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1. Introduction

n this section, we define some definitions, notations and results from harmonic analysis related the linear
canonical Fourier transform. For this purpose, throughout this work, we fix an arbitrary matrix N =

Z ,such thatb > 0,in SL(2,R).

Assume that LP(R), p € [1,+0), as the space of all those real-valued measurable functions f on R, such

that
1= ( /. If(X)I”dx)l/p.

The LCFT of function f € L!(R) is defined by (see [1,2])

PN = <o [ Kn(h0)f(x)dx, b>0

where the kernel Ky (A, x) is given by

e fi(f2_ L 4
Kn(A, x) =exp (z <2bx bx)\—i- 2b)\>> .

The inverse of the LCFT Fy, Lof f € LI(R) is given by (see [3,4])

flx) = \/;/R exp (—i <2abx2 - %x)x + ;;A)) Fn(f)(A)dA.

Proposition 1 (Parseval’s identity [5]). Let f and g be two functions in L2(R). Then (f,g) = (Fn(f), Fn(g)) and
for f = g, we have
1£ll2 = IFN ()2

2. Relationship between the Fourier transform and LCFT

In this section, we describe relationship between the Fourier transform and the Linear canonical Fourier
transform (LCFT)

Fu() == [ K, 2)f (i
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27ib
- zlmbel%A /R ¢35 f(x)e ¥ dx
== () (7).
e h(x) = f(x)e' 5, (1)
Therefore
Fu(H) = e B2 7 (1) (5), @

where F(h)(A) is the Fourier transform of i € L!(R) defined by

Fh)(A) = \/1271 [ e " ha)ds

3. Uncertainty principles for LCFT

In this section, we prove uncertainty principles related to the LCFT. the principles can be considered as
an extension of uncertainty principles for the Fourier transform ([6-8]).

3.1. Heisenberg's inequality
Theorem 1. Let f € L?(R) be a complex function. If Fx(f)(A) € L?(R), we have

([ eiscore) ([ REsnwpa) = 2 [ o)

Proof. From the generalisation of the Heisenberg’s inequality for the Fourier transform, we have

(/ 2| f(x) |2dx> (/ A2\ F(f) |2dA> (/ If (x |2dx> .

Since h(x) defined by (1) belongs to L2(R), then by remplacing f by h, we obtain

(/Rx2|h(x)2dx> (/Ié/\2|]-"( )(A) 2dA> (/ Ih(x |2dx) ,

subsituting A by %, we have

(/RxZIh(x)de> (/R (2)2|f(h)(2)|2d(2)> ! (/Rh(x)|2dx)2,

From formula (2) we get

(A%lef(x)eizﬂb"ZIde)< Az\ffN( A |2d/\) i(/ f(x)eid |2dx) ‘
</Rx2|f(x)|2dx) </RAZFN(f)(A>|2dA> > % (/R |f(x)|2dx)2/

and the proof is complete [

Then
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3.2. Hausdorff-Young inequality
Theorem 2. Let 1 < p < 2 and assume that f € LP(R). Then

1/q 111 1/p
(f1vn@pman) < W phe s ( [ ior)

where%+%:1andb>0.

=

Proof. Applying the relation Hausdorff-Young inequality related to the Fourier transform

(/ | F(f |‘7d)\>1/‘7§ 2L —% (/ f(x |de> , Vf € L'(R).

Replacing f by h defined by (1), we obtain

1/q L 1 1/p
(/ |\ F(h) |w> < p¥g (/ Ih(x de) .
ANYT 1y 1/p
'7 2 2 P
(f1Fm@uac)) < g ([ mepa) .

From the formulas (1) and (2), we have

Then

1/ |

g(/RWw)WdA) <pha ([ e |de)l/p-

(LiFnora) " < i tpta s ([ rore)

Thus proof is completed. [J

Hence

3.3. Matolcsi-Szucs inequality
Theorem 3. Let f € LP1(R) NLP2(R) such that 1 < py < py < 2, then

— 91-12 Pa=py
IFN(f)llgy < [Vib]b™ ‘“pz’” g, ™ |suppFn ()l 1% [supp(f)] 7172 [|f]]p,,

where L + 1L =1, ——1andb>0

1
P1 n P2

Proof. Applying Hausdorff inequality for the LCFT and Holder’s inequality, we obtain

n—92
1FN(F)llgr <lsuppFn(f)| o2 ||fN<f>||qz
_ 1
<|suppF(f)| 5 |Viblb i p 0 " fllpys

and

Hf”Pl :HXsupp(f)fHPl
P2—P1

P1
P1P2 r1p2 P1r2
< (st ) " ([ 170 )

P2—P1
=[supp(f)| 772 || fl p,-
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Then :
~ 1-1 P2=p1
1PN (F)llgy < Vbl ‘“Pz’” 4y " suppFn ()] 10 [supp(f)] 772 || .
Thus proof is completed. [

4. Some inequalities for the LCFT

In [4], Soltani and Ghazwani proved the LP uncertainty inequalities for the Fourier transform. In
this section, we prove the generalization of thse results for the LCFT. The authors proved the following
theorems(see [4]).

Theorem 4 (Nash-type inequality). Less > 0. If1 < p < 2,9 = -5 and f € LY(R?) NLF(RY), then

IF(F)llq < K(s,p.q )Ilfllmslllyl f(f)ll‘””sf

where

K(s,p,q) = p p—

Theorem 5 (Clarkson-type inequality). Lets > 0. If1 < p <2,q = -7 and f € L1(R?) N LP(R?), then

1£llL < D(s,p.q )HfII“”’SIHX\SfIIMS,

where

D(s,p,q) =

Theorem 6 (Nash-type inequality for LCFT). Lets > 0. If 1 < p <2, 9 = ;55 and f € L'(R) NLP(R), then

IFN(Fllg < K(s,p.q )Ilfll”‘” I\IAISfN(f)Il”qb,

where
‘ 1 g 11/
Ly |09 + ()]
K(S/P,q)=< - ) —
1V/ib| [\ﬁl’(%)} TS

Proof. Let f € LI(R) NLP(R),1 < p < 2and s > 0. Since h defined by formula (1) belongs to L' (R) N LF(R),
then by replacing f by & in the formula of theorem 4, we obtain

IF(W)llg < K(s,p.q )Ilfll”“l\l?\lsf( )st/

i.e
1

(/ | F (k) |w> < K(s,p.9) (/ Ih(x |dx) </ AFIF () |qu> .

Substituting with A with %

</R|F(h)(2)|qd(2)> < K(s,p,q (/ h(x m)lf ( [ |A|s|]__( )<2>|”’d(2)>m.

From formula (2) we get
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1

;(Ah@e%ﬁMﬁmwmf<;Ksn (/vfwuw) (/Mnfﬂwx ngwy

Then

(/ | Fn(f qd)L)}] §|\/%|17+qS K(s,p.q (/ |f(x |dx) (/ Al Fu(f |‘7d)\> 1iqs).

Thus we have

| Fn(F)lly < VD5 K(s, p.q )Ilfll”qsl\lftlsfw(f)( )H”qs/

this completes the proof of theorem. [

By combining the Nash-type inequality for LCFT and Clarkson-type inequality, we obtain the following
uncertainty of Heisenberg-type

Theorem 7. Leta, > 0. If1 < p <2,9= p—fl and f € LIY(R) NLP(R), then
)

||f|\1”ﬁ||fw(f)|| Hfll”"“ < C(p,q)llx* f||1”“|\?\ﬁfw(f)\|”qﬁ,

B
where C(p,q) = D(a, p,q)K(B, p,q) (\\F\)Hqﬁ'
(ii) 1egp

1
IIfHI”“HfN (Hllg™ < D(w, p,0)K(B, .9 )i IIX“J‘H1+th IMPFN (I

5. Hardy’s theoremu and Miyach’s theorem for the LCFT
In 1933, Hardy [8] established the following theorem

Theorem 8. If |f(x)| < Ce=** and |F(f)(A)] < Ce_ﬁ)‘z,for some positive numbers w, B and C then f = 0 whenever
aB > 1. IfaB = } the function f is a constant multiple ofe’“xz.

Another generalization of Hardy’s theorem is given by Miyach [9]. In 1997, he proved the following
theorem

Theorem 9. Let f be an integrable function on R such that

e f(x) € L'(R) + L(R).

/RlogJr (W) dA < +oo,

for some positive numbers a, B and C. If ap = §, then f is a constant multiple of e~

Further, assume that

tsz.
The aim of this section is establish Hardy’s and Miyach’s theorems for the LCFT.
Theorem 10. Let f be a mesurable function on R such that
()l < Cm™ and |F(F)(V)]| < CePY,

for some constants a,b,C > 0. Then
() Ifap > 4;2, then f =0
(ii) If ap = 45/ then f = cte x e(—atizs)x?
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Proof. From the formulas (1) and(2), we obtain

h(x)e ' H%| < Ce ™ and |~ %) F(h) (2] < Ce PP,

S| >

ie
|h(x)| < Ce™™ and |F(f)(6)| < Ce P, (5= 7).

S| >

By Theorem 8, we conclude that: If af > 4h2
h(x) = cte x e—MZ’ ie f(x) = cte x ema—igg)®

then h(x) = 0 therefore f = 0 and if af = 4% then

Now, we generalize Miyach’s theorem for LCFT
Theorem 11. Let f be an integrable function on R such that

e(a+i2ibx2)x2f c Ll (]R) 4L (R)

Further, assume that

/R log* <|eﬁA2fNC<f><bA>|> I < +oo,

for some positive constants a, B and C . If ap = 1, then f(x) = cte x e(—a—ig)x?

Proof. By (1) and (2), we have
1 e LY(R) + L¥(R),

/RlogJr (W) dA < +o0.

Moreover, by using the classical Miyach’s Theorem 9, we obtain (x) = cte x e~ Thus, f(x) is a constant

and

multiple of e(=%=i%)%* Theorem 11 is proved. O

6. Beurling’s theorem for the LCFT

In this section, we obtain an analog of the classical Beurling theorem on the properties of the Fourier
transform. Let us present a precise formulation of this theorem.

Theorem 12. Let M > 0. Assume that f € 1L2(R) satisfying

FHOD]
dxdA < 400,
// 1+|x|+|A|> (T+ [+ ApMe *

then f(x) = P(x)e~*, where P is a polynomial of de degree < M2 anda > 0.
Our main result is as follows.

Theorem 13. Let M > 0. Assumme that f € L*(R) satisfying

[f ()| Fn(f ()Ie\xn\x oo,
Jode st e < <+

then f(x) = P(x)el~%~ i35)% where Pis a polynomial of de degree < ML and a > 0.

Proof. It follows from (1) and (2) that

ia i d
|h(x)e 15 [|e% F(£) (M) SxliAl // )|[FHA)]
dxd) = MM dxd) < +oo.
/]R/R A1 x|+ DM x 1+|x|+|/\| XaA < e
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According to Theorem 12, we concthat

P is a polynomial of de degree < # and « > 0. On the other hand, by (1) we obtain

2

f(x) = P(x)e 1),

and the theorem is proved. 0O
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