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1. Introduction

T he g-Laguerre-Hahn regular form u, ( linear functional) its formal Stieltjes function S(z,1;) = — ¥ %,
k>0
where (i) := (ug, x"), n > 0, fulfills the following g-Riccati equation [1-3]
(p(q*lz)qul(S(z, ug)) = B(2)S(z,u4)S(q 'z, ug) + C(2)S(z,uq) + D(2), 1)

where ¢, B, C, D are a polynomials (¢ monic) and H, the g-derivative operator.

The monic orthogonal polynomials sequence associated to u, is said to be H,-Laguerre-Hahn orthogonal
polynomials.

When the Eq. (1) can not be simplifying by any polynomial the class of u, is defined by s(u,) :=
max(deg B —2,deg C —1,deg D) [3].

In the case where B = 0, we deal with the Hj;-semi-classical forms [4] in particular the symmetrical
Hj-semi-classical forms of class one are treated in [5].

Moreover, the symmetrical Hy-Laguerre-Hahn of class zero and one are exhaustively studied in [6,7] and
some examples of non symmetrical Hy-Laguerre-Hahn of class two are given in [8] via Cristoffel an Geronimus
transformations.

Notice that the first order g-difference equation for Stieltjes function is studied in [1] for the Hy-classical
forms.

In this work, we prove that when the form u, is g-Laguerre-Hahn form of class s(u,) satisfying (1), its
Stieltjes function S(z, 1) satisfies also the 7" -Riccati equation, k € N:

(g1 — 1)zRy11(2)Hyk1 (S(z,uq)) = — B (2)S(z, ug)S(q " z,15) — (Res1(2) + Cy1(2)) S(z, 1)
— D11 (2), 2)

where By 1, Ri11, Cry1 and Dy are a polynomials for k € N (see Proposition 1 below), which means that the
same form u, is also g**1-Laguerre-Hahn ( respectively H_r11-semi-classical) form relatively to the operator
operator H i1 . Consequently, the class of the form u,; depends on the integer k with respect to the operator

H_s1. Of course, we have s(ug) = s(ug1) since q is replaced by gk
Some examples are highlighted, when u, := T, (respectively u, := U;), where T, (respectively 1) is the
g-Chebyshev form of the first kind ( respectively the second kind) which is H;-classical form [9], we establish

the g-difference Eq. (2) satisfied by S(z, 7;) (respectively S(z,U;) ) and we prove that 7 (respectively ;) itis a
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H qkﬂ—semi-classical form of class 2k, k > 0. In the case where u; := u;(w) where u4(w) is the symmetric Brenk
type form which is H,-semi-classical form of class s(u4(w)) = 1 [8], on one hand, we determine the Stieltjes
function S(z, uy(w)), in particular, we show that S(z, u,(0)) it is a solution of an g-difference equation involving
the Jacobi triple product identity [10,11], also the polynomials By 1, R¢t1, Ci11 and Dy, are calculated. As
a consequence, we prove that the form uq(w) is also H qkﬂ—semi-classical form of class 2k + 1, k > 0. On the

other hand, we establish the g**!-difference Eq. (2) satisfied by S(z, uc(,l) (w)), which allowed us to show that

the first associated form u,sl) (w) itis g*1-Laguerre-form of class 2k + 1, k > 0.

2. Preliminaries and fundamental results

Let P be the vector space of polynomials with coefficients in C and let P’ be its dual. We denote by (w, f)
the effect of w € P’ on f € P. In particular, we denote by (w), := (w,x"), n > 0, the moments of w. Let us
introduce some useful operations in P’. For any linear form w, any polynomial g and any a € C — {0}, € C,
we let gw, hyw and Hyw be the forms (linear functionals) defined by duality

(gw, f) = (w,8f), (haw, f) := (w,haf), (Hqw,f);= —(w, Hyf), f € P,
where

Hy(f)(x) = w,x #0,geC:=C- <{o}u | [{zeC, 2" :1}),
n>0

Hy (f)(0) = f'(0).

We also define the right-multiplication of a form by a polynomial with

(wf)(x) == <w, xf(xi:gf(é‘)>’ weP, feP.

This allows to define the product of two forms:
(uw, f) == (u,wf), u,we P, f € P.

The formal Stieltjes function of w € P’ is defined by

S(zw)=— Y. @ e o).

n+1’
n>0 z

Next, we define Hy(S(z, w)) as following

Hy(S(z,w)) = S(qZI(Z:]))—l)SZ(Z’W)

We call polynomial sequence (PS), the sequence of polynomials {P,},>o when degP, = n,n > 0.
Then any polynomial P, can be supposed monic and the sequence becomes a monic polynomial sequence
(MPS). The MPS {P, },>0 is orthogonal (MOPS) with respect to w € P’ when the following conditions hold
(w, PuPyp) = tubum, n,m > 0,1, # 0,n > 0. In this case the form w is said regular. The form w is called
normalized if (w)g = 1. In this paper, we suppose that the forms are normalized. Thus, {P, },>¢ satisfies the

,z € C—{0}.

standard recurrence relation

Po(x) =1, Pi(x)=x—fo, 3)
Pyia(x) = (x = But1) Pus1(x) = Yn1 Pu(x), n 2 0; ypq #0, 1 2 0.

The regular form w is said to be symmetric when (w),4+1 = 0, n > 0, or equivalently B, = 0, n > 0in (3) [12].
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Given a regular form w and the corresponding MOPS {P, },,>0 satisfying (3), we define the first associated
sequence {P,Sl) tn>0 by [12]

Pr(zl) (x) _ <w, Pn+1(x3)c : gnJrl(g) > — (W90Pn+1)(X)- (4)

We know that {P,Sl) }n>0 is @ MOPS with respect to w(!) satisfying (3) with [12]

:Bgll) = :Bn+1/ ’)/;(11_21 = Ynt2, 1 > 0. (5)

Definition 1. [3] A form w is called g-Laguerre-Hahn when it is regular and its formal Stieltjes function S(., w)
satisfies the follwoing g-Riccati equation

(hg1¢)(2)Hy1 (S(z,w)) = B(2)S(z,w)S(q 'z, w) + C(2)S(z,w) + D(2), (6)
with ¢, B, C and D are a polynomials (¢ monic).

The class of the g-Laguerre-Hahn satisfying ((6)) is s(w) = max(deg(B) — 2,deg(C) — 1,deg(D)) if and
only if [3]

IT{IB(eq) | +1 Cleq) |+ Dea) |} >0, %
cELyp

where Z is the set of roots of ¢.

Remark 1. 1. When the conditions (7) are realized, Eq. (6) can not be simplified by any polynomial [3].
2. When B = 0, we deal with the H;-semi-classical forms [4].
3. The case, when B = 0, deg(¢) < 2,deg(C) <1, deg(D) < 0, corresponds to the H;-classical forms [13].
4. By extension, the integer s(w) is also the class of the MOPS { P, },,>¢ with respect to w.

In what follows, we assume that g € C.
We are going to use the following notations and results [14].
Fora,aq, ..., a,:

1, n=0,
v=0
(@9) =1 —ag"), [q]<1, ©)
v>0
(a1, s n;9)o0 = [ [(a7,0)e0s | 4 |< 1. (10)
i=1

3. The difference-equations satisfied by the Stieltjes function of g-Laguerre-Hahn forms

In the sequel, we suppose that 1, is g-Laguerre-Hahn form of class s(u,) satisfying the g-Ricatti equation
[3]
gb(q_lz)Hq_l (S(z,uq)) = B(2)S(z,ug)S(q 'z, ug) + C(2)S(z,uqg) + D(2). (11)

Lemma 1. The Eq. (11) it is equivalent to
B1(z)S(z, uq)S(qflz, ug) + Rl(z)S(qflz, ug) + C1(2)S(z,uq) + D1(z) =0, (12)

where
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Bi(x) = (97" = 1)xB(x), Ri(x) = —¢(q %),
Ci(x) = ¢(g7'x) + (97" = 1)xC(x), D1(x) = (7" — 1)xD(x). (13)
Moreover, we have
(Rll Dl)r (Cl/ Dl)r (Blr Rl)/ (Bll Cl) # (O/O)r (14)
B1D1 — R1Cq #0. (15)

1 _
Proof. As, we have H,1(S(z,14)) = W, Eq. (11) can be written as following

(97" = 1)zB(2)S(z,u)S(q "2, ug) — Pp(q~'2)S (9~ "2, uy)
+ ((p(q’lz) N 1)zC(z)) S(z,uq) + (7' —1)zD(z) = 0.

Which provides (12) with (13).

Since the S(z, u,) is not a rational function [12], we deduce the relations (14). Suppose that B;D; — R;C; =

0. Multiplying both sides identities of (12) by the polynomial B;, we obtain

B (2)S(2, 4g)S(q "2, 1g) + By(2)R1 (2)S(7 "2, ug) + B1 (2)C1(2)S 2, ) + By (2)Ds (2) = 0,
but B1D; = R1C;, we get

B3 (2)S(z,1u9)S(q 'z,15) + B1(2)Rq(2)S(q 'z, u5) + B1(2)C1(2)S(z,uq) + C1(z) Ry (z) = 0.

Which is equivalent to

(B1(2)S(g7"2,uq) + C1(2) ) (B1(2)S(z,ug) + Ra(2)) = 0.

Therefore By (z)S(q~ 'z, uy) + R1(z) = 0 or B1(2)S(z,14) + C1(z) = 0, thus S(z, u,) is a rational function.

Which is absurd, then B;D; — R1C; # 0. Hence (15). O

Remark 2. Let M(z) be the matrix defined as following
—Ri(z) Bi(z)
M(z) = .
&) ( “Di(z) Gi(z)
Proposition 1. The Stieltjes function S(z,u,) satisfies the following g~ *=1-difference equation

Bi1(2)S(q7 "2, u0)S (2, 1ug) + Res1(2)S(97'2,ug) + Cri1 (2)S(2,1g) + Dy (2) = 0, k €N,

her
o Beia(z) |\ _ M(g*2) Bi(z) ) <o
Cry1(2) Clz) )7 =7
Riy1(z) \ _ 4 pik Ry(z)
( Dy (2) ) =Mla) ( Di(2) > =0
with
Co=1,Rg = —1,By = Dy = 0.
Moreover

Biot(2) \ _ yri ko g .
( it 2 ) = M(g™"2)M(g~*"V2)..M(z) ( X ),kzo.

(16)

17)

(18)

(19)

(20)
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Dyy1(2)

In addition uy is also q*=1-Laguerre-Hahn form satisfying the g**1-Ricatti equation

( Ryy1(2) ) = M(q *2)M (g% Vz)..M(2) ( _01 >,k > 0. 21

i1 (7 2)Hymin (S(2,ug)) = = Biy1(2)S(2,19)S (972, ug)
- (Rk+1 (Z) + Ck+1 (Z)) S(Z, uq) — DkJrl (Z) (22)

where
k+1 )

Pr1(2) = (1= ¢ )zR 11 (4 2). (23)
Proof. By induction on k € N.
For k = 0 it is the g-difference Eq. (12).

Assume that for an integer k > 0 we have
Bi(2)S(q "2, uq)S(z,uq) + Re(2)S(q 2, ug) + Ci(2)S(z,uqg) + Di(z) = 0, k € N. (24)
From the Eq. (12), we get

R1(2)S(q"'z,uq) + D1(2)
B1(2)S(q7 'z, ug) + Ci(2)

S(z,ug) = —

Therefore
Ri(q7%2)S(q7*2,u4) + D1(q7*2)

 Bi(9*2)S(g ¥ z,up) + Ci (g Fz)

Based on the previous relation, (24) becomes

S(q*kz, ug) =

Ri(ak2)S(g—*1 D+(g7k
e

(7%2)5(
+ Ci(2)S(z, ) + Dy(2) = 0.

Equivalently
Bi+1(2)S(z, ”q)s(qikilzf ug) + Rk+1(z)5(qikilzr ug) + Cry1(2)S(z,uq) + Dyya(z) =0, (25)
where
Bii1(z) = B1(q ¥2)Cr(2) — Ri(q ¥2)Bi(2),
Cir1(z) = C1(q *2)Ci(z) — D1(q *2)By(2),
Ry41(2) = B1(q9 *2)Dy(z) — Ri(q *2)Ri(2),
Di41(2) = Ci(q *2)Di(z) — D1(q *2)Re(2). (26)
Thus we get (17) with (18).

Based on (26), we deduce (20) and (21).
Eq. (22) can be deduced from (17) and Lemma 1. O

k+1.Laguerre-Hahn and its class depends on the

k11 remains of class s(ig).

Remark 3. Based on Eq. (22), we see that the form u, is also g

integer k with respect to the operator H, 1. Of course the form u,

Lemma 2. When B = 0i.e By = 0, we have
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(=1 IT Ri(g"2) 0
M(q_kz)M(q_(k_lz)...M(z) = n=0 . k>0, 27)
Ax(2) I;[O C1(g7"z)
with . )
_ —n 2D1(97"z) 7 Ri(g"z2)
_ <£[0C1(ﬂl z)) ngb(—l) Re(g—2) y]—I i) K20 (28)

Proof. Since B; = 0, from Lemma 1, we get C1R; # 0.
By induction on k, k € N.
For k = 0, it is (16).
Suppose that for an integer k, we have (27). We may write

M(g~ V) M(g*2)..M(z) = M(q~*+Dz) (M(q—kz)...M(z)) )
using the hypothesis of the induction and (16), we get

M(g~+1)z) (M(q*kz)...M(z))

(_Rl(q(k+1)z) Bl<q<k“’z>> S
= (k1) —(k+1) k
D1(q z) Cilq 2) Ag(2) IT Ci(g™"2)
k+1
(=DF IT Ri(37"2) 0
= n=0 k+1 /
x(z) F_IOCl(q‘”Z)

k
with xi(z) = C1(q7* '2) Ax(2) + (=1)*D1 (g7 '2) T1 Ci(q"2).
From (28), it follows that

: £ aDi(g") 2 Ralgre)
x.(z) = _1 —k 1 R Z _ —k—lz C —?’lz _1 n 1 q 1 q
) = ( H 1g7"2) ~ G ) <Ho 1(g )) L Ry L g
k+1 k+1 D ( 7712) noR ( 7;42)
_ C —h, —1)" 1\q 14 .
(ﬂ 1@ )> LUV R e
Hence the desired result. [
Corollary 1. When u, is Hy-semi-classical form (B = 0), we have
Riq1 (z)S(q_k_lz, ug) + Cry1(2)S(z,ug) + Diy1(z) =0, k €N, (29)
where
Ris1(z 1)f HR1 (77"2), (30)
Ciyi(z Hcl “"z), (31)
k — n —
g 2 D1(q7"z) Ri(q7*z)
D, Ci(g7 "z —1 ,keN. 32
k(= (H i ),EO( "Rig \Uaem e
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Moreover, the form uy is also H, ! -semi-classical, satisfying

Pk+1(2)Hyk1 (S(z,19)) = — (R1(2) + Cir1(2)) S(2, 11g) — Dy (2),

with
Prr1(z) = (71 = 1)zRi11 (2).

Proof. Since By = 0, by (26) and Proposition 1, we get successively

( Biy1(2) ) _ (-1 n}f[ORl(q‘”z) ’ ( 0 > k>0
Cr+1(2) Ay(2) nlflo a@rz) N
and
< Ri11(2) ) _ (=1 ngoRl(q_nZ) ’ < -1 ),k > 0.
Dk+1(Z) Ak Z) nlf[ocl(q—”z) 0

Which implies (29)-(32) and By,1 =0, k > 0.
Based on (29) and Proposition 1, we get (33). Hence the desired results. O

In the following we study some examples of Hy-semi-classical and g-Laguerre-Hahn forms.

4. Some examples

4.1. Case where 1, is the g-Chebyshev form of the first kind

Let uy := 7T,, we know that 7j it is of class s = 0 and we have [9]

To_a o _ g
{71 = g1 Tun = e 12 b

(22 = ) Hy1 (S(2, Ty)) + q28(2,Tg) = 0.
Proposition 2. For k > 0, the Stieltjes function S(., T;) satisfies the following g+ 1-difference equation
P (72, T Hy 11(5(2, o) + X (2, T7)S(2, T3) = 0,
where

§9k+1(21771) = (221 42)k+1/

1 _ _ _ _
Xi1(z, Ty) = m{(q 22,0 1 — (4712 q 2)k+l}r k= 0.

Furthermore, the form Ty it is H, gkr1-semi-classical form of class 2k.
Proof. From (35) and Lemma 1, we get
¢*(1—97%2)S(q 7'z, Ty) — 4> (1 —q~'2%)S(2,Ty) = 0.
Which implies that 5(z, 7;) satisfies (12) with

Ri(z) =1-q2%,Ci(2) = —=(1—q"'2%), Di(2) = 0, By (2) = 0.

(33)

(34)

(35)

(36)

(37)

(38)
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Taking into account Corollary 1, we obtain the following g**!-difference equation
Rei1(2)S(a7% 12, Tg) + Chya(2)S(z, Ty) = 0.
with

Ris1(2) = (=) (q722%, 4 ks,
Crs1(z) = (=1 (g7'2%, 7)1, k> 0.
Based on (39), (40) and Corollary 1, we deduce (36) with (37).

Let c be zero of ¢o42(x,Ty), then 2=qg2,0<m<k
We have Xy (cq™, T5) = Xjy1(g"F172", ), using (37) we obtain

1 k L k o
Xk+1(ch+1,7;) = m {1—[0(1 _ q2(k n m)) _ li[()(l _ qZ(k n m)+1)}
k
I1 (1 _ qz(n—m)+1)
_ n=0
TTaeme 7

(39)

(40)

From (7), we can not simplify Eq. (36). Since deg(Xii1(x,7;)) = 2k +1, we deduce that 7, is

quﬂ-semi-classical of class s = deg(Xk_H (x, Tq)) — 1 = 2k, k > 0. Hence the desired result. [

4.2. Case where 1, is the g-Chebyshev form of the second kind
Let u, := Uy, we know that lf; it is of class s = 0 and we have [9]

U, n+2
Tut1 = m/ n =0,
(22 = 1)Hy1(S(2,Uy)) — 28(2,Uy) —q—1 =0.

Proposition 3. One has

hq—k—l Pr+1(2, uq)Hq—k—l (5(z,Ug)) + Xir1(z,Uy)S(z,Ug) + Tia (2,Ug) = 0,

where

Pr1(z,Up) = (92,7 )is1,

1
Xir1(z,Ug) =

m{(q’lﬁq’z)m — (q’zzz,q’Z)k+1)},

1— -2 3 B k —1)g—"n —122’ -2 ,
Tk+1(Z,Uq) — ’1_ - (q 222/q 2)k+1 % Z 1( ) q (q q ) +1’ k> 0.
n=0

g k1 g2 (722 g0

In addition, the form Uy it is qu+] -semi-classical form of class 2k, k > 0.
Proof. Based on (41) and Lemma 1, we get
Ry (z)S(qflz,Z/lq) + Ci1(2)S(z,U;) + D1(z) =0,

with
Ri(z) =1—¢7'2% Ci(2) = —(1-¢9722%), Di(2) = (> - 1)z

Indeed by virtue of Corollary 1, we get

(41)

(42)

(43)

(44)

(45)
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Rit1(z) = (_1)k(47122rq72)k+1/
Cr1(z) = (=) (q7%2%, 7 ki1,
k

Det(2) = ()81 (1= g 22 22 g Dy x Y — T et s
k+1 q q 47k =1 —q 2122 (g7222,972), 0 T

and
Res1(2)S(37512,Uy) + Cia (2)S(2,Uy) + D1 (2) = 0, k = 0,

Taking into account (46), (47) and Corollary 1, we obtain (42) with (43).
Let c be zero of ¢y 42(x,Uj), by (43), we get =g 1,0<m<k
From (43), we obtain

-1 —2m —2m
Xk+1(qk+1C,Z/[q) = (@ F 1~ D)egh T {(qzrq 2 k1 — (q2/q 2 +1)k+1}
(g2, g~ 2m+1)

— k+1
o (g7F=1 — 1)cqh+1 70,k >0.

(46)

(47)

Based on (7), (42) cannot be simplified. Then the class of U; is 2k, k > 0 since deg(Xy41(x,U;)) = 2k +1

and deg(Ty41(x,Uy)) =2k, k>0. O

4.3. Case where 1, is the symmetric form of Brenk type

Let u4(w) be the symmetric form of Brenk type which is H,-semi-classical form of class one [5, pp.20] [8,

pp.134]
Yo = (1= wg), iy = (1 ), >0,
w#q w#Fg", n>0,
¢(q7'2)Hy-1(S(2, ug(w))) = C(2)S(z, uq(w)) + D(2),
$(z) = z(z> + wq3), C(z) = q3(g—1)"1(gz> + w — q),
D(z)=q7'(g-1)""z

We recall the Jacobi triple product identity [10,11]:

+oo 5
—n Zn: 72,_71_7; -2 00/ >1/26(@_ 0 °
ngwq (g il Joor | 4| {0}

Proposition 4. On has

+o0 2 n
S uO) =3 L0 (z) + lal>1zeC- (o),

1 1 - 2. 2
~25(2,190)) = 7S( oz (0) = 1= (7% =3z, ~0%50 e [ 91> 1,2 € €= {0),
1 (@ L), o
(2, (@)) =~ 3 (g T g 151,25 g L w £
n=0

Proof. From (48), we may write

<Hq (x(x2 + wq_3)uq) —(g-1)71 <x2 + (w — 1)q_3) ug, x2”> =0,n2>0.

(48)

(49)

(50)

(6D

(52)



Open J. Math. Anal. 2026, 10(1), 102-115

111

Equivalently

(" —1) <uq, X2 (x (6 + wq_3)> + <uq, x2n (x2 + (w— 1)q_3)> =0,n>0.

Thus
(ug(w))ant2 = ("% = wq =) (g (w))2n, n > 0.

Since (u4(w))o = 1, then

n
(ug(w))an+2 = H(q_Zk_3 — wq_3), n>0.
k=0

When w = 0, by (53), we get

n—1
_Dk— _n2_
OZn:||q2k3:qn 2”,7120.
k=0

From (54) and the fact that (14(0))2,41 = 0, n > 0, we obtain (50).

By (49), we may write
b o (172 g 0254 Do |4 |> 1, 2€ C— {0}
= (qzzz)n 7 q322/ 7 (e o) 7 .
Which is equivalent to
O I 1 2, 2\n 2 2, -2
Yot L0 @) 1= g7 a2 e [ 1> Lz € C {0},
n=0 n=0
and by (50), we get

—+o00
<ﬂﬂ%wwn+2q”ﬂsz—l=w*,qw 720 e 191> 1,2 € C— {0},

Based on (50), we have Z q- ( 222 =
In the case where w # O (53) implies that

%S(%Z, u4(0)), which provides (51).

(tg(@))2n = (=4 w)" (W™, 47 )n, n. > 0.

Then, we obtain (52).
-3 n -1 -2
Leta, = (=g “’)zgj’ A )”,n20. Then
-3 -3
. L : | | =1 _—2n\ _ |wq |
Am = o 1= Am |z| - =g la>t

By the D’ Alembert criterion, we conclude the convergence of the series (52) when | z |>| wg ™3

(53)

(54)

(55)

2. O

Proposition 5. The Stieltjes function S(z, ug(w)) satisfies the following q—* = -difference equation for k > 0

Xi1(2, ”q(w))s(qikilzf ug(w)) + Yiy1(2z, ug(w))S(z, ug(w)) + Ziy1(z, ug(w)) =0,

(56)
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where

k
Xis1(zug(w)) =] (w +’1_2"+122> , Yy (zug(w)) = =g,
n=0

k —2n+1 n

Zi(zug(w)) = ¢z ) 1 [T (w+g72422). (57)

—2n+1,2
n—o @4 2% =0

Moreover, the form ug(w) it is H gri-semi-classical form of class 2k 41, k > 0 satisfying the following equation:

Pr1(97 'z, ”q(w))qukfl (5(z,ug(w))) = = (Xpy1(z ug(w)) + Vi1 (z,uq(w))) S(z,ug(w)) = Zgy1 (2, ug(w)),

(58)
where
Pr1(z,19(w)) = (1= 42X 41 (62, uq(w)). (59)
Proof. From (48) and Lemma 1, we get
—q*2(q2% + w)S(q7 'z, ug(w)) + 47328(z, ug(w)) — g722% = 0.
Then
R1(2)S(q 'z, ug(w)) + C1(2)S(2, ug(w)) + Dy (z) = 0, (60)
where
Ri(z) = gz* + w, C1(z) = —q, D1(2) = ¢*=. (61)
By virtue of Corollary 1, it follows that
Res1(2)S(07512, 1y (@) + G (2)5(2, g (@) + Dga (2) = 0, k €N, (62
where
k
Riy1(z) = (1) [T(w+4g72"*"2%), Crpalz) = (1)1,
n=0
k q—2n+1 n
Dij1(z) = (=112 ) — [T "2 +w), keN. (63)

n=0 m u=0

Taking into account (62) and (63), we obtain (56) with (57).

From (57) and Corollary 1, we get (58).

Let c be a zero of ¢y1(z, ug(w)), by (34), we have ¢ = 0, or X1 (9" "'z, uy(w)) = 0.

If c = 0, we have Xi,1(0, ug(w)) + Yii1(0, ug(w)) = w**1 — gk*+1 2£ 0. By (7), we can not simplify (58) by
the factor z.

In the case where Xy 1(7t!c,uq(w)) = 0, (57) implies that Yi,1 (7" c,uq(w)) = —g"+1 # 0, then, (58) is
not simplified by the factor z — cg**! by virtue of (7).

Moreover, we have deg(Xj1 + Yiy1) = 2k + 2, deg(Z41) = 2k + 1, then 1y (w) H +1-semi-classical form
of class 2k +1. [

k+1

In the following, we study the first associated form ugl) (w).

Proposition 6. For k > 0, the form u,(il) (w) it is g*F1-Laguerre-Hahn form of class 2k + 1 and its Stieltjes function
satisfy the following q*+'-Ricati equation
1) 1 1
Pty (072 g (@) Hy 1 (8(2, 15 (@)

=B, (2, ul" (0))S(z, M (0))S (g7 2,4l (w0)) + X, (2, ul) (@))S (2wl () + YV, (2, ul (@),
(64)
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with

o (25 (@) =1 i (21 (@)) + (5 = 1)z (X1 (4512, 19 ()
i1 (4412, g (@) = 122 (6512, 1))
B (2 (@) = = (17221 2,y (@),
X ) =9 X (2, 4g (@) + Ve (2, g (@) = (14 75 )2Ze (21 (@) |,

Y (@) =072 X (2,10 (@) + ey (2,ug (@) = 2241 (2,109 (@) b = @iy (775712, (w)), (69)

where Xj1(z,ug(w)), Yiy1(z, ug(w)), Ziy1(z,ug(w)) and @ry1(z, ug(w)) are the polynomials defined by (57) and
(59).

Proof. We know that [12]
-1

(1)

S(z,ug(w)) = .
(Zr”q (w)) +z

—— (66)
,)/1'7( )S

Applying the operator H_ -1 to (66), we get

7 H (Sl (@))) +1

H,1(S(z,uq(w))) = . |
ﬂ ‘4 ('qu( )S(Zf”r(al)(w))JrZ) (’qu( )S(q*kflz,ugl)(w))+q7k—1z)

Multiplying both sides identities by ¢(g7¥~1z), and using (58), we get

- (Xk+1 (z, ”q(w)) + Yt (z, ”q(w))) S(z, “q(w)) — Ziya(z, ”q(w))
e D H (S Gy (@) + g 12)
(5! (@) +2) (1 s+ 12,00 (@) + 975 12)

and by (66), it follows that
Xit1(z, ug(w)) + Y1 (z, ug(w))
'y;‘”(w)S(z, ut(ll)(w)) +z
e ) (S (@) + 9lg ™ 12)
(’Y;lq(w)S(Z, ut(il) (w)) + Z) (,ﬁq(w)s(qfk—lzl ugl)(w» + q—kflz)

—Zka(z, ”q(w))

Equivalently

1 i1 (47 2 Hy i1 (S 15 (@)) = (X (2) + Vi (2) — 22401 (2)) S0 1z, 1) (@)
— (1127 1 (2)8 (2, 1l (0))S (072, ulY (w))
— gk 27 (2)8 (2,1 (w))
+ ‘fkflz (Xpet1(2) + Yir1(2) — 22511 (2)) — Pt (‘fkilz)

Since S(g %1z, uél)(w)) = (g7F1— 1)qu,k,1(S(z, uél)(w))) + S(z, u,sl)(cu)). We deduce deduce (64)
with (65).
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(1) ( (1)

Let c be a zero of ¢ /, (z,u; '), and suppose that we can simplify (64) by the factor z — cg**1. From (7), we

get
Pr1 (€, 1g()) + (65 = 1)e + (Xewr (6,1 (0)) + Yerr (6, ug (@) = 44 eZiein (e g (@) ) = 0,
Zia (e, ug(w)) =0,
X (e 14 () + Yiera (6 e, 14 () = (1444 )eZiean (¢ g (@),
e X1 (91, ug (@) + Vi1 (65 e 114 (@) = 65 Zi i1 (3 0, g (@) | = gy (e, ug () = 0.
Equivalently
Pr1(c) =0, Zip1 (6°¢) = 0, Xi1 (g e) + Vi1 (4 e) = 0.

Which means that (58) can be simplified by the factor z — cg**!. Which is contradictory by virtue of (7).
From (57), we may write for k > 0

X1 (2, g (w)) = g K242 4
Yi1(z ug(w)) = —qt,
Zisr (2, 1ug(w)) = q—k2+k+2zzk+1 ..
Prs1 (2 1g(w)) = (1— qk+l)qk2+4k+322k+l o (67)
By (65), we have
deg(BL),, ul! (w)) = 2k + 1. (68)

Always by (65) and (67) we have Xy 1(z, uy(w)) = _(fﬁq(w))2q—k2+k+2z2k+2.... Then

deg(X&)l)(z, uél) (w)) =2k +2. (69)
From (65) and (69), we deduce that deg(Yk(_l&) <2k +2,but Yk(}r)l is an odd polynomial, then
deg(Y\))) < 2k + 1. (70)

Finally, by virtue of (67)-(70) and (7), we deduce that the class of u4(w) is 2k + 1. Hence the desired
result. O

Remark 4. When k = 0, based on (65), (48), we obtain

o (@), @) = 1t (1= )27+ 2), B (!, w)) = — (117 g,
XV w) = =" g 0+ 72), Y el @) = (@ -1

and by (64), we get
- - - 1l—w B
771207 g 2 H (3G (@) =078 (@)3(g 2 (@)
—4
q 2.2 (1) z
+ —w+q°z7)S(z,uy’ (w) + ) 7

(1)

Thus we recover the case studied in [8, pp.134] that ug ' (w) it is H,-1-Laguerre forms of class one. But
there are some misprints in formula (4.9) given in [6] and it must be written as (71).

Acknowledgments: The authors are very grateful to the referees for the constructive and valuable comments and
recommendations.
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