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Abstract: In this work, we obtain new inequalities for the Laguerre-Bessel transform in the space L2(X), by
using generalized continuity modulus , where X = [0, +-00[x [0, +-o0[ and & > 0.

Keywords: Laguerre-Bessel transform, generalized translation operator, estimate, Lipschitz class

MSC: 43A62, 42B35, 42A10, 26A16.

1. Introduction and preliminaries

G iven # > 0. The harmonic analysis on X = [0, +-00[x [0, +oo[ is generated by the following partial
differential operators
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ox?2 x

where for all (x,t) € X. For (A, m) € [0, +oc0[xN, the initial value problem
Dyqau = —A%u,
Dyatt = —4A(m + 42 )u, 1)
u(0,0) =1,94(0,0) = 2£(0,0) =0,
has a unique solution ¥, ,, given by
Pam(x,t) = jo_1 (ADE,(Ax%), V(x,t) €X, v

where £% is the Laguerre function defined on R by

o () = =3 El) ®)

L%, being the Laguerre polynomial of degree m and order «, and j, is the normalized Bessel function given by

. 00 -1 k 2k
ot f g (o o

For (x,t) € X, the generalized translation operator T((;)t) is defined for « = 0 by

1 | |
41711,,],2_0/0 f (Ae(x,y),y+ (1)t + (_1)15) a0,

and for « > 0 by .
b“ ,/[0 7-[]3 f (AQ(X,y), Ag (x’ y)g) dya(gr l/)/ 9),
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where Ag(x,y) = /%% + y2 + 2xy cos 0, by = ,Y = xysin6f and

dg (E,1,0) = (sin &)2*~(sin )?*~ ! (sin 0)2*dEdpdo.

We denote by:

o | x,t|=|(x1) |x= (x* +4t2)% the homogeneous norm on X.

o | A,m |=] (A, m) |0 4oo[xn= 4A(m + 411) the quasinorm on [0, +oo[xN. Let denote B, the ball centered
0 and of radius r, defined by,

B, = {(A,m) € [0,400[xN; | A,m |< r} and Bf = ([0, +00[xN)\B,.
e LI (X),p € [1, +00], the spaces of measurable functions on X such that
1 .
{ £ llpa = [ 1o, ) P (x, 0] < oo, if p & [1,+],
1 flleon = esssupspex|f(x,£)] < +oo,

where dm, the weighted Lebesgue measure on X, given by

x21x+lt20c
dmg(x,t) = T dxdt.
r(lX + 1)1"(04 + j)

o L} ([0, +00[xN), p € [1, +00], the spaces of measurable functions on [0, +-co[ xN such that

1
||g||')‘a,p = |:f[0,+oo[><N |g<A/ m)‘pd’)/a(/\/ I’}’l)] ’ < o0, lfp € [1/ —|—OO),
||g||'ch,oo = esssup()\,m)E[O,Jroo[xN |g(/\/ m)' < +OO,

where dv, is the positive measure defined on [0, +oo[xN by

) +oo
1 Y L2,(0) / g(A, m)A¥+H1da,
0

S (A, m)dya(A,m) = ——
/[O,+oo[><N ¢ 2201 (zx + %) =

The Fourier Laguerre-Bessel transform of a function in L} (X) is given by

Frf(A,m) = /Xf(x,t)lpA,m(x,t)dma(x,t), (A, m) € [0, +o0[xN.

From [1], it is well known that Fourier Laguerre-Bessel transform can be inverted to

Figf o) = [ FOman (o Ddra(m), () € X

It is well-known (see [1-4]) that the Fourier Laguerre-Bessel transform Fjp satisfies the following
properties:

e The integral transform can be extended to an isometric isomorphism L2(X) to L%‘X ([0, +00[xN) and we
have the Plancherel formula

£l = I FLBflye2, for f€ Ly(X)NLE(X). 6)

¢ We also have the inverse formula of the generalized Fourier transform:

fan= [

]:LBf(A/m)lpA,m(x/ t)dr)/lX(A/ m)/ (xl t) S X!
[0,+00[xN

provided Frpf € L%a([O, +oo[xN).
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e For f € L2(X),(x,t) € Xand (A, m) € [0, +oo[xN, we have

Fup(Tn £) A m) = () Fr(f)(A,m), (6)

and from (6), we get
Fup(Tion f = P m) = am(x,t) = 1) Fip(f) (A,m). )
Now we define the finite differences of order k € N and step (x,t) € X by
A ) = (Tl = D*f (),
where I denotes the unit operator and (x, t) # (0,0).
Lemma 1. [5] For a fixed (x,t) # (0,0), we have
Fin(Ep ) m) = (ol t) — 1 Fia(f) (A, m). ®)
The k™ order generalized modulus of continuity of function f € L2(X) is defined as

(f,0) = sup (186, fllaa ©)

0<|x,t|<d

Let W;];(Dza) denote the class of functions f € L2(X) that have generalized derivatives satisfying the
estimate

O (D3of,8) =0 (¢ (5)) .6 — 0,
ie.,

W (D2a) = {f € L3(X)/ Dy, f € LEX), O (D5f,0) = O (9 (8})) .6 0}, (10)

where ¢(t) is any nonnegative function given on [0,00[. For the Laguerre-Bessel operator D;,, we have
DY.f = fiD4uf = Don (D5R1Sf) 1 =12,

The goal of the present paper is to prove an analogue of the results by Abilov et al. ([6,7]) for the
Laguerre-Bessel transform. It is a special case of the following classical question in harmonic analysis: describe
the relation between the regularity of a function and the rapidity of decay of its Fourier transform. More
precisely, we have:

Theorem 1. Given ¢,r,kand f € WEI; (Dy,y). Then there exists a constant ¢c; > 0 such that the following inequality
holds, for all N > 0

2
— —2r —k
/]BSV | Fiaf(A,m) | dya(A,m) = O (N (¢ (an)) ) ,
as N — +oo, where the constant in the O—symbol depends only on 1, k, «.

In the case where ¢(t) = t?,v > 0, we have:

Theorem 2. Let ¢(t) = t°. Then

\//Bc | Fisf(Am) [ dyu(A,m) = ONT™) as N — oo &= f € Wk (Daa),
N

wherer =0,1,...,k=1,2,..,0<ov < 1.
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2. Auxiliary results

In the remainder of this paper, we refer to ¢y, c3, ¢3, ..., as positive constants which are generally different in
different places and which may depend on k, r, & and other inessential parameters. To prove the main results,
we need to rely on some preliminary results.

Lemma 2. [1] For all (A, m) € [0, +0o[xN, the functions y, ,, is infinitely differentiable on R, even with respect to
each variable and we have

Sup(x,t)eX’lP)\,m(x/ Bl =1 (11)
Lemma3. If f € Wg’,’;,(Dz,a), we have
@)
F1a(Dyof)(A,m) = (=1)" [ A,m | Fip(f)(A,m),r € N. (12)
(ii)
I8 (PENBa= [ Vom0 =1 P ] Fua(f) 2 do (), (13)
wherer = 0,1, ..., k.
Proof. (i) From (1), we have
FiB(Douf)(A,m) = — | A,m | Frp(f)(A, m).

The result follows easily by induction on r.
(ii) From (12), (8) and (5), we obtain

188 (D) B = [ a1 P A m 2] Fiu() P dya(hm),
[0,400[xN
wherer =0,1,...,k. O

Lemma 4. Let N > 0, the following assertions are verified:
(i) There exist c; > 0 such that for all (A, m) € [0, +oo[xNand (x,t) € X,
| Yam(xt) =1 [<ca | Am | xt]. (14)

(ii) There exist c3 > 0 such that for all (A, m) € BS; and (x,t) € X,

_1
I

[P t) [<es (| Am] ) ° (15)
Proof. (i) From ([8], Lemma 3.1), we deduce that for every (A, m) € [0, +oo[xNand (x, t) € X, we have
2 2
Paml ) =1- 0L LA o e, (16)

4a+ly  4a+1)

with %, ;; depending only on « and m.
In consequence, there exist ¢4 > 0 and # > 0 such that for all (x, ) € X,

A, m| | xt P< = [Yam(xt) =1 <cgld,m? | x,t]?.
On the other hand, From ([9],Lemma 4.3) then

lim q)/\,m(x, t) =0,

[A,m|—~o00
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where @, ,,(x,t) = eM£% (Ax?) the Laguerre Kernel, and from [10], we have the asymptotic formula for the
normalized Bessel function j, when x — +4-c0:
) . (17)

Ja(x) = M <2)“+§ cos (x — (20 + 1)%) +o0 (

TURS

. 1
YAm (x,t) = ]zx—% (At) W’*/)A,m (x,1),

=
wiw|

Hence as

then lim|, 4o Y2, (%, ) = 0, we get

lim <|¢/\m(x,t)—1|> =0.

Am|—+eo \ A, m| | x|
Hence, there exist cs > 0 and A > 0, such that
A, m| > A= |y u(x,t) — 1|2 < c5|)x,m|2 | x,t |2 .

If ﬁ < A. Take
x,t) — 12
e B
ﬁSIA,mISA A, m|? | x,t|

Therefore for all (A,m) € B¢, ,we have
2

[Yrm(x,t) — 1| < cglA,m| | x,t],

where cg = min(,/cs, v M). Hence we have the result where ¢, = max(/cs, cs).
(ii) From ([11], Page 87), we have the asymptotic formula

~ r(n+0€+1)ex/2
- n!

L% (x) (Kmx)*"‘/zl,x(zy/xmx), m — oo, (18)

where x,,;, = m + ”‘—;1, for all 0 < x < g and arbitrary finite a > 0.
On the other hand, it was shown in [12] and also in ([13], p. 355], the following estimate

VaJy(x) = 0(1),x > 0, (19)

where J,(x) is the Bessel function of the first kind. Therefore, it follows from (3), (17), (18) and (19) that
£8 (Ax?) = O((|)\,m|x2)’%’%), the proof is completed. [

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. For a given f € W;I;) (Dy4) and N > 0, we have

/IBC | fLBf(A' m) |2 dYa (/\,m) <L+, (20)
“EN

where

L= /]BC | Pam(x,t) || Frpf(A,m) [* dya(A,m),

and

b= [ (o) =1l Fupf(hm) P dre(Am).

From (15), we have

_x

B <es(Na) 73 [ Fiaf(m) P d(d,m)
N
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a1
Choose a constant c7 such that the number cg = 1 —c3c, > * is positive.

Setting | x,t |= 7 in the inequality (20), we have
cs [ | Fuof(Am) P dyad,m) < L.
N

By Holder inequality the second term in (21) satisfies

12<(
1
—2r 2%k 2 2 *
< (L Pl et =1 P A | Fiaf(hm) P dyaa,m) )
N
i
< ([ 1 FfGom) P dram))
By
1

<N} B =1 1 Am 12| FipfAm) 2 dyeAm))
< o [ am(xt) = 1[T A m (7] Frpf(A,m) 7 dya(A,m)
N

-4
X (/ | Fgf(A,m) [2 d%x()t,m)> :
By
We conclude that
L o) =1 P A m 2| Fupf (A m) P dya(d,m) < 168, ) (Daf) B
N

Therefore

R

o < NE (I (PPt ([ 1 Fiafhm) P araa,m) )
N

For f € W;pr (Dy,4) there exist a constant cg > 0 such that

18 (D3 ) [B < a((65))? as 6 -0,

by virtue of (9) and (10). For 6 = %, we obtain

=
=

o a0 Bt < N7 o (G5)) (1, 17 0m) Eamnm)

then 1
2 % _r 7 0\ \
es ([ 170 P amnm) ) < N7E (w0 ((G))"
Therefore )
2 _ —2r C7\k
f 1T Faram =0 (N (o (())°)
for all N > 0. The theorem is proved with ¢; = c§. O

Proof of Theorem 2. We prove sufficiency by using Theorem 1, let f € ngfp (Dy,) then

\//]%C | ]:LBf()L,m) |2 d’y“()\,m) — O(N_’_kv).

[ Tt =1 P Fuagom) Pavaam) ) ( [ 1 Fofh,m B (o m) )

2D

(22)
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It is easy to show, that there exists a function f € L2(X) such that D;,.f € L%(X), from relation (13), we
obtain

1A (D5, ) 5 =/ | Yam(x,t) =1 A m | Fip(f) P dya(A,m),
[0,+00[xN
=A1 + Ay,
where
Ar= [ a1 P A m P Fus(f) P dva(Am),
N
and
Ax= [ [amCe) =1 P A m P Fus(F) P dva(A,m),
N
and N =E ( o ) the integer part of the number | i From Lemma 2, we have the estimate
Ay Sero [ | Am P Fup(f) P dya(r,m),
N
= 2 2
—en ) [ [ A | Fip(f) P dya(A,m),
1=0 /Bn1i11\Bn i
+o00
<e L(N+1+1)7 | | Fus(f) P dva(,m),
Byti+1\Bni
=c10 Zﬂl J1=0111),
witha; = (N+1+1)¥ and J; = f]BC | F1a(f) |2 dya(A, m). For all integers M > 1, the Abel transformation
shows
M M
Y a) (3= Tp41) =agTo — amIm + Y (@ —a;_1)7
=0 I=1

M
<agJo+ ) _(a;—a;1)7;,
=

because ap;Jp4+1 > 0. Moreover by the finite increments theorem, we have a; —a; 1 < 2r(N +1+ 1)1 On
the other hand, by (22), there exists c1; > 0 such that, forall N > 0

3, < C11(N+l)_2r_2kv.

For N > 1, we have

M M
Y ai (31— T141) <agdo + Z(ﬂl —a;-1)7y,
1=0 =1
2r—1
<oy (14 = ! N 2k 4 ey 2 1+ —— ! (N 4 1)~172k
- N N+1

M
<1127 N2 4 92y Z (N + 1)~ 172k,

Finally, by the integral comparison test, we have

“+o00

N+l —1-2kv < (‘u)—l—2kv
; ,u:;—k—l

+o0 1
< t—l—zkvdt — 7N—2kv'
- /N 2kv
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Letting M — +oc0, we see that, for ¥ > 0 and k, v > 0, there exists a constant c;, such that, forall N > 1,

Ay < C12N72kv.

Consequently, for all |x, t| > 0, we get Ay < c1p|x, t[??

We estimate A, by relation (14).

, as |x,t| — 0.

Ay <cp | xt |2k/B | A (P4 m 2| Frp(f) P dya(A,m),
N

<o | xt [ /IB | A, m 252 Fip(f) 12 dya(A,m),
N

N-1
<ca|xtPOX [ A m P Fig(f) P da(A,m)
=0

1+1\B;

N-1
<ol xtPY 0402 [ Fip(f) P dve(h,m),
1=0

By 1 \By

N-1
=cp | x,t|* Y b)(Z; — Tp3a),
i=0

with by = (I +1)%*% and 7; = f]Bf | F1a(f) |? dvya(A,m). Using a summation by parts transforms and
proceeding as with A, and the fact that Z; < c111~2" =2k by hypothesis, we obtain

N-1
Ay <o | x,t XY by(T) — Tppq)
i=0

N-1
<co | x,t[* (bofo + Y Ii(b — bl—l))

I=1

<cp | x,t [ (Io+c11 (2r + 2k) E (141)2+2k=1=2r= 2’“’).

From the inequality / +1 < 2I, we conclude that A; < ¢y | x,¢t |2k (Io +c13 lei_ll 12"_2’“’_1) .As a
consequence of a series comparison, we have the inequality,

N-1
p Y 1L < NF for p>0and N >2.

If 4 = 2k — 2kv > 0 for 0 < v < 1, then we obtain
Ay <co|xt|* (Io +C14N2k72kv) <ol xt[* (Io Yo |t ‘Zkv—Zk) )

‘Zkv .

since N < E t‘ If | x, t| is sufficiently small then Zg < c14]x, t|**~2¢ . Then we have A; < cy5 | x, ¢

Combining the estimates for A1 and A, gives

1A, (D5, f) (I3t ), as |x,t] = 0.

Consequently
O (Dhaf,8) =0(8) =0 (4> (5k)) 6 — 0.

Therefore the necessity is proved and the proof of this theorem is completed. [J
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