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ON UNSTEADY FLOW OF A VISCOELASTIC FLUID
THROUGH ROTATING CYLINDERS
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ABSTRACT. The fractional calculus approach is used in the constitutive
relationship model of fractional Maxwell fluid. Exact solutions for the
velocity field and the adequate shear stress corresponding to the rotational
flow of a fractional Maxwell fluid, between two infinite coaxial circular
cylinders, are obtained by using the Laplace transform and finite Hankel
transform for fractional calculus. The solutions that have been obtained
are presented in terms of generalized Gy . 4(-,t) and Ry (-, t) functions. In
the limiting cases, the corresponding solutions for ordinary Maxwell and
Newtonian fluids are obtained from our general solutions. Furthermore,
the solutions for the motion between the cylinders, when one of them is
at rest, are also obtained as special cases from our results. Finally, the
influence of the material parameters on the fluid motion is underlined by
graphical illustrations.
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1. Introduction

All things are movable and in a fluid state, which is a famous quotation from
Thales of Miletos, the first philosopher of Ancient Greece.

The inadequacy of the classical Navier-Stokes theory to describe rheologically
complex fluids such as polymer solutions, blood and heavy oils, has led to the
development of theories of non-Newtonian fluids. In particular many pastes,
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slurries, synovial polymer solutions and suspensions exhibit shear thinning be-
havior. In recent time the study of non-Newtonian fluids has become important.
Chemical engineering, food industry, biological analysis, petroleum industry and
many other fields use them. The academic workers and engineers are very much
interested in the geometry of flows of such types of fluids [1, 2]. In order to de-
scribe the non-linear relationship between the stress and the strain rate, numer-
ous models or constitutive equations have been proposed. Models of differential
type and rate type have received much attention [3].

In recent years, the fractional Maxwell fluid has obtained a special attention
amongst many fluids of rate type, as it includes as special cases the classical
Newtonian fluid and the ordinary Maxwell fluid. Fractional calculus has en-
countered much success in the description of viscoelastic characteristics. The
starting point of the fractional derivative model of non-Newtonian model is usu-
ally a classical differential equation which is modified by replacing the time
derivative of an integer order by the so-called Caputo fractional calculus opera-
tor. This generalization allows one to define precisely non-integer order integrals
or derivatives [4]. Fractional calculus has been found to be quite flexible in de-
scribing viscoelastic behavior [5, 6, 7).

During the past few years, attention has been given to the study on rotating
flow of viscoelastic fluids in an annulus. In those studies, the Maxwell model
was adopted to describe the viscoelastic fluid. The unidirectional flow of vis-
coelastic fluid with the fractional Maxwell model was studied by Tan et al. [8, 9]
and Hayat et al. [10]. Qi et al. [11, 12] studied the unsteady flow of a viscoelastic
fluid with fractional Maxwell model. Recently, Fetecau et al. [13] and Mahmood
et al. [14] also studied the flow of fractional Maxwell fluid between coaxial cylin-
ders. There is a vast literature dealing with such fluids, but we shall recall here
only a few of the recent papers [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] in
cylindrical domains.

The aim of this paper is to establish exact solutions of the velocity field and the
shear stress corresponding to the motion of a fractional Maxwell fluid between
two infinite circular cylinders. The laplace and finite Hankel transforms are used
to solve the problem and the solutions obtained are presented in terms of gener-
alized Gp ¢ 4(-,t) and Ry (-, t) functions. The solutions for ordinary Maxwell and
Newtonian fluids are obtained as limiting cases of our general solutions. Fur-
thermore, the solutions for the motion between the cylinders, when one of them
is at rest, are also obtained as special cases from our general results. Finally,
the influence of the material parameters on the velocity and shear stress of the
fluid is analyzed by graphical illustrations.

2. Formulation of the Problem

For the problem under consideration, we choose the cylindrical coordinates
(r,0,z) and the components of velocity field w(r,t) are w, = 0, wg = w(r,t),
w, = 0. Since the velocity field w is independent of  and z, we also assume
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that the extra-stress tensor S depends only on r and ¢. Furthermore, if the fluid
is assumed to be at rest at the moment t = 0, then

w(r,0) =0, S(r,0)=0. (1)

For an incompressible fluid, the equation of continuity is
V-w=0, (2)
and in the absence of body forces and pressure gradient, the equation of motion

is

Dw
—=V.T 3
T ; (3)
where p is the density of the fluid, D/Dt is the material derivative and T is the
stress tensor. According to the above conditions, the constitutive equation and

the equation of motion become [11]

oo 0 (w(rt)
i) + 3D () = g () ()
and respectively
ow(r,t) 1.0
P = T__QE(T 7(r,1)). (5)
Eliminating 7(r,t) from Eqs. (4) and (5), we obtain the governing equation of

the fluid

2
(1+)\D?)M:y(a 1o 1

o1 wﬁaw)w“v”’ ®

where v = u/p is the kinematic viscosity of the fluid.

We consider an incompressible fractional Maxwell fluid at rest in an annular
region between two coaxial circular cylinders of radii R; and Ra(> R;p). At time
t = 0™, both cylinders begin to rotate along their common axis. It is obvious
that the motion between the two cylinders is axially symmetric. Owing to the
shear, the fluid is gradually moved with the appropriate initial and boundary
conditions

w(r,0) = w =0, 7(r,0) =0; r € [Ry,Ral, (7)
w(Rl,t) = Qltha, w(Rg,t) = QgRgta for t>0 a> 0, (8)

where 7 and €, are constants.
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3. Solution of the Problem

In order to solve the problem (Egs. (4) and (6) with initial and boundary
conditions (7) and (8)), we shall use the Laplace and the Hankel transforms.
Laplace transform is used to eliminate the time variable and to eliminate spatial
variable, Hankel transform is used. To avoid from lengthy calculations of residues
and contours integrals, the discrete inverse Laplace method will be used.

3.1. Calculation of the Velocity Field. Applying the Laplace transform to
Egs. (6) and (8), using (7) and formulae

n T'n+1
c{ois} =argey. Lpm =t s @)
we find that
ot 92 10 1\_
@+ x ) = (g + g - )Wy relmuRl (10)
_ QU RiT(a+1 QoRolN(a+ 1
w(Rh(J) = %a w(R27Q) = %7 (11)

where W(r, q) = [ w(r,t)e"dt is the Laplace transform of w(r, t) and ¢ is the
transform parameter.
The Hankel transform of w(r, ¢) is defined as

Ra
W (T, q) :/R rw(r, q)B(r,r,)dr, (12)
where
B(r,rn) = Ji(rrn)Y1(Rary) — Ji(Rarn)Yi(rrn), (13)

here r,, are the positive roots of the transcendental equation B(Ry,r) = 0 while
J1(+) and Y3 (-) are the first and second kind Bessel functions of 1st order.
Now, applying the Hankel transform to Eq. (9), taking into account the condi-
tions (10) and the identity

e 92 10 1)_
/er{ﬁ—kgg—T—Q}w(r,q)B(r,rn)dr

2 [QoRoJi(Rirn) — QU R1Ji1(Rary) 9
= —5 - "y 9 14
7.‘-q2 { J (ern) ran(r Q) ( )
we find that
EH(T'n, (]) _ 2v {QQRQJl (ern) — R Jh (RQT‘n)} I‘(a + ].) . (15)

7Ji(Rirn) @@ (Ago Tt +q +vr2)



On unsteady flow of a viscoelastic fluid through rotating cylinders 5

In order to obtain the velocity field w(r,t), we have to apply the inverse trans-
forms (both laplace and Hankel). For this, the above Eq. (14) can be written
as

2{Q2RyJ1(Ry1rn) — QR J1(Rory)} T(a+ 1)

Dr(rn,q) = 72 Ji(Riry)
1 1+ A\g®
— . 1
- {q““ q* (A\¢*T +q +vr}) } 16)
Using the formula [27]
72 o= T2JE(Rirn)B(r, )
w = 5 - - — w nsy ’ 1
P0) = 5 2 TRy = (T T 17)

the inverse Hankel transform of Wy (7, q) is given as

M R3(R3 —12) + QaR3(r? — R)T(a+1)
r(R3 — R?) qott

w(r,q) = —mla+1)

oo

Ji(By7) B(r, )
' nz: ']12(R17“n) - J%(Rgrn) {Q2R2J1 (ern) Qllel (RQ?"n)}

1+ A\g®
q* (At +q+vr2)’

Finally, using the expansion

14+ )\qa l i —V’I’ k qfafkfl N )\qafafkfl
q(L (Aq()n—i-l _|_q+ 1/7”2 )\ = (q()/ + )\—1)]@—‘,—1 (qoz + A—l)k-ﬁ-l ’

(18)

(19)
and the known formulae [27]
1 it
L—l{—}:—, >0, 20
TSR 2
Ll{%}:G@c’d(p,t), Re(bd — ¢) > 0, |£b|<1, (21)
(4" —p) q

where the generalized Gy, ., q(+,) function is defined by Egs. (97) and (101) of
[28]

oo

p’T(d+ j)
Cr.c,a(p: ) ;0 DTG+ DI+ )b —d’

t(dJrj)bfcfl

(22)

and applying the discrete inverse Laplace transform to Eq. (17), we obtain the
velocity field w(r,t) under the form
M R3(R3 —1?) + QaR3(r? — R%)ta ~ ml(a+1)

r(R3 — R?) A

w(r,t) =
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> Jl(RlTn)B(’I“,Tn) {QQRQJl(Rﬂ“n) QlRlJl(RQ’I“n} 7“2 k
<2 J2(Riry) — J2(Rarm) Z( p) )

X {Ga,—a—k-15+1 (A" 8) + AGa, a—a—t—1,041 (A7 1) ). (23)

3.2. Calculation of the Shear Stress. Applying the Laplace transform to
Eq. (4) and using the condition (7), we find that

n=1

- _ H 8@(7", q) _ m(r, q)
T(T7 q) - 1 + )\qa ( 871 " , (24)
where
Ow(r,q) W(r,q) _ 2RIR3(Qs — Q) T(a+1)
or r  r(R2-R? prEs] +7al(a+1)
S Jl(ern) (7 B(T’ Tn) rng('f'a Tn))
Q n - Q n
X ; J2(Ryry) — JE(Rary) {Qa2RaJ1 (Rary) \R1Jy (Ryry)}
1+ g -

q* (Aot + g +vr2)’
is obtained from Eq. (18) and
B(rry) = Jo(rra) Y1 (Rarn) — Ji(Rar) Yo (rr).
Thus Eq. (24) becomes
) = 2//4R§R§2(QQ —291) I'a+1)
r2(R3 — R?)  qtH14 A\g®)
oo Jy(Rirn) (TB(T Tn) — rng(r, rn))

I(a+1
Frul(a+1) nz::l T2(Rirn) — J2(Rarm)
1

Qo RaJ1(Rymy) — Q1R J1(Rary )
X {Q2RaJ1 (Ry7y) 11’1 J1(Rar )}qa(/\qa“—i—q—i—yr%)

applying again the discrete inverse Laplace transform as well as using the known
relation [28]

X

(26)

Cl{qbq_ d} = Ryc(d,t); Re(b—c) >0, Re(q) >0, (27)

where the generalized Ry .(d,t) functions are defined by [28]

0 nt(n+1)b c—1

Ryc(d,t) = I‘n—|—1 —c]

and the expansion

1 1 o k q—a k—1
= — 29
q® ()\anrl +q+ 1/7"2 )\ Z ( ) (] + Afl)kJrl ) ( )




On unsteady flow of a viscoelastic fluid through rotating cylinders 7

we obtain the shear stress 7(r,¢) under the form
2uRIR3(Qy — Q
T(r,t) = HRlRQ(Q 2 . 1)
Ar2(R3 — RY)
oo Jy(Rirn) (TB(T Tn) — rng(r,rn))
J12(R17"n) - Jl (RQ?"n)

mul'(a +1)
A

Roz,—a—l (_A71; t) +

X {QQRQJl(Rl’I“n)

n=1

0o 2 k
— QlRlJl (Rgrn)} Z ( l;\?“n) Ga,—a—k—17k+1 (—/\717 t) . (30)
k=0

4. Limiting cases

Case I. Making o — 1 into Eqs. (23) and (30), we obtain the velocity field
D R2(R% —r?) + QuR3(r? — R?) ml(a+1)

w,, (r,t) = t* —
(r:t) (1 — 1) )
= Ji(Rirp)B(r,ry)
X Qo RoJ1(Riry) — Q1 R1J1(Rary,) ) %
;J%(ern)_J%(RQTn){ 21412 1( 1 ) 1401 1( 2 )}
> 2\ "
X n Gl —a—i AL t) +AG1 _ae “AL)L.
;( 72 ) {Gamameint (A7) 261 o (X70)
(31)
and the shear stress
2uRTR3(Q2 — ) —1
Tm (7", t) = )\TQ(RQ — RQ) Ry a1 (_)\ ,t) +
T(a+1) S ern) 2B(r,rn) — raB(r, )
S Z 6 ){QQRle(ern)
el ern) Jl (RQ?”n)
—ur2\*
= Q1R1J1(R27‘n)}z ( 3 ") G1—a—k—1,k+1 (A7 1) (32)

k=0
corresponding to an ordinary Maxwell fluid, performing the same motion.
Case II. By now letting A — 0 into Eqgs. (31) and (32) or « — 1 and A — 0 into

Egs. (23) and (30), using lim <G4 5. & (—/\_1,75) £ 1, b < 0, we obtain the
A—0 T I'(=b)
velocity field
QW R?(R2 — 12 Qo R2(r? — R?
'lUN(T',t): 1 1( 2 T)+ 2 Q(T 1)ta—7TP(CL+1)

r(R3 — RY)

J1(Riry)B(r,ry)
QoRoJ1(Rimp) — Qi R J1(Rary
XZJI Rurn) — J2(Rar n){ o RoJi(Rarn) — iRy Ji(Rorn )}

ta+k

X kz:;) (—l/?”i)k m, (33)
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and the associated shear stress
QMRQRQ(QQ — Ql)
Ty (rt) == 22_ 2
Ar (Rz Rl)

> Ji(Ryry, B(r,r, Tng T Tn
+7ruI‘(a+1)Z ( )(T ( )~ ( ))x

R117a71 (_)\_1a t) +

JE(Riry) — JE(Rary)
t(l,-‘rk
Fla+k+1)

= k
X {QQRQJl (RlTn) — QlR1J1 (RQTH)} Z (—V’I“2 (34)
k=0

corresponding to a Newtonian fluid, performing the same motion.
5. Special cases
Making a = 1 in Egs. (23) and (30), the solution for the velocity field

W R2(R3 —1?) + Qo R3(r? — RQ)
r(R3 — R?)

w, (r,t) =
o0

J1(Rirn)B(r,ry)
Qo RoJi (Rirn) — O Ry i (Ror,
ZJl Rurn) — T2(Byry) (2R UTa) = R A (Rora )}

‘3 (‘f
k=0

K
n) {Ga—k—2.641 (-A71t) + AGa, amk—2.h41 (—A711) }.
(35)

and the shear stress
2uR?R3(2 — )

T (’I“, t) = )\7"2(R2 — RQ) Roz,—Q (_A_la t) +
Ji(Rira) (2B(r.ra) = ruB(rr))
™ T
_ Q ~
N ; To(Rars) = To(Bary) (i)

oo 2 k
—QlRlJl(RQTn)}Z< V;") Ga,—k—2k41 (FA718)  (36)
k=0

are recovered which are identical to [26].

Now making again ¢ = 0 in Egs. (24) and (32), the solutions
QlR%(R% -7 ) + QQRQ(T — RQ)

Wy 5y (’I", t) = (R2 RQ)
T = Ji(Rirn)B(r,70)
- N Q n) Q n
b\ nE:1 J%(ern) — J%(RQTH) { 2R2J1(R17” ) 1R1J1 (RQT )} X

- k
X Z ( ’;\r”> {G1 k-2 p+1 (A~ 1,75) +AG, —p—1 g1 (AT )}
0
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oo

. QlR%(RS — 7'2) + QQR%(T‘Q _ R%)t B z Z J1 (RlT’n)B(T’, T'n)
- P2 [T2(Rurn) — J2(Rora)]

r(R3 — RY) v
2 qent _ 42 Lqint
X {QQRQJl(RlT'n) — Qllel(RQT'n)} {1 — )\qlneq ZQne } R
2n — {1In

(37)
and the shear stress
2uRZR%(Qa — Q) _ T
T (151) = )\7}2(]2%2 gy Ri o (=X"1t) + By
i J1(Riry) (TB(’I“ ) — raB(r, rn)) (aRads (Rars)
X Tn
= TR (Bira) = J2(Rara) s
0o —1/7"727 k .
—91R1J1(R27“n)}z T G1—k—241 (—A7, 1)
k=0
_ 2uRIR5(Q — ) —t/A
O (1)}
oo Ji(Rirn) (TB(T Tn) — rng(r,rn)
Q n
. Z R (Rirn) = By (efedi(Rara)
qant __ qint
QU Ry (Ror)} {1 4 Qe y Zzne } (38)
n — {1n

corresponding to an ordinary Maxwell fluid performing the same motion are re-
covered [26].

Finally taking a = 1 in Eqgs. (33) and (34), the solutions for the velocity field
QlR%(R% — 7"2) + QQR%(T’Q — R%)t

1N (7", t) = (RQ _ RQ)
o i Jl ern (’I“, rn)
J2 ern) Jl (RQ?“n)]
% {QaRaJ1 (Rurn) — Q1 Ry J1 (Rorn)} {1 - e—”rit} . (39)

and the associated shear stress

oo Jy(Rimn) (7B(r Tn) — rng(r, rn))
L Y T ) — e

n=1

% {QaRaJy (Rirm) — Q1 Ry J1 (Ror)} {1 - e*Wit} , (40)

2uRER3(Q2 — D)
TlN(T7 t) = TQ(R% _R%)

X

corresponding to a Newtonian fluid are recovered [26].
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6. Conclusions

In this paper, the velocity w(r,t) and the shear stress 7(r,t) corresponding to
the flow of an incompressible Maxwell fluid with fractional derivatives, in the
annular region between two infinite coaxial circular cylinders, have been de-
termined using the Laplace and finite Hankel transforms. The solutions that
have been obtained, written under series form in terms of generalized G and
R-functions, satisfy all imposed initial and boundary conditions. In the special
cases, when « — 1 or @« — 1 and A — 0, the corresponding solutions for the
ordinary Maxwell and Newtonian fluids are obtained. These solutions satisfy
the associated boundary conditions (9), respectively, (10).

In order to reveal some relevant physical aspects of the obtained results, the di-
agrams of the velocity field w(r,t) have been drawn against r for different values
of the time ¢ and of the material parameters. Figure 1 shows the profile of the
fluid motion at different values of time. From these figure one can clearly observe
that velocity of the fluid increases with passing time. Effect of power parameter
a on the velocity field is given in Figure 2. It shows that velocity of the fluid is
an increasing function of a. In Figures 3 and 4, it is shown that the laxation time
v and X has the same effect on the fluid motion. More exactly, velocity is an
increasing function with respect to both v and A. Effect of fractional parameter
« on the fluid motion is represented in Figure 5, it is clearly seen that velocity
of the fluid increases as fluid goes to Maxwell fluid.

Finally, for comparison, the diagrams of w(r,t) corresponding to fractional
Maxwell, ordinary Maxwell and Newtonian fluids are together drawn in Fig-
ure 6 for the same values of the common material constants and time t. The
Newtonian fluid is the swiftest, while the fractional Maxwell fluid is the slowest.
One thing is of worth mentioning that units of the material constants are SI
units in all figures, and the roots r,, have been approximated by nxw/(Rs — R1).
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B jD.l 014 018 022 026 03

FIGURE 1. Profiles of the velocity w(r,t) given by Eq. (23) for
R =01,R =03 =-1,Q%=1,a=2,v=0.003,pu=
2.916, A =4, a = 0.5 and different values of t.

wir)

FIGURE 2. Profiles of the velocity w(r,t) given by Eq. (23) for
R =01, R =03, =-1,t=3,Q =1, v =0.003, p =
2.916, A = 4, a = 0.5 and different values of a.
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aaen =001
o 1 =0.015
sea1=0017

w(r)

0.1 014 018 022 026 03

FIGURE 3. Profiles of the velocity w(r,t) given by Eq. (23)
for Ry =01, R, =03, =-1,Q =1,t=5a=2,u=
2.916, A = 3, a = 0.4 and different values of v.

w(r)

01 014 018 022 026 03

FIGURE 4. Profiles of the velocity w(r,t) given by Eq. (23)
for R =01,R, =03,Q =-1, Q% =1,a=2,t=4,v =
0.03, = 2,916, o = 0.9 and different values of .
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FIGURE 5. Profiles of the velocity w(r,t) given by Eq. (23)
for R = 0.1, R, = 03,0 = -1, =1,a=2,t=6,v =
0.003, = 2.916, A = 1.5 and different values of «.

s Fractional Maxwell

oo MNaxwell

10+ == Newtonian

wi(r)

0.1 0.14 018 022 026 03

FIGURE 6. Profiles of the velocity w(r,t) corresponding to the
Newtonian, Maxwell and fractional Maxwell fluids, for Ry =
01, Ro=03,Q =1, Q=1a=21t=6,v=00029, =
2.916, A=1.8 and a = 0.1.
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