+2z2k+2.... Then

deg(X(1)
k+1)(z, u(1)

q (ω)) = 2k + 2. (69)

From (65) and (69), we deduce that deg(Y(1)
k+1) ≤ 2k + 2, but Y(1)

k+1 is an odd polynomial, then

deg(Y(1)
k+1) ≤ 2k + 1. (70)

Finally, by virtue of (67)-(70) and (7), we deduce that the class of uq(ω) is 2k + 1. Hence the desired
result.

Remark 4. When k = 0, based on (65), (48), we obtain

φ
(1)
1 (z, u(1)

q , ω)) = γ
uq(ω)
1 q4(1 − q)z(q−3 + z2), B(1)

1 (z, u(1)
q , ω)) = −(γ

uq(ω)
1 )2qz,

X(1)
1 (z, u(1)

q , ω)) = −γ
uq(ω)
1 (q − ω + q2z2), Y(1)

1 (z, u(1)
q , ω)) = (ω − 1)z,

and by (64), we get

q−1z(q−3 + q−2z2)Hq−1(S(z, u(1)
q (ω)) =q−5 1 − ω

q − 1
S(z, u(1)

q (ω)S(q−1z, u(1)
q (ω)

+
q−4

q − 1
(q − ω + q2z2)S(z, u(1)

q (ω) +
z

q(q − 1)
. (71)

Thus we recover the case studied in [8, pp.134] that u(1)
q (ω) it is Hq−1 -Laguerre forms of class one. But

there are some misprints in formula (4.9) given in [6] and it must be written as (71).
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