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ABSTRACT. In this paper, we introduce, for the first time, the viscosity
rules for common fixed points of two nonexpansive mappings in Hilbert
spaces. The strong convergence of this technique is proved under certain
assumptions imposed on the sequence of parameters.
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1. Introduction

In this paper, we shall take H as a real Hilbert space, (.,.) as inner product, ||.||
as the induced norm, and C as a nonempty closed subset of H.

Definition 1.1. Let T': H — H be a mapping. T is called non-expansive if
IT(z) =Tyl < llz—yll, Vo,yeH

Definition 1.2. A mapping f : H — H is called a contraction if for all x,y € H
and 0 € [0,1)
1 (@) = f)l < Ollz —yll.

Definition 1.3. P, : H — C is called a metric projection if for every x € H
there exists a unique nearest point in C', denoted by P.x, such that

[ = Pex|| < llz —yll, VyeC
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In order to verify the weak convergence of an algorithm to a fixed point of a
non-expansive mapping we need the demiclosedness principle:

Theorem 1.4. [1] (The demiclosedness principle) Let C be a nonempty closed
convex subset of the real Hilbert space H and T : C — C such that

xp, 2" €Cand (I -T)x, -0
Then x* = Tx*. Here, — and — denotes strong and weak convergence respec-
tively.

Moreover, the following result gives the conditions for the convergence of a non-
negative real sequence.

Theorem 1.5. [2] Assume that {a,} is a sequence of nonnegative real numbers
such that apt1 < (1 —n)an + 0n, ¥n > 0, where {y,} is a sequence in (0,1) and
{6n} is a sequence with

(1) >nto T =0,

(2) lim,,_, . sup % <0 or Y2 100 < .
Then a, — 0.

The following strong convergence theorem, which is also called the wiscosity
approzimation method, for non-expansive mappings in real Hilbert spaces is given
by Moudafi, [3], in (2000).

Theorem 1.6. Let C' be a non-empty closed conver subset of the real Hilbert
space H. Let T be a non-expansive mapping of C into itself such that F(T) =
{zx € C:T(x) =x} is nonempty. Let f be a contraction of C into itself. Con-
sider the sequence

E'n.
14+¢€, 14+¢€,
where the sequence {e,} € (0,1) satisfies

fan) + T(zn), n=0,

Tn+1 =

(1) limy— 00 €, =0,
(2) Y0 g€n =00, and

(3) lim, o0 |ﬁ - =|=0.

Then x,, converges strongly to a fixed point x* of the non-expansive mapping T,
which is also the unique solution of the variational inequality

(I-fla,y—x)>0, VeFT).
In (2015), Xu et al. [2] applied viscosity method on the midpoint rule for non-
expansive mappings and give the generalized viscosity implicit rule (GVIR):

Tp + Tn+1
2

This, using contraction, regularizes the implicit midpoint rule for nonexpansive
mappings. They also proved that the sequence generated by GMIR, converges

xn+1:anf(xn)+(1—an)T( ), Vn >0
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strongly to a fixed point of T. Ke et al. [4], motivated and inspired by the idea
of Xu et al. [2], proposed two generalized viscosity implicit rules:

Tpy1 = A f(7n) + (1 — an)T (820 + (1 — 8p)Tn11),

Tp4+1 = Qpdp + Bf(-rn) + ’YnT(Snl‘n + (1 - Sn)xn-&-l)-
Our contribution in this direction is the following viscosity rule for common fixed
points of two nonexpansive mappings in Hilbert spaces:

Tpa1l + Tp Tpy1 +Tp
s = anf) + 5 (PG )t (g ).

2. Main Result

Theorem 2.1. Let C' be a nonempty closed convex subset of the real Hilbert
space H. Let S : C — C and T : C — C be two nonexpansive mappings with
U:=F(T)NF(S)# ¢ and f : C — C be a contraction with coefficient 6 € [0,1).
Let {x,} be a sequence in C' generated by

Tptl + Tp Tpnt+1 + Tp
Tpi1 = anf(Tn) + BnS <+12> + T (+12) ) (1)

where {an}, {Bn}, {7} C (0,1), satisfying the following conditions:
(1) an+Bp+7n =1 and lim v, =1,
n—r oo

(o ] (o]

(2) > lany1 —an| < oo and Y7 |Bny1 — Bul < o0,
n=0 n=0

(3) X an =o0,

n=0
(4) lim |7 (zptee) -5 (Zete ) | < 0 and lim 4y = lim =0,
n— oo n—r oo

n—oo

Then {x,} converges strongly to a common fized point =* of the nonexpansive
mappings T and S which is also the unique solution of the variational inequality

<(I—f)$,y—$>, v yeU
In other words, x* is the unique fized point of the contraction Py f.
Proof. We will prove this theorem into the following five steps:

Step 1. Firstly, we want to show that the sequence (z,) is bounded. Indeed,
take p € U arbitrarily, we have

e anf(n) 5,8 () o (Pt

anrl + T )

€41 = pll

H—(an + B + )P + an f(2n) + S ( 5

Tn+1 + xn) H

7LT
+ ( 5
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Tnt1+ Tp
S O R I = B
T + z,
o () )
Tn+1 +xn
<l fn) — SO + ol F ) — pll + | T
Tn 1+xn
T *2—pH
Tn+1 + X
< B0l — pll + 0l £() — |+ (B ) | T
Tn +x,
= Ganllen =i+l 0) — 4 (1= ) | ZEE
1— o,
< balea I+ anll F0) ~ pll + + s —
+ 120, — |
zn — pl.
9 p

This is equivalent to

1—a, 1—a,
(1= 2522 ) o = ol = (1522 + 06w ol + 0l 76) =

2
=
(1+ an)llentr —pll < (1 = an + 2000)[lz — pl| + 20 f(p) — pll
=
1+« — 20, + 20,0 200,
_ < _ _
[2n41 —pll < Ta. len = pll + 77 o 1f(p) = pll
20, (1 — 6)
= 1 _—— n —
(1- 2282 o,
2a,(1 —6) 1
o (l_ellf(p) —p||>~
Thus,
1
s = ol < e { o 9l 5150) 1
Similarly,

o = < max {1 = ol (7251500 1) |

From this, we obtain,

1
o =pll < max { e =l 151700 ~ o1}



On the viscosity rule for common fixed points of two nonexpansive mappings 115

< maX{Ixnl -l ﬁllf(p) - pl}

< {0 — ol {25 17) - o1}

Hence, we concluded that {z,} is a bounded sequence. Consequently, {f(z,)},
{S(Etr2n) ) and {T(£2tL22)} are bounded.

Step 2. Now, we prove that lim [|lz,+1 — s = 0.

[#n41 — n
-t 4 (B2 ) dar (22 )

= [on(F@n) = @) + (@n = an_1) f(2nr) + B (S (f)
- (252)) 6 (2522)
() o ()
+ o = )7 (2020 )|

= | on(F@n) = f@n)) + (@0 — an-1)f (@n-1) + B (S (f)

Ty + Tp_1 Ty + Tp_1
() s ()

+'Yn (T (xn-‘r12+ xn) _T (xn +2xn—1>>

Ty + Ty
+ (an —Qp-1+ Bn - anl)T <2l> H

an(f(2n) = flzn-1)) + (an — an_1) (f(xn1) -1 (W))

Tnt+1 +Tn Tp + Tp—1
(s () = ()
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+(Bn — Bn-1) (S (“Jr;”l) 7 (%Jrz%l»
() (=)

]fm_l) 7 (9” *2””‘1) H

Tp+1 + Tn . Tn + Tn—1
s (Pt ) s ()

B — Bl ’S <f+2xl> 7 (fv+2~”61>H

+"Y T<$n+1 +$n> T<xn+xn—l)

IN

oanf(xn) - f(xn—l)H + |on — 1]

2 2

)

Let M5 be a number such that M; > max {sup HS (W) -T <w>
n>0

sg% Hf(xn) -T (W) H } Thus, the above is equivalent to

21 = 2l
< anflen — zaa ||+ B, | T Tn )

| R I I (o — |+ 8 — Be1]) M
< apbl|zn — T

2 s =l + 2 o = 2nall + L g —

+’Y?n ||xn - xn—IH + (|an - O‘n—1| + |ﬁn - /Bn—1|) My

B Bn . Tn Bn | Tn
- (an9+2 F20) a— a4+ (22422 ) s —

+(|an - an71| + |ﬁn - ﬁnfl|)M2

l-a 1-«
(a0 + 2522 ) o = sl + 2522 s =

2
+(|an - an—1| + |ﬂn - Bn—lDMZ-

Combining the common terms from left and right hand sides, we get,

1- 820 1-— [07%
(1 T ) [Tn1 —@al < (Oén9+ 5 ) lzn — zp_1]|

+(|an - an71| + |ﬁn - ﬂn71|)M2~
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This implies that

[Zn+1 — @nll
1+an—2an—|—2an0”x ozl
= 1 +an n n—1
2(|an - an—1| + |/8n - Bn—lD

i

(1

NE

).
).

1+ a,
20,(1 - 6)
- Han) |Zn — Zn-1l|
|an - Oén71| + |ﬂn - ﬂnle
1+ a,

(o] o0 (oo}
Note that Y a, = 00, Y. |ant1 — an| < o0 and Y [Bny1 — Bn| < 0. Using
— =0 n=0

n=0 n=
Theorem 1.5, we have ||zp4+1 — @n|| = 0 as n — oco.

Step 3. Now, we will show that lim ||z, —Sz,| =0and lim |z, —Tz,| = 0.
n— oo n— oo

Consider

[€n = S(an)ll

x +x
Ty — Tp41 +xn+lT<n+12n> +T<

Tn+1 + zn
2

)

- S (W) + 9 (1‘1"‘*‘1;_177’) — S(zn)
Tn41 + T Tpil + Tn
¢ b (S| ()
Tp+1+ Tn Tptl + Tn
s (gt ) s (257 ) - sten
Tptl + T Tptl + Tn
< zn = zppall + ||anf(zn) + BnS (“2)+%T (+12>
Tpi1 + Tn Tpt1 + Tn
-T—— ntl T n
< 2 ) B n
T+l + T Tpt1 + Tn
7 Al Qe L B o L s L2
+H ( 2 ) ( 2 )H
In + xn
< Wm—%wﬂ+anf@m—T(+g)H
Tn 1+xn Ty 1+-Tn 1
+hn |1 (Jr2> -T <+2> H + EHanrl - an
T+l + Tn Tpt1 + Tn
S| /) 7=
s (e oo ()|
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3 Tpi1+ Tn
< San = wngall + o | flan) - T R
2 2
(14 By || (Erti BT ) o (End T |
2 2
Since, lim «, = lim HT (%) - S (%)H = 0 and lim [|zp41 —
n—r 00 n— o0 n—r 00

xn” - 07 we get ||$n -

Moreover, we have

S(zy)|| — 0 as n — oo.

HS (xn+12+ :ﬂn) | = s ($n+12+ :Un) — S(X,) + S(n) — m
x + x,
< [l (EE) s+ 15 — ol
Tpal + Tn
< %_xn + 15(zn) — znl
1
= §||xn+1 = x|l + [|S(zn) — 24|
— 0, as (n — 00).
Now, consider
[#n — T ()|
Tp+1 +T Tp+1 +T
s () s ()
_T Tn+1 + Tn +T Tn+41 +z, _ T(l‘n)
2 2
Tpa1 + T Tpt1 + T
< lwn = Tl + || — S (*;) H + HT (“2) —T(,)
+ S Tn+41 +z, -7 Tn+1 +z,
2 2
< Nn — zaga]| + ||T Intl Tn ) g Zntl TOn )|
2 2
Tp+1 + Tn Tp4+1 + Tn Tp4+1 + Tn
anf(@n) + BnS | T ) 4y T ) -
2 2 2
Tn+1 + xn
Tpa1 + Tp 1
< llon = awall+ an | #a) = 7 (252 [ Gl -
Tpi1 + Ty Tpt1 + Ty

ll

+n 5

Jor ()]

2



On the viscosity rule for common fixed points of two nonexpansive mappings 119

anrl + Tn xn+1 + T
— )\ -T( 4
S e ]

Tpil + Tp,
< Do vl +an 5@ - 7 (L)
+(1 + ’Yn) S Tn+1 + Tn _T Tn+1 + Tn )
2 2
Since, lim @, = lim HT (W) -S (%W)H =0 and lim ||wp41 —
n— oo n—oo n— oo
Zn|| = 0, we get ||z, — Tz,|| — 0 as n — oo.
Also,
T <x"+12+“%) —zll = T (I"H;“T") ~T(X,) + Tlxn) — a0
Tp+1 + Tn
< |7 (B - 1) |+ 1) - )
Tpil + Tn
< % = || + 1T (zn) — znll
1
Y |11 = @nll + 1T (2n) — 2l
- 0 (asn — o)

Step 4. In this step, we will show that limsup(z* — f(z*),2* — z,) < 0, where,

n— o0
o* = Py f(a*).

Indeed, we take a subsequence, {z,, } of {z,,}, which converges weakly to a fixed

point p € U = F(T) N F(S). Without loss of generality, we may assume that

{zn,} = p. From lim ||z, — S(z,)|| =0, lim ||z, — T(z,)|| = 0 and Theorem
n—oo n—oo

1.4, we have p = S(p) and p = T(p). This together with the property of the

metric projection implies that

limsup(z* — f(z%), 2" —x,) = (™ — f(z*), 2" — p) < 0.

n—oo

Step 5. Finally, we show that x,, — «* as n — oo. Again, take * € U to be
the unique fixed point of the contraction Py f. Consider

Zns1 — xn||2

2

2

anf (o) 4 58 (T o 7 (ERELEE) (a6 )t
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an(Fen) =)+ (8 (22255 ) o) g (1 (B2 )

x +x 2
02 () 5 (Tt ) o
2
2 T<xn+1 +xn> o *

42
fla x*,s<x”+1”"> z>

—|—2ozn"yn<f —z* T< n+1+$n> T >
_1_25”771 < (xn-‘rl + xn) (xn+12+ xn) _ J)*>

2

+2anﬁn

2 _ 2 || Tnt1 + Zn *2 2 || Tn+1 + Tn *2
L B N R e e
+20,, (flon) = 7). (2 ) o)
200 B, <f( )~ 2", 8 (%“;m") - x>
s, fla) = 701 (B ) o)
ey (22m)
+2/8n7n< (xn—&-l + mn) _ x*,T (xn—i-l + xn) . $*>
2 2
2 2 anrl + T % 2 «
< (B +92) || T o 2B () — £
HS <xn+1 +=’En) g
2
* n + n *
sl o) = faO)L | (255 ) o
+2ﬁn’7n S (l’n+12—|— Qin) — x* . HT <$n+12+ .Tn) — ;p* + Kn,
where,

K, = aﬂf@@—ww2+%mm<fuﬂ—xts(%ﬁf“M)—xﬁ

+20,n <f(:c*) -z T (me.l;rzn) — x*>
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This implies that

[Zn+1 — anQ

x —+ @ 2 x —+x
< (B[ |t 2000 — o) | LT g
« x +x «
+2a, 00 |2y — ¥ - % —x
+26n7n i1 + n —z" TntL t+ Tn — ¥ + K,
2 2
x +x 2
n+1 n *
= (ﬂfb + 772L + 2Bn’7n) + 27 —x
* J?n + an *
+20,0(Bn + V) [|#n — 2 - *42 + K,
x +x 2
n+1 n *
= (Bt |
* Tpt1 + Tp *
+20,0(Br + V) |20 — |- 5 + K,
x +x 2
= (1—a)? | g
2
+20,6(1 — ) xn—aﬁwufkﬂgiﬂk_x*.+k%.

The above calculation shows that

$n+1 + Tn N l‘*
2
2
2
— |zt — 2" + Kn,

0 < 2a,0(1 —ay) ||z, — ¥ .

anrl +xn L

+(1 = a)? 5 x

_l‘*

Tn41+Tn
2

which is a quadratic inequality in . Solving the above inequality

— x*||, we have,

Tnt1+Tn
for %
=200, (1 — ap) ||z, — 2|

Tn41 + Tn JJ*
- 2(1 — ap)?

5 —

L V40205 (1 = an)?lzn — 272 — 4(1 — @) *(Kn — [2nss — " [°)
2(1 — ay)?
—an||zn — 2% + /BP0 [wn — 22— Ky + [ns1 — 7|2

1—a,
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This will give

1 N *
5 (lznts =27 + [lzn —27])

oy ||z — a*|| + /022 [zn — ¥ — Ky + [[aps1 — ¥

- 1—a,
=
1 " *
5 (L= an) e =27+ (14 (20 = D)z — 7]
> 022w, — 2t |2 — Ky + |[zng1 — 22
=

1 . .
1 (= an)llzns = 2" + (1 + (20 = Do) |1z — 27)°

> Hzainn - 33*”2 — Ky + [[7p41 — x*sz

which is reduced to

1 * 1 *
70 = )z = 2| 4+ 1+ (26 = Dl — 7|
1 * *

5 (1= )1+ (26 = Dan)lzns1 — [l — 7|

> 02&31”1‘77/ - x*”Z — Ky + ||lzng1 — x*HQ
This inequality is further reduced by using the elementary inequality
20 zns1 =2 [lan — 2" < llensr — 2 + flzn — 2%,

to the following inequality

1 N 1 "
1) [lnir =2+ (1 + (20 = Dan)® an — 27|
1 * *
(1= an)(1+ (20 = Dag) ([ensr — ™[> + [lzn — 2*[?)

4
> 002 ey — 2| = Ko + e — |2

This implies that

(1= 0= a2 = J0 = a1+ @8~ Dan) ) s oI

< (1(1 + (20— Dan)? + ia — )1+ (20 — 1)) — 9%3) lzn — o2

4
+Kn7
or
. L1 —a,)(1+ (20 — Day,) — 0%a2 .
[ = _14 — > 1.1 _ — ln — 2|2
1—5(1—an)?—3(1—an)(1+(20 — 1)ay,)
L1+ (20 — 1D)ay)?
e ) LKL (@)
— il —0p)?2— (1 —an)(1+ (20 — Davy)
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where,
Ky
K, = i T .
1—3(1=0an)?— (1 —an)(14 (20 — 1)a,)
Note that,
1 , 1
1—1(1—(%) —Z(l—an)(1+(29—1)an)
= 17i(l—an)(l—anJrlJr(ZGfl)an)
= 17i(lfan)(lfanJrquQHanfan)
= 1—%(1—0%)(2—20[,1—}-2004”)
= 1—%(1—an)(1—an+0an)
= 1—%(1—0@)(1—0@(1—9)),
and

3(1 + (20— Dan)? + 3(1 —an)(1+ (20 — 1)an) — 0%a2

1
= L0 (20— o) (1 (20— Do +1 - 0) — 6%
1
= L (20— a2 + 2B, 20,) — %3
= %(1 + (20 — Do) (1 + oy, — a) — 0202
= %(1 + (20 — Day)(1 = (1 = O)aw,) — 622,
Now from (2),
@41 — 2*|?
3+ (20 = Dan)(1 = (1 = O)an) — 0%a
S e a1 )

Consider the following function, for ¢t > 0.

= 2*|* + K. (3)

L S0+ -DHA - (1-0)t) -6
g(t)'t{l ) - L(1-01-t1-0) }
oo 1 1—2(1—t)(1—t(1—0)) — (1 + (20 — 1)t)(1 — (1 — O)t) + 6>t
9t = t{ - L1 —t(1-0) }
1 1—-3(A—t(1—0)(1 —t 41420t —t) + 62
- t{ 1-i1-ta-t1-0) }
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—_

— 2(1—t(1—0))(2 — 2t + 26t) + 622
1-11 -t —t1-9) }
L—(1—t+0t)(1—t+0t) + 6%
1-1( 14)(1*7:(179)) }

(142 + 0212 — 2t — 2012 + 20t) + 0%¢2

1—7(1—t)(1—t(1—9)) }
1—1—1%— 0% + 2t + 20t% — 20t + 6%¢2
{ 1-3(1 -1 -t1-0)) }

—t+2+ 20t — 20
1- 11 -t —-t1-0)

By applying limit ¢ — 0, we have
}%g(t) =4(1-0)>0.

—_

— =

SR N S A e B

Let 6 > 0 be such that for all 0 < ¢t < ¢, g(t) > € := 4(1 —0) > 0. This is
equivalent to

1 {1 @+ -DH - (1 -0)) - 92752}

t 1—3(1=8)(1—t(1-9))

This implies,

(14 (20 — )t)(1 — (1 — 0)t) — 6%¢2
L— 11— (1 —t(1-0)

Since «,, — 0 as n — oo, there exist some integer N, such that o, < §,Vn > N.

From (3), we have

N

1—te>

i1 = 2*[? < (1 = ane) [, — 2*||° + K,
On the other hand, we have

limsupﬁ = limsup{25n<f(x*)—m*,5<wl>—x*>

n—oo Qnp n—00 2

+ap | f(zn) — |} < 0.
The above inequality implies that

K/
limsup —= < 0.

n—oo Qp

From the above two inequalities and Theorem 1.4 we have
l. k12 —
Jim [z 0 — 2% =0

)

which implies that x,, — z* as n — oo. This completes the proof.
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