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1. Introduction

T he Mittag-Leffler function is an important function that is commonly used in fractional calculus. It is
possible to solve a wide range of differential and integral equations involving fractional derivatives

by using Mittag-Leffler functions. The Mittag-Leffler function may also be used to address boundary value
problems. For further details, we refer to the studies of Kilbas and Saigo [1], Gorenflo and Mainard [2], and
Kilbas et al. [3]. The Mittag-Leffler functions of one, two, and three parameters are defined by (see, e.g., [4–7])

Eα(x) =
∞

∑
n=0

xn

Γ(αn + 1)
, Eα,β(x) =

∞

∑
n=0

xn

Γ(αn + β)
, Eδ

α,β(x) =
∞

∑
n=0

(δ)n
Γ(αn + β)

xn

n!
, (1)

where, as usual, Γ(λ) denotes the Gamma function,

(λ)n =
Γ(λ + n)

Γ(λ)
, n ≥ 0, λ ̸= 0,−1,−2, . . . ,

is the Pochhammer symbol [8], and

α, β, δ ∈ C, {Re(α), Re(β), Re(δ)} > 0.

The polynomials

L(κ)
n (x) =

(κ + 1)n
n! 1F1 (−n; κ + 1; x) =

n

∑
s=0

(−1)s Γ(κ + n + 1) xs

s! (n − s)! Γ(κ + s + 1)
, (Re(κ) ≥ 0) , (2)

are called the associated Laguerre polynomials (see [9]), and they can be specified by the generating relation

∞

∑
n=0

L(κ)
n (x) tn = (1 − t)−κ−1 exp

(
−xt
1 − t

)
. (3)

The generating function (3) holds for

|t| < 1, κ ∈ C, x ∈ C.

Open J. Math. Anal. 2026, 10(1), 130-148; doi:10.30538/psrp-oma2026.0191 https://pisrt.org/psr-press/journals/oma

https://pisrt.org/psr-press/journals/oma/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma


Open J. Math. Anal. 2026, 10(1), 130-148 131

In [10], Dattoli et al. introduced interesting Laguerre polynomials L(κ)
n (x, y) of two variables in the form

L(κ)
n (x, y) = (κ + n)!

n

∑
s=0

(−1)s yn−s xs

s! (n − s)! (κ + s)!
. (4)

Formula (4) is valid under the following conditions:

n ∈ N0, κ ∈ C \ {−1,−2,−3, . . . }, x, y ∈ C.

Certain novel and well-known special functions can be introduced and studied effectively by using
symbolic techniques. The symbolic technique was developed in [11] as a result of this effort. For example,
Babusci et al. [12] obtained several lacunary generating functions for the Laguerre polynomials using the
symbolic technique. Dattoli et al. [12,13] introduced a symbolic operator ĉ, which operates on a vacuum
function ϕz =

1
Γ(z+1) as follows [5,13]:

ĉαϕz =
1

Γ(z + α + 1)
, z + α /∈ {−1,−2,−3, . . . }, (5)

which clearly satisfies the properties

ĉα ĉβ = ĉα+β and (ĉα)r = ĉ αr. (6)

Considering Eq. (5), we have

ĉαϕ0 =
1

Γ(α + 1)
. (7)

A new symbolic approach for studying special functions through the derivation of specific operators,
known as symbolic operators, was introduced by Babusci et al. and colleagues in [12]. In their work, Dattoli et
al. [14] introduced a symbolic operator denoted by d̂(α,β), with (α, β) ∈ R+. The following equation describes
how this operator acts on the vacuum function φ0:

d̂k
(α,β)φ0 =

Γ(k + 1)
Γ(αk + β)

, αk + β /∈ {0,−1,−2, . . . }, (8)

and

d̂k+δ−1
(α,α(1−δ)+β)

φ0 =
Γ(k + δ)

Γ(αk + β)
, (9)

where k ∈ R. Notably, when k = 0, Eq. (8) yields

φ0 =
1

Γ(β)
. (10)

It should be noted that Eq. (9) reduces to Eq. (8) when δ = 1.
The operator given in Eq. (8) satisfies the following properties:

d̂k
(α,β)d̂

m
(α,β) = d̂k+m

(α,β) and
(

d̂k
(α,β)

)r
= d̂ kr

(α,β). (11)

The Mittag-Leffler function (1) may be represented symbolically using Eqs. (8) and (9) as follows:

Eδ
α,β(x) = exd̂(α,α(1−δ)+β) d̂δ−1

(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
, (12)

Eδ
α,β(x) = 1F1

[
δ; 1; xd̂(α,β)

]
φ0, (13)
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where 1F1 denotes the confluent hypergeometric function defined by [8]

1F1[α, β; x] =
∞

∑
n=0

(α)n

(β)n

xn

n!
, β /∈ {0,−1,−2, . . . }, x ∈ C. (14)

For the purpose of this work, we recall the definitions of the generalized hypergeometric series and the
Fox–Wright function as follows (see [8], pp. 42 and 50):

pFq

 α1, . . . , αp;
z

β1, . . . , βq;

 =
∞

∑
n=0

(α1)n . . . (αp)n

(β1)n . . . (βq)n

zn

n!
=

∞

∑
n=0

∏
p
l=1(αl)n

∏
q
j=1(β j)n

zn

n!

= pFq(α1, . . . , αp; β1, . . . , βq; z), (15)

where
β j /∈ {0,−1,−2, . . . } (j = 1, . . . , q), z ∈ C,

with convergence for all z if p ≤ q, and for |z| < 1 if p = q + 1, and

pΨq

 (α1, A1), . . . , (αp, Ap);
z

(β1, B1), . . . , (βq, Bq);

 =
∞

∑
n=0

∏
p
l=1 Γ(αl + Aln)

∏
q
j=1 Γ(β j + Bjn)

zn

n!
, (16)

where
β j + Bjn /∈ {0,−1,−2, . . . } (j = 1, . . . , q), z ∈ C,

and it converges if
q

∑
j=1

Bj −
p

∑
l=1

Al > −1.

In [13], Dattoli and Torry introduced Laguerre polynomials of two variables in the form

Ln(x, y) = n!
n

∑
s=0

(−1)s yn−s xs

(s!)2 (n − s)!
, n ∈ N0, x, y ∈ C, (17)

together with the use of operational techniques combined with the principle of monomials, which provided
a new analytical tool for deriving solutions of large classes of partial differential equations frequently
encountered in physical problems. In addition, two interesting unifications and generalizations of the Laguerre
polynomials Ln(x, y) were considered by Dattoli et al. [10] in the forms

1Ln,ρ(x, y) = n!
n

∑
s=0

yn−s xs−ρ

s! (n − s)! Γ(ρ + s + 1)
, (18)

where
n ∈ N0, x, y ∈ C, ρ ∈ C \ {−1,−2,−3, . . . },

so that Γ(ρ + s + 1) is well defined for all s = 0, 1, . . . , n, and

L(m)
n (x, y) = (m + n)!

n

∑
s=0

(−1)s yn−s xs

s! (n − s)! (m + s)!
, (19)

where
n ∈ N0, x, y ∈ C, m ∈ C \ {−1,−2,−3, . . . },

so that (m + s)! = Γ(m + s + 1) is well defined for all s = 0, 1, . . . , n.
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For the present study, we recall the following explicit expression for the Konhauser polynomials Zα
n(x; k)

[15]:

Zα
n(x; k) =

Γ(kn + α + 1)
n!

n

∑
s=0

(−1)s

(
n
s

)
xks

Γ(ks + α + 1)
, (20)

where
α > −1, k = 1, 2, . . . .

2. Mittag-Leffler–Laguerre polynomials: Basic properties

In this section, we introduce and investigate some basic properties of the Mittag-Leffler–Laguerre
polynomials (MLLPs), denoted by EL(κ,δ)

n (x; α, β). These polynomials are defined symbolically, based on the
description of the corresponding Laguerre polynomials in (2) and the symbolic operator (9), as follows:

EL(κ,δ)
n (x; α, β) = L(κ)

n

(
xd̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
. (21)

Using (2), we obtain from (21) the following symbolic series representation:

EL(κ,δ)
n (x; α, β) =

n

∑
s=0

(−1)s Γ(κ + n + 1) xs

s! (n − s)! Γ(κ + s + 1)
d̂s+δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
. (22)

Moreover, according to the symbolic operator (9), we can rewrite EL(κ,δ)
n (x; α, β) in the following series

representation:

EL(κ,δ)
n (x; α, β) =

n

∑
s=0

Γ(κ + n + 1) (−1)s (δ)s xs

s! (n − s)! Γ(κ + s + 1) Γ(αs + β)
. (23)

It may be of interest to point out that the series representation (23), in particular, yields the following
relationships:

EL(κ,2)
n (x; 1, 2) = EL(κ,1)

n (x; 1, 1) = L(κ)
n (x), (24)

EL(δ−1,δ)
n (x/y; 1, m + 1) =

(δ)n
yn (m + n)!

L(m)
n (x, y), m ∈ N, (25)

EL(δ−1,δ)
n (xα; α, β + 1) =

(δ)n
Γ(αn + β + 1)

Zβ
n(x; α), (26)

EL(δ−1,δ)
n (−x; α, β) =

(δ)n
n!

Eδ+n
α,β (x), (27)

EL(δ−1,δ)
n (x; α, β) =

(δ)n
n!

E−n
α,β(x), (28)

yn
EL(0,1)

n (x/y; 1, 1) = Ln(x, y), (29)

EL(δ−1,δ)
n (−x/y; 1, β + 1) =

(δ)n xβ

yn n! 1Ln,β(x, y). (30)

In particular, for α ∈ N, we have the explicit representation

EL(κ,δ)
n (x; α, β) =

(1 + κ)n
n! Γ(β) 2F1+α

 −n, δ;
x

αα

1 + κ, ∆(α; β);

 , (31)

where ∆(α; β) denotes the array
β

α
,

β + 1
α

, . . . ,
β + α − 1

α
, α ≥ 1.

The main novelty of this work lies in the construction of a unified operational framework that embeds
Mittag–Leffler-type Gamma-shift operators into the Laguerre polynomial structure, producing a new class
of Mittag–Leffler–Laguerre polynomials. The resulting family simultaneously generalizes several classical
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Laguerre-type polynomials and admits a rich hierarchy of generating functions expressed in terms of
hypergeometric, Mittag–Leffler, and Wright-type functions within a consistent operator calculus.

3. Generating relations

Here, we establish some generating functions for the MLLPs EL(κ,δ)
n (x; α, β) in the form of the following

theorems.

Theorem 1. Let κ ≥ 0 and {Re(α), Re(β), Re(δ)} > 0. Then the following generating function holds:

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn = (1 − t)−1−κ Eδ

α,β

(
−xt
1 − t

)
, (32)

where
|t| < 1, κ ∈ C, x ∈ C,

so that (1 − t)−1−κ is well defined and the series converges. Alternatively,

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn = (1 − t)−1−κ

1F1

[
δ; 1;

−xt
1 − t

d̂(α,β)

]
φ0, (33)

where
|t| < 1, κ ∈ C, x ∈ C,

so that (1 − t)−1−κ is well defined and the hypergeometric operator series is convergent.

Proof. We have

(1 − t)−1−κ Eδ
α,β

(
−xt
1 − t

)
= (1 − t)−1−κ

∞

∑
s=0

(δ)s
s! Γ(αs + β)

(
−xt
1 − t

)s

=
∞

∑
n=0

∞

∑
s=0

(−1)s (δ)s (1 + κ + s)n xs

s! n! Γ(αs + β)
tn+s. (34)

Letting n be replaced by n − s and considering Definition (23), we obtain the desired result (32). Using (20) in
(32), we arrive at the result (33).

Remark 1. Letting δ = −m, m ∈ N, in (33) and using the relation [16, p. 395, Eq. (10.38)]

Lm(x) = 1F1[−m; 1; x], (35)

leads to the interesting relation

∞

∑
n=0

EL(κ,−m)
n (x; α, β) tn = (1 − t)−1−κ Lm

(
−x t
1 − t

d̂(α,β)

)
φ0, (36)

where Lm(x) denotes the Laguerre polynomial [9, p. 200, Eq. (3)].

Theorem 2. The following generating functions hold:

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn = (1 − t)−1−κ exp

(
−x t
1 − t

d̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
, |t| < 1, (37)

and
∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn = (1 − t)−1−κ exp

(
xd̂(α,α(1−δ)+β)

)
Eδ

α,β

(
−x

1 − t

)
, |t| < 1. (38)



Open J. Math. Anal. 2026, 10(1), 130-148 135

Proof. Using (32), we obtain

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn =

∞

∑
n=0

L(κ)
n

(
xd̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
tn. (39)

Using (3) on the right-hand side of the above equation gives (37).
Regarding the Lie bracket [Â, B̂], defined by

[Â, B̂] = ÂB̂ − B̂Â,

we obtain [
xd̂(α,α(1−δ)+β),

−x
1 − t

d̂(α,α(1−δ)+β)

]
= 0.

Consequently, using the Weyl decoupling identity

eÂ+B̂ = eÂeB̂e
−k
2 , k =

[
Â, B̂

]
, k ∈ C, (40)

we obtain assertion (38) by applying (40) to the right-hand side of (37) and then using (12) in the resulting
equation.

Theorem 3. The following generating function holds:

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn = (1 − t)−1−κ

[
1 − d̂(α,β)

(
−t

1 − t

)
D−1

x

]−δ

φ0, (41)

where
|t| < 1, κ ∈ C, δ ∈ C,

so that (1 − t)−1−κ is well defined and the operator series[
1 − d̂(α,β)

(
−t

1 − t

)
D−1

x

]−δ

is convergent.

Proof. Denote the right-hand side of assertion (41) by I. Then

I = (1 − t)−1−κ
∞

∑
s=0

(δ)s
( −t

1−t
)s D−s

x d̂s
(α,β) φ0

s!

=
∞

∑
n=0

∞

∑
s=0

(−1)s (δ)s (κ + s + 1)n D−s
x d̂s

(α,β) φ0

s! n!
tn+s

=
∞

∑
n=0

n

∑
s=0

(−1)s (δ)s (κ + s + 1)n−s D−s
x d̂s

(α,β) φ0

s! (n − s)!
tn. (42)

Using (8) and (23), and taking into account that

D̂−ϱ
x =

xϱ

ϱ!
,

we arrive at the desired result (41).

Theorem 4. The following generating function holds:

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn = (1 − t)−1−κ

[
1 −

(
−x t
1 − t

)
ĉα

]−δ

ĉβ−1 ϕ0, (43)
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where
|t| < 1, κ, δ ∈ C, x ∈ C,

so that (1 − t)−1−κ is well defined and the operator series[
1 −

(
−x t
1 − t

)
ĉα

]−δ

is convergent.

Proof. Denote the right-hand side of assertion (43) by I. Then

I = (1 − t)−1−κ
∞

∑
s=0

(δ)s
(−x t

1−t
)s ĉαs+β−1 ϕ0

s!

=
∞

∑
n=0

∞

∑
s=0

(−1)s (δ)s (κ + s + 1)n xs ĉαs+β−1 ϕ0

s! n!
tn+s

=
∞

∑
n=0

n

∑
s=0

(−1)s (δ)s (κ + s + 1)n−s xs ĉαs+β−1 ϕ0

s! (n − s)!
tn. (44)

Using (7) and (23), we arrive at the desired result (43).

Theorem 5. Let κ ≥ 0 and {Re(α), Re(β), Re(δ)} > 0. Then the following generating function holds:

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn

(1 + κ)n
= et

0F1

(
−; 1 + κ;−x t d̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
, (45)

where
|t| < 1, κ /∈ {−1,−2,−3, . . . }, δ ∈ C,

so that (1 + κ)n and the hypergeometric operator series are well defined and convergent.

Proof. Directly from (22), we obtain

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn

(1 + κ)n
=

∞

∑
n=0

n

∑
s=0

(−1)s xs tn

s! (n − s)! (1 + κ)s
d̂s+δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}

=

(
∞

∑
n=0

tn

n!

) ∞

∑
s=0

(
−x d̂(α,α(1−δ)+β)

)s

s! (1 + κ)s

 d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
. (46)

Using (15), we obtain the desired result (45).

From the right-hand side of (45), we are also led to write the following equivalent, although less compact,
form:

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn

(1 + κ)n
= Γ(κ + 1)

(
xtd̂(α,α(1−δ)+β)

)− κ
2 et Jκ

(
3
√

xtd̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
, (47)

where Jκ(·) is the Bessel function [9, p.108].

Remark 2. If we set α = β = δ = 1 in (45) and (47) and use the relation (24), then we obtain the known results
[9, p.201, Eqs. (1), (3)].
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Theorem 6. Let c be arbitrary, κ ≥ 0, and {Re(α), Re(β), Re(δ)} > 0. Then the following generating function holds:

∞

∑
n=0

(c)n EL(κ,δ)
n (x; α, β) tn

(1 + κ)n
=

1
(1 − t)c 1F1


c;

−x t d̂(α,α(1−δ)+β)

1 − t
1 + κ;

 d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
, (48)

where
|t| < 1, κ /∈ {−1,−2,−3, . . . }, c ∈ C, δ ∈ C,

so that (1 + κ)n is well defined and the hypergeometric operator series is convergent.

Proof. From (22), we carry out the following steps:

∞

∑
n=0

(c)n EL(κ,δ)
n (x; α, β) tn

(1 + κ)n
=

∞

∑
n=0

n

∑
s=0

(c)n (−x)s tn

s! (n − s)! (1 + κ)s
d̂s+δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
=

∞

∑
n=0

∞

∑
s=0

(c)n+s (−x)s tn+s

s! n! (1 + κ)s
d̂s+δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}

=
∞

∑
s=0

∞

∑
n=0

(c + s)n tn

n!

(c)s

(
−x t d̂(α,α(1−δ)+β)

)s

s! (1 + κ)s
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}

=
∞

∑
s=0

(c)s

(
−x t d̂(α,α(1−δ)+β)

)s

s! (1 + κ)s (1 − t)c+s d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
. (49)

Using (15), we obtain the desired result (48).

Remark 3. (i) If we replace c by 1 + κ in (48), then we obtain Eq. (37).
(ii) If we set α = β = δ = 1 in (48) and use the relation (24), then we obtain the known result [9, p.202, Eq.

(3)].

Theorem 7. Let κ, ξ ∈ C with Re(κ) > −1 and |t| < 1. Then

∞

∑
n=0

(ξ)n
(1 + κ)n

EL(κ,δ)
n (x; α, β) tn =

Γ(1 + κ) (1 − t)−ξ

Γ(δ) Γ(ξ) 2Ψ2


(ξ, 1), (δ, 1);

xt
t − 1

(β, α), (1 + κ, 1);

 , (50)

where
|t| < 1, κ /∈ {−1,−2,−3, . . . }, ξ ∈ C, δ ∈ C,

so that (1 + κ)n is well defined and the Wright-type series is convergent.

Proof. From (23), we obtain

∞

∑
n=0

(ξ)n
(1 + κ)n

EL(κ,δ)
n (x; α, β) tn =

∞

∑
n=0

(ξ)n
(1 + κ)n

n

∑
s=0

(−1)s (δ)s (1 + κ)n xs tn

s! (n − s)! (1 + κ)s Γ(αs + β)

=
∞

∑
n=0

n

∑
s=0

(−1)s (δ)s (ξ)n xs tn

s! (n − s)! (1 + κ)s Γ(αs + β)
. (51)

Using the result [9, p.57, Eq. (3)]

∞

∑
n=0

n

∑
s=0

f (s, n) =
∞

∑
n=0

∞

∑
s=0

f (s, n + s), (52)
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we obtain

∞

∑
n=0

(ξ)n
(1 + κ)n

EL(κ,δ)
n (x; α, β) tn =

∞

∑
n=0

∞

∑
s=0

(−1)s (δ)s (ξ)n+s xs tn+s

s! n! (1 + κ)s Γ(αs + β)

=
∞

∑
s=0

(δ)s (ξ)s (−xt)s

Γ(αs + β) (1 + κ)s s!

∞

∑
n=0

(ξ + s)n
n!

tn

=
Γ(1 + κ) (1 − t)−ξ

Γ(δ) Γ(ξ)

∞

∑
s=0

Γ(ξ + s) Γ(δ + s)
(−xt

1−t
)s

Γ(αs + β) Γ(κ + s + 1) s!
. (53)

Using (16), we obtain the desired result (50).

Theorem 8. Let Re(κ) ≥ 0, Re(α) > 0, Re(β) > 0, and Re(δ) > −1. Then

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β) tn

Γ(κ + n + 1)
= et

1Ψ2

 (δ, 1);
−xt

(β, α), (κ + 1, 1);

 . (54)

Proof. The proof follows from the proof of Theorem 7.

Theorem 9. Let α ∈ N and κ ∈ C with Re(κ) ≥ 0. Then

∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn =

(1 − t)−κ−1

Γ(β) 1Fα


δ;

xt
αα(t − 1)

∆(α; β);

 , (55)

where

Re

(
α

∑
j=1

β + j − 1
α

− δ

)
> 0.

Proof. The proof follows from the proof of Theorem 7.

Theorem 10. Let
{Re(α), Re(β), Re(δ), Re(λ)} > 0

and
{Re(κ), Re(µ)} > −1.

Then the following bilateral generating function involving the Mittag-Leffler–Laguerre polynomials and a terminating
1Ψ1 holds:

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β)

Γ(κ + n + 1) 1Ψ1

 (λ + n, 1);
−t

(µ + n + 1, 1);

 tn = 2Ψ3

 (δ, 1), (λ, 1);
−xt

(β, α), (κ + 1, 1), (µ + 1, 1);

 . (56)

Proof. From (54), we have

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β) tn

Γ(κ + n + 1)
e−t =

∞

∑
n=0

Γ(δ + n) (−xt)n

Γ(β + αn) Γ(κ + n + 1) n!
. (57)

Multiplying both sides by tλ−1 and then applying the operator D̂λ−µ−1
t , we get

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β)

Γ(κ + n + 1)
D̂λ−µ−1

t

(
e−t tn+λ−1

)
=

∞

∑
n=0

Γ(δ + n) (−x)n

Γ(β + αn) Γ(κ + n + 1) n!
D̂λ−µ−1

t

(
tn+λ−1

)
. (58)
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Note that

D̂λ−µ−1
t

(
e−t tn+λ−1

)
= D̂λ−µ−1

t

(
∞

∑
k=0

(−1)k

k!
tn+λ+k−1

)
. (59)

After simplification, we get

D̂λ−µ−1
t

(
e−t tn+λ−1

)
=

∞

∑
k=0

(−1)k Γ(n + k + λ)

k! Γ(n + k + µ + 1)
tn+k+µ. (60)

Substituting (60) into (58), we obtain

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β)

Γ(κ + n + 1)

∞

∑
k=0

(−1)k Γ(n + k + λ)

k! Γ(n + k + µ + 1)
tn+k =

∞

∑
n=0

Γ(δ + n) Γ(n + λ) (−x)n

Γ(β + αn) Γ(κ + n + 1) Γ(n + µ + 1) n!
tn. (61)

Using (16), we obtain the desired result (56).

4. Finite summations

In this section, the following summation formulae for the MLLPs EL(κ,δ)
n (x; α, β) are established in the

form of the following theorems.

Theorem 11. For arbitrary κ and ξ with {Re(α), Re(β), Re(δ)} > 0, we have

EL(κ+ξ+1,δ)
n (x + y; α, β) d̂δ−1

(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
=

n

∑
m=0

EL(κ,δ)
m (x; α, β) EL(ξ,δ)

n−m(y; α, β). (62)

Proof. Using the fact that

(1 − t)−1−κ exp
(
−x t
1 − t

d̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
× (1 − t)−1−ξ exp

(
−y t
1 − t

d̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
= (1 − t)−1−(κ+ξ+1) exp

(
−(x + y) t

1 − t
d̂(α,α(1−δ)+β)

)
d̂2δ−2
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}2
. (63)

Using (37), we get

∞

∑
n=0

EL(κ+ξ+1,δ)
n (x + y; α, β) d̂δ−1

(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
tn =

∞

∑
m=0

EL(κ,δ)
m (x; α, β) tm

∞

∑
n=0

EL(ξ,δ)
n (y; α, β) tn. (64)

Comparing the coefficients of tn gives the desired result (62).

Remark 4. If, in (62), we set α = β = δ = 1 and use the relation (24), then we obtain the known result [9, p.209,
Eq. (3)].

Theorem 12. For arbitrary κ with {Re(α), Re(β), Re(δ)} > 0, we have

EL(κ,δ)
n

(
xyd̂(α,α(1−δ)+β); α, β

)
=

n

∑
s=0

(1 + κ)n (1 − y)n−s ys
EL(κ,δ)

s

(
xd̂(α,α(1−δ)+β); α, β

)
(n − s)! (1 + κ)s

. (65)

Proof. Based on Eq. (45) and the relation

et
0F1

(
−; 1 + κ;−xytd̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
= e(1−y)teyt

0F1

(
−; 1 + κ;−x(yt)d̂(α,α(1−δ)+β)

)
d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
, (66)
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we obtain

∞

∑
n=0

EL(κ,δ)
n

(
xyd̂(α,α(1−δ)+β); α, β

)
tn

(1 + κ)n
=

(
∞

∑
n=0

(1 − y)n tn

n!

) ∞

∑
s=0

EL(κ,δ)
s (xd̂(α,α(1−δ)+β); α, β) (yt)s

(1 + κ)s

 . (67)

Comparing the coefficients of tn gives the desired result (65).

Theorem 13. For arbitrary κ and c, where c is not zero or a negative integer, with {Re(α), Re(β), Re(δ)} > 0, we have

EL(κ,δ)
n (x; α, β) =

(1 + κ)n
(c)n

n

∑
s=0

L(3c−κ−2)
n−s (xd̂(α,α(1−δ)+β)) (1 + κ − c)s EL(κ,δ)

s

(
−xd̂(α,α(1−δ)+β); α, β

)
(1 + κ)s

. (68)

Proof. We know that, for arbitrary c,

(1 − t)−c
1F1


c;

−x t d̂(α,α(1−δ)+β)

1 − t
1 + κ;

 d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
=

∞

∑
n=0

(c)n EL(κ,δ)
n (x; α, β) tn

(1 + κ)n
. (69)

Using Kummer’s formula [9, p.125],

1F1


c;

−x t d̂(α,α(1−δ)+β)

1 − t
1 + κ;

 = exp

(
−x t d̂(α,α(1−δ)+β)

1 − t

)
1F1


1 + κ − c;

x t d̂(α,α(1−δ)+β)

1 − t
1 + κ;

 . (70)

Using (69) and (70), we have

∞

∑
n=0

(c)n EL(κ,δ)
n (x; α, β) tn

(1 + κ)n

= (1 − t)−c exp

(
−x t d̂(α,α(1−δ)+β)

1 − t

)
1F1


1 + κ − c;

x t d̂(α,α(1−δ)+β)

1 − t
1 + κ;

 d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}

= (1 − t)−1−(3c−κ−2) exp

(
−x t d̂(α,α(1−δ)+β)

1 − t

)

× (1 − t)−(1+κ−c)
1F1


1 + κ − c;

x t d̂(α,α(1−δ)+β)

1 − t
1 + κ;

 d̂δ−1
(α,α(1−δ)+β)

{
φ0

Γ(δ)

}
. (71)

By using (3) and (69), we get

∞

∑
n=0

(c)n EL(κ,δ)
n (x; α, β) tn

(1 + κ)n
=

[
∞

∑
n=0

L(3c−κ−2)
n (xd̂(α,α(1−δ)+β)) tn

]

×

 ∞

∑
s=0

(1 + κ − c)s EL(κ,δ)
s

(
−xd̂(α,α(1−δ)+β); α, β

)
ts

(1 + κ)s

 . (72)

Comparing the coefficients of tn gives the desired result (68).

Remark 5. If, in (68), we set α = β = δ = 1 and use the relation (24), then we obtain the known result [9, p.210,
Eq. (8)].
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Theorem 14. Let Re(κ) ≥ 0 and {Re(ξ), Re(α), Re(β), Re(δ)} > 0. Then

EL(κ,δ)
n (x; α, β) =

n

∑
s=0

(κ − ξ)s EL(ξ,δ)
n−s (x; α, β)

s!
. (73)

Proof. From the right-hand side of (32), we have

(1 − t)−1−κ Eδ
α,β

(
−xt
1 − t

)
= (1 − t)−(κ−ξ) (1 − t)−1−ξ Eδ

α,β

(
−xt
1 − t

)
. (74)

Using (32) and the result [9]
∞

∑
n=0

∞

∑
s=0

f (s, n) =
∞

∑
n=0

n

∑
s=0

f (s, n − s), (75)

we get
∞

∑
n=0

EL(κ,δ)
n (x; α, β) tn =

∞

∑
n=0

n

∑
s=0

(κ − ξ)s EL(ξ,δ)
n−s (x; α, β) tn

s!
. (76)

Comparing the coefficients of tn gives the desired result (73).

Remark 6. If, in (73), we set α = β = δ = 1 and use the relation (24), then we obtain the known result [9, p.209,
Eq. (3)].

Theorem 15. Let {Re(α), Re(β), Re(δ)} > 0 and Re(κ) > −1. Then

EL(κ,δ)
n (xy; α, β) =

n

∑
s=0

(1 + κ)n (1 − y)n−s ys
EL(κ,δ)

s (x; α, β)

(n − s)! (1 + κ)s
. (77)

Proof. In (54), replace x by xy to obtain

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (xy; α, β) tn

Γ(κ + n + 1)
= et

1Ψ2

 (δ, 1);
−xyt

(β, α), (κ + 1, 1);


= e(1−y)teyt

1Ψ2

 (δ, 1);
−x(yt)

(β, α), (κ + 1, 1);

 . (78)

Once more, by using (54), we arrive at

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (xy; α, β) tn

Γ(κ + n + 1)
=

∞

∑
n=0

∞

∑
s=0

Γ(δ) (1 − y)n ys
EL(κ,δ)

s (x; α, β) tn+s

n! Γ(κ + s + 1)
. (79)

Using formula (75) and equating the coefficients of tn gives the desired result (77).

Remark 7. If, in (65) and (77), we set α = β = δ = 1 and use the relation (24), then we obtain the known result
[9, p.209, Eq. (5)].

Theorem 16. Let {Re(α), Re(β), Re(δ)} > 0 and Re(κ) > −1. Then

EL(κ,δ)
n (x; α, β) =

(
x
y

)n n

∑
s=0

(1 + κ)n
( y

x − 1
)s

EL(κ,δ)
n−s (y; α, β)

(1 + κ)n−s s!
. (80)
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Proof. Letting t = yz in (54), we obtain

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β) (yz)n

Γ(κ + n + 1)
= e(yz)

1Ψ2

 (δ, 1);
−xyz

(β, α), (κ + 1, 1);

 . (81)

After substituting x for y in (81) and vice versa, we compare the resulting expression with (81) and obtain

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β) (yz)n

Γ(κ + n + 1)
= e(yz−xz)

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (y; α, β) (xz)n

Γ(κ + n + 1)

=
∞

∑
n=0

∞

∑
s=0

( y
x − 1

)s Γ(δ) EL(κ,δ)
n (y; α, β) (xz)n+s

s! Γ(κ + n + 1)
. (82)

Based on (75), we get

∞

∑
n=0

Γ(δ) EL(κ,δ)
n (x; α, β) (yz)n

Γ(κ + n + 1)
=

∞

∑
n=0

∞

∑
s=0

( y
x − 1

)s Γ(δ) EL(κ,δ)
n−s (y; α, β) (xz)n

s! Γ(κ + n − s + 1)
. (83)

Comparing the coefficients of zn in the above equation and simplifying gives the desired result (80).

5. Integral representations

In this section, we present some integral representations for the polynomials EL(κ,δ)
n (x; α, β).

Theorem 17. Let κ, ξ ∈ C with Re(κ) > Re(ξ) > 0. Then

EL(κ,δ)
n (x; α, β) =

Γ(κ + n + 1)
Γ(ξ + n + 1) Γ(κ − ξ) xκ

∫ x

0
(x − u)κ−ξ−1 uξ

EL(ξ,δ)
n (u; α, β) du. (84)

Proof. Denoting the right-hand side of (84) by I and using (23), we get

I =
Γ(κ + n + 1)

Γ(ξ + n + 1) Γ(κ − ξ) xκ

∫ x

0
(x − u)κ−ξ−1 uξ

n

∑
s=0

Γ(ξ + n + 1) (−1)s (δ)s us

s! (n − s)! Γ(ξ + s + 1) Γ(αs + β)
du. (85)

Interchanging the order of integration and summation gives

I =
Γ(κ + n + 1)

Γ(ξ + n + 1) Γ(κ − ξ) xκ

n

∑
s=0

Γ(ξ + n + 1) (−1)s (δ)s
s! (n − s)! Γ(ξ + s + 1) Γ(αs + β)

∫ x

0
(x − u)κ−ξ−1 uξ+s du. (86)

Now, using the correct relation∫ x

0
(x − u)a−1 ub−1 du = xa+b−1B(a, b), (87)

we get

I =
Γ(κ + n + 1)
Γ(κ − ξ) xκ

n

∑
s=0

(−1)s (δ)s xκ−ξ+ξ+s+1−1

s! (n − s)! Γ(ξ + s + 1) Γ(αs + β)
B(κ − ξ, ξ + s + 1)

=
n

∑
s=0

Γ(κ + n + 1) (−1)s (δ)s xs

s! (n − s)! Γ(κ + s + 1) Γ(αs + β)
, (88)

which gives the desired result (84).

Remark 8. If, in (84), we set α = β = δ = 1 and use (24), then we obtain a known result due to [17, p.642, Eq.
(34)].
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Theorem 18. Let κ, ξ ∈ C with Re(κ) > Re(ξ) > −1. Then

EL(κ,δ)
n (x − t; α, β) =

Γ(κ + n + 1)
(x − t)κ Γ(κ − ξ + n + 1) Γ(ξ)

∫ x

t
(x − u)ξ−1 (u − t)κ−ξ

EL(κ−ξ,δ)
n (u − t; α, β) du. (89)

Proof. The proof follows from the proof of result (84).

Theorem 19. Let κ, α, β, δ, σ, x ∈ C with Re(κ) ≥ 0 and

{Re(α), Re(β), Re(δ), Re(σ), Re(x)} > 0, m > l, s > l.

Then

EL(κ,δ)
n (x(m − l)α; α, β + σ) =

(m − l)1−σ−β

Γ(σ)

∫ m

l
(m − s)σ−1(s − l)β−1

EL(κ,δ)
n (x(s − l)α; α, β) ds. (90)

Proof. Consider the following relation [17, p.803, Eq. (3.4.2)], for q = 1:

(m − l)σ+β−1 Eδ
α,β+σ [z(m − l)α] =

1
Γ(σ)

∫ m

l
(m − s)σ−1(s − l)β−1Eδ

α,β [z(s − l)α] ds. (91)

Replacing z by
−xt
1 − t

in Eq. (91) and multiplying both sides by (1 − t)−κ−1, we get

(m − l)σ+β−1 (1 − t)−κ−1 Eδ
α,β+σ

[
−xt (m − l)α

1 − t

]
=

1
Γ(σ)

∫ m

l
(m − s)σ−1 (s − l)β−1 (1 − t)−κ−1 Eδ

α,β

[
−xt (s − l)α

1 − t

]
ds. (92)

Using (32), we obtain

(m − l)σ+β−1
∞

∑
n=0

EL(κ,δ)
n

(
x (m − l)α ; α, β + σ

)
tn

=
1

Γ(σ)

∫ m

l
(m − s)σ−1 (s − l)β−1

∞

∑
n=0

EL(κ,δ)
n

(
x (s − l)α ; α, β

)
tn ds. (93)

Interchanging the order of integration and summation gives

(m − l)σ+β−1
∞

∑
n=0

EL(κ,δ)
n

(
x (m − l)α ; α, β + σ

)
tn

=
1

Γ(σ)

∞

∑
n=0

∫ m

l
(m − s)σ−1 (s − l)β−1

EL(κ,δ)
n

(
x (s − l)α ; α, β

)
ds tn. (94)

Comparing the coefficients of tn gives the desired result (90).

Moreover, with the help of Euler’s integral [8, p.19, Eq. (1)],

Γ(z) =
∫ ∞

0
uz−1e−udu, Re(z) > 0, (95)

we can establish the following theorem.

Theorem 20. Let α, β, δ, κ, u ∈ C with

{Re(α), Re(β), Re(δ), Re(κ)} > 0.
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Then

EL(κ,δ)
n (x; α, β) =

1
n! Γ(δ)

∫ ∞

0
uδ−1e−u

1Ψ2

 (κ + n + 1, 1);
−xu

(β, α), (κ + 1, 1);

 du. (96)

Proof. Using (23) and the following result

(δ)m =
1

Γ(δ)

∫ ∞

0
uδ+m−1e−udu, (97)

we obtain

EL(κ,δ)
n (x; α, β) =

n

∑
s=0

∫ ∞

0

Γ(κ + n + 1) (−1)s xsuδ+s−1

s! (n − s)! Γ(κ + s + 1) Γ(αs + β) Γ(δ)
e−udu. (98)

Interchanging the order of integration and summation, and then replacing n by n + s on the right-hand
side, we get

EL(κ,δ)
n (x; α, β) =

1
n! Γ(δ)

∫ ∞

0

∞

∑
s=0

Γ(κ + n + s + 1) (−xu)s

s! Γ(κ + s + 1) Γ(αs + β)
uδ−1e−udu. (99)

Using (16), we obtain (96).

Additionally, using Hankel’s definition of the complex integral [18]

1
Γ(z)

=
1

2πi

∫ (0+)

−∞
et t−zdt, (| arg(z)| ≤ π) , (100)

where the Hankel contour −∞(0+) consists of the lower edge arg(t) = −π, a small circle around 0, and the
upper edge arg(t) = +π, with the branch cut on (−∞, 0], and where termwise integration is justified by
dominated convergence and absolute integrability along the contour, we establish the following theorems.

Theorem 21. Let κ, α, β, δ, t ∈ C with Re(κ) ≥ 0 and

{Re(α), Re(β), Re(δ)} > 0.

Then

EL(κ,δ)
n (x; α, β) =

(1 + κ)n
2πi n!

∫ (0+)

−∞
et t−β

2F1

 −n, δ;
xt−α

1 + κ;

 dt. (101)

Proof. Using (23) and then applying the result (100), we get

EL(κ,δ)
n (x; α, β) =

(1 + κ)n
2πi n!

∞

∑
s=0

∫ (0+)

−∞

(−n)s (δ)s xs

s! (1 + κ)s
t−(αs+β)et dt. (102)

Interchanging the order of integration and summation and using definition (15), we obtain (101).

Theorem 22. Let κ, α, β, δ, t ∈ C with Re(κ) ≥ 0 and

{Re(α), Re(β), Re(δ)} > 0.

Then

EL(κ,δ)
n (x; α, β) =

Γ(κ + n + 1)
2πi n! Γ(β)

∫ (0+)

−∞
et t−(κ+1)

2Fα

 −n, δ;
x

ααt
∆(α; β);

 dt. (103)
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Proof. Using (23) and then applying the result (100), we get

EL(κ,δ)
n (x; α, β) =

Γ(κ + n + 1)
2πi n! Γ(β)

∞

∑
s=0

∫ (0+)

−∞

(−n)s (δ)s xs

s! (β)αs
t−(κ+s+1)et dt. (104)

Interchanging the order of integration and summation and using definition (15), we obtain (103).

Theorem 23. Let α, β, δ, κ, u ∈ C with

{Re(α), Re(β), Re(δ), Re(κ)} > 0.

Then

EL(κ,δ)
n (x; α, β) =

1
Γ(δ)

∫ ∞

0
e−u uδ−1 L(κ)

n (xuĉα) ĉβ−1ϕ0 du. (105)

Proof. Denote the right-hand side of assertion (105) by I. Using (2), we obtain

I =
1

Γ(δ)

∫ ∞

0
e−u uδ−1

n

∑
s=0

(−1)s Γ(κ + n + 1)xs us ĉαs+β−1

s! (n − s)! Γ(κ + s + 1)
ϕ0 du. (106)

Interchanging the order of integration and summation and then using (7) and (95), we arrive at the desired
result (105).

6. Integral transforms

In this section, we derive some integral transforms for EL(κ,δ)
n (x; α, β) by applying the Laplace transform

and the Euler transform, also known as the Beta transform.

Theorem 24. Let σ, α ∈ N, κ, ν, s ∈ C, σ ≤ α − 1, with

{Re(κ), Re(ν)} > −1 and Re(s) > 0.

Then

L
{

tν
EL(κ,δ)

n (xtσ; α, β) ; s
}
=

(1 + κ)n Γ(1 + ν)

Γ(β) n! s1+ν 2+σF1+α


−n, δ, ∆(σ; 1 + ν);

σσx
ααsσ

1 + κ, ∆(α; β);

 . (107)

Proof. We know that the Laplace transform of f (t) is defined as [19]

L { f (t); s} =
∫ ∞

0
e−st f (t) dt, Re(s) > 0. (108)

Using (108) and applying definition (23) to the left-hand side of (107), we get

L
{

tν
EL(κ,δ)

n (xtσ; α, β) ; s
}
=
∫ ∞

0
e−st tν

EL(κ,δ)
n (xtσ; α, β) dt

=
n

∑
m=0

Γ(κ + n + 1) (−1)m (δ)m xm

m! (n − m)! Γ(κ + m + 1) Γ(αm + β)

∫ ∞

0
e−st tσm+νdt

=
(1 + κ)n
Γ(β) n!

n

∑
m=0

(−n)m (δ)m xm

(β)αm (1 + κ)m m!
Γ(1 + ν + σm)

s1+ν+σm

=
(1 + κ)n Γ(1 + ν)

Γ(β) n! s1+ν

n

∑
m=0

(1 + ν)σm (−n)m (δ)m
( x

sσ

)m

(β)αm (1 + κ)m m!
. (109)

Using definition (15), we obtain the desired result (107).
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Remark 9. In particular, for ν = 0, σ = 1, and x = 1, assertion (107) gives

L
{

EL(κ,δ)
n (t; α, β); s

}
=

(1 + κ)n
Γ(β) n! s 3F1+α


1,−n, δ;

1
ααs

1 + κ, ∆(α; β);

 . (110)

Theorem 25. Let l, m, κ ∈ C and α, σ ∈ N with

{Re(l), Re(m)} > 0.

Then

B
{

EL(κ,δ)
n (txσ; α, β) ; l, m

}
=

(1 + κ)n B(l, m)

Γ(β) n! 2+σF1+α+σ


−n, δ, ∆(σ; l);

t
αα

1 + κ, ∆(α; β), ∆(σ; l + m);

 . (111)

Proof. We know that the Beta transform is defined by [19]

B{ f (x) : l, m} =
∫ 1

0
xl−1(1 − x)m−1 f (x) dx. (112)

Using (112) and applying Definition (23) to the left-hand side of Eq. (111), we get

B
{

EL(κ,δ)
n (txσ; α, β) ; l, m

}
=
∫ 1

0
xl−1(1 − x)m−1

EL(κ,δ)
n (txσ; α, β) dx

=
n

∑
s=0

Γ(κ + n + 1) (−1)s (δ)s ts

s! (n − s)! Γ(κ + s + 1) Γ(αs + β)

∫ 1

0
xσs+l−1(1 − x)m−1dx

=
(1 + κ)n
Γ(β) n!

n

∑
s=0

(−n)s (δ)s ts

(β)αs (1 + κ)s s!
Γ(σs + l) Γ(m)

Γ(σs + l + m)

=
(1 + κ)n Γ(m) Γ(l)
Γ(β) n! Γ(l + m)

n

∑
s=0

(−n)s (δ)s ts

(β)αs (1 + κ)s s!
(l)σs

(l + m)σs
. (113)

Using definition (15), we obtain (111).

Remark 10. In particular, for σ = 1 and l = 1 + κ, from (111) we infer that

B
{

EL(κ,δ)
n (tx; α, β) ; 1 + κ, m

}
=

(1 + κ)n B(1 + κ, m)

Γ(β) n! 2F1+α


−n, δ;

t
αα

1 + κ + m, ∆(α; β);

 , (114)

which, on using (31), gives

B
{

EL(κ,δ)
n (xt; α, β); 1 + κ, m

}
=

Γ(κ + n + 1) Γ(m)

Γ(κ + n + m + 1) EL(κ+m,δ)
n (t; α, β). (115)

If we take m = 1, we obtain

B
{

EL(κ,δ)
n (xt; α, β); 1 + κ, 1

}
=

1
κ + n + 1 EL(κ+1,δ)

n (t; α, β). (116)

Replacing 1 + κ by κ in (116), we get

EL(κ,δ)
n (t; α, β) = (κ + n)B

{
EL(κ−1,δ)

n (xt; α, β); κ, 1
}

. (117)
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Remark 11. Eq. (117) can be written in the form

EL(κ,δ)
n (t; α, β) = (κ + n)

∫ 1

0
xκ−1

EL(κ−1,δ)
n (xt; α, β) dx. (118)

7. Conclusion

In this paper, we have developed and studied a new class of Mittag–Leffler–Laguerre polynomials
constructed through a symbolic operator framework. The main objective was to extend classical Laguerre
polynomials by incorporating Mittag–Leffler-type structures, thereby enriching their analytical properties
and providing a unified setting that connects special functions arising in fractional calculus and operational
analysis.

We derived several fundamental properties of the introduced polynomials, including generating
relations, explicit finite summation formulas, integral representations, and integral transforms. These results
demonstrate that the proposed family preserves the structural richness of both Mittag–Leffler functions and
Laguerre polynomials while allowing additional flexibility through the operational approach.

The main novelties of this work can be summarized as follows:

• Introduction of a new Mittag–Leffler–Laguerre polynomial family using a symbolic, or umbral-type,
operator approach.

• Construction of unified generating functions that generalize classical Laguerre polynomial generating
relations.

• Derivation of new finite summation formulas and explicit series representations.
• Establishment of integral representations and integral transform formulas associated with the new

polynomials.
• Recovery of several known classical and generalized Laguerre-type and Mittag–Leffler-type results as

special or limiting cases.

Comparison with the existing literature shows that most previous works treat Mittag–Leffler functions
and Laguerre polynomials either separately or through partial extensions involving fractional parameters or
deformation techniques. For instance, classical Laguerre-type generalizations focus mainly on orthogonal
polynomial structures, while Mittag–Leffler generalizations are typically developed within the framework of
fractional calculus and special function theory.

In contrast, the present work provides a unified operational framework that simultaneously incorporates
both structures. The proposed Mittag–Leffler–Laguerre polynomials extend previous models by embedding
Mittag–Leffler-type behavior into Laguerre polynomial systems through symbolic operators. This leads to
richer analytic representations and a broader class of transform and summation identities that are not available
in earlier studies.

Therefore, the introduced framework not only generalizes several known results but also offers a flexible
tool for further investigations in special functions, operational calculus, and applications related to fractional
differential equations.

Finally, the obtained results suggest several possible directions for future work, including orthogonality
analysis, asymptotic behavior, and applications in fractional and integral equations.

Author Contributions: All authors contributed equally to this article. All authors have read and agreed to the published
version of the manuscript.

Conflicts of Interest: No potential conflict of interest was reported by the author(s).

Data Availability: No data is associated with this manuscript.

Funding Information: This research received no external funding.

References

[1] Kilbasi, A. A., & Saigo, M. (1996). On Mittag-Leffler type function, fractional calculas operators and solutions of
integral equations. Integral Transforms and Special Functions, 4(4), 355-370.

[2] Gorenflo, R., & Mainardi, F. (2000). On Mittag-Leffler-type functions in fractional evolution processes. Journal of
Computational and Applied Mathematics, 118, 283-299.



Open J. Math. Anal. 2026, 10(1), 130-148 148

[3] Kilbas, A. A., Saigo, M., & Saxena, R. K. (2004). Generalized Mittag-Leffler function and generalized fractional
calculus operators. Integral Transforms and Special Functions, 15(1), 31-49.

[4] Mathai, A. M., Saxena, R. K., & Haubold, H. J. (2009). The H-Function: Theory and Applications. Springer Science &
Business Media.

[5] Van Mieghem, P. (2020). The mittag-leffler function. arXiv preprint arXiv:2005.13330.
[6] Prabhakar, TR (1971). A singular integral equation with a generalized Mittag Leffler function in the kernel. Yokohama

Mathematical Journal, Department D, Mathematics , 19(1), 7-15.
[7] Wiman, A. (1905). Über den Fundamentalsatz in der Teorie der Funktionen Eα(x). Acta Mathematica, 29,(19-5),

191-201.
[8] Manocha, H. L., & Srivastava, H. M. (1984). A Treatise on Generating Functions. (Ellis Horwood Limited, Chichester),

John Wiley and Sons, New York, Chichester, Brisbane and Toronto.
[9] Rainville, E. D. (1960). Special Functions, Macmillan. New York, NY, USA.
[10] Dattoli, G., Lorenzutta, S., Mancho, A. M., & Torre, A. (1999). Generalized polynomials and associated operational

identities. Journal of Computational and Applied Mathematics, 108(1-2), 209-218.
[11] Babusci, D., Dattoli, G., & Górska, K. (2012). On Mittag-Leffler function and associated polynomials. arXiv preprint

arXiv:1206.3495.
[12] Babusci, D., Dattoli, G., & Del Franco, M. (2010). Lectures on mathematical methods for physics. Thecnical Report, 58.
[13] Dattoli, G., & Torre, A. (1998). Operational methods and two variable Laguerre polynomials. Atti Della Accademia

Delle Scienze Di Torino I Classe Di Scienze Fisiche Matematiche E Naturali, 132, 3-9.
[14] Dattoli, G., & Licciardi, S. (2020). Operational, umbral methods, Borel transform and negative derivative operator

techniques. Integral Transforms and Special Functions, 31(3), 192-220.
[15] Konhauser, J. D. (1967). Biorthogonal polynomials suggested by the Laguerre polynomials. Pacific Journal of

Mathematics, 21(2), 303-314.
[16] Andrews, L. C. (1998). Special Functions of Mathematics for Engineers (Vol. 49). Spie Press.
[17] Shukla, A. K., & Prajapati, J. C. (2007). On a generalization of Mittag-Leffler function and its properties. Journal of

Mathematical Analysis and Applications, 336(2), 797-811.
[18] Erdelyi, A., Magnus, W., Oberhettinger, F., & Tricomi, F. (1953). Higher Transcendental Functions, vol. 1 McGraw-Hill.

New York, 7954.
[19] Sneddon, I. N. (1972). The Use of Integral Transforms. Tata McGraw-Hill, New Delhi, India.
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