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1. Introduction

he Mittag-Leffler function is an important function that is commonly used in fractional calculus. It is
T possible to solve a wide range of differential and integral equations involving fractional derivatives
by using Mittag-Leffler functions. The Mittag-Leffler function may also be used to address boundary value
problems. For further details, we refer to the studies of Kilbas and Saigo [1], Gorenflo and Mainard [2], and
Kilbas et al. [3]. The Mittag-Leffler functions of one, two, and three parameters are defined by (see, e.g., [4-7])

o0 oo n ) o n
; CTESIL Eyp(x) = n;) Tan T B)’ ES (%) = )y Wfﬂ 1)
where, as usual, I'(1) denotes the Gamma function,
(M) = A+m) o, Azo,-1,-2,..,
r(A)
is the Pochhammer symbol [8], and
a,B,0€C, {Re(«),Re(B),Re()} > 0.
The polynomials
L) = S et 1) ; - _Jj‘;z:jslll) (Re(x) > 0), @

are called the associated Laguerre polynomials (see [9]), and they can be specified by the generating relation

¥ =10 e (). ®)

The generating function (3) holds for

It <1, xeC, xeC.
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In [10], Dattoli et al. introduced interesting Laguerre polynomials L, ’ (x, ) of two variables in the form

. _1 S N—S ,.8
Li(1 )(sz/) = (K +n)|s;0 s! ((n —)s)y! (K—iS)'

(4)

Formula (4) is valid under the following conditions:
n € Ny, ke C\{-1,-2,-3,...}, x,y €C.

Certain novel and well-known special functions can be introduced and studied effectively by using
symbolic techniques. The symbolic technique was developed in [11] as a result of this effort. For example,
Babusci et al. [12] obtained several lacunary generating functions for the Laguerre polynomials using the
symbolic technique. Dattoli et al. [12,13] introduced a symbolic operator ¢, which operates on a vacuum
function ¢, = % as follows [5,13]:

(z+1)
o 1
c¢zzm, z4+a g {—1,-2,-3,...}, )
which clearly satisfies the properties
eeP =P and (&%) = e, (6)
Considering Eq. (5), we have .
&po = T t1)’ @)

A new symbolic approach for studying special functions through the derivation of specific operators,
known as symbolic operators, was introduced by Babusci et al. and colleagues in [12]. In their work, Dattoli et
al. [14] introduced a symbolic operator denoted by d (a,p), With (a, B) € R™*. The following equation describes
how this operator acts on the vacuum function ¢g:

) T(k+1)

k - = —_ —
d(%ﬁ)q)o T T(ak+B)’ ak+p¢4{0,-1,-2,...}, 8)
and s o)
fk+0—1 _ Ik+o)
d(a[a(l-&)_t,_‘@)q)o - r(ﬂék"—ﬁ), (9)
where k € R. Notably, when k = 0, Eq. (8) yields
1
T T1(8) 10
=T (10)

It should be noted that Eq. (9) reduces to Eq. (8) when J = 1.
The operator given in Eq. (8) satisfies the following properties:

~

k m _ gFk+m 7k r _ 5kr
U p)(ap) = A(np) and (d(a,ﬁ)) = () an

The Mittag-Leffler function (1) may be represented symbolically using Egs. (8) and (9) as follows:

5 _oxdig e 6—1 ¢o
Eqp(x) = e trDdi o g 4p) {r((g)} ' (12)

Eqp(x) =1F [52 L XdA(,x,ﬁ)] $o, (13)
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where 1 F; denotes the confluent hypergeometric function defined by [8]

lX

ﬁn'

1Fia, B; x] = i , B¢&{0,—-1,-2,...}, x € C. (14)

For the purpose of this work, we recall the definitions of the generalized hypergeometric series and the
Fox-Wright function as follows (see [8], pp. 42 and 50):

nee(ap)n 2" Hle("‘l)n z"

pFq ' z | = n;o (Bi)n---(Bghun! = H?:1(5j)" n!
By
= pFy(a1,... ap;B1,-- ., Bg; 2), (15)

where
‘B]-Qé{O,—l,—Z,...} G=1,...,9), z € C,

with convergence for all z if p < g, and for |z| < 1if p =g+ 1, and

(Dél,Al),. cey (DCP,AP);

0 4
&+ A
p‘Yq . ZH[ 1 ( 1 1 )i (16)
0 [T]_, T(B; + Bjn) n!
(,Bll B1)1~- -r(,Bq/ Bq)} h= =1 /
where
/3]-+B]-n¢{0,—1,—2,...} (jzl,...,q), z€C,
and it converges if
9 p
LB—) A>-
j=1 =1
In [13], Dattoli and Torry introduced Laguerre polynomials of two variables in the form
1 s yn S xS
n(%,Y) _”'2 , neNy, xyeC, (17)
=0 (s1)* (n —s)!

together with the use of operational techniques combined with the principle of monomials, which provided
a new analytical tool for deriving solutions of large classes of partial differential equations frequently
encountered in physical problems. In addition, two interesting unifications and generalizations of the Laguerre
polynomials L, (x, y) were considered by Dattoli et al. [10] in the forms

n ynfs xS—P

L ,y) = n! , 18
1o (x,y) ns;’)s!(n—s)!l"(p—ks—i—l) (18)
where
n € Ny, x,yeC, peC\{-1,-2,-3,...},
so thatT'(p + s + 1) is well defined foralls =0,1,...,n, and
n —1)5 s yS
L () = (Y S (19)

st (n—s)t(m+s)!

where
n € Ny, x,y€C, meC\{-1,-2,-3,...},

so that (m +s)! =T'(m + s+ 1) is well defined foralls =0,1,...,n
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For the present study, we recall the following explicit expression for the Konhauser polynomials Z{ (x; k)
[15]:
TFkn+a+1) & n xks
ZD( -k) = -1 s _ 20
n(x:K) n! S;O( ) (s)r(ks—i—tx—f—l), 20

where
a>—1, k=1,2,....

2. Mittag-Leffler-Laguerre polynomials: Basic properties

In this section, we introduce and investigate some basic properties of the Mittag-Leffler-Laguerre

polynomials (MLLPs), denoted by EL (x a, B). These polynomials are defined symbolically, based on the
description of the corresponding Laguerre polynomials in (2) and the symbolic operator (9), as follows:

5 ) %o

Using (2), we obtain from (21) the following symbolic series representation:

(1) T(k+n+1)x° o 5 ®o
EL (x % p) = Zos! (n—s)!l"(x+s+1)d(;rxi(1l—5)+ﬁ) {1‘((5)} (22)

Moreover, according to the symbolic operator (9), we can rewrite EL,(J"‘S) (x;, B) in the following series

representation:

(60) (1 gy = ¥ L+ +1) (=1) (6), x°
b (x’“’ﬁ)_s; st(n—s)!IT(k+s+1)T(as+p)’ =

0

It may be of interest to point out that the series representation (23), in particular, yields the following
relationships:

el (51,2) = pLIY (51,1) = L (x), (24)
(6-19) (1 /1 S C) PR )

ELy (x/y;1,m+1) = WLH (x,y), meN, (25)

(6-10) (ya. () p
eLy (x%a,Bp+1) = (ucn+/3+1)z n(xa), (26)
1519 (i) = s, @
EL“"*L‘”(x;a,ﬁ) = Dup 1), os)
LYY (x/y;1,1) = La(x, ) (29)
L (x/yitprn) = O ) L (x, ). (30)

In particular, for @ € N, we have the explicit representation
(1 ) —n, 5/
+x X
(x @, .B) (,8) 2F1+1x aizx ’ (31)
1+x,A(x; B);
where A(a; B) denotes the array
B B+1 B+a—1 4> 1

PR .

The main novelty of this work lies in the construction of a unified operational framework that embeds
Mittag-Leffler-type Gamma-shift operators into the Laguerre polynomial structure, producing a new class
of Mittag—Leffler-Laguerre polynomials. The resulting family simultaneously generalizes several classical
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Laguerre-type polynomials and admits a rich hierarchy of generating functions expressed in terms of
hypergeometric, Mittag-Leffler, and Wright-type functions within a consistent operator calculus.

3. Generating relations

Here, we establish some generating functions for the MLLPs EL,SK’é) (x; &, B) in the form of the following
theorems.

Theorem 1. Let k > 0 and {Re(«),Re(B),Re(d)} > 0. Then the following generating function holds:

- 6 —xt
nZ:oEL”K )(x;zx,ﬁ)t”:(l—t) TR g o p <H> (32)
where
It <1, keC, xeC,

so that (1 — )17 is well defined and the series converges. Alternatively,

o K n —1— —xt 4
ZEL,g "”(x;lx, )t = (1*15) ! KlFl |:5/1/1_t_d(1x,/3):| (PO/ (33)

where
It <1, keC, xeC,

so that (1 — t) =1 is well defined and the hypergeometric operator series is convergent.

Proof. We have

-0 e, (7)) = <1‘t)_1_Kis'r<f35+/s> (1_xtt>s

0

SRR T(0)s (T+K+5), X° s
- E ; s'n'F(zxs +B) t ” (34

Letting 1 be replaced by n — s and considering Definition (23), we obtain the desired result (32). Using (20) in
(32), we arrive at the result (33). O

Remark 1. Letting 6 = —m, m € N, in (33) and using the relation [16, p. 395, Eq. (10.38)]

Li(x) = 1F[-m;1; ], (35)
leads to the interesting relation
Z EL1(1K,7m) (x; w, ,B) o (1— t)*lfK Ly, (l_ d(a ﬁ)) 9o, (36)
n=0

where L, (x) denotes the Laguerre polynomial [9, p. 200, Eq. (3)].

Theorem 2. The following generating functions hold:

xt -

> K,(s n
E]EL;Q ' Byt = (1- 1) Fexp (td(zxtx(l 5)+ﬁ)> Dla(i- 5)+ﬁ){r(€g)}’ <1 @7

and

S K —1-x 2 —X
Z (5) (x; :3 =(1-1) 1 exp (Xd(tx,zx(lfo‘)nLﬁ)) Eg,ﬁ (1 — t) , [t < 1. (38)
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Proof. Using (32), we obtain

) 25— Po
Z LY (x; 0, B) t ZL (xd,ml5)+5))dfa;(1_5)+5){w)}tﬂ, (39)

n=0

Using (3) on the right-hand side of the above equation gives (37).
Regarding the Lie bracket [A, B], defined by

[A,B) = AB - BA,

we obtain
X —X &
xd(a,a(1,5)+ﬁ)/ 41 — td(zx,oc(lfb‘)+ﬁ) =0.

Consequently, using the Weyl decoupling identity
B —ABed,  k=[AB], keC, (40)

we obtain assertion (38) by applying (40) to the right-hand side of (37) and then using (12) in the resulting
equation. [

Theorem 3. The following generating function holds:

00 —0
- 4 R _t _
Y eLY (x;a, Bt =(1—t) K {1 — d(ap) (1 - t) D, 1] ®o, (41)
n=0
where
It <1, xkeC, 0eC,

so that (1 — )17 is well defined and the operator series
R —t 17
e (77) 27

Proof. Denote the right-hand side of assertion (41) by I. Then

is convergent.

= (9), () D
—1—x (a,B)

I=(1-1) SZ i

e Ok 1), Dy

sln!

®o

n=0s=0
n (—1)° (8), (k5 +1),_ D, 5 g0
:n;()s;() st(n—s)! r (42)

Using (8) and (23), and taking into account that

we arrive at the desired result (41). O

Theorem 4. The following generating function holds:

) -0
Y L (B = (1) [l - (1_ xi) c] gy, (43)
n=0
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where
[t <1, k0 € C, xeC,

so that (1 — t) =1 is well defined and the operator series
-5
—xt\ .,
()]

Proof. Denote the right-hand side of assertion (43) by I. Then

e (0 (FE) e g
I=(1-t) S;) i

© o (_1)\S s aas+p—1

Z Z ( 1) ((S)s (K+SS'—’;1'1)71 x°C 4)0 t"-‘rs
(71)5 (5)5 (K +s5+ 1)n—s xsélxs+‘6_1 4)0
sl (n—s)!

is convergent.

. (44)

Using (7) and (23), we arrive at the desired result (43). O
Theorem 5. Let k > 0 and {Re(«),Re(B),Re(d)} > 0. Then the following generating function holds:

iEL,S’“‘Wx;a,/%)t"_etF(_.HK._xtdA ) 4] 0 (45)
= (), U a0 ) R aal-0+) | T(6) S 7

where
[t < 1, k¢ {-1,-2,-3,...}, 6 eC,

so that (1 + «), and the hypergeometric operator series are well defined and convergent.

Proof. Directly from (22), we obtain

o 10 (e ) & (e ¢
L = LY e e {16

n=0s=0

> s
o 00 (—x d(“/a(1,5)+15)) 51 0
- <n¥() ”') Z st (1+x), d(a,a(1—5)+ﬁ) {F((S)} . (46)

Using (15), we obtain the desired result (45). [

From the right-hand side of (45), we are also led to write the following equivalent, although less compact,
form:

00 (x,0) n x
Ly (x;0, B) » z, 1 Qo0
T R (xtdwatsyep) € (3\/xfd<m<1 0)+/5)> on-0p |7y [+ @)

n=0

where [, () is the Bessel function [9, p.108].

Remark 2. If weset« = 8 =6 = 1in (45) and (47) and use the relation (24), then we obtain the known results
[9, p.201, Egs. (1), (3)].
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Theorem 6. Let ¢ be arbitrary, k > 0, and {Re(x),Re(B),Re(d)} > 0. Then the following generating function holds:

(&

= (0), eLn (v, B) £ _ 1 —xtda(-s)ip) | po1 %0
L 0,  Ca-ph 1o Yea-0m\T(e) [+ 40
1+x;
where
It <1, k¢ {-1,-2,-3,...}, ceC, 0eC,
so that (14 ), is well defined and the hypergeometric operator series is convergent.
Proof. From (22), we carry out the following steps:
=] x,0 =)
5 () L™ (x50, B) 1" _ PP B A
= (1+x), = =sl(n—s)! (14x), (a,x(1=0)+p) F
o (O (X %o
7”;05;] stn! (14 x), d“’“‘s*ﬁ{ I'(6) }
_ 5y e, O (=xtdwan- Mﬁ) K0
I S s!(1+x), (e (1 3)+P) | T(6)
~ S
B i (C)s (_Xtd(a,oc(lfé)Jrﬂ)) 1 0 (49)
- = (1 + K)s (1 _ t)c+s (a,x(1=6)+P) 1"(5) :

Using (15), we obtain the desired result (48). O

Remark 3. (i) If we replace c by 1 + « in (48), then we obtain Eq. (37).
(ii) If we set « = B = 0 = 1in (48) and use the relation (24), then we obtain the known result [9, p.202, Eq.
@)1

Theorem 7. Let x,¢ € C with Re(x) > —1and |t| < 1. Then

(¢,1),(6,1);

o (©)n 1 (x0) . TA+)(1-n"° xt
Lo, P =g T i o

(B,a),(1+x,1);

where
[t <1, k¢ {-1,-2,-3,...}, ceC, s eC,

so that (14 ), is well defined and the Wright-type series is convergent.

Proof. From (23), we obtain

3 L) (g gy = 3 (En (—1)° (8), (1 +1x),, x° £
L7 1+K (o) = L T, L s(n—9)t (1 £ x), Tas 1 )
_yy (=1)° (9)s (§), x* t"
_,;)sg(‘)s'(n—s)!(l—l—x)sl" as + B) (1)
Using the result [9, p.57, Eq. (3)]
Y Y flom = o 3 flon+s) )

n=0s=0 n=0s=0
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we obtain
©)n ;0 2 (1) ()5 (§) s X1
L), B = ) ), Has 1 )
n=0 n=0s=0 “°""° s
_ = (5)5 (C)s (7'Xt)s = (C + S)n n
o Z r ! Z !
= (as+B) (1 +x),s! = nl
T+ (a-hHF i T(E+5)T(6+5) (%) (53)
T'(6)T(¢) HT(as+B)T(k+s+1)s!
Using (16), we obtain the desired result (50). O
Theorem 8. Let Re(x) > 0, Re(a) > 0, Re(B) > 0, and Re(d) > —1. Then
o (6,1);
y I o n(ﬁ- ”;)ﬁ I _ oy, —xt (54)
=0 (B, &), (x+1,1);
Proof. The proof follows from the proof of Theorem 7. [
Theorem 9. Let « € Nand x € C with Re(x) > 0. Then
1 0
> (l — 1) xt
L X, ——————1F , 55
I W (= 1) 9
A(a; B);
where
o c
Re(Yy PTI=1 ) 5o
=t
Proof. The proof follows from the proof of Theorem 7. [
Theorem 10. Let
{Re(«),Re(B),Re(d),Re(A)} >0
and
{Re(x),Re(u)} > —1.
Then the following bilateral generating function involving the Mittag-Leffler—Laguerre polynomials and a terminating
1?1 holds:
o A+mn,1); 5,1),(A1);
r(é) EngKé)(x;“/,B) ( ) . ( ) ( )
Z F(K—i- N+ 1) 11 —t t" =,%;3 —xt (56)
=0 (n+n+11); (B,a), (k+1,1), (n+1,1)
Proof. From (54), we have
a (x a, B) " > [(6+n) (—xt)
= 57
; x+n+1) ; F(B+an)T(xk+n+1) 7)
Multiplying both sides by +*~! and then applying the operator D?iﬂ ! we get
n
T(5+n) ( ) A)‘ H= 1(ti’l+/\ l). (58)

i (x;a, 5)@/\—14—1 ( —t tanl) v
7ﬂ§61"(ﬁ—|—zm) T(k+n+1)n!

00
t

2 K+n+1)

n=0
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Note that

o [k
Dtﬁfﬂfl (e—t tn+A—l> — f)i‘*ﬂ*l ( ( k1'> - ) . (59)

After simplification, we get

AA—p—1 —t n+A-1 — 1 (11+k+)\) n+k+u
D (e ! ) k;) 'rn+k+y+1)t ‘ (60)

Substituting (60) into (58), we obtain

oor((s)EL XDC’B sl n+k+)\)nk_oo r(5+n)r(n+)\)(_x)n .
n;o T(et+n+1) ; n+k+u+1>t+ =L T ramTxensDToepsnm' - ©

Using (16), we obtain the desired result (56). O

4. Finite summations

In this section, the following summation formulae for the MLLPs EL(K 2 (x; &, B) are established in the
form of the following theorems.

Theorem 11. For arbitrary x and ¢ with {Re(«),Re(p),Re(d)} > 0, we have

LS ey )AL {qff;)} N ZOEL (o B) L (g0 ) 2

Proof. Using the fact that

_1— —xt 5 0
(1= "exp (H d(ma(lé)+ﬁ)) Fan(1-0)+p) {(}

J)
11— yt 5 N a
x (1—t) " Fexp (1—1? d(a,a(15)+ﬁ)> d(lX #(1=0)+p) {(5)}

_ —1—(x+E+1 (x+y)t » 262 Po 2
= (1 — t) (k+¢ )exp (1—t d(a,a(1—5)+ﬁ) d(ﬂ(,ﬂé(l*é)#’ﬁ) {1_,((5)} . (63)

Using (37), we get
Z L by g L 5)48) { ‘f‘)) } = Z eLS) (o, B) 1 Y L) (v, B) 11 (64)
n=0 m=0 n=0

Comparing the coefficients of t" gives the desired result (62). O

Remark 4. If, in (62), we set « = B = § = 1 and use the relation (24), then we obtain the known result [9, p.209,
Eq. (3)].

Theorem 12. For arbitrary x with {Re(a),Re(p),Re(d)} > 0, we have

~

n (LK), (1—y)" Sy L )( d(m(k&)w)}“/ﬁ)
o .

L TEDHE: (©5)

(K(S) (x]/d(zx a(1-8)+B)7 & ﬁ)

Proof. Based on Eq. (45) and the relation

. . ) %o
¢ oFy (_'1 T _xytd(w(lfé)%)) d((s“ a(1-0)+p) { () }

— o(I=y)t gyt oF1 (—,‘1 + K, —X(yt) A(a/“(1,5)+15)> d(()“i(l 5)+p) {qg((;)} , (66)
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we obtain
(Kré) 7 . K, 7 S
i ELn (x]/d(tx,tx(lfé)Jrﬁ)/“' ﬁ) " i (1—y)" i pL! 5)(Xd(zx,tx(1f§)+,8);“/ﬁ) (vt) (67)
= (1+x), a = n! = (1+x), ’

Comparing the coefficients of t" gives the desired result (65). O

Theorem 13. For arbitrary k and c, where c is not zero or a negative integer, with {Re(x),Re(B),Re(é)} > 0, we have

(Bc—x—2),_ 3 (x,0) 7 .
L) (10, B) = (1+7%), i L= 7 (xd(ga1-6)+p)) (1 +x —c) ELs (_xd(tx,a(lfé)vLﬁ)/af ,3) )
E s, == .
! (C)}’l s=0 (1 + K)S
Proof. We know that, for arbitrary c,
“ (x4)
¢ —Xtd(ga(1-5)+p) | -1 0 | & (@), Ly (x;0,B) "
(1=t "1k 17 Uaa(1-5)+p) re) | EO (1+x), - (©)
1+x;
Using Kummer’s formula [9, p.125],
c; R 1+x—c¢;
R —xtdai-s+p) | _ exp —Xtd(,0(1-5)+p) R xtdia-syp) | 70)
1—t 1t 1—t
1+x; T+
Using (69) and (70), we have
§° @yl (i, p)
n=0 (1 + K)n
. 14+x—c;
—xtd 7
_ - (2,2(1-0)+B) Xtd (g a1-5 251 $o
f(l—t) Cexp( 17 >1F1 %tprﬁ) d(a,a(15)+/5){1"(5)}
1+x;
—xtd, 1
_ (1 o t)—l—(3C—K—2) exp < (1,_(11. 5)+/3)>
14+x—c;
~(14x—c) Xtd (16 251 $o
x (1-1t) 1F w drn1i-5)1p) {r(&)} (71)
1+x;
By using (3) and (69), we get
i (), EL,(qK’(S) (x;a, B) t" _ i (3c—Kk—2) (xd NSYZ
= (1+x), = n (a,(1=6)+p)
K,0 2
y o (14+x— C)s ELs( ) <_Xd(zx,o<(1—(5)+ﬁ);“r ﬁ) £ )
s=0 (1 + K)S '

Comparing the coefficients of t" gives the desired result (68). [

Remark 5. If, in (68), we set &« = B = 6 = 1 and use the relation (24), then we obtain the known result [9, p.210,
Eq. (8)].
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Theorem 14. Let Re(x) > 0 and {Re(¢),Re(a),Re(B),Re(d)} > 0. Then

n (65)
K — L, X; 0,
) 0, p) = 3 =Dl B) -
s=0
Proof. From the right-hand side of (32), we have
o1k [ TXEN L (=) 4 —1-Cps [ Xt
(=07 e (25) = a0 D a—n e (£ (74)
Using (32) and the result [9]
o0 o0 (e} n
Y Y fenm) =) ) flsn—s) (75)
n=0s=0 n=0s=0
we get
o (k8) (. w0 LS ()
”;OELn (x;a,B)t —ngés;) o (76)

Comparing the coefficients of t" gives the desired result (73). O

Remark 6. If, in (73), we set &« = B = 6 = 1 and use the relation (24), then we obtain the known result [9, p.209,
Eq. (3)].

Theorem 15. Let {Re(«),Re(B),Re(d)} > 0and Re(x) > —1. Then

ELﬁlxlé) (x}/;leﬁ) = Xi%) (1 +K>n (1(1,1_3)5) (1y_._i) (x ~ 5) (77)

Proof. In (54), replace x by xy to obtain

= (0 (6,1);
Z Gy p)e = e'1¥2 —xyt
(k+n+1)
"= (B, ), (k +1,1);
(6,1);
— (I-Mtert —x(yt) |- 78)
(B), (k+1,1);
Once more, by using (54), we arrive at
) ( (x o s 7 (K)o n+s
o, p)t L) (A —y) yels™ (o, p)t
; K+n+1 ;;0 n!T(k+s+1) ' 79

Using formula (75) and equating the coefficients of ¢ gives the desired result (77). O

Remark 7. If, in (65) and (77), we set &« = § = § = 1 and use the relation (24), then we obtain the known result
[9, p.209, Eq. (5)].

Theorem 16. Let {Re(«),Re(B),Re(d)} > 0and Re(x) > —1. Then

n(1+x), (L —1)° LY (y;a,
eL (xtxﬁ ( > Z )y ((1+2)nss' it 'B) (80)
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Proof. Letting t = yz in (54), we obtain

) , ; 0,1);
r((s)EL,SK‘S)(x;Oé,ﬁ) (y2) = V2 ¥, oy

= I'(k+n+1)

—xyz | . (81)
(B ), (k+1,1);

After substituting x for y in (81) and vice versa, we compare the resulting expression with (81) and obtain

= T(8) Ly (x4, B) (y2)" ) §° TO) L LY (y;0,B) (x2)"

T Tkt AT T(irnl)
[o0] o8] ,5
_ 35 EDTO) L i p) (2 @)
== siT(k+n+1)
Based on (75), we get
oo [e9) oo /5
2 i) ()" _ 5 5 (E=1)°TO) el (i ) () )
= K+n+1) =5 siT(k+n—s+1) )
Comparing the coefficients of z" in the above equation and simplifying gives the desired result (80). O
5. Integral representations
In this section, we present some integral representations for the polynomials EL (x a,pB).
Theorem 17. Let «,& € C with Re(x) > Re(¢) > 0. Then
IFk+n+1) x T
e (50 B) = s n e gy W L (B d (54)
Proof. Denoting the right-hand side of (84) by I and using (23), we get
T(k+n+1) x i1 son D(@+n+1) (=1)° (5),uf
= JACED) (85)
[E+n+1)T(x—2¢&)x*Jo Hs!(n—9)!T(C+s+1)T(as+p)
Interchanging the order of integration and summation gives
B T(k+n+1) L L(E+n+1)(=1)°(6), x k—g—1 Fts
F(C+n+1)l"(;<—{;')x"S;)s!(n—s)lf(§+s+1)l"(acs+ﬁ)/ (x—u) uedu. (86)
Now, using the correct relation
X
/ (x —u)" P ub~V dy = x*+0=1B(a,b), (87)
0
we get
B F(K—i—n—i—l) n ( 1)5( ) AK—C+C+s+1-1
=T or L3 =S+ 1T Mt p o oerstl)
! r 1) (—1)° (6
_ (k+ 1+ 1) (-1)° (), x )

C Zsl(n—s)!IT(k+s+1)T(as —l—ﬁ)
which gives the desired result (84). [

Remark 8. If, in (84), we set &« = B = J = 1 and use (24), then we obtain a known result due to [17, p.642, Eq.
BG4I
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Theorem 18. Let , ¢ € C with Re(x) > Re(&) > —1. Then

I'(xk+n+1)

(x,6) .
el =60 B) = e Tt £

Proof. The proof follows from the proof of result (84). O

Theorem 19. Let «,«,B,6,0,x € C with Re(x) > 0 and

{Re(«),Re(B),Re(d),Re(c),Re(x)} >0,

Then

AV )
ELEIK’(S) (x(m—=1)%a,B+0)= 7@1 D

)L (&) /tx (x— ) (=0 el (u — a, B) du

I'(0) /zm(m =) (s = PTIELY (x(s — 1), B) ds

Proof. Consider the following relation [17, p.803, Eq. (3.4.2)], for g = 1:

(=07 B e e =] = i [ =) = 0P 1) .

I'(oc

Replacing z by 1_

-1 1 —xt(m
(m—D7F (1 -7 ES pio [l—t

1

Using (32), we obtain

ftt in Eq. (91) and multiplying both sides by (1 — ) !

_l)tx]

:m/lm(m_s)afl(s_l)ﬁfl(l_t) K— 1E§ﬂ|:_lx

(m—1)7 P71 Y. pL0) (x(m—=1)";0,p+0)t"

n=0

1 m o
:m/l (m—s)7 1 (

Z L(“( (s—=1)%;a,B)t"ds.

Interchanging the order of integration and summation gives

(m—1)7TP~1 Y gL (x(m—=1)";0,p+0)t"

n=0
1
I(o) .

ngk:

[ =97 s

K

— 1)1 L) (x(s—=1)";a,B)dst".

Comparing the coefficients of t" gives the desired result (90). O

Moreover, with the help of Euler’s integral [8, p.19, Eq. (1)],

I'(z) = / e du,
0
we can establish the following theorem.

Theorem 20. Let a, 3,6, x,u € C with

{Re(«),Re(B),Re(d),Re

Re(z) >0,

(k)} > 0.

m>1,

(89)

(90)

o1

92)

(93)

(94)

95)
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Then
(k,6) 1 © 51— (et n+11);
Ly (%0, B) = / u’ e " ¥, —xu | du. (96)
n! () Jo
(B, &), (k+1,1);
Proof. Using (23) and the following result
(6) = —— / =1 gy 97)
we obtain ) S s brs
K5 I(xk+n+1)(—1)" x"u’ts— —u
du. 98
(xia,B) = Z(%/ n—s'l"(x—l—s—l—l) Tas+ BT ©8)

Interchanging the order of integration and summation, and then replacing n by n + s on the right-hand
side, we get
T(k+n+s+1)(—xu)’

0—1,—u
du.
s'FK+s+1) (zxs+[5)u ¢ ©9)

L (%0, p) =

Using (16), we obtain (96). O

Additionally, using Hankel’s definition of the complex integral [18]

1 1 00,
- - <
) ~ ami /700 e t3dt, (larg(z)| < m), (100)
where the Hankel contour —oo(%+) consists of the lower edge arg(t) = —7, a small circle around 0, and the
upper edge arg(t) = -+, with the branch cut on (—o0,0], and where termwise integration is justified by

dominated convergence and absolute integrability along the contour, we establish the following theorems.
Theorem 21. Let x,a,B,6,t € C with Re(x) > 0 and

{Re(«),Re(B),Re(d)} > 0.
Then

(O ) n/ 4
L) (0, ) = L / ot By F, x| dt. (101)

27min! —00

Proof. Using (23) and then applying the result (100), we get

1+K O+) as+ t
( i) = 2min! SZ;‘)/ s' 1+K) t bet . (102)

Interchanging the order of integration and summation and using definition (15), we obtain (101). O
Theorem 22. Let x,a,B,6,t € Cwith Re(x) > 0and

{Re(«),Re(B),Re(d)} > 0.

Then

+n+1) (00,
SCELRE - a7 | (109
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Proof. Using (23) and then applying the result (100), we get

[(k+n+1) (0+) ( 1
A (x;a, B) = TR Z/ s' » (1) 0)s 2 (st gy (104)

Interchanging the order of integration and summation and using definition (15), we obtain (103). O
Theorem 23. Letw, 3,0,x,u € Cwith

{Re(«),Re(B),Re(d),Re(x)} > 0.

Then 1 -
EL (x a,B) = ) /0 eyt Lﬁf) (xué®) eP~Lgo du. (105)

Proof. Denote the right-hand side of assertion (105) by I. Using (2), we obtain

00 no(_1\S s .5 ans+p—1
1 / e*”u‘S*lZ( 1)’ T(k+n+1)x use o0 dit. (106)

~T() Jo st(n—s)!T(k+s+1)

Interchanging the order of integration and summation and then using (7) and (95), we arrive at the desired
result (105). O

6. Integral transforms
(x,0)

In this section, we derive some integral transforms for gL, "’ (x; &, B) by applying the Laplace transform

and the Euler transform, also known as the Beta transform.
Theorem 24. Leto,x € N, x,v,s € C, 0 < a — 1, with
{Re(x),Re(v)} > —1 and Re(s) > 0.

Then
—n, 5/ A(U/ 1 + V),

v 1 (59) (0 _ (1+x), [ +v) 07x
L {t Ly (Xt ;& :B) } - F(‘B)nn!sHV 2+0’P1+06 2hs0 (107)
1+, Aa; B);
Proof. We know that the Laplace transform of f(t) is defined as [19]
L{f(t);s} = / “e S F(t)dt,  Re(s) > 0. (108)
0
Using (108) and applying definition (23) to the left-hand side of (107), we get
L {tv L(K&) (th;ﬂé,ﬁ);s} _ /0'°° —st 'y L(K&) (xt";oc,ﬁ) dt
a=om! (n—m)!'T(k+m+1)T(am+ B)
o (1+K)n i (_n)m ((S)m x™ F(1+1/+Um)
-~ T(B)n! = (Blaw (1K), mt - stiveom
_ (0, T 4) § (0 oy () O ()" (109)

L(p)nls't = (B) o (14 %), !

Using definition (15), we obtain the desired result (107). O
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Remark 9. In particular, for v =0, ¢ = 1, and x = 1, assertion (107) gives

( ) 1,—n,d;

K,0 1+K n 1

L {Eng )(t}lxlﬁ)}s} = WSH-M e
14 %, Aa; B);

Theorem 25. Let [, m,k € Cand «,0 € N with

{Re(l),Re(m)} > 0.
Then

—n,6,A(c;1);
} _ (1+x), B(I,m)

9
B {EL£1K ) (tx%;a,B);1,m T(B)n! 24+cF1tate

1+, A(a; B), A(o; 1 +m);

Proof. We know that the Beta transform is defined by [19]

B{f(x):1,m} = /01 A1 = )" () de

Using (112) and applying Definition (23) to the left-hand side of Eq. (111), we get

1
B {EL,(f"s) (tx7; zx,ﬁ);l,m} = /0 xl_l(l — x)m_lgLﬁlK"S) (tx7; o, B) dx

_ i I(k+n+1) (*1)5 (6)st° ) /1 xos+171(1 _ x)mﬁldx

Os!(n—s)!F(K+s+1)F(ocs+ﬁ
1, ¢ (6),# T(os+1)T(m)
Z: (1—|—K) st T(os+1+4m)

@
<1+x> T & (n), 6. F (),
= TE T+ m g s ()

Using definition (15), we obtain (111). O
Remark 10. In particular, for o = 1and I = 1 + «, from (111) we infer that
-n,d;

(14+x),B(1+4x,m) F
1"(,8)11! 2514

B {ELEf"S) (tx; o, B);1+ K,m} =

1+x+m, A« B);

which, on using (31), gives

I'(k+n+1)I(m)

(x+m,0) /.
T(k+n+m+1) ELn (£, B).

B {EL,({("S) (xt;, B); 1+ K,m} =

If we take m = 1, we obtain

1

+1,0
WEL;(;( )(t} 06,,3)-

B{eLi (xti, )1+ 5,1} =

Replacing 1+ x by « in (116), we get

(x—1,0)

L}(f’(s)(t;a”ﬂ) = (K+1’l)B {ELn o (xt;o(,'B);K,l} :

Dé”‘

azx

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)
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Remark 11. Eq. (117) can be written in the form
1 )
ELﬁ,K’é)(t; a,B) = (K+n)/ x"_lgLﬁlK*l/‘))(xt; w, B)dx. (118)
0

7. Conclusion

In this paper, we have developed and studied a new class of Mittag-Leffler-Laguerre polynomials
constructed through a symbolic operator framework. The main objective was to extend classical Laguerre
polynomials by incorporating Mittag—Leffler-type structures, thereby enriching their analytical properties
and providing a unified setting that connects special functions arising in fractional calculus and operational
analysis.

We derived several fundamental properties of the introduced polynomials, including generating
relations, explicit finite summation formulas, integral representations, and integral transforms. These results
demonstrate that the proposed family preserves the structural richness of both Mittag—Leffler functions and
Laguerre polynomials while allowing additional flexibility through the operational approach.

The main novelties of this work can be summarized as follows:

¢ Introduction of a new Mittag—Leffler-Laguerre polynomial family using a symbolic, or umbral-type,
operator approach.

* Construction of unified generating functions that generalize classical Laguerre polynomial generating
relations.

¢ Derivation of new finite summation formulas and explicit series representations.

* Establishment of integral representations and integral transform formulas associated with the new
polynomials.

* Recovery of several known classical and generalized Laguerre-type and Mittag-Leffler-type results as
special or limiting cases.

Comparison with the existing literature shows that most previous works treat Mittag-Leffler functions
and Laguerre polynomials either separately or through partial extensions involving fractional parameters or
deformation techniques. For instance, classical Laguerre-type generalizations focus mainly on orthogonal
polynomial structures, while Mittag-Leffler generalizations are typically developed within the framework of
fractional calculus and special function theory.

In contrast, the present work provides a unified operational framework that simultaneously incorporates
both structures. The proposed Mittag-Leffler—Laguerre polynomials extend previous models by embedding
Mittag-Leffler-type behavior into Laguerre polynomial systems through symbolic operators. This leads to
richer analytic representations and a broader class of transform and summation identities that are not available
in earlier studies.

Therefore, the introduced framework not only generalizes several known results but also offers a flexible
tool for further investigations in special functions, operational calculus, and applications related to fractional
differential equations.

Finally, the obtained results suggest several possible directions for future work, including orthogonality
analysis, asymptotic behavior, and applications in fractional and integral equations.
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