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1. Introduction

I n this section, we define some definitions, notations and results from harmonic analysis related the linear
canonical Fourier transform. For this purpose, throughout this work, we fix an arbitrary matrix N =(

a b
c d

)
, such that b > 0, in SL(2,R).

Assume that Lp(R), p ∈ [1,+∞), as the space of all those real-valued measurable functions f on R, such
that

∥ f ∥p =

(∫
R
| f (x)|pdx

)1/p
.

The LCFT of function f ∈ L1(R) is defined by (see [1,2])

FN( f )(λ) =
1√

2πib

∫
R

KN(λ, x) f (x)dx, b > 0,

where the kernel KN(λ, x) is given by

KN(λ, x) = exp
(

i
(

a
2b

x2 − 1
b

xλ +
d
2b

λ

))
.

The inverse of the LCFT F−1
N of f ∈ L1(R) is given by (see [3,4])

f (x) =

√
i

2πb

∫
R

exp
(
−i
(

a
2b

x2 − 1
b

xλ +
d
2b

λ

))
FN( f )(λ)dλ.

Proposition 1 (Parseval’s identity [5]). Let f and g be two functions in L2(R). Then ⟨ f , g⟩ = ⟨FN( f ),FN(g)⟩ and
for f = g, we have

∥ f ∥2 = ∥FN( f )∥2.

2. Relationship between the Fourier transform and LCFT

In this section, we describe relationship between the Fourier transform and the Linear canonical Fourier
transform (LCFT)

FN( f )(λ) =
1√

2πib

∫
R

KN(λ, x) f (x)dx
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=
1√

2πib

∫
R

ei( a
2b x2− 1

b xλ+ d
2b λ) f (x)dx

=
1√

2πib
ei d

2b λ
∫
R

ei a
2b x2

f (x)e−ix λ
b dx

=
1√
ib

ei d
2b λF (h)(

λ

b
).

Here
h(x) = f (x)ei a

2b x2
. (1)

Therefore
FN( f )(λ) =

1√
ib

ei d
2b λF (h)(

λ

b
), (2)

where F (h)(λ) is the Fourier transform of h ∈ L1(R) defined by

F (h)(λ) =
1√
2π

∫
R

e−ixλh(x)dx.

3. Uncertainty principles for LCFT

In this section, we prove uncertainty principles related to the LCFT. the principles can be considered as
an extension of uncertainty principles for the Fourier transform ([6–8]).

3.1. Heisenberg’s inequality

Theorem 1. Let f ∈ L2(R) be a complex function. If FN( f )(λ) ∈ L2(R), we have(∫
R

x2| f (x)|2dx
)(∫

R
λ2|FN( f )(λ)|2dλ

)
≥ b|b|

4

(∫
R
| f (x)|2dx

)2
.

Proof. From the generalisation of the Heisenberg’s inequality for the Fourier transform, we have(∫
R

x2| f (x)|2dx
)(∫

R
λ2|F ( f )(λ)|2dλ

)
≥ 1

4

(∫
R
| f (x)|2dx

)2
.

Since h(x) defined by (1) belongs to L2(R), then by remplacing f by h, we obtain(∫
R

x2|h(x)|2dx
)(∫

R
λ2|F (h)(λ)|2dλ

)
≥ 1

4

(∫
R
|h(x)|2dx

)2
,

subsituting λ by λ
b , we have

(∫
R

x2|h(x)|2dx
)(∫

R

(
λ

b

)2
|F (h)(

λ

b
)|2d(

λ

b
)

)
≥ 1

4

(∫
R
|h(x)|2dx

)2
.

From formula (2) we get(∫
R

x2| f (x)ei a
2b x2 |2dx

)(∫
R

1
b3 λ2|

√
ibFN( f )(λ)|2dλ

)
≥ 1

4

(∫
R
| f (x)ei a

2b x2 |2dx
)2

.

Then (∫
R

x2| f (x)|2dx
)(∫

R
λ2|FN( f )(λ)|2dλ

)
≥ b|b|

4

(∫
R
| f (x)|2dx

)2
,

and the proof is complete
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3.2. Hausdorff-Young inequality

Theorem 2. Let 1 ≤ p ≤ 2 and assume that f ∈ Lp(R). Then(∫
R
|FN( f )(λ)|qdλ

)1/q
≤ |

√
ib|b−

1
q p

1
2p q−

1
2q

(∫
R
| f (x)|pdx

)1/p
,

where 1
p + 1

q = 1 and b > 0.

Proof. Applying the relation Hausdorff-Young inequality related to the Fourier transform(∫
R
|F ( f )(λ)|qdλ

)1/q
≤ p

1
2p q−

1
2q

(∫
R
| f (x)|pdx

)1/p
, ∀ f ∈ Lp(R).

Replacing f by h defined by (1), we obtain(∫
R
|F (h)(λ)|qdλ

)1/q
≤ p

1
2p q−

1
2q

(∫
R
|h(x)|pdx

)1/p
.

Then (∫
R
|F (h)(

λ

b
)|qd(

λ

b
)

)1/q
≤ p

1
2p q−

1
2q

(∫
R
|h(x)|pdx

)1/p
.

From the formulas (1) and (2), we have

1

b
1
q

(∫
R
|
√

ibFN( f )(λ)|qdλ

)1/q
≤ p

1
2p q−

1
2q

(∫
R
| f (x)ei a

2b x2 |pdx
)1/p

.

Hence (∫
R
|FN( f )(λ)|qdλ

)1/q
≤ |

√
ib|b−

1
q p

1
2p q−

1
2q

(∫
R
| f (x)|pdx

)1/p
.

Thus proof is completed.

3.3. Matolcsi-Szucs inequality

Theorem 3. Let f ∈ Lp1(R) ∩ Lp2(R) such that 1 < p2 ≤ p2 ≤ 2, then

∥FN( f )∥q2 ≤ |
√

ib|b−
1

q1 p
1

2p1
1 q

− 1
2q1

1 |suppFN( f )|
q1−q2
q1q2 |supp( f )|

p2−p1
p1 p2 ∥ f ∥p2 ,

where 1
p1

+ 1
q1

= 1, 1
p2

+ 1
q2

= 1 and b > 0.

Proof. Applying Hausdorff inequality for the LCFT and Hölder’s inequality, we obtain

∥FN( f )∥q2 ≤|suppFN( f )|
q1−q2
q1q2 ∥FN( f )∥q2

≤|suppFN( f )|
q1−q2
q1q2 |

√
ib|b−

1
q1 p

1
2p1
1 q

− 1
2q1

1 ∥ f ∥p1 ,

and

∥ f ∥p1 =∥χsupp( f ) f ∥p1

≤
(∫

R
|χsupp( f )|dx

) p2−p1
p1 p2

(∫
R
| f (x)|

p1 p2
p1 dx

) p1
p1 p2

=|supp( f )|
p2−p1
p1 p2 ∥ f ∥p2 .
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Then

∥FN( f )∥q2 ≤ |
√

ib|b−
1

q1 p
1

2p1
1 q

− 1
2q1

1 |suppFN( f )|
q1−q2
q1q2 |supp( f )|

p2−p1
p1 p2 ∥ f ∥p2 .

Thus proof is completed.

4. Some inequalities for the LCFT

In [4], Soltani and Ghazwani proved the Lp uncertainty inequalities for the Fourier transform. In
this section, we prove the generalization of thse results for the LCFT. The authors proved the following
theorems(see [4]).

Theorem 4 (Nash-type inequality). Les s > 0. If 1 < p ≤ 2, q = p
p−1 and f ∈ L1(Rd) ∩ Lp(Rd), then

∥F ( f )∥q ≤ K(s, p, q)∥ f ∥
qs

d+qs
1 ∥|y|sF ( f )∥

d
d+qs
q ,

where

K(s, p, q) =

[
( qs

d )
d

d+qs + ( d
qs )

qs
d+qs

]1/q

[
2

d
2 Γ( d

2 + 1)
] s

d+qs
,

Theorem 5 (Clarkson-type inequality). Let s > 0. If 1 < p ≤ 2, q = p
p−1 and f ∈ L1(Rd) ∩ Lp(Rd), then

∥ f ∥1 ≤ D(s, p, q)∥ f ∥
qs

d+qs
p ∥|x|s f ∥

d
d+qs
1 ,

where

D(s, p, q) =
( qs

d )
d

d+qs + ( d
qs )

qs
d+qs[

2
d
2 Γ( d

2 + 1)
] s

d+qs
.

Theorem 6 (Nash-type inequality for LCFT). Let s > 0. If 1 < p ≤ 2, q = p
p−1 and f ∈ L1(R) ∩ Lp(R), then

∥FN( f )∥q ≤ K(s, p, q)∥ f ∥
qs

1+qs
1 ∥|λ|sFN( f )∥

1
1+qs
q ,

where

K(s, p, q) =

(
1

|
√

ib|

) s
1+qs

[
(qs)

1
1+qs + ( 1

qs )
qs

1+qs

]1/q

[√
2Γ( 3

2 )
] s

1+qs
.

Proof. Let f ∈ L1(R) ∩ Lp(R), 1 < p ≤ 2 and s > 0. Since h defined by formula (1) belongs to L1(R) ∩ Lp(R),
then by replacing f by h in the formula of theorem 4, we obtain

∥F (h)∥q ≤ K(s, p, q)∥ f ∥
qs

1+qs
1 ∥|λ|sF (h)∥

1
1+qs
q ,

i.e (∫
R
|F (h)(λ)|qdλ

) 1
q
≤ K(s, p, q)

(∫
R
|h(x)|dx

) qs
1+qs

(∫
R
|λ|s|F (h)(λ)|qdλ

) 1
q(1+qs)

.

Substituting with λ with λ
b .

(∫
R
|F (h)(

λ

b
)|qd(

λ

b
)

) 1
q
≤ K(s, p, q)

(∫
R
|h(x)|dx

) qs
1+qs

(∫
R

|λ|s
bs |F (h)(

λ

b
)|qd(

λ

b
)

) 1
q(1+qs)

.

From formula (2) we get
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1

b
1
q

(∫
R
|
√

ibe−i d
2b λFN( f )(λ)|qdλ

) 1
q
≤ 1

b
1
q

K(s, p, q)
(∫

R
| f (x)ei a

2b x2 |dx
) qs

1+qs
(∫

R
|λ|s

√
ibFN( f )(λ)|qdλ

) 1
q(1+qs)

.

Then(∫
R
|FN( f )(λ)|qdλ

) 1
q
≤ |

√
ib|

−qs
1+qs K(s, p, q)

(∫
R
| f (x)|dx

) qs
1+qs

(∫
R
|λ|sFN( f )(λ)|qdλ

) 1
q(1+qs)

.

Thus we have

∥FN( f )∥q ≤ |
√

ib|
−qs

1+qs K(s, p, q)∥ f ∥
qs

1+qs
1 ∥|λ|sFN( f )(λ)∥

1
1+qs
q ,

this completes the proof of theorem.

By combining the Nash-type inequality for LCFT and Clarkson-type inequality, we obtain the following
uncertainty of Heisenberg-type

Theorem 7. Let α, β > 0. If 1 < p ≤ 2, q = p
p−1 and f ∈ L1(R) ∩ Lp(R), then

(i)

∥ f ∥
1

1+qβ

1 ∥FN( f )∥q∥ f ∥
−qα

1+qα
p ≤ C(p, q)∥xα f ∥

1
1+qα

1 ∥λβFN( f )∥
1

1+qβ
q ,

where C(p, q) = D(α, p, q)K(β, p, q)
(

b
|
√

ib|

) β
1+qβ ,

(ii)

∥ f ∥
−qα

1+qα
p ∥FN( f )∥

1+qβ
qβ

q ≤ D(α, p, q)K(β, p, q)
1+qβ

qβ ∥xα f ∥
1

1+qα

1 ∥λβFN( f )∥
1

qβ
q .

5. Hardy’s theoremù and Miyach’s theorem for the LCFT

In 1933, Hardy [8] established the following theorem

Theorem 8. If | f (x)| ≤ Ce−αx2
and |F ( f )(λ)| ≤ Ce−βλ2

, for some positive numbers α, β and C then f = 0 whenever
αβ > 1

4 . If αβ = 1
4 the function f is a constant multiple of e−αx2

.

Another generalization of Hardy’s theorem is given by Miyach [9]. In 1997, he proved the following
theorem

Theorem 9. Let f be an integrable function on R such that

eαx2
f (x) ∈ L1(R) + L∞(R).

Further, assume that ∫
R

log+

(
|eβλ2F ( f )(λ)|

C

)
dλ < +∞,

for some positive numbers α, β and C. If αβ = 1
4 , then f is a constant multiple of e−αx2

.

The aim of this section is establish Hardy’s and Miyach’s theorems for the LCFT.

Theorem 10. Let f be a mesurable function on R such that

| f (x)| ≤ Ce−αb2x2
and |F ( f )(λ)| ≤ Ce−βλ2

,

for some constants a, b, C > 0. Then
(i) If αβ > 1

4b2 , then f = 0

(ii) If αβ = 1
4b2 ; then f = cte × e(−α+i a

2b )x2
.
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Proof. From the formulas (1) and(2), we obtain

|h(x)e−i a
2b x2 | ≤ Ce−αb2x2

and |e−
d
2b λF (h)(

λ

b
| ≤ Ce−βλ2

,

i.e
|h(x)| ≤ Ce−αx2b2

and |F ( f )(δ)| ≤ Ce−βb2δ, (δ =
λ

b
).

By Theorem 8, we conclude that: If αβ > 1
4b2 then h(x) = 0 therefore f = 0 and if αβ = 1

4b2 then

h(x) = cte × e−αx2
, i.e f (x) = cte × e(−α−i a

2b )x2
.

Now, we generalize Miyach’s theorem for LCFT

Theorem 11. Let f be an integrable function on R such that

e(α+i a
2b x2)x2

f ∈ L1(R) + L∞(R).

Further, assume that ∫
R

log+

(
|eβλ2FN( f )(bλ)|

C

)
dλ < +∞,

for some positive constants α, β and C . If αβ = 1
4 , then f (x) = cte × e(−α−i a

2b )x2
.

Proof. By (1) and (2), we have
eαx2

h ∈ L1(R) + L∞(R),

and ∫
R

log+

(
|eβλ2F (h)(λ)|

C

)
dλ < +∞.

Moreover, by using the classical Miyach’s Theorem 9, we obtain h(x) = cte × e−αx2
Thus, f(x) is a constant

multiple of e(−α−i a
2b )x2

. Theorem 11 is proved.

6. Beurling’s theorem for the LCFT

In this section, we obtain an analog of the classical Beurling theorem on the properties of the Fourier
transform. Let us present a precise formulation of this theorem.

Theorem 12. Let M ≥ 0. Assume that f ∈ L2(R) satisfying

∫
R

∫
R

| f (x)||F ( f )(λ)|
(1 + |x|+ |λ|)M e|x||λ|dxdλ < +∞,

then f (x) = P(x)e−ax2
, where P is a polynomial of de degree < M−1

2 and a > 0.

Our main result is as follows.

Theorem 13. Let M > 0. Assumme that f ∈ L2(R) satisfying

∫
R

∫
R

| f (x)||FN( f )(bλ)|
(1 + |x|+ |λ|)M e|x||λ|dxdλ < +∞,

then f (x) = P(x)e(−α−i a
2b )x2

, where P is a polynomial of de degree < M−1
2 and α > 0.

Proof. It follows from (1) and (2) that

∫
R

∫
R

|h(x)e−i a
2b x2 ||ei d

2b F ( f )(λ)|
(1 + |x|+ |λ|)M e|x||λ|dxdλ =

∫
R

∫
R

|h(x)||F ( f )(λ)|
(1 + |x|+ |λ|)M e|x||λ|dxdλ < +∞.
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According to Theorem 12, we concthat

h(x) = P(x)e−αx2
,

P is a polynomial of de degree < M−1
2 and α > 0. On the other hand, by (1) we obtain

f (x) = P(x)e(−α−i a
2b )x2

,

and the theorem is proved.
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