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1. Introduction and preliminaries

L et U = {ω ∈ C : Im(ω) > 0} denote the upper half-plane of C where Im(ω) is the imaginary part of
the complex number ω. The function ψ(z) = i(1+z)

1−z maps D conformally onto U with its inverse given
by ψ−1(ω) = ω−i

ω+i . Let dm denote the (normalised) Lebesgue area measure on D while dµ the area Lebesgue
measure on U. The corresponding weighted measures on D and U are respectively given by dmα(z) := (1 −
|z|2)αdm(z) and dµα(ω) := Im(ω)αdµ(ω), for α > −1. If Ω denotes either D or U, then H(Ω) shall denote
the Fréchet space of analytic functions f : Ω → C endowed with the topology of uniform convergence on
compact subsets of Ω while Aut(Ω) ⊂ H(Ω) denotes the group of biholomorphic maps f : Ω → Ω.

For 1 ≤ p < ∞, the Hardy spaces Hp(D) and Hp(U), consist of analytic functions f ∈ H(D), resp. H(U),
such that

∥ f ∥Hp(D) := sup
0≤r<1

(∫ 2π

0
| f (reiθ)|p dθ

)1/p
< ∞, resp.

∥ f ∥Hp(U) := sup
y>0

(∫ ∞

−∞
| f (x + iy)|p dx

)1/p
< ∞.

On the other hand, the weighted Bergman spaces are defined by Lp
a (mα) = Lp(mα)∩H(D) and Lp

a (µα) =

Lp(µα) ∩H(U). Also, consider the weighted Dirichlet-type spaces Dp(mα) and Dp(µα) consisting of analytic
functions satisfying

Dp(mα) :=
{

f ∈ H(D) : | f (0)|p +
∫
D
| f ′(z)|pdmα(z) < ∞

}
, (1)

equipped with the norm

∥ f ∥Dp(mα) =
(
| f (0)|p + ∥ f ′∥p

Lp
a (mα)

) 1
p , (2)

and

Dp(µα) :=
{

f ∈ H(U) : | f (i)|p +
∫
U
| f ′(ω)|pdµα(ω) < ∞

}
, (3)

equipped with the norm

∥ f ∥Dp(µα) =
(
| f (i)|p + ∥ f ′∥p

Lp
a (µα)

) 1
p . (4)
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We further define the subspaces Dp
◦ (mα) and Dp

◦ (µα) by

Dp
◦ (mα) = { f ∈ Dp(mα) : f (0) = 0} , (5)

Dp
◦ (µα) = { f ∈ Dp(µα) : f (i) = 0} . (6)

It is easy to see that f ∈ Dp
◦ (·) if and only if f ′ ∈ Lp

a (·). In fact Dp
◦ (·) is a Banach space with respect to the

norm
∥ f ∥Dp

◦ (·) = ∥ f ′∥Lp
a (·)

for every f ∈ Dp
◦ (·).

We call a family (φt)t≥0 of self analytic maps on Ω a semigroup if it satisfies the following conditions:

(i) φ0 is the identity map on Ω
(ii) φt ◦ φs = φt+s for all t, s ≥ 0

(iii) φt → φ0 uniformly on compact subsets of Ω as t → 0.

Every such (φt) induces a semigroup of composition operators (composition semigroup) Ct on H(Ω)

defined by
Ct f (z) = f (φt(z)), f ∈ H(Ω).

For some appropriately chosen weight γ, φt shall induce a semigroup of weighted composition operators
(weighted composition semigroup) St given by

St f (z) =
(

φ′
t(z)

)γ f (φt(z)), f ∈ H(Ω).

We now briefly discuss the theory of spectra.
Let (Tt)t≥0 be a strongly continuous semigroup on a Banach space X, and let Γ denote its infinitesimal

generator. We denote the spectrum, point spectrum and resolvent set of Γ by σ(Γ), σp(Γ) and ρ(Γ), respectively.
Let X and Y be Banach spaces and let U be an invertible operator in L(X, Y), the set of all bounded linear
operators from X into Y, with L(X) := L(X, X). Then (Tt)t≥0 ⊂ L(X) is a strongly continuous semigroup if
and only if St := UTtU−1, t ≥ 0, is a strongly continuous semigroup in L(Y). If (Tt)t≥0 has the generator Γ,
then (St)t≥0 has generator G = UΓU−1 with domain

dom(G) = Udom(Γ) := {y ∈ Y : Uy ∈ dom(Γ)}.

Furthermore, σp(G) = σp(Γ) and σ(G) = σ(Γ) and therefore if λ ∈ ρ(Γ), then we have R(λ, G) =

UR(λ, Γ)U−1 and ker(λ − Γ) = U−1(ker(λ − G)). We refer to [1] for a comprehensive theory of similar
semigroups.

The study of composition semigroups on analytic spaces was initiated by Berkson and Porta [2] in 1978
who established strong continuity on Hardy space Hp(D). This was later extended by Siskakis to the weighted
Bergman space Lp

a (mα) [3] and to the classical Dirichlet space [4]. Usually in the study of semigroups of
operators, characterization of their infinitesimal generators whenever they are defined, is a question that
naturally arises. Through the investigation of the spectral properties of these infinitesimal operators (usually
unbounded) on analytic spaces, some classical integral operators were obtained. In particular, Cowen [5] and
Siskakis [6] used the theory in their study of Cesàro and other averaging operator on Hardy and Bergman
spaces.

The corresponding study of composition semigroups on analytic spaces of the upper half-plane had
not been considered comprehensively until the work of Arvanitidis and Siskakis [7] in 2013 where they
constructed a strongly continuous composition semigroup on Hardy spaces Hp(U) and used it to study the
properties of the Cesáro operator on Hp(U). The study was immediately generalized by the current second
author and three others in [8] in the setting of both Hp(U) and weighted Bergman spaces Lp

a (µα). In that
work, [8], all the continuous automorphisms of U were classified according to the location of their fixed
points into three distinct classes, namely; scaling, translation and the rotation groups. Each of these classes
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induces weighted composition semigroup (St)t≥0 on H(U). Notably, the rotation group induces a weighted
composition semigroup on H(D) of the form

Tt f (z) := eict f (eiktz), c, k ∈ R, k ̸= 0, f ∈ H(D). (7)

Extending the analysis of semigroup and spectral properties of composition semigroups to the
Dirichlet-type space setting introduces complications that do not arise in the Hardy and Bergman settings. For
instance, composition operators are not necessarily bounded on Dirichlet space setting, unlike on Hardy and
Bergman spaces where they are always bounded. It is also shown in [9] that both the scaling and translation
groups do not induce isometric weighted composition groups on the weighted classical Dirichlet-type space
as is the case on Hardy and weighted Bergman spaces. Moreover, generator characterization on Dirichlet-type
spaces have remained confined to the Hilbert space case p = 2 and to unweighted settings leaving the general
p and weighted settings open.

The present study fills this gap for the rotation class. Working in the setting of the generalized weighted
Dirichlet-type space Dp(mα), α > −1 and 1 ≤ p < ∞, we establish that the rotation induced semigroup
is a strongly continuous semigroup of isometries on Dp(mα) and show that the differentiation operator
is an isometric isomorphism from Dp

◦ (mα) to Lp
a (mα), yielding a similarity correspondence between the

corresponding semigroups. This similarity relation, combined with the reflexivity of Dp
◦ (mα), allows for

spectral analysis of the generator and its resolvent thereby adding new results to this area of study.

2. Weighted composition semigroup on Dp(mα)

In this section, we consider the weighted composition semigroup (Tt)t≥0 given by Eq. (7) on the weighted
Dirichlet-type space Dp(mα). It can easily be verified that (Tt)t∈R forms a group on Dp(mα). The following
theorem characterizes the semigroup properties of the group (Tt)t∈R.

Theorem 1. The group (Tt)t∈R is a strongly continuous group of isometries on Dp(mα) with the infinitesimal generator
Γ given by

Γ f (z) = ic f (z) + ikz f ′(z),

and domain dom(Γ) = { f ∈ Dp(mα) : z f ′ ∈ Dp(mα)}.

Proof. To show that (Tt)t∈R is an isometry on Dp(mα), we apply a change of variables argument:

∥Tt f ∥p
Dp(mα)

=|Tt f (0)|p +
∫
D
|(Tt f )′(z)|pdmα(z)

=|eict f (0)|p +
∫
D

∣∣∣eicteikt f ′(eiktz)
∣∣∣p

dmα(z).

But |eict| = |eikt| = 1. Changing variables, we let ω = eiktz, then dmα(z) = dmα(ω). Therefore,

∥Tt f ∥p
Dp(mα)

=| f (0)|p +
∫
D
| f ′(ω)|pdmα(ω)

=∥ f ∥p
Dp(mα)

,

as desired. Next, to prove strong continuity of (Tt)t≥0 on Dp(mα), we show that limt→0+ ∥Tt f − f ∥Dp(mα) = 0
for all f ∈ Dp(mα). That is to say that

|(Tt f − f )(0)|p + ∥Tt f − f ∥p
Dp

◦ (mα)
→ 0,

as t → 0. This is equivalent to |(Tt f − f )(0)| → 0 and ∥Tt f − f ∥Dp
◦ (mα)

→ 0 as t → 0. For the first part, we
have that

|(Tt f − f )(0)| = |Tt f (0)− f (0)| = |eict f (eikt · 0)− f (0)| = |eict − 1| · | f (0)| → 0,

as desired.
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Now, to show the integral part, we recall that analytic polynomials are dense in Dp(mα) (See [10, Theorem
3.3]), for an arbitrary f ∈ Dp(mα), and any ϵ > 0, there exists a polynomial g ∈ P such that ∥ f − g∥Dp

◦ (mα)
< ϵ

3 .
Therefore,

∥Tt f − f ∥Dp
◦ (mα)

≤ ∥Tt f − Ttg∥Dp
◦ (mα)

+ ∥Ttg − g∥Dp
◦ (mα)

+ ∥g − f ∥Dp
◦ (mα)

< ϵ.

Since Tt is an isometry on Dp
◦ (mα),

∥Tt f − Ttg∥ = ∥ f − g∥ <
ϵ

3
.

For polynomials g, we have
(Ttg)′(z) = eicteiktg′(eiktz),

and hence
(Tt(g))′(z) → g′(z),

pointwise on D as t → 0. Since g′ is a polynomial, there exists M > 0 such that

|g′(z)| ≤ M, z ∈ D.

Therefore,
|(Ttg)′(z)− g′(z)|p ≤ (2M)p, z ∈ D.

Thus by Dominated Convergence Theorem,∫
D
|(Ttg)′(z)− g′(z)|pdmα(z) → 0, as t → 0.

It follows that
∥Ttg − g∥Dp

◦ (mα)
→ 0,

and hence Tt is strongly continuous on Dp(mα).
For the infinitesimal generator, we have for each f ∈ Dp(mα),

Γ f (z) = lim
t→0

eict f (eiktz)− f (z)
t

=
∂

∂t
(eict f (eiktz))

∣∣∣∣
t=0

=ic f (z) + ikz f ′(z),

which implies that the domain dom(Γ) ⊆ { f ∈ Dp(mα) : z f ′ ∈ Dp(mα)}. Conversely, let f ∈ Dp(mα) such that
z f ′ ∈ Dp(mα). Then for f ∈ Dp(mα), define F(z) = ic f (z) + ikz f ′(z). By fundamental theorem of Calculus,
we have,

Tt f (z)− f (z)
t

=
1
t

∫ t

0
∂s(Ts f (z))ds

=
1
t

∫ t

0
eics

(
ic f (eiksz) + ikeiksz f ′(eiksz)

)
ds

=
1
t

∫ t

0
TsF(z)ds.

Since (Ts)s≥0 is strongly continuous, and F ∈ Dp(mα),∥∥∥∥Tt f − f
t

− F
∥∥∥∥ ≤ 1

t

∫ t

0
∥TsF − F∥ds → 0 as t → 0+.

Thus
Γ f (z) = lim

t→0+

Tt f − f
t

= i(c f + kz f ′),
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hence f ∈ dom(Γ). Consequently, dom(Γ) = { f ∈ Dp(mα) : z f ′ ∈ Dp(mα)} completing the proof.

As noted in the introduction, f ∈ Dp
◦ (mα) if and only if f ′ ∈ Lp

a (mα). Now, for every f ∈ Dp
◦ (mα),

Tt f ∈ Dp
◦ (mα) and so

(Tt f )′(z) =
(

eict f (eiktz)
)′

=eicteikt f ′(eiktz)

=φ′
t(z)Tt f ′(z) ∈ Lp

a (mα),

where φt(z) = eiktz.
Now, define St : Lp

a (mα) → Lp
a (mα) by

St := φ′
tTt. (8)

Then clearly (St)t≥0 defines a semigroup on Lp
a (mα). Indeed, S0 = e0T0 = I and for s, t ∈ R, St+s =

φ′
t+sTt+s = eik(t+s)Tt+s = eikteiksTtTs = φ′

tTt φ′
sTs = StSs, as desired.

Before we detail the properties of the weighted composition semigroup (St)t≥0, recall from [8, Theorem
5.1] that the multiplication operator Mz f (z) := z f (z) is bounded on Lp

a (mα), 1 ≤ p < ∞ and α > −1,
with range ran(Mz) = { f ∈ Lp

a (mα) : f (0) = 0}. The operator Q f (z) := f (z)− f (0)
z is the left inverse of Mz.

Moreover, Lp
a (mα) can be decomposed as Lp

a (mα) = ran(Mm
z )⊕ span{zn : n ∈ Z+, n < m} for every m ∈ N,

and Pm = Mm
z Qm is the projection of Lp

a (mα) onto ran(Mm
z ) with kernel span{zn : n ∈ Z+, n < m}.

Theorem 2. Let (St)t≥0 be the composition semigroup defined on Lp
a (mα) by Eq. (8) and let G be its infinitesimal

generator. Then

1. (St)t≥0 is a strongly continuous semigroup of isometries on Lp
a (mα).

2. G f (z) = i[(c + k) f (z) + kz f ′(z)] with domain dom(G) = { f ∈ Lp
a (mα) : z f ′ ∈ Lp

a (mα)}
3. σ(G) = σp(G) = {i(c + (n + 1)k) : n ∈ Z+}, and for each n ∈ Z+, ker(i(c + (n + 1)k)− G) = span(zn).
4. Let λ ∈ ρ(G), and let m ∈ Z+ such that m +Re

(
c+k+λi

k

)
> 0. Then ran(Mm

z ) is R(λ, G)-invariant. Moreover,
for every h ∈ ran(Mm

z ),

R(λ, G)h(z) =
i
k

z−( c+k+λi
k )

∫ z

0
ω

c+k+λi
k −1h(ω)dω =

i
k

zm
∫ 1

0
tm+ c+k+λi

k −1Qmh(tz)dt.

Proof. The semigroup (St)t≥0 acts on Lp
a (mα) by

St f (z) = eikteict f (eiktz) = ei(c+k)t f (eiktz), ∀ f ∈ Lp
a (mα).

To prove isometry, we observe that

∥St f ∥p
Lp

a (mα)
=

∫
D
|St f (z)|pdmα(z) =

∫
D
|ei(c+k)t f (eiktz)|pdmα(z).

Since
∣∣∣ei(c+k)t

∣∣∣ = 1, and the weighted measure dmα is rotation invariant, a change of variables ω = eiktz
gives

∥St f ∥p
Lp

a (mα)
=

∫
D
| f (eiktz)|pdmα(z) =

∫
D
| f (ω)|pdmα(ω) = ∥ f ∥p

Lp
a (mα)

.

Hence (St)t≥0 is an isometry. Moreover, S−t f (z) = e−i(c+k)t f (e−iktz) satisfies StS−t = S−tSt = I, and so
St is surjective. Strong continuity follows from [8, Theorem 2.3].
We mimic the proof of [8, Theorem 5.1] for the remaining claims. We start by computing the infinitesimal
generator using the definition.

G f (z) = lim
t→0

ei(c+k)t f (eiktz)− f (z)
t

=
∂

∂t
(ei(c+k)t f (eiktz))

∣∣∣∣
t=0
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=i[(c + k) f (z) + kz f ′(z)],

which implies that the domain dom(G) ⊆ { f ∈ Lp
a (mα) : z f ′ ∈ Lp

a (mα)}. Conversely, let f ∈ Lp
a (mα) such that

z f ′ ∈ Lp
a (mα). For f ∈ Lp

a (mα), define F(z) = i[(c + k) f (z) + kz f ′(z)]. By fundamental theorem of Calculus,
we have,

St f (z)− f (z)
t

=
1
t

∫ t

0
∂s(Ss f (z))ds

=
1
t

∫ t

0
SsF(z)ds.

Since (Ss)s≥0 is strongly continuous, and F ∈ Lp
a (mα),∥∥∥∥St f − f

t
− F

∥∥∥∥ ≤ 1
t

∫ t

0
∥SsF − F∥ds → 0 as t → 0+.

Thus
G f (z) = lim

t→0+

St f − f
t

= i[(c + k) f (z) + kz f ′(z)],

hence f ∈ dom(G). Consequently, dom(G) = { f ∈ Lp
a (mα) : z f ′ ∈ Lp

a (mα)} as desired.
We now determine the σp(G) and show that σp(G) = σ(G). Using the eigenvalue equation, λ f = G f , we

see that
λ f (z) = i[(c + k) f (z) + kz f ′(z)].

Rearranging this gives

f ′(z) =
λ − i(c + k)

ik
f (z)

z
.

Solving this differential equation by use of the integrating factor gives us the solution as

f (z) = Cz−
c+k+λi

k ,

for some constant C ∈ C. Since f must be analytic on D, it follows that − c+k+λi
k = n for some n ∈ Z+. Thus

λ = i[c + (n + 1)k], n ∈ Z+,

and so,
σp(G) = {i(c + (n + 1)k) : n ∈ Z+}.

Moreover, for λn = i[c + (n + 1)k], the corresponding eigenfunctions are f (z) = Czn, and hence ker(i(c +
(n + 1)k)− G) = span(zn).

Since (St) is a surjective isometry, then σ(St) ⊆ ∂D. By spectral mapping theorem for strongly continuous
semigroups [1, Chapter 2], we have that etσ(G) ⊆ σ(St) ⊆ ∂D and so σ(G) ⊆ iR. We now construct the
bounded resolvent operator R(λ, G) for all λ /∈ σp(G). This will simultaneously establish that σp(G) = σ(G).
For λ /∈ σp(G), we let h ∈ Lp

a (mα) be arbitrary. Then the equation (λ − G) f (z) = h(z) is equivalent to

f ′(z) +
c + k + λi

kz
f (z) =

i
kz

h(z),

or
(z

c+k+λi
k f (z))′ =

i
k

z
c+k+λi

k −1h(z).

Integrating from 0 to z;

z
c+k+λi

k f (z) =
i
k

∫ z

0
ω

c+k+λi
k −1h(ω)dω,

which solves to
f (z) = z−( c+k+λi

k ) i
k

∫ z

0
ω

c+k+λi
k −1h(ω)dω. (9)
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We now show that (9) defines the resolvent operator

R(λ, G)h(z) = z−( c+k+λi
k ) i

k

∫ z

0
ω

c+k+λi
k −1h(ω)dω, (10)

by first differentiating the Eq. (10) to give

z(R(λ, G)h)′(z) = −
(

c + k + λi
k

)
R(λ, G)h(z) +

i
k

h(z),

and since both terms on the right hand side belong to Lp
a (mα), z(R(λ, G)h)′ ∈ Lp

a (mα). Therefore, R(λ, G)h ∈
dom(G), hence is the resolvent operator. To confirm that it is bounded, we choose m ∈ Z+ such that m +

Re
(

c+k+λi
k

)
> 0, and define h = Mm

z Qmh = zmQmh, h ∈ ran(Mm
z ). Substituting in Eq. (10)

R(λ, G)h(z) =
i
k

z−( c+k+λi
k )

∫ 1

0
ω

c+k+λi
k +m−1(Qmh)(ω)dω.

By change of variables, we let ω = tz, then dω = zdt and obtain

R(λ, G)h(z) =
i
k

zm
∫ 1

0
t

c+k+λi
k +m−1(Qmh)(tz)dt,

which can also be expressed as

R(λ, G)h(z) =
i
k

Mm
z

∫ 1

0
t

c+k+λi
k +m−1(Qmh)(t·)dt.

By Minkowski’s integral inequality,

∥R(λ, G)h∥ ≤ ∥Mm
z ∥

|k|

∫ 1

0
tRe( c+k+λi

k )+m−1∥(Qmh)(t·)∥dt. (11)

Since Qm is bounded,
∥(Qmh)(t·)∥ ≤ ∥Qmh∥ ≤ ∥Qm∥∥h∥,

and therefore

∥R(λ, G)h∥ ≤ ∥Mm
z ∥∥Qm∥
|k|

(∫ 1

0
tRe( c+k+λi

k )+m−1dt
)
∥h∥.

But Re( c+k+λi
k ) > −m, so

∫ 1

0
tRe( c+k+λi

k )+m−1dt =
1

Re( c+k+λi
k ) + m

< ∞.

Consequently,
∥R(λ, G)h∥ ≤ Cλ∥h∥,

where Cλ = ∥Mm
z ∥∥Qm∥

|k|(Re( c+k+λi
k )+m)

. Thus R(λ, G) is bounded on ran(Mm
z ). Since Pm = Mm

z Qm is a bounded

projection, Lp
a (mα) = ker(Pm) ⊕ ran(Mm

z ). For arbitrary h ∈ Lp
a (mα), decompose h = ∑n<m anzn + Pmh(z)

and apply linearity to see that

R(λ, G)h(z) = ∑
n∈Z+ ,n<m

an
izn

c + λi + (n + 1)k
+

i
k

zm
∫ 1

0
tm+ c+k+λi

k Qmh(tz)dt.

The first sum is bounded since λ /∈ σp(G) ensures c + λi + (n + 1)k ̸= 0 ∀n < m. The second term is
bounded following the Minkowski’s integral inequality in (11). Therefore both parts are bounded, so R(λ, G) ∈
L(Lp

α(D)). Since R(λ, G) is bounded for all λ ∈ iR, λ /∈ σp(G), it follows that

σ(G) ⊆ σp(G).
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Consequently,
σ(G) = σp(G) = {i(c + (n + 1)k) : n ∈ Z+}.

This completes the proof.

Now, we consider the subspace Dp
◦ (mα) = { f ∈ Dp(mα) : f (0) = 0} of Dp(mα). Then the differentiation

operator D given by D f = f ′ for all f ∈ Dp
◦ (mα) is an isometric isomorphism from Dp

◦ (mα) onto Lp
a (mα) whose

inverse D−1 is the integration operator D−1g(z) =
∫ z

0 g(ξ) dξ. We readily see that

∥D f ∥Lp
a (mα)

= ∥ f ′∥Lp
a (mα)

= ∥ f ∥Dp
◦ (mα)

.

Therefore the actions of the maps D, D−1 and St can be summarized as follows:

Dp
◦ (mα)

D−→ Lp
a (mα)

St−→ Lp
a (mα)

D−1
−−→ Dp

◦ (mα).

Thus, it follows that Tt = D−1StD, and so St = DTtD−1 implying that (St)t≥0 and (Tt)t≥0 are similar
semigroups. We observe that if we let g ∈ Lp

a (mα), then f = D−1g belongs to Dp
◦ (mα) and hence

DTtD−1g = DTt f = (Tt f )′ = φ′
tTt f ′ = St f ′ = StD f = Stg,

as claimed.
By applying the theory of similar semigroups highlighted in the introduction, we detail both the

semigroup and spectral properties of the semigroup (Tt)t≥0 on the weighted Dirichlet-type space Dp
◦ (mα)

in the following theorem.

Theorem 3. Let (Tt)t≥0 ⊆ L(Dp
◦ (mα)) be the composition semigroup in Eq. (7) and Γ be its infinitesimal generator.

Then the following hold:

1. Γh(z) = i (ch(z) + kzh′(z)) with dom(Γ) = {h ∈ Dp
◦ (mα) : h′ ∈ dom(G)}.

2. σp(Γ) = σ(Γ) = {i(c + (n + 1)k) : n ∈ Z+}, and for each n ∈ Z+, ker(i(c + (n + 1)k)− Γ) = span(zn+1).
3. Let λ ∈ ρ(Γ). If h ∈ Dp

◦ (mα), then

R(λ, Γ)h(z) =
i
k
· z1− c+k+λi

k

∫ z

0
ω

c+k+λi
k −2h(ω) dω.

4. The spectrum σ(R(λ, Γ)) is a set of discrete points lying on the circle centred at 1
2 Re(λ) with radius 1

|2 Re(λ)| ,
moreover 0, is the only accumulation point of the spectrum.

Proof. By the Similarity theory of strongly continuous groups, if G is the infinitesimal generator of (St)t≥0,
then the corresponding infinitesimal generator of (Tt)t≥0 is given by

Γ = D−1GD,

with domain
dom(Γ) = D−1dom(G).

Now, suppose f ′ ∈ Lp
a (mα). Then f ∈ dom(G) and setting h = D−1 f , then h ∈ dom(Γ) with f = Dh.

Then we have

Γh(z) =D−1GDh(z)

=D−1
(

i((c + k)h′(z) + kzh′′(z)
)

=i
(
(c + k)h(z) + k(zh′(z)− h(z))

)
=i(ch(z) + kzh′(z)),
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as desired. On the other hand,

h ∈ dom(Γ) ⇔ Dh ∈ dom(G) ⇔ h′ ∈ dom(G).

Therefore, the dom(Γ) = {h ∈ Dp
◦ (mα) : h′ ∈ dom(G)}. This proves Claim 1. Since St and Tt are similar,

it follows from Theorem 2 that

σp(Γ) = σ(Γ) = {i((n + 1)k + c) : n ∈ Z+}.

Since ker(i((n + 1)k + c) − G) = span(zn), we obtain ker(i((n + 1)k + c) − Γ) = D−1span(zn). But
D−1(zn) = zn+1

n+1 . Hence
ker(i((n + 1)k + c)− Γ) = span(zn+1), ∀n ∈ Z+.

For the third claim, we recall that for similar semigroups, ρ(Γ) = ρ(G), and

R(λ, Γ)h(z) = D−1R(λ, G)Dh(z) = D−1R(λ, G)h′(z).

Therefore,

R(λ, Γ)h(z) = D−1
(

i
k

z−( c+k+λi
k )

∫ z

0
ω

c+k+λi
k −1Dh(ω)dω

)
=

∫ z

0

i
k

u−( c+k+λi
k )

(∫ u

0
ω

c+k+λi
k −1h′(ω)dω

)
du

=
i

k(−( c+k+λi
k ) + 1)

[(
h(z)− (

c + k + λi
k

− 1)z−( c+k+λi
k )+1

∫ z

0
ω

c+k+λi
k −2h(ω) dω

)
− h(z)

]
=

i
k

z1− c+k+λi
k

∫ z

0
ω

c+k+λi
k −2h(ω) dω.

Next we now apply spectral mapping theorem for resolvents to obtain the spectrum of the resolvent
operator. For all λ ∈ ρ(Γ) with Re(λ) ̸= 0, we have that

σ(R(λ, Γ)) =
{

1
λ − z

: z ∈ σ(Γ)
}
∪ {0}

=

{
1

λ − i(c + (n + 1)k)
: n ∈ Z+

}
∪ {0}.

If we let λ = a + ib with a = Re λ ̸= 0 and define

ωn =
1

λ − i(c + (n + 1)k)
, n ∈ Z+.

Fix n ∈ Z+ and let ω = ωn, then we have

ωn =
1

a + i(b − c − (n + 1)k)
. (12)

Setting yn = b − c − (n + 1)k, we obtain

ω =
1

a + iyn
=

a − iyn

a2 + y2
n

.

Hence
Re(ω) =

a
a2 + y2

n
, and |ω|2 =

1
a2 + y2

n
,

and so, Re(ω) = a|ω|2. If ω = x + iy, then x = a(x2 + y2), or equivalently, x2 + y2 − x
a = 0. Completing the

square,

(x − 1
2a

)2 + y2 =
1

4a2 .
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Therefore ∣∣∣∣ω − 1
2a

∣∣∣∣ = 1
2|a| .

Since a = Re(λ), and n was arbitrary, it follows that∣∣∣∣ωn −
1

2 Re(λ)

∣∣∣∣ = 1
2|Re(λ)| ,

for every n ∈ Z+. This implies that the spectrum is a set of discrete points that lie on the circle{
ω ∈ C :

∣∣∣∣ω − 1
2 Re(λ)

∣∣∣∣ = 1
2|Re(λ)|

}
, (13)

together with the point 0, which is its only accumulation point.

Remark 1. We verify the resolvent formula on monomials. For h(z) = zn+1 with n ∈ Z+, we compute

R(λ, Γ)zn+1 =
i
k
· z1− c+k+λi

k

∫ z

0
ω

c+k+λi
k −2 · ωn+1 dω

=
i
k

z1− c+k+λi
k

∫ z

0
ω

c+k+λi
k +n−1 dω

=
i
k

z1− c+k+λi
k · z

c+k+λi
k +n

c+k+λi
k + n

=
i

k( c+k+λi
k + n)

zn+1.

Hence
R(λ, Γ)zn+1 =

1
λ − i(c + (n + 1)k)

zn+1,

which confirms consistency between the integral formula and spectral computations in Theorem 3.

2.1. Adjoint and duality

For 1 < p, q < ∞ with 1
p + 1

q = 1, the duality (Dp
◦ (mα))∗ ≈ Dq

◦(mα) holds under conjugate linear integral

pairing given by: For f ∈ Dp
◦ (mα), g ∈ Dq

◦(mα),

⟨ f , g⟩ =
∫
D

f ′(z)g′(z)dmα(z).

Consider our composition semigroup Tt on Dp
◦ (mα) so that T∗

t acts on Dq
◦(mα). Then for every f ∈

Dp
◦ (mα), g ∈ Dq

◦(mα), we have by a change of variables argument,

⟨Tt f , g⟩ =
∫
D
(Tt f )′(z)g′(z) dmα(z)

=
∫
D

eicteikt f ′(eiktz)g′(z)(1 − |z|2)αdm(z)

=
∫
D

eicteikt f ′(ω)g′(ωe−ikt)(1 − |ω|2)αdm(ω)

=
∫
D

f ′(ω)e−icte−iktg′(ωe−ikt) dmα(ω)

=
∫
D

f ′(ω)T−tg(ω) dmα(ω)

=⟨ f , T−tg⟩.

Therefore T∗
t = T−t. We can now give a consequence of the Theorem 3 above.
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Corollary 1. For 1 < p < ∞, if λ ∈ ρ(Γ) and Rλ := R(λ, Γ) ∈ L(Dp
◦ (mα)), then

R∗
λ = −R−λ, R∗

λ ∈ L(Dq
◦(mα))

Proof. Since Dp
◦ (mα) is reflexive for 1 < p < ∞, the adjoint group (T∗

t )t∈R is a strongly continuous group. The
generator of (T∗

t ) is Γ∗, while the generator of (T−t) is −Γ. Therefore, Γ∗ = −Γ. Let λ ∈ ρ(Γ), then

R∗
λ := R(λ, Γ)∗ = R(λ, Γ∗) = R(λ,−Γ) = −R(−λ, Γ) := −R−λ.

This completes the proof.
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