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Abstract: In this paper, we introduce and analyze a new two-step iterative scheme for approximating
common fixed points of two enriched nearly asymptotically nonexpansive self-mappings defined on a closed
convex subset of a uniformly convex Banach space. The proposed iteration combines averaged mappings
with a carefully selected convex parameter to achieve an optimal contraction rate. We first establish that for
enriched contractions, the new scheme converges with a rate factor equal to the contraction constant x;, which
is strictly faster than the factor k + «,, (1 — k) obtained for the existing Yao—Chen iteration and for the classical
Mann iteration. Under more general enriched nearly asymptotically nonexpansive conditions, we prove
asymptotic regularity, provided the sequence parameters lie in a closed interval within (0,1) and certain
conditions hold on the nearly asymptotically nonexpansive sequences. Using this regularity, we establish the
demiclosedness principle for I — <y at zero and, under Opial’s condition, Fréchet differentiability of the norm,
or the Kadec—Klee property of the dual space, we prove weak convergence of the iterates to a common fixed
point. Furthermore, under condition (A’), we obtain strong convergence. A concrete example illustrates the
applicability of the considered mapping class. The results extend and unify several recent findings in fixed
point theory, particularly in the context of enriched and nearly asymptotically nonexpansive mappings.
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1. Introduction

T he approximation of fixed points for nonlinear operators using iterative methods is a cornerstone of
nonlinear functional analysis, with far-reaching applications in optimization, variational inequalities,

equilibrium problems, and the numerical treatment of differential and integral equations [1]. The theoretical
foundations of this field owe much to Opial [2], who in 1967 introduced a geometric condition—now known as
Opial’s property—that proved essential for proving weak convergence of iterates generated by nonexpansive
mappings. This was followed by important developments such as Bruck’s work on almost orbits [3], which
offered deeper insights into the asymptotic behavior of iterations. Around the same time, the Mann and
Ishikawa iterations emerged as fundamental tools, and a landmark study by Tan and Xu [4] in 1993 provided
a rigorous analysis of the Ishikawa scheme for nonexpansive mappings. Schu [5] later extended these ideas
to the broader class of asymptotically nonexpansive mappings, while Takahashi and Kim [6] further enriched
the landscape with approximation methods tailored to Banach spaces.

In the early 2000s, researchers refined these ideas by considering more practical and complex settings.
Osilike and Aniagbosor [7], along with Takahashi and Tsukiyama [8], explored convergence in the presence
of computational errors and compact domains. Kaczor [9] contributed by investigating almost orbits
for asymptotically nonexpansive semigroups, adding new depth to the asymptotic theory. Although
nonexpansive mappings, defined by the condition ||Tx — Ty|| < ||x —y/||, have long served as a standard model,
their rigidity limits applicability. A notable relaxation came with the concept of asymptotically nonexpansive
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mappings, introduced by Goebel and Kirk, where the Lipschitz constant depends on the iteration step and
tends to one. This class satisfies || T"x — T"y|| < ky||x — y| with k, — 1, effectively bridging the gap between
contractive and Lipschitzian behavior.

An even more flexible framework emerged with the introduction of nearly asymptotically nonexpansive
mappings. Sahu [10] laid important groundwork in 2005 by studying demicontinuous nearly Lipschitzian
mappings. This concept was later formalized by Agarwal, O’Regan, and Sahu [11], who defined such
mappings through the inequality

17" = Ty)| < kol — yll +an),

where {a,} is a nonnegative sequence converging to zero. This class generalizes asymptotically nonexpansive
mappings (recovered when a, = 0) and has attracted growing interest [12,13] due to its flexibility in
applications. Around the same time, Berinde’s monograph [1] offered a unified and comprehensive treatment
of iterative approximation methods, while Fukhar-ud-din and Khan [14] contributed convergence results with
errors for asymptotically quasi-nonexpansive mappings. Yao and Chen [15] examined a modified Mann
iteration for approximating common fixed points of two asymptotically nonexpansive mappings, though their
work did not address convergence rates or compare performance with more efficient schemes like Picard
iteration.

The following years saw continued progress. In 2008, Sahu and Ismat [12] further explored weak and
strong convergence for nearly asymptotically nonexpansive mappings, and Kahn and Abbas [13] extended
these ideas to common fixed point problems in 2011. More recently, Berinde and collaborators [16-19]
introduced the concept of enriched contractions and enriched nonexpansive mappings, showing how classical
iterative methods can be adapted to this broader class. This line of work has inspired recent studies on
higher-order schemes, such as Kirk-type iterations under weak enriched contractions, as investigated by Zhou,
Saleem, and Abbas [20] and Nisar, Hammad, and Elmursi [21]. In parallel, Alam and Rohen [22] proposed a
modified iterative method for nearly asymptotically nonexpansive mappings, reflecting the ongoing vitality
of this research direction.

Despite these advances, several open questions remain—particularly concerning optimal convergence
rates and the development of iterative schemes that are both efficient and broadly applicable. The present
study is situated within this evolving landscape. By building on foundational contributions—from Opial and
Tan—-Xu to Sahu, Agarwal et al., and the recent work on enriched mappings—we aim to address these gaps
and advance the theory of fixed point approximation for generalized nonexpansive operators.

In this paper, we introduce a two-step iterative scheme that achieves an optimal contraction rate for
enriched contractions, yielding a convergence factor x; that is strictly superior to the existing Yao-Chen
iteration and the classical Mann iteration. Also, we extend the analysis to the broader class of enriched
nearly asymptotically nonexpansive mappings, establishing asymptotic regularity under suitable parameter
conditions and proving the demiclosedness principle for I — v at zero. We also provide weak convergence
results under Opial’s condition, Fréchet differentiability of the norm, or the Kadec—Klee property of the
dual space, alongside strong convergence under condition (A’), thereby offering a complete convergence
framework in uniformly convex Banach spaces. Furthermore, we illustrate the applicability of the considered
mapping class through a concrete example, demonstrating the practical relevance of our theoretical findings.
Collectively, our results unify, extend, and improve upon several recent developments in the literature,
providing a robust and versatile approach to approximating common fixed points of enriched and nearly
asymptotically nonexpansive mappings.

2. Preliminaries

Throughout this paper, N denotes the set of all positive integers. Let X be a real Banach space and Y a
nonempty subset of X. A mapping v : Y — Y is called asymptotically nonexpansive if there exists a sequence
{m,} C [1,00) with lim, e 71, = 1 such that

7" =48]l < mallr = .
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forallr,s € Y and n € N. The mapping T is called uniformly L-Lipschitzian if for some L > 0, ||y"r — 9"s|| <
L||r —s|| forallr,s € Y and n € N. Moreover, v is termed a contraction if there exists a constant 0 < k < 1 such
that

lor = sl < kllr —sl|,

forallr,s € Y. Also, -y is termed an enriched contraction [17] if there exists a constant 0 < k < 1 and there exists
A € [0,00), such that

[A(r—s) + 97 —s|| < (A+1)k||r —s]|,
forallr,s € Y.

Given a sequence {h,} C [0,00) with lim,_,. i, = 0, following Agarwal et al. [11], 1y is said to be nearly
asymptotically nonexpansive if there exists a sequence {71, } C [1, c0) with lim,, ;e 71, = 1 such that

17" ="l < mu(llr = sl + k),

forall7,s € Y and n € N. The mapping v is said to be nearly uniformly L-Lipschitzian if 7t, < L for alln € N.
Note that every asymptotically nonexpansive mapping is nearly asymptotically nonexpansive, and every
nearly asymptotically nonexpansive mapping is nearly uniformly L-Lipschitzian.
We recall that the Picard and Mann iteration processes for a mapping v : Y — Y are defined respectively
as:

{1'1 =rey, 1)

"'ng1 =7, neEN,

and

{7’1 =rey, (2)

rpo1 = (1 —ap)ry +ayyry, neN,

where {a,} C (0,1).
Recently, Agarwal et al. [11] introduced the following iteration scheme:

rn=rey,
fng1 = (1 —an) Y"1 + any" sy, 3)
sn=(1—=PBn)rn+ BnY"rn, neN,

where {a,},{Brn} C (0,1). They demonstrated that this scheme converges at the same rate as the Picard
iteration.

On the other hand, we state without error terms the iteration scheme studied by Yao and Chen [15] for
common fixed points of two mappings:

rn=rey, @
T+l = Qntn + BuY'tn + 6"y, n €N,

where {a,},{Bn} C [0,1] and a,, + By + J, = 1. They did not investigate the rate of convergence of this
scheme.

Definition 1. The self mappings v,¢ : Y — Y are called enriched nearly asymptotically nonexpansive if there
exists a sequences {h, } C [0,00) with limy, e ", = 0 and 71, € [1,00) with 71, — 1 as n — o0 and there exists

A € [0,00), such that

IA(r—s)+9"r—9"s|| < (A+1)m|lr —s|| + mnhy, V1,5 €Y, n > 1.
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By setting A = 1 — 1, we get t = %H, vVt € (0,1] dependent on A. It, therefore, follows that
[(+=1)(r—s) +9"r —"s|| < 1m,|r —s|| + 7uhy, which on simplification yields

lvir = isll < mullr = sll + trenhn,  Vn =1,

where v}' = (1 —t)I + ty".
Similarly, define §; = (1 — t)I 4+t and &' = (1 — )1 + t¢".

The mappings v, ¢ are said to be enriched nearly uniformly L-Lipschitzian if 7t, < L foralln € N.
Observe that if A = 0, we have

10(r —s) +4"r —4"s|| < (0+1)m,||r —s|| + mphy, V1,8 €Y,n>1,

which implies that
IV —"s|| < my||r —s|| + mphp, YV r,s €Y, n > 1.

Therefore, every nearly asymptotically nonexpansive mapping is 0O-enriched nearly asymptotically
nonexpansive mapping.

Remark 1. Every asymptotically nonexpansive mapping is nearly asymptotically nonexpansive, every nearly
asymptotically nonexpansive is 0-enriched nearly asymptotically nonexpansive, and every enriched nearly
asymptotically nonexpansive mapping is enriched nearly uniformly L-Lipschitzian.

We now introduce the following enriched iteration scheme to compute common fixed points of two
mappings:

rn=rey,
fnp1 = (1 —an)vfrn + anlisy, @)
Sn = (1 - ﬁn)rn + ,Bn'ﬁlrn, neN,

where {a,},{Bn} C (0,1) and o} = (1 — ) + 4", &' = (1 — t)[ 4+ #&".
Let A= {r € X : ||r|| = 1} and let X* denote the dual space of X, that s, the space of all continuous linear
functionals f on X. The space X has:

(i) Gateaux differentiable norm if
L k] = |
k—0 k !

exists for each r and s in A;
(if) Fréchet differentiable norm (see e.g., [6]) if for each r in A, the above limit exists and is attained uniformly
for s in A. In this case, it is also well-known that

1 1 1
(LI + 5P < Sl + 112 < (LT @) + 511112 + (2],

forallr,] € X, where ] is the Fréchet derivative of the functional || - [|>atr € X, (-, -) denotes the pairing
between X and X*, and 4 is an increasing function defined on [0, o) such that lim; 10 @ =0;

(iii) Opial property [2] if for any sequence {r, } in X, r, — r implies that

limsup ||ry, —r|| < limsup ||r, —s||,
n—00 n—oo

foralls € X with s # r;
(iv) Kadec—Klee property if for every sequence {r,} in X, r, — r and ||ru|| — ||7|| together imply r, — r as
n— .
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Let 6 denote the modulus of uniform convexity. Recall that if X is a uniformly convex Banach space, then
(seee.g., [3])
lgr + (1 =g)sll = 1-28(1 —g)o(f[r —sll),

forall g € [0,1] and forall ,s € X such that ||r|| <1, ||s|| < 1.

A mapping v : Y — Y is said to be demiclosed at s € X if for each sequence {r,} in Y and each r € X,
tn — rand yr, — simply thatr € Y and yr = s.

We now state the following lemmas, which will be used later.

Lemma 1 ([5]). Suppose that X is a uniformly convex Banach space and 0 < p < g, < q < 1foralln € N. Let {r,}
and {sy } be two sequences in X such that

limsup ||ry|| <6, limsup|sy|| <6, and Um | gutn+ (1 —gn)snl| =6,
n—00 n—o0 n—00

hold for some @ > 0. Then limy, o || — Su|| = 0.

Lemma 2. If {k,}, {I,}, and {h,} are sequences of nonnegative real numbers such that
kn+1 S (1 + ln)kn + hn, Z ln < 0, and Z hn < o,
n=1 n=1

then limy, o k;, exists.

Lemma 3 ([11]). Let X be a uniformly convex Banach space satisfying Opial’s condition, and let Y be a nonempty closed
convex subset of X. Let y be a uniformly continuous, nearly asymptotically nonexpansive mapping of Y into itself. Then
I — v is demiclosed with respect to zero.

Lemma 4 ([9]). Let X be a reflexive Banach space such that X* has the Kadec-—Klee property. Let {r,} be a bounded
sequence in X, and let v*,s* € W = w(ry, ), where W denotes the weak limit set of {ry }. Suppose that

lim [lgry + (1 - g)r" — 5]
exists for all g € [0,1]. Then r* = s*.

3. Main results

Recall that if r, — ¢ and s, — ¢, we say that {r,} is better than {s,} if ||, — ¢|| < ||sn — c|| for all n (see

[1D.

Proposition 1. Let Y be a nonempty closed convex subset of a normed space X. Let ¢,y : Y — Y be two enriched
self-contractions with a common fixed point ¢ € Y and contraction constant k € (0,1).
Consider two iterative schemes:

Scheme A (4):

Tl = &ntp + BuYtn + 681, @y +Pun+0n=1, &y, Pndn € (0/ 1)-

Scheme B (5):

tne1 = (1= an)yern + @nisn,  su = (1= Bu)rn + BuYitn,
with t = 45 € (0,1],VA € [0,00).
Then:

1. Scheme A converges with rate factor k + a, (1 — k).
2. Scheme B converges with rate factor ;.
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3. Forany ay, € (0,1) with ay, > 1 — t, we have x; < k + a,, (1 — k), so Scheme B is asymptotically strictly faster.

Proof. Let c be a common fixed point of ¢ and 1.
We now wish to establish the contraction factors.
First, we compute the contraction factor of ; for any x,y € Y. Observe that

[yex =yl = (1 =) (x —y) + tHyx —y) ||
< (X =t)[lx =yl +tflyx =yl
< (X =t)[lx =yl + tkfx —y||
=[1—t1-k)]llx—yll

= xtllx =y

Thus 1; is a contraction with factor x; := 1 — #(1 — k).
Similarly,

1Gex = eyl = 11 = £)(x —y) + £(Ex = Cy) |
< (A =)lx =yl +tigx = gyl
< (I =llx =yl + tklx -yl
==t =Klx-yl

= eflx =yl

Hence ¢; has the same factor x;.
Now, suppose
1-tl-k)=k = 1-k=t(l-k) = t=1

Hence for t = 1 which also gives y; = 7y, we observe that x; = k.
Furthermore, for (4)(Scheme A)

741 = cll = lln(rn =€) + Bu(yrn — ) +6n(Grn — )|
< aylra —cl| + Bukllrn — || + Suk||rn — c||
= (an + (1= a)k)[|ru — c|
= (k+an(1—K))[[ra —cl|.

Thus the contraction factor is k + &, (1 — k).

Also, for (5)(Scheme B)

e = cll = (1= ) (yern — ©) + atn (Gasn — <)
< (T=an)|lyern —cll + an|Gsn —
< (1= ap)xt||rn — c|| + ani]|sn — |-

But

l[sn —cll = [|(1 = Bn) (ra — €) + Bu(virn — )|
< (L= Bn)llrn —c|l + Buxtl|rn — c|l
= (1= Bu(L=x2))[lrn — ]

< lrn—cll,
since 1 — x; > 0. Substituting back, we obtain

1 = cll < (U= an)el[ra = cf| + anrerl[rn — c|

= x||rn — ||
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Therefore, Vt € (0,1] and for any &, € (0,1) with &, > 1 — t, we have:
Kt = 1—t(1—k> < k+0én(1—k)

Hence,
o=l gy < kg -y > W =ela
[[rn = clls 72 = clla
Therefore, Scheme B(5) has a strictly smaller asymptotic contraction factor, meaning it converges faster
than Scheme A(4).
This completes the proof. [J

Clearly, our scheme has a better rate of convergence. We also note it has a contraction factor of k only
when t = 1.

The next theorem is crucial to our subsequent results. From this point onward, F denotes the set of
common fixed points of the mappings v and .

Theorem 1. Let Y be a nonempty closed convex subset of a uniformly convex Banach space X. Let 7y and ¢ be two
enriched nearly asymptotically nonexpansive self-mappings of Y with sequences {7, } and {hy} such that

ihn < oo and i(nn—
n=1 n=1

Let {ry} be defined by the iteration scheme (5), where {a, } and {p,} are contained in [€,1 — €| for all n € N and
forsome e € (0,1). If F # @, then

Bim [y — 7 = 0= lim [[r — Erall
Proof. Letc € F. Then
a1 —cll = [| (1 — an) Yi'rn + anli'sn — |l

< (T —an) lvirn — cll + anl[gfsn — ||

=1 —an) || A=t)rn+ty"rn —cl| +anl| (1 —t) sy +t&"sy — ||

=1 —an) || (T=1t)(rn—c) +t7"rn —cl| +an| (1 =) (50 — ) + td"sn — ||
( )

1 1 1 1
= @=m) | (1= 5 ) n =0+ g —ell ol (1= 557 ) 0 =€)+ g€ el

= (=) [ A 0= )" el e | o 1A Gsn =0+ 8% =l
1 1
< (- an) |15 (A4 D) ol —c] +nnhn>} s [AH (A+1) mallsn —c] +nnhn>]

=1 —ay) |mp|lrn—c|| +7 fin + oy | 7Tas c\|+7rh7”
- n I n n TlA+1 n n n nA+1
= (1 —an) 7wnllra — cl| + an7oa| (1_,311)”11"',3n7?7’n_5||+7TnA+n1
h
:(1—“14)7[71”7%_0”"‘0‘71”71”(1_5n)(7’n_c)+ﬁn(ﬂ7’n_c)H“‘nn)\i_:l
hy

< (1 —an) 7tullrn — cl| + antn (1= Bu) [|rn — cll + anmtuPullvirn —cll + ”nm

= (1—an) wa|lrn —c|| + an7tn (1= Bn) lItn — || + anmtnBull (1 —t) 10 + ty"rn — || + nn/\+ 1

1
= (1—ay) tallrn —c|| + antn (1 = Bn) |10 — cl| + &n 70| (1 - /\+1> (rn —¢)
1

(Y'rn—c) ||+ fn
g A1
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1

< (1 —an) 7tullrn — cl| + an7tn (1= Bu) [|rn — c|| +“n”nﬁnm A (ra =) +9"rn —c|[]

T

h

< (1 —an) 7tullrn — cl| + an7tn (1= Bu) [|rn — cll + anmtnButnlra — || +“n77n.3n7fn/\7_:_11

+ 7 i

"A+1
h
=70 [(1 = an) 4+ an (1= Bu) + anPu7ta] [[rn — cl| 4+ 700 (1 + anPn7tn) )\—:1
h

=1 [14 (7m0 — 1) anPn] ||tn — || + 710 (1 + anBnrtn) ) l 7

< (X +1n) [|rn —cl| + Ry,

where Iy = (1 + &ufn7tn)(7ty — 1) and hly = 704(1 + apButn) 125 Since ¥ (74 — 1) < oo and Lhy < oo, we
have Y"1, < oo and }_h), < co. Thus, by Lemma 2, nlgn || — cl| exists, and {r, } is bounded. Denote this limit

by 6.
Now,
llsn —cll = [[Bnvirn + (1= Bu) ra — c|
= [[Bn (vi'rn =€) + (1 = Bu) (ra — 0|
< Bullvirn =l + (1= Bu) llrn =]
= B |(L =)+ 19" — [ + (1 = ) [[rn — ¢
1 1
= b (1= 7)) =0+ gy + A= B I =l
= Pn {AH [[A (ran c)+7"rn—c|} + (1= Bn) [l — ||
< B (ol =l + 52 ) + (1= ) o =
= (1+ (7t ))llfn—cll+ﬁn/\+lh
hence
limsup ||s, —c|| < 6.
n—oo
Also, -
lvirn —cll < mallrn —c|| + 7/\_:1}1,1 foralln =1,2,...,
implies that
limsup ||y{'rn —c|| <6. (6)
n—o0
Furthermore,
16 sn — cll < 7tnllsn —cl + A+1h
since lim sup [|s, — ¢|| < 6, we have that
n—oo
limsup ||&'sy — cf| < 6. (7)
n—00

Moreover,

0 = lim [|r, 1 — |

= lim [[(1 = an)(vi'rn —c) +an(Gi'sn — )|

n—oo
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< tim (1~ an) [y — cl| + a5 —c]]

. TT T
< nh_r)rolo (1—ay) (7‘cn|r,1 —cll+ A;lhn) +ay (nn|sn —c|l+ )t—i—nlh”ﬂ

' 7T

. [ Tty
< nlgrolo _nnG + /thn]
= 9[
Then,
0= lim [Iry 1 —cll = lim || (1~ a) (7}7u — ) + a5 — )|

From Lemma 1 we observe that all the conditions are satisfied in (6), (7) and the above relation, then we
obtain

nll_r>rolo [7¥rn — &isull = 0. ®)
Also,
1fn1 —cll = [|(1 = an)¥i'rn + anlisn —c||
= [[(v¥'rn =€) + an(GHsu = vi'ra)|
< |vi'rn = cll + anl|8Fsn = virall,
which gives
o n,
6 < liminf [|9{r, —cl,
so that with (6) yields lim lvirn —cl| = 6.
Furthermore,
[virn —cll < llvi'rn = Gi'snll + 1GF'sn — ¢
T
< lvirn = Gisnll + tullsn —cll + /\7_:1}171,
implies
6 < liminf||s, —c||. 9)
n—oo
From limsup ||s, — ¢|| < 6 above and (9), we get
n—oo
lim |[s, —c|| = #.
n—o0
Now, [|7frn —c|| < 7llrn — cl| + g hn implies that
limsup ||y}, —c|| <6.
n—o0
Hence, 6 = lgr1 llsn —c|| = lgr1 (1 = Bu)(rn — ¢) + Bu(y}'rn — c)|| implies, by Lemma 1 again, we have
n e8] n {o¢]
that
Jim ||y —ryl| = 0. (10)
Since

[vErn —rall = [[(1 =) (rn —7r0) + (Y"1 — 12) ||
=ty rn —ral

1
= ly"rn = rall = Sllvirn —rll
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. 1 ..
= lim [ly"rn —rull = 5 i {9 —rul] = 0.
Also observe that
Isn = rull = Bullvirn — 1al-

Thus, by (10),

].im ||Sn - 1’;1|| - 0.

n—oo
Again, observe that

a1 —rall = 11— an)yirn + anli'sn — ral|

< lvi'rn = rall + anllvi'rn — &fsull > 0 asn — oo,
so that
lrus1 = sull < ||fne1 —tnll + lIsn — 1nl]| = 0 asn — oo.
Furthermore, from
lrn = CEsull < llra = vi'rall + 17i'ra = Cisull = 0 asn — oo,
we get
17n1 = GEsnll < llrngr — rull + llrn — &i'sull,
so that
i [[ra 1 — sall = 0.
Again, observe that since s, — ¢ and ¢" is asymptotically nonexpansive, it follows that lim;, .« ||§"s; —
c|| = 0. Then,
[rn1 = &"snll = lrn+1 — GF'sn + Ci'sn — sl
< lrnsa = sl + [ISEsn = ¢"sull
= llrnga = G¥sull + (T = £)sn + 1%sn] — ¢"su
= llrnr = Gi'snll + (L= B)[[sn = &"su
< lrngn = GEsull + (1= 1) [llsn —cll +[1¢"sn — <[]

Taking lim sup,,_, ., on both sides of the above inequality, we obtain

limsup [|r41 — ¢"sn|| < 0.
n—oo

Since ||7, 11 — "sy|| > 0 for all n, then
i s = & =0

We shall now make use of the fact that every enriched nearly asymptotically nonexpansive mapping is
enriched nearly uniformly L-Lipschitzian. Thus

n+1 n+1 n+1

Hrn+1 - 'Yt”nJrlH < ||7’n+1 — T 7’n+1|| + H'Yt Tn+1 — 7V Tn” + ||,th1+11,” - 'Yt”n+l||' (11)
Since both 7,1 and 7717, ,; converge to the same fixed point ¢, we have
lm [ryeq =9 = 0. (12)

Using the nearly uniformly L-Lipschitzian property of v}, we get

L
H’Y?Hf’nﬂ - 'Y?H”nH < Llrpyr —rall + mhn‘
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o

From the convergence of the iterative scheme, we have lim, . [|7,+1 — 7n|| = 0. Also, since Z hy < oo,

n=1

it follows that h,, — 0. Therefore,

and

. L
lim <L|rn+1 — |l + Mhn> =0.

Again, using the nearly uniformly L-Lipschitzian property, we observe that

L

n— Y1l < Lllvirn —rppall + s——=h

1
P A+1

7
From the iteration scheme and (8),
Iv¢rn = tugall = anllvirn — &¥snll = 0.

Hence,
Jim. 1Yy — il = 0.

Now, substituting (12), (13), and (14) into (11), and taking the limit superior on both sides, we obtain

limsup ||r+1 — Yerps1]] <0+0+0=0.

n—oo

Since ||ry4+1 — 7rn+1]| > 0forall n € N, we have

0 <Hminf (|71 — yirp | < lmsup [|ry 1 = 174l < 0.

n—oo
Therefore,
Jim |7y 41 = 7irngall = 0.
Equivalently, shifting the index,
lim ||r, — yry]] = 0.
n—,oo

Furthermore, observe that

llrn = yirnll = |lrn — (1 = )1y + tyry) ||
= t[|rn — yral|

1
=l —all = 31l = erall
Taking limit as n — oo, we obtain
= lim [[r— oyl =0.
Furthermore,

I = &Frnll < llrn = ragall + lIraa — &Fsull 4+ 18Fsn — CHrall

L
< |lrw = ragall 4+ lrnsr — EFsull + (Lllsn — rall + mhn)

— 0 asn — oo,

7n1 = Gernptll < 7w — ?+1rn+1|| + H‘;ﬂ+17’n+1 — Gttt |
L
A+1

n+1

< rwsr = & rapall + (LNEF a1 — rugal + hn)

(13)

(14)

(15)
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L
< s — & s+ (LI — Esull + LIGESn = rasall + 1)

L
< lrwer = & el 4 Lollrusa = sull + LIIEEsn = ruga [l + (L4 1) 3 P,

which yields
lim ||r, — &yl = 0.
n—o0

Similarly, observe that
[rn = Cirnll = [lrn — (L= t)rn + £ra) |
1
= ||ra = Crull = ;H”n — G-
Now, taking limit as n — oo in the above inequality, we get
— Tim [[ru — &rall =0,
completing the proof. [

Lemma 5. Foranycy,c; € F, lim | trn + (1 — T)c1 — 2| exists for all T € [0,1] under the conditions of Theorem 1.
n—o00

Proof. The cases T = 0 and T = 1 are trivial: |77, + (1 — T)c; — c2|| = ||c1 — ¢2|| when T = 0, and ||, — ¢2|
when T = 1, whose limit exists by Theorem 1.

Now assume T € (0,1). By Theorem 1, lim,,_,c0 || — ¢|| exists for all ¢ € F, and therefore {r,, } is bounded.
Thus, there exists a real number p > 0 such that {r,} € V = B,(0) NY, so that V is a closed convex nonempty
subset of Y. Define

do(T) = ||trn + (1= 7)1 — 2|,

forall T € [0,1]. Then limy 0 d(0) = ||c1 — c2]] and limy—y00 dy (1) = limy 0 |70 — c2]| exist. Let T € (0,1).
Claim 1. For each n € N, there exists a mapping T, : V — V such that T,r, = r,4+1, Tuc = cforallc € F, and

I Tar — Tus|| < 72 (I — sl + @n),

where &, = (1+ txnﬁn)/\h—jl and &,, — 0.

Proof of Claim 1. Define F, : V — V by F,r = (1 — Bn)r + Buyfr,and T, : V. — V by
Tyr = (1 - ‘Xn)’)/?r + “ng?u:nr)'
Then T,,r, = ry41 and T,,c = c for all c € F. Moreover,

[[Ear = Fus|| < 7tallr = sl| + Bny——=

)\+1
and
| Tur — Tus|| < (1 — ay) 7wy ||r — s|| + an7tn|| Enr — Eus|| + )H—lh
2 us 7T2

=705 (lIr = sll + @),

where &, = (1+ ocn[in) - Since ) h; < oo, we have @, — 0. This proves the claim. [J

Claim 2. Let Ry, ;y = Tyyyy—1 - - Ty for m > 1. Then Ry, ity = rntm, Rumc = cforall c € F, and

||Rn,mr - Rn,mSH <IlLym (HT - 3” +Yn,m)/
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where
n+m—1 n+m—1

M= [] 77 Yam= Y. &
i=n i=n

Proof of Claim 2. The result follows by iterating Claim 1. Indeed,

n+m—1 n+m—1
[Rumr = Rumsl| < { TT 77 |{lIr=sl+ Y
i=n i=n
= Ium (|lr = s|| +Yum) -

This proves the claim. [

Claim 3. For n,m € N, define
Ty = Try + (1 —7)cq,

and

Kpm = T”Tn - Cl” +Yo,m,
ﬁn,m = (1 - T)Hrn - Cl‘ +You,m,

(o) [ee]
I, =[]7? Yu=). .
i=n i=n

ThenII, — 1,7V, — 0, and with

c1 — Rn,an o Rn,an - Rn,mrn

7 qi’l m — 7
Hn,m“n,m ’ Hn,mﬁn,m

Pnm =

we have ||puml <1, [|gnm| <1, and

|ynm — znmll

[Pnm — Gumll = Dum ,
where
Ynm = |[rn — 1| (Rum T — TRumrn — (1 = T)e1),
Znm = (€1 + Rum?n — 2R mTn) Yn,m,
and

An,m = Hn,m“n,m,Bn,m~

Proof of Claim 3. The bounds ||py,m| < 1and ||gnm| < 1 follow directly from Claim 2. The identity
-z
[Pnm = qnmll = Wr

follows by direct algebraic expansion of the numerators. Also, IT, — 1 and Y,, — 0 since } (71, — 1) < oo and
Y h, < co. This proves the claim. [

Claim 4. For all n,m € N,

|,

1
| = Ao IT(1 = )lrn —c1ll(c1 = 7utm) + XnmYnm

I Tpnm + (1 = T)qnm

where
Xnm = T€1 + (1 = 2T)RymTu — (1 — T)Rpmtn.

Proof of Claim 4. This follows by direct expansion:

‘ ,Bn,mT(Cl - Rn,an) + "‘n,m(l - T) (Rn,an - Rn,m"n)
Anm

P+ (1= Ol = \
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Substituting &y, = T||rn — 1| + Yum and Bum = (1 — 7)||rn — c1]| + Yum, and simplifying, yields the
desired identity. This proves the claim. [

Claim 5.
Jim_ | = 0.
Proof of Claim 5: Let A = sup,, ,, Anm. Since X is uniformly convex and |[pum|l < 1, [[qnm|| < 1, applying the
uniform convexity inequality to p, , and g, gives
-z N1Y, Xn,m|| Y
20 (Mo 220y < 11, 1, = a2 ] = = allles =l + 22,

for some constant N; > 0. Taking the limit as m,n — oo, and using I, — 1, Y, — 0, ||rs —c1]| — 6, and
llc1 — ntm| — 6, we obtain

mlérj}oo lynm — znml|l = 0.

Since ||zum|| < N2Yy,n for some N, > 0, the triangle inequality yields
[Ynmll < Nynm = znmll + | Zm| — O.
This proves the claim. [
Claim 6.

lim ||Rn’an - TR?Z,erTl - (1 - T)Clu = 0'
m,n—o0

Proof of Claim 6. From Claim 5, we have
It — c1ll - | RumTn — TRumtn — (1 — T)c1|| — 0.

If 8 = 0, then r, — c¢1 and the result is trivial. Assume 6 > 0. Then there exists N € N such that
|lrn —c1|| > 6/2 > 0foralln > N. Hence,

2
|RumTn — TRuymrn — (1 — T)cq|| < 5||yn,m|| — 0.

This proves the claim. [

Now we complete the proof. For any n,m € N,

Anm(T) = | Trnem + (1 = T)er — 2|
= [|Rpm T — c2|
< |RumTn — c2|| + [|Rum T — TRumrn — (1 — T)cq ||
< Ium (||tn — 21| + Yum) + [[Rum T — TRumtn — (1 — T)cq ||
< I, ([|tn — c2l| + Ya) + [|Rum T — TRumtn — (1 — T)ca]|-

Taking limsup,, . ., on both sides and using Claim 6, we get

limsup dpym(7) < TL, (|70 — 2| + Ya) -

m—yo0

Now, taking lim sup,,_, ., on both sides:

limsupd, (1) < liyrlr_1>ioro1an ([ltn — 2|l + Ya) -

n—oo

Since IT, —+ 1and Y, — 0, and |7, — ¢c2|| = dx(7), we obtain

limsupd,(t) < liminfd, (7).
n—co =00
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Hence,

112nj£p dy(t) = 11,?_3{;‘”” (1),

so lim | trn + (1 — T)c1 — 2| exists for all T € [0,1]. This completes the proof of Lemma 5. [

Lemma 6. Assume that the conditions of Theorem 1 are satisfied. Then, for any c1,c2 € F, lgn (rn, J(c1 — c2)) exists;
n [e0)

in particular, (c —1,J(c1 — ¢2)) =0 forall ¢c,1 € W(ry,), where W(ry,) denotes the weak limit set of {r, }.

Proof. Take r = ¢; — ¢y with ¢ # cp and h = 7(r, — ¢1) in the inequality ((ii)) to obtain:
1 2 1 2
sler—cll"+w{m —ci J(er = ¢2)) < SllTrn + (1 = )er — o
1
< sller = cal? + T(ru — c1,J(e1 = €2)) + b(t||ru — ca )

Now sup ||, — c1]| < N’ for some N’ > 0, it follows that
n>1

1 , 1.
§||c1 —o|®+ Thr:;s:gp(rn —c1,J(c1— ) < 5 nh_r)]r;o |Trn + (1= T)e1 — c2)?

IN

1 .
E”Cl — o>+ b(TN') + Th}gglf(rn —c1,](c1 — ).

This implies that,

/
limsup(r, —c1,J(c1 — ¢2)) < liminf(r, — ¢y, J(c1 —c2)) + b(TN )N/.

n—0o n—eo N/

b(7)

If T — 0, then since lim TT = 0, we obtain

limsup(r, —c1,J(c1 — ¢2)) < liminf(r, —c1,J(c1 — ¢2))-
n—00 n—oo

Therefore, nlgn (rn —c1,J(c1 — c2)) exists for all ¢q, ¢y € F; in particular, we have
(c—=1LJ(c1—c))=0 Vclew(r).
This completes the proof of Lemma (6). [

Theorem 2. Let X be a uniformly convex Banach space which satisfies Opial’s condition, and let Y be a closed convex
subset of X. Let v : Y — Y be a uniformly continuous enriched nearly asymptotically nonexpansive mapping. Then
I — vy is demiclosed at O; that is, whenever {ry} is a sequence in Y such that r, — ¢ and (I — y)r, — 0, it follows that
(I—7)c=0.

Proof. Let {r,} be a sequence in Y such thatr, — c € Y and ||r, — yr4|| — 0as n — co.
From the definition of 7y = (1 — t)I 4 tv, we have

lvern —rall = tlyrn —rall = 0 asn — co.
Thus yiry =ty + (yirn —1n) — C.

Since 7 is enriched nearly asymptotically nonexpansive, ; is asymptotically nonexpansive. Indeed, there
exist sequences {7, } and {h, } with 7, — 1, h, — 0, and

lvir — sl < mllr —s|| + AL:lh” Vr,seY, neN.
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From Lemma 3, since X is uniformly convex and satisfies Opial’s condition, and <; is asymptotically
nonexpansive, the mapping I — -y; is demiclosed at 0. Therefore, from r, — c and ||y:r, — rn|| — 0, we have

Yic = c.

Therefore,
c=vyc=(1—t)c+tyc,

which yields t(yc — ¢) = 0. Since t > 0, we obtain yc = c.
Thus (I — 7)c = 0, proving that I — vy is demiclosed at 0. This completes the proof of Theorem 2. [

Theorem 3. Let X be a uniformly convex Banach space, and let Y, vy, &, and {r, } be as in Theorem 1. Assume that one
of the following conditions holds:

(a) X satisfies Opial’s condition; or
(b) X has a Fréchet differentiable norm; or
(c) The dual space X* of X satisfies the Kadec—Klee property.

If F # @, then {r, } converges weakly to a point of F.

Proof. Let c € F. Then lim, . || — c|| exists, as proved in Theorem 1. We now prove that {r, } has a unique
weak subsequential limit in . Indeed, let g and g* be weak limits of the subsequences {ry, } and {ry; } of {r},
respectively.

By Theorem 1, limy, e |7 — 71| = 0, and from Theorem 2, I — + is demiclosed with respect to zero;
therefore, we obtain yg = g. Similarly, {g = g. Similarly, we can prove that g* € F.

Next, we show uniqueness. To this end, first assume condition (a) holds. If g and g* are distinct, then by
Opial’s condition,

tim |r, gl = Jim 7, ~ g1

N

. *
A7, — 87|

— 1§ _ o*
= lim [, — &l

. k
i, ey = &7

N

n%gnoo Hr”j - g”

Jlim [rn =g,

which is a contradiction. Therefore, g = g*.
Now assume condition (b) holds. By Lemma 6, (c — 1, J(c; —c2)) =0, V¢, I € W(r,). Therefore,

g — 81> =(g— 5" J(g—g")) =0,

implies g = g*.

Finally, suppose condition (c) holds. Since lim;, ;e |77 + (1 — 7)g — ¢*|| exists for all T € [0, 1] by Lemma
5, it then follows from Lemma 4 that g = g*.

Consequently, {r, } converges weakly to a point of F, and completing the proof of Theorem (3). [

Two mappings ¢, : Y — Y, where Y is a subset of a normed space X, are said to satisfy the condition
(A’) [14] if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(k) > 0 forall k € (0, o),
such that either ||r — &r|| > f(d(r, F)) or ||[r — yr|| > f(d(r, F)), Vre€Y,where

d(r, F)=inf{|lr —c| : c € F=F() NF(y)}.
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Theorem 4. Let X be a real Banach space, and let Y, &, v, F, and {r,} be as in Theorem 1. Then {r,} converges
strongly to a point of F if and only if limy, e d(ry, F) = 0, where

d(r, F) =inf{|[r —c| : c € F}.

Proof. Suppose {r,} converges strongly to some ¢* € F. Then ||r, —c*|| — 0asn — oo. Since d(r,, F) <
lrn — c*|| for all n, it follows immediately that lim,, o d(ry, F) = 0.

Assume d(r,, F) — 0. By Theorem 1, {r,, } is bounded and lim,,_,« ||r, — c|| exists for every ¢ € F. Denote
this limit by ¢(c).

We first show that ¢ is constant on F. Let ¢1, ¢y € F. By Lemma 5, for each 7 € [0, 1], the limit

L(t) := nlgr.}o ltrn + (1 —T)ep — cal],

exists. In particular, L(0) = ||c; — 2| and L(1) = ¢(c2).
Since d(r,, F) — 0, choose ¢, € F with ||r, — ¢,|| — 0. Since {r,} is bounded, {c, } is bounded, so it has
a weakly convergent subsequence ¢, — ¢ € F. Then for this subsequence,

L(t) = khj{}o [ Tru + (1= 1)y —caf| = [J[Tc+ (1 = T)er — 2.

Taking T = 1 gives ¢(cp) = ||c — cz||. Similarly, interchanging c; and ¢, gives ¢(c1) = ||c — c1]|.
Now, by Lemma 5, the function L is the limit of convex functions, hence convex. Also, L(7) = ||tc + (1 —
T)c1 — ¢2||. Applying the same argument with ¢; and ¢; interchanged gives

L(t) = [te+ (1 = T)ez — ea |-

Equating the two expressions for L(7) at T = 0 and T = 1 gives |[c; — c2|| = ||c2 — ¢1]| (trivial) and
¢ = c2l| = [le = e1]|. Hence ¢(c1) = ¢(c2).

Thus ¢ is constant on F. Let this constant value be 6 > 0.

Now, since d(r,,, F) — 0, for each n, choose ¢, € F with ||r, — c,|| — 0. Then

lrn — cnll — 0.
We claim that {c,, } is Cauchy. For any m,n € N,
llem —cnll < llem — rmll + llrm — rall + llra — cnll-

It suffices to show that {r, } is Cauchy. For any € > 0, choose N such that for alln > N, d(r,, F) < ¢/4.
Fix ¢ € F. Since limy,_,e ||7n — ¢|| = 6, there exists N’ > N such that for all m,n > N’,

lrm = cll =llrn = clll <e/2.

Then for m,n > N/,
lrm = rall < lrm —cll + [[rn —cll <e

Thus {r,} is Cauchy and hence converges strongly to some ¢ € Y. Since d(r,, F) — 0, we have c € F.
This completes the proof of Theorem 4. []

Applying Theorem 4, we obtain a strong convergence result for the scheme (5) under condition (A’) as
follows.

Theorem 5. Let X be a real Banach space, and let Y, &, v, F, and {ry, } be as in Theorem 1. Let & and vy satisfy condition
(A") and F # @. Then {ry } converges strongly to a common fixed point in F.

Proof. As proved in Theorem 1,

nlgr.}oH”n_grnH =0=,}g{}°||rn—7rn\|- (16)
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From condition (A’) and (16), we obtain either

lim f(d(ry, F)) < lim [[ry — 7| =0,

n—o0

or
lim, £(d(ry, F)) < Jim |[ra = & = 0.

n—o0

In both cases,

hm f( (rp, F)) = 0.

Since f : [0,00) — [0, c0) is a nondecreasing function satisfying f(0) = 0 and f(k) >0, Vk € (0,00), it
follows that
lim d(r,, F) = 0.
n—o0
Clearly, all the conditions of Theorem 4 are satisfied; hence, by its conclusion, {r, } converges strongly to
a point of 7, completing the proof. [

We present a concrete example of a mapping that is enriched nearly asymptotically nonexpansive which is
NOT nearly asymptotically nonexpansive.

Example 1. Let E = R with the usual norm ||x|| = |x|, and let C = [f%,l} C R, where T € (1,2) withT € Q
is fixed. Define ¢ : C — C by

—T7, re[—l }ﬂ@
re|-Lo\q

r, r€[0,1]1NQ,

A=
=~
<

Al=

—1r, re€[0,1]\Q.

Foranyr € C,Case1: 1 € [—7 ]ﬁ@

Then y(r) = —7r € [0,1] N Q (since 7,7 € Q). So y(y(r)) = y(—71r) = =L (—7r) =1
Case2: r € { }

Theny(r) = —1r e [0 1]\ Q. So y(y(r)) =« (—%r) =-T (—%r) =r.

Case 3: r € [0,1] N

Then y(r) = —1r € [—%,O} NQ.Soy(y(r)) = (—%r) =—-T (—%r) =r.

Case4:r € [0,1]\ Q

Then y(r) = —tr € [—%,O} \Q.Soy(y(r)) =vy(—1r) = —%(—Tr) =7.

Therefore,

Since ’yz = id, we have
Using 72 = id:

Therefore,
4 (r) =r forallr € C.

Proceeding in this manner, we observe that for all n € N, since ')/2 = id, we have

v(r), ifnisodd,
Y'(r) =

7, if n is even.
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That is

" {’y, n odd,
’)/ el

id, neven.

Choose g € (0,0) such that ¢ > T — 1. Define sequences {7, } and {h, } by

m, =1 foralln €N, hnzzin foralln € N.

Then 7r, = land Y 1 hy =1 < co.
We claim that forall7,s € Cand alln € N,

lg(r —s) +"r —9"s| < (g4 1)mu|r —s| + mwahy.
If n is even, then 7¥"r = r and 7"s = s, so the inequality above becomes
9(r =) +r—s[ = [(g+1)(r=s)| = (g +D)[r —s| < (g +1)7ulr —s| + 7ahn,
which holds since 7, = 1 and k,, > 0.

If n is odd, then ¥"r = yr and ¢"s = 7s. For r,s € C, we have that
o Ifr,s € [-1,0], then |yr — 9s| = t|r — 5|.

e Ifr,sc [0,{],then lyr —s[ = L[r—s|.

¢ If r and s lie in different intervals, say r € [— 1

T’

O} and s € [0,1], then yr = —trand ys = —%s. Hence,

= ‘(q—7>r+<—q+i)s

Since r < 0 < s,wehave |r|+|s| = —r +s =5 —r = |r — s|. Therefore,

1
lq(r —s) +9r —s| = ‘q(r—s)—rr—i—Ts

5]

1
0(r =)+ 97 =5] < lg = el + |~ + 1

< max{|q -1,

~g+ 2|} rl+ D

1
:max{|q—T,q—T} |r —s|.

Now, since g > 7 —1, wehaveq—7 > —1,50 |§ — 7| < g+ 1because g — 7 < gand g — 7 > —1. Also,
q—%<q<q+1.Hence,

1
max{|q—r|,q—1_} <g+1

Thus,
q(r —s) +yr —vs| < (g +1)|r —s[ + hn.

The caser € [0,1] and s € {— i 0} is symmetric and follows by interchanging r and s.

Since g > T — 1, we have g — T > —1, which ensures
|9(r =s) + 97 —s| < (q+D)|r —s[ < 70u(q +1)[r = 5[ + 7Tuhn,

for all cases. Hence the inequality holds for all n € N.
Thus, vy is an enriched nearly asymptotically nonexpansive mapping with sequences {y,} = {1} and

{ha} ={27"}.
Suppose, for contradiction, that < is nearly asymptotically nonexpansive. Then there exists sequences
{ptn} and {hy, } with p, — 1 and h, — 0 such that

|v"'r —"s| <wun(jr —s|+h,) Vr,se€C, neN.
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Take r = —% and s = 0. Thenr,s € [—%,0], so:

Thus for odd n,
7' =8| = e =98] = [1-0] = 1.
But |r —s| = ‘—% —0’ = 7. Hence,
1
1< pn - =+ pahin.
T
Therefore,

T
> = .
‘un_%‘i'hn 1+Th1’l

Taking lim inf,, . gives

liminf p, > lim =17>1,
n—oo

n—oo 1+ Thy,

which contradicts y,, — 1 (since then liminf;,, o py = 1).
Therefore, 7y is NOT nearly asymptotically nonexpansive.
The mapping 7 is enriched nearly asymptotically nonexpansive, but it is not nearly asymptotically
nonexpansive. Hence, the class of enriched nearly asymptotically nonexpansive mappings is strictly larger

than the class of nearly asymptotically nonexpansive mappings (and also strictly larger than the class of
asymptotically nonexpansive mappings).

We now present an example of two mappings that are enriched nearly asymptotically nonexpansive which
are NOT nearly asymptotically nonexpansive.

Example 2. Let X = R with the usual norm ||x|| = |x|. Define two mappings as follows:

1. Mapping v: Let Y = [—%,1} C R, where T € (1,2) is fixed. Define v : Y — Y by

—1r, re[-1/1,0],
—%r, r e [0,1].

2. Mapping §: Let X = {—%,T} C R, where T € (1,2) is fixed. Define ¢ : X — X by

—72r, if —
|

—%r, fo<r<r.
T

<r<q,

Al

Remark 2. Both mappings have the same common fixed point:

F =F(y)NE(@) = {0}
From Example 1 above, without the rational/irrational splitting, we also obtain
r, if n is even,
() = .
(r), ifnisodd.
Foranyr € X:

e If -1 <7 <0, then&(r) = —72r € 0,7].
e If0<r<rt, thend(r) = —%T € {—%,0]
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Thus, forall r € X:

Therefore:

7, if n is even,
g'(r) = L
&(r), ifnisodd.

Suppose, for contradiction, that ¢ is nearly asymptotically nonexpansive. Then there exist sequences
{mty} C [1,00) with 7, — 1 and {h,} C [0, ) with h,, — 0 such that

|E(r) = &(s)| < mu(|r —s| +hy) Vr,se€ X, neN.

Taker = —% and s = 0, then

For odd n, we have

But
[r—s[=—
Thus .
T < 7Tn ( + hn)
T
Therefore,
T 72

Taking lim inf,, .« gives

liminf 7r,, > lim =12>1,

n—»o00 n—o 14T n

which contradicts 77, — 1 (since then liminf,,_, 77, = 1).
Therefore, ¢ is NOT nearly asymptotically nonexpansive.
Choose ¢* > 72 — 1. Define:

1
T, =1, hn:n— Vn € N.

We need to show:
g (r —s) +¢"(r) = ¢"(5)] < (" + 1) 7a|r — s[ + mwahn.

Case 1: n is even. Then &"(r) =r, &"(s) = s:
g7 (r=s)+r—=s|= (" +1)lr—s| < (4" +V)|r —s[+h.

Case 2: nis odd. Then ¢"(r) = ¢(r), ¢"(s) = &(s):
Forr,s € {—1 0}:

T’
7" (r =) +¢(r) = ()| = lg* (r —5) = T2(r = )| = Ig" = T[] — s|.
Since ¢* > 12> — 1, we have ¢* — > > —1,s0 |q* — 7?| < g* + 1. Thus:

97 (r =) +¢(r) =¢(s)| < (4" + V|r —s[ < (q" + D)1 — [ + .
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Forr,s € [0,7]:

g (r—s)+ %(r—s)

97 (r =) +8(r) = ¢(s)| =

1
= (q*+72) [r—s| < (g* +1)|r —s| + hy.
Forr e [—%,0}, s € [0,7], then &r = —7?r and s = —%s. Hence,

9" (r —s) +¢r—Zs| =

* * 1
= ‘(q — )+ (—q —I-T2>s .

1
g (r—s) —t2r + =25

Since r < 0 <s,wehave |r| +|s| = —r +s =s—r = |r — s|. Therefore,
* * 2 * 1
|77 (r—s) +¢r—8s| < |q" = T[r[ + | =" + | |s]
* 2 * 1
< max {19 =22, |=q"+ | b+ )

1
= max{|q* R Tz} |r —s|.

Now, since g* > 72 — 1, we have ¢* — > > —1, s0 |¢* — 72| < g* + 1 (because q* — 7> < ¢* and

q* — 12 > —1). Also, q* — % < gq* < g*+1. Hence,

1
* 2 * *
max{|q - 1,9 —ﬂ}ﬁq +1.
Thus,
|97 (r =) +&r = &s| < (g + V| —s| < (¢" + 1)[r —s[ + hu.

Thecaser € [0, 7] and s € {— i 0} is symmetric and follows by interchanging r and s.

Therefore, ¢ is enriched nearly asymptotically nonexpansive.

Cross-term inequality for the iteration scheme

For the iteration scheme (5), we desire to show that
A(r=s) +9"(r) = ¢"(s)| < (A + 1) 7nlr —s| + 7.

Let A = maxg, g*. We now show thatforallr € Y,s € Xandn € N.
Case 1: n is even
Then 7" (r) = r and ¢"(s) = s such that

A(r=s) +9"(r) =¢"(s)| = [A(r=s) +r=s[ = [(A+1)(r =5)| = (A +1)|r — 5],

Thus,

A(r=s)+9"(r) =&"(s)| < (A+1)[r —s| + hn.
Case 2: n is odd
Then 7" (r) = y(r) and " (s) = ¢(s) which gives

A(r=s) +9"(r) = ¢"(s)| = |A(r —s) +v(r) = E(s)].

We now consider several subcases.
. 1
Subcase 2a: r,s € [—;,0}

Then v(r) = —trand &(s) = —12s

A(r =) +9(r) = &(s)| = |A(r —s) — Tr + s
=|(A =)+ (=A+7?)s|.
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From A > 72 — 1, we have
[(A=T)r 4+ (=A+72)s| = [(A = T)r — (A — T%)s].

The expression is linear in r and s, so its maximum over the rectangle [—1/7,0] x [-1/7,0] occurs at
corners. Checking corners, we observe that if

e (r,5s) =(0,0): value =0, |r —s| = 0.

e (r,5) =(—=1/7,0):value=|A—1|/T < (A+1)/7,and |r—s| =1/T.
e (r,5)=(0,~1/7):value= A —7?|/T < (A+1)/t,and |r —s| = 1/7.
e (r,8) =(—1/t,—1/71): value=0, |[r —s| = 0.

Thus, in all cases,
[(A=T)r— (/\—Tz)s| < (A+1)|r—s|.

Hence,

AGr—5) +2(r) — &) < A+ Dl =5 < A+ Dlr — 5| + .
Subcase 2b: r € [0,1] and s € [0, T]
Then 7(r) = 1rand &(s) = %s. Hence,

Alr—s) +7r——25
T

=|(e)r- (o)

Define f(r,s) = ()\ + %) r— (/\ + %) s. Since f is linear in r and s, its maximum over the rectangle

A=) () — —] 1, _1

[0,1] x [0, T] occurs at corners. Checking corners, we have

* () = (0,0): [f] =0, |r—s[ = 0.

* (1) = (LO): [f]=A+1 <A+1=(A+Dlr=s|.

e (r,5)=(0,7): |f| = /\T+ L<A+1)t=(A+1)|r—s|,sincel <.
¢ (ns) = (L) |fl = A1) < A+ 1) —1) = A+ 1)fr—sl.

Thus, for allr € [0,1],s € [0, T],
[f(r, ) < (A+1)[r—sl.

Therefore,
A(r=s)+7(r) =&(s)| < (A+1)[r—s| < (A+1)|r —s|+ hy.

Subcase 2c: v € [0,1], s € {—%,0}
Then (r) = 1rand &(s) = —12s. We have

1 1
IA(r—s)+v(r) —E&(s)| = |A(r—s) + ;r+T25| =|(A+ ;)r—i— (12— A)s|.
Since r > 0 and s < 0, we have |r| + |s| = r —s = |r —s|. Also, from A > 7> — T and 7 € (1,2), we get
:

‘)H-T :)\4—%3)\4—1, T2 = Al <A+1.

Therefore, by the triangle inequality,

1 1
(A4 2)r+ (T = s < A+ —|lr| + 7 = Alls|

< (A+D)(r[+1s])
=(A+1)|r—sl|.
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Thus,

A(r=s)+7(r) =&)< A+ D)r—s| < (A+1)[r —s|+ I,
Subcase 2d: r € [—%,0}, s € [0, 1]
Then y(r) = —trand &(s) = %S. We have

1
Alr=s) +9(r) = () = [(A=T)r = (A + )s].
Sincer < 0and s > 0, wehave ||+ |s| = —r +s =5 —7 = |r —s|. Also, from A > > —1land T € (1,2),
we get
A—1|<A+1, ’/\4—12 :A—}—%SA—FL
T T

Therefore, by the triangle inequality,

5]

1 1
(=)= (ot sl < A=l + [p+ 2
< A+ (Il + s])

=(A+1)|r—s|.

Thus,
A(r=s)+7(r) =8(s)| < A+ D)[r—s| < (A+1)|r — s+ hy,

Therefore, forallr € Yand s € X (orr,s € X,sinceY C X)and alln € N,
A(r—s) +9"(r) =" ()| < (A +1)7ta|r — s| + 7uhn,

where 71, = 1and h,, = %

This establishes the cross-term inequality for the iteration scheme. Combined with the earlier proofs that
7 is enriched nearly asymptotically nonexpansive (from Example 1) and ¢ is enriched nearly asymptotically
nonexpansive, we conclude that both mappings belong to the class of enriched nearly asymptotically
nonexpansive mappings.

4. Conclusion

In this paper, we introduced and analyzed a new two-step iterative scheme for approximating common
fixed points of two enriched nearly asymptotically nonexpansive mappings in uniformly convex Banach
spaces. For enriched contractions, the proposed method achieves an optimal contraction rate factor of k, which
is strictly faster than the factor k + a, (1 — k) obtained for the existing Yao—Chen iteration. Under suitable
summability conditions, we established asymptotic regularity, namely lim, e ||7n — Y7n|| = limy—co |70 —
¢rn|| = 0. Using the demiclosedness principle together with Opial’s condition, Fréchet differentiability of the
norm, or the Kadec-Klee property of the dual space, weak convergence to a common fixed point was proved.
Moreover, under condition (A’), strong convergence was obtained. Concrete examples demonstrated the
applicability of the considered mapping class, and the results unify and extend several recent developments
in fixed point theory.

References

[1] Berinde, V. (2007). Iterative Approximation of Fixed Points (2nd ed.). Springer.

[2] Opial, Z. (1967). Weak convergence of the sequence of successive approximations for nonexpansive mappings. Bulletin
of the American Mathematical Society, 73(4), 591-597.

[3] Bruck, R. E. (1979). A simple proof of the mean ergodic theorem for nonlinear contractions in Banach spaces. Israel
Journal of Mathematics, 32(2-3), 107-116.

[4] Tan, K.-K., & Xu, H.-K. (1993). Approximating fixed points of nonexpansive mappings by the Ishikawa iteration
process. Journal of Mathematical Analysis and Applications, 178(2), 301-308.



Open J. Math. Anal. 2026, 10(2), 17-41 41

[5] Schu, J. (1991). Weak and strong convergence to fixed points of asymptotically nonexpansive mappings. Bulletin of the
Australian Mathematical Society, 43(1), 153-159.

[6] Takahashi, W., & Kim, G. E. (1998). Approximating fixed points of nonexpansive mappings in Banach spaces.
Mathematica Japonica, 48(1), 1-9.

[7] Osilike, M. O., & Aniagbosor, S. C. (2000). Weak and strong convergence theorems for fixed points of asymptotically
nonexpansive mappings. Mathematical and Computer Modelling, 32(10), 1181-1191.

[8] Takahashi, W., & Tsukiyama, N. (2000). Approximating fixed points of nonexpansive mappings with compact
domains. Communications on Applied Nonlinear Analysis, 7(4), 39-47.

[9] Kaczor, W. (2002). Weak convergence of almost orbits of asymptotically nonexpansive semigroups. Journal of
Mathematical Analysis and Applications, 272(2), 565-574.

[10] Sahu, D. R. (2005). Fixed points of demicontinuous nearly Lipschitzian mappings in Banach spaces. Commentationes
Mathematicae Universitatis Carolinae, 46(4), 653—-666.

[11] Agarwal, R. P, O'Regan, D., & Sahu, D. R. (2007). Iterative construction of fixed points of nearly asymptotically
nonexpansive mappings. Journal of Nonlinear and Convex Analysis, 8(1), 61-79.

[12] Sahu, D. R., & Beg, 1. (2008). Weak and strong convergence for fixed points of nearly asymptotically non-expansive
mappings. International Journal of Modern Mathematics, 3(2), 135-151.

[13] Khan, S. H., & Abbas, M. (2011). Approximating common fixed points of nearly asymptotically nonexpansive
mappings. Analysis in Theory and Applications, 27(1), 76-91.

[14] Fukhar-ud-din, H., & Khan, S. H. (2007). Convergence of iterates with errors of asymptotically quasi-nonexpansive
mappings and applications. Journal of Mathematical Analysis and Applications, 328(2), 821-829.

[15] Yao, Y., & Chen, R. (2007). Weak and strong convergence of a modified Mann iteration for asymptotically
nonexpansive mappings. Nonlinear Functional Analysis and Applications, 12(2), 307-315.

[16] Berinde, V. (2019). Approximating fixed points of enriched nonexpansive mappings by Krasnoselskij iteration in
Hilbert spaces. Carpathian Journal of Mathematics, 35(3), 293-304.

[17] Berinde, V., & Pécurar, M. (2020). Approximating fixed points of enriched contractions in Banach spaces. Journal of
Fixed Point Theory and Applications, 22, Article 38.

[18] Berinde, V., & Pdcurar, M. (2021). Approximating fixed points of enriched Chatterjea contractions by Krasnoselskij
iterative algorithm in Banach spaces. Journal of Fixed Point Theory and Applications, 23, Article 66.

[19] Berinde, V., & Pdcurar, M. (2021). Fixed point theorems for enriched Cirié-Reich—Rus contractions in Banach spaces
and convex metric spaces. Carpathian Journal of Mathematics, 37(2), 173-184.

[20] Zhou, M., Saleem, N., & Abbas, M. (2024). Approximating fixed points of weak enriched contractions using Kirk’s
iteration scheme of higher order. Journal of Inequalities and Applications, 2024, Article 23.

[21] Nisar, K. S., Hammad, H. A., & Elmursi, M. (2024). A new class of hybrid contractions with higher-order iterative
Kirk’s method for reckoning fixed points. AIMS Mathematics, 9(8), 20413-20440.

[22] Alam, K. H., & Rohen, Y. (2025). Convergence of a refined iterative method and its application to fractional
Volterra—Fredholm integro-differential equations. Computational and Applied Mathematics, 44(1), 2.

© 2026 by the authors; licensee PSRP, Lahore, Pakistan. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution (CC-BY) license
BY (http:/ / creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/

	Introduction
	Preliminaries
	Main results
	Conclusion

