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ANALYTIC FUNCTIONS OF COMPLEX ORDER DEFINED

BY NEW DIFFERENTIAL OPERATOR

ABDUSSALAM EGHBIQ, MASLINA DARUS1

Abstract. In this paper, we introduce and study the classes Sn,µ(γ, α, β,

λ, ν, %,f) andRn,µ(γ, α, β, λ, ν, %,f) of functions f ∈ A(n) with (µ)z(Df+2
λ,ν,%

(α, ω)f(z))
′

+ (1− µ)z(Df+1
λ,ν,%(α, ω)f(z))

′ 6= 0, where ν > 0, %, ω, λ, α, µ ≥
0,f ∈ N0, z ∈ U and Df

λ,ν,%(α, ω)f(z) : A(n) −→ A(n), is the linear

differential operator, newly defined as

Df
λ,ν,%(α, ω)f(z) = z −

∑∞
k=n

(
ν + k(%+ λ)ωα

ν

)f
ak+1z

k+1.

Several properties such as coefficient estimates, growth and distortion the-
orems, extreme points, integral means inequalities and inclusion relation for

the functions included in the classes Sn,µ(γ, α, β, λ, ν, %,f, ω) andRn,µ(γ, α,

β, λ, ν, %,f, ω) are given.

Mathematics Subject Classification: 30C45.
Key words and phrases: analytic functions; differential operator; neigh-

bourhood; complex order; negative coefficients.

1. Introduction and preliminaries

Let H be the class of functions analytic in U = {z : |z| < 1} and let H[a,n]
be the subclasses of H consisting of functions of the form f(z) = a + anz

n +
an+1z

n+1 +an+2z
n+2 + ... . Let A be the subclasses of H consisting of functions

of the form f(z) = z + a2z
2 + a3z

3 + ... or

f(z) = z +

∞∑
k=2

akz
k. (1)
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Analytic functions of complex order defined by new differential operator 267

Let A(n) denote the class of functions f(z) of the form

f(z) = z −
∞∑
k=n

ak+1z
k+1, (2)

ak+1 ≥ 0, n ∈ {1, 2, 3, ...}

which are analytic in the open unit disk U = {z : |z| < 1}.
Next, we define (n, δ)−neighbourhood for the functions belonging to class A(n)
and also for identity function.

Definition 1.1 ((n, δ)−neighbourhood). By following the earlier investigations
by Goodman [1] and Ruscheweyh [2], for any f(z) ∈ A(n) and δ ≥ 0, we define
the (n, δ)−neighbourhood of f by

Nn,δ(f) = {g ∈ A(n) : g(z) = z−
∞∑
k=n

bk+1z
k+1 and

∞∑
k=n

(k+1)|ak+1−bk+1| ≤ δ}.

(3)

In particular for the identity function e(z) = z we have

Nn,δ(e) = {g ∈ A(n) : g(z) = z −
∞∑
k=n

bk+1z
k+1 and

∞∑
k=n

(k + 1)|bk+1| ≤ δ}.

(4)
We say that the function f(z) ∈ A(n) is said to be starlike functions of complex
order γ or f(z) ∈ S∗n(γ) if it satisfies the inequality

<
(

1 +
1

γ

(
z(f ′(z))

f(z)
− 1

))
> 0, z ∈ U, γ ∈ C \ {0}. (5)

Furthermore, a function f(z) ∈ A(n) is said to be convex functions of complex
order γ or f(z) ∈ C∗n(γ) if it satisfies the inequality

<
(

1 +
1

γ

(
z(f ′′(z))

f ′(z)

))
> 0, z ∈ U, γ ∈ C \ {0}. (6)

The classes S∗n(γ) and C∗n(γ) are essentially from the classes of starlike and con-
vex functions of complex order, which were considered by Nasr and Aouf [3] and
Wiatrowsky [4] respectively (Refer also [5]). Let Sn(γ, λ, β) denote the subclass
of A(n) consisting of functions f(z) which satisfy the following inequality:∣∣∣∣ 1γ

(
λz3f ′′′(z) + (1 + 2λ)z2f ′′(z) + zf ′(z)

λz2f ′′(z) + zf ′(z)
− 1

)∣∣∣∣ < β,

where z ∈ U, γ ∈ C \ {0}, 0 ≤ λ ≤ 1, 0 < β ≤ 1.
Let Rn(γ, λ, β) denote the subclass of A(n) consisting of functions f(z) which
satisfy the following inequality∣∣∣∣ 1γ (λz2f ′′′(z) + (1 + 2λ)zf ′′(z) + f ′(z)− 1

)∣∣∣∣ < β,
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where z ∈ U, γ ∈ C \ {0}, 0 ≤ λ ≤ 1, 0 < β ≤ 1.
The class Sn(γ, λ, β) was studied by Kamali and Akbulut [6]. Since A is the
class of functions f(z) of the form f(z) = z +

∑∞
k=2 akz

k which are analytic in
the open unit disk U = {z : |z| < 1}.

For a function f in A we define the following differential operator:

D0
λ,ν,%(α, ω)f(z) = f(z),

D1
λ,ν,%(α, ω)f(z) =

(
ν − (%+ λ)ωα

ν

)
f(z) +

(
(%+ λ)ωα

ν

)
zf ′(z), (7)

D2
λ,ν,%(α, ω)f(z) = D(D1

λ,ν,%(α, ω)f(z)),

Dm
λ,ν,%(α, ω)f(z) = D(Dm−1

λ,ν,%(α, ω)f(z)).

If f given by (1), then from (7) we define the following differential operator

Dm
λ,ν,%(α, ω)f(z) = z +

∞∑
k=2

(
ν + (k − 1)(%+ λ)ωα

ν

)m
akz

k (8)

where f(z) ∈ A, ν > 0, %, ω, λ, α ≥ 0,m ∈ N0.
This operator generalizes certain differential operators such as:

(1) ν = 1, % = 0 we get

Dm
λ,1,0(α, ω)f(z) = z +

∞∑
k=2

(1 + (k − 1)λωα)
m
akz

k

of Darus and Faisal (2012) (see [7]);
(2) α = ω = ν = 1, % = 0 we get

Dm
λ,1,0(1, 1)f(z) = z +

∞∑
k=2

(1 + λ(k − 1))
m
akz

k

of Al-Oboudi (2004) (see [8]);
(3) α = ω = ν = λ = 1, % = 0 we get

Dm
1,1,0(1, 1)f(z) = z +

∞∑
k=2

(k)
m
akz

k

of Sălăgean (1983) (see [9]);
(4) α = ω = ν = 1, λ = 2, % = 0, we get

Dm
2,1,0(1, 1)f(z) = z +

∞∑
k=2

(
k + 1

2

)m
akz

k

of Uralegaddi and Somanatha (1992) (see [10]).
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By using the same processs, we can write the following equalities for the function
f(z) belonging to the class A(n),

D0
λ,ν,%(α, ω)f(z) = f(z)

D1
λ,ν,%(α, ω)f(z) =

(
ν − (%+ λ)ωα

ν

)
f(z) +

(
(%+ λ)ωα

ν

)
zf ′(z) (9)

D2
λ,ν,%(α, ω)f(z) = D(D1

λ,ν,%(α, ω)f(z))

Df
λ,ν,%(α, ω)f(z) = D(Df−1

λ,ν,%(α, ω)f(z)).

If f given by (2), then from (9) we define the following new differential operator:

Df
λ,ν,%(α, ω)f(z) = z −

∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f
ak+1z

k+1 (10)

where f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0.
Finally, in the term of the generalized Sălăgean differential operator, let Sn,µ(γ, α,
β, λ, ν, %,f) denote the subclass of A(n) consisting of the functions f(z) which
satisfy the inequality

∣∣∣∣∣ 1γ
(

(µ)z(Df+3
λ,ν,%(α, ω)f(z))

′
+ (1− µ)z(Df+2

λ,ν,%(α, ω)f(z))
′

(µ)z(Df+2
λ,ν,%(α, ω)f(z))′ + (1− µ)z(Df+1

λ,ν,%(α, ω)f(z))′ − 1

)∣∣∣∣∣ < β, (11)

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α, µ ≥ 0,f ∈ N0, z ∈ U. Also, let
Rn,µ(γ, α, β, λ, ν, %,f) denote the subclass of A(n) consisting of the functions
f(z) which satisfy the inequality∣∣∣∣ 1γ (µz(Df+3

λ,ν,%(α, ω)f(z))
′
+ (1− µ)z(Df+2

λ,ν,%(α, ω)f(z))
′
− 1
)∣∣∣∣ < β, (12)

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α, µ ≥ 0,f ∈ N0, z ∈ U.
Our main work here is to investigate the (n, δ)−neighborhood of the above said
classes i.e. Sn,µ(γ, α, β, λ, ν, %,f) and Rn,µ(γ, α, β, λ, ν, %,f). Similar work has
been seen for different subclasses done by other authors (see for example ([11,
12, 13]) and of course many others.

2. Inclusion relations involving (n, δ)−neighbourhood

In this section we proved the class relation as well as inclusion relation involv-
ing (n, δ)−neighborhood for the subclasses Sn,µ(γ, α, β, λ, ν, %,f) and Rn,µ(γ,
α, β, λ, ν, %,f) which depends on the following lemmas.

Lemma 2.1. Let the function f(z) ∈ A(n) be defined by (2), then f(z) is in the
class Sn,µ(γ, α, β, λ, ν, %,f, ω) if and only if
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∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+1(
ν + µk(%+ λ)ωα

ν

)
×(k + 1)

(
β|γ|ν + k(%+ λ)ωα

ν

)
ak+1 6 β|γ|, (13)

where f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

Proof. Let f(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f), then from (11) we have∣∣∣∣∣ 1γ
(

(µ)z(Df+3
λ (ν, α, ω)f(z))

′
+ (1− µ)z(Df+2

λ (ν, α, ω)f(z))
′

(µ)z(Df+2
λ (ν, α, ω)f(z))′ + (1− µ)z(Df+1

λ (ν, α, ω)f(z))′ − 1

)∣∣∣∣∣ < β,

where f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, or

<

(
(µ)z(Df+3

λ (ν, α, ω)f(z))
′
+ (1− µ)z(Df+2

λ (ν, α, ω)f(z))
′

(µ)z(Df+2
λ (ν, α, ω)f(z))′ + (1− µ)z(Df+1

λ (ν, α, ω)f(z))′ − 1

)
> −β|γ|,

where f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0.
This implies that

<


−
∑∞
k=n k(% + λ)ωα

(
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
ν + k(% + λ)ωα

ν

)f+1

ak+1z
k+1

z −
∑∞
k=n

(
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
ν + k(% + λ)ωα

ν

)f+1

ak+1z
k+1

 > −β|γ|,

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U,
after taking the limit when z −→ 1− and simplifying, we get

∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+1(
ν + µk(%+ λ)ωα

ν

)
×(k + 1)

(
β|γ|ν + k(%+ λ)ωα

ν

)
ak+1 ≤ β|γ|,

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U).
Conversely, by applying the hypothesis (13) and letting |z| = 1 we get∣∣∣∣∣ (µ)z(Df+3

λ,ν,%(α, ω)f(z))
′
+ (1− µ)z(Df+2

λ,ν,%(α, ω)f(z))
′

(µ)z(Df+2
λ,ν,%(α, ω)f(z))′ + (1− µ)z(Df+1

λ,ν,%(α, ω)f(z))′ − 1

∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣
−
∑∞
k=n k(% + λ)ωα

(
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
ν + k(% + λ)ωα

ν

)f+1

ak+1z
k+1

z −
∑∞
k=n

(
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
ν + k(% + λ)ωα

ν

)f+1

ak+1z
k+1

∣∣∣∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣∣∣∣
β|γ|

[
1−

∑∞
k=n

(
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
ν + k(% + λ)ωα

ν

)f+1

ak+1

]

1−
∑∞
k=n

(
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
ν + k(% + λ)ωα

ν

)f+1

ak+1z
k+1

∣∣∣∣∣∣∣∣∣∣∣
= β|γ|.
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where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.
This implies that f(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω). �

Corollary 2.2. Let the function f which is defined by (2) be in the class
Sn,µ(γ, α, β, λ, ν, %,f, ω). Then we have

ak+1 ≤
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) , k ≥ n

where ν > 0, %, ω, λ, α ≥ 0,f ∈ N0.

Lemma 2.3. Let the function f(z) ∈ A(n) be defined by (2), then f(z) is in the
class Rn,µ(γ, α, β, λ, ν, %,f, ω) if and only if

∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+2(
2ν + µk(%+ λ)ωα

ν

)
(k + 1)ak+1 6 β|γ|. (14)

where (f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

Proof. Same as Lemma 2.1 �

Theorem 2.4. Let f(z) ∈ A(n), then Sn,µ(γ, α, β, λ, ν, %,f) ⊂ Nn,δ(e) if

δ =
β|γ|(

ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

)
(15)

where ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

Proof. Let f(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f), then from (13) we get
∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+1(
ν + µk(%+ λ)ωα

ν

)
×(k + 1)

(
β|γ|ν + k(%+ λ)ωα

ν

)
ak+1 ≤ β|γ|,

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U. or(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

×
(
β|γ|ν + n(%+ λ)ωα

ν

) ∞∑
k=n

|ak+1|≤ β|γ|,

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U. This implies
that
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∞∑
k=n

ak+1

≤ β|γ|(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

)
(16)

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U. By using (13)
we have

∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+1(
ν + µk(%+ λ)ωα

ν

)
×(k + 1)

(
β|γ|ν + 1− 1 + k(%+ λ)ωα

ν

)
ak+1 ≤ β|γ|,

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, therefore(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)(
ν + n(%+ λ)ωα

ν

) ∞∑
k=n

ak+1

≤ β|γ|+ (1− β|γ|)
(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

∞∑
k=n

ak+1

≤ β|γ|+ (1− β|γ|)
(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

× β|γ|(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

)

≤
β|γ|

(
ν + n(%+ λ)ωα

ν

)
(
νβ|γ|+ n(%+ λ)ωα

ν

) ,
where f ∈ A(n), ν 6= 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U. Hence

∑∞
k=n(k + 1)ak+1 ≤

β|γ|(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)(
β|γ|ν + n(%+ λ)ωα

ν

) = δ.Hence

by using (4), we conclude that f(z) ∈ Nn,δ(e), this implies that

Sn,µ(γ, α, β, λ, ν, %,f) ∈ Nn,δ(e)

�
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Using the same technique of the proof of the Theorem 2.4, we proved the fol-
lowing theorem.

Theorem 2.5. Let f(z) ∈ A(n) ,then Rn,µ(γ, α, β, λ, ν, %,f) ⊂ Nn,δ(e) if

δ =
β|γ|(

ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

) (17)

where f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

Proof. The proof for this theorem similar to that given above and we omit it. �

3. Neighbourhood properties for Sτn,µ(γ, α, β, λ, ν, %,f)) and
Rτn,µ(γ, α, β, λ, ν, %,f)

In this section, we determine the neighbourhood for each of the classes Sτn,µ(γ, α, β,
λ, ν, %,f) and Rτn,µ(γ, α, β, λ, ν, %,f). A function f(z) ∈ A(n) is said to be in the
class Sτn,µ(γ, α, β, λ, ν, %,f) if there exists a function g(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f)
such that ∣∣∣∣f(z)

g(z)
− 1

∣∣∣∣ < 1− τ, z ∈ U, τ ≥ 0. (18)

Similarly, a function f(z) ∈ A(n) is said to be in the class Rτn,µ(γ, α, β, λ, ν, %,f)
if there exists a function g(z) ∈ Rn,µ(γ, α, β, λ, ν, %,f) satisfying the same in-
equality ∣∣∣∣f(z)

g(z)
− 1

∣∣∣∣ < 1− τ, z ∈ U, τ ≥ 0.

Theorem 3.1. Let g(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f) and

τ = 1−
δ

(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)(
β|γ|ν + n(% + λ)ωα

ν

)
(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)(
β|γ|ν + n(% + λ)ωα

ν

)
− β|γ|

(19)

where f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U, then

Nn,δ(g) ⊂ Sτn,µ(γ, α, β, λ, ν, %,f).

Proof. Let f ∈ Nn,δ(g), then from (3) we can write that
∞∑
k=n

(k + 1)|ak+1 − bk+1|≤ δ.

This implies that
∞∑
k=n

|ak+1 − bk+1|≤
δ

n+ 1
.

Since it is given that g(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f), so from (13) we can write
that
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∞∑
k=n

bk+1 ≤
β|γ|(

ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

) .

Now ∣∣∣∣∣ f(z)g(z)
− 1

∣∣∣∣∣ <
∑∞
k=n|ak+1 − bk+1|
1−

∑∞
k=n

bk+1

≤
δ

n + 1
.

(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

)
(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

)
− β|γ|

=

δ

(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)(
β|γ|ν + n(% + λ)ωα

ν

)
(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)(
β|γ|ν + n(% + λ)ωα

ν

)
− β|γ|

= 1− τ,

this implies that f ∈ Sτn,µ(γ, α, β, λ, ν, %,f), therefore

Nn,δ(g) ⊂ Sτn,µ(γ, α, β, λ, ν, %,f).

�

Similarly, by using the same technique of Theorem 3.1 we proved the following
theorem.

Theorem 3.2. Let g(z) ∈ Rn,µ(γ, α, β, λ, ν, %,f) and

τ = 1−
δ

(
ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

)
(
ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

)
(n+ 1)− β|γ|

(20)

where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U, then

Nn,δ(g) ⊂ Rτn,µ(γ, α, β, λ, ν, %,f).

Our next work is to investigate several new results like growth and distortion the-
orems, Hadamard product, extreme points, integral means inequalities and inclu-
sion properties for the function included in the classes Sn,µ(γ, α, β, λ, ν, %,f, ω)
and Rn,µ(γ, α, β, λ, ν, %,f, ω). Similar work has been seen for different subclasses
done by other authors (see for example [14, 15, 16, 17, 18, 19, 20, 21]).

4. Growth and distortion theorems

A growth and distortion property of function f in the respective classes Sn,µ(γ, α,
β, λ, ν, %,f, ω) and Rn,µ(γ, α, β, λ, ν, %,f, ω) are given as follows:
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Theorem 4.1. If the function f defined by (2) belong to the class Sn,µ(γ, α, β, λ,
ν, %,f, ω) and then for |z| < 1, we have

|f(z)| ≤ |z| +
β|γ||z|n+1(

ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

)

|f(z)| ≥ |z| −
β|γ||z|n+1(

ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

)

where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U. The extremal functions
are

f(z) = z −
β|γ|(

ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

) zk+1
, k ≥ n.

Proof. Let f(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω), then from (13) we get

∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+1(
ν + µk(%+ λ)ωα

ν

)
×(k + 1)

(
β|γ|ν + k(%+ λ)ωα

ν

)
|ak+1| ≤ β|γ|,

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U, or(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
×(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

)
ak+1 ≤ β|γ|,

where f ∈ A(n), γ ∈ C \ {0}, ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U. This implies
that

∞∑
k=n

ak+1 ≤
β|γ|(

ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

)

where ν > 0, %, ω, λ, α ≥ 0,f ∈ N0.
From (13) we have

|f(z)| = |z −
∞∑
k=n

ak+1z
k+1|,

or

|f(z)| ≥ |z| −
∞∑
k=n

|ak+1||zk+1|.

This implies that

|f(z)| ≥ |z| −
β|γ|(

ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

) |zn+1|.
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Similarly

|f(z)| = |z −
∞∑
k=n

ak+1z
k+1| ≤ |z +

∞∑
k=n

ak+1z
k+1|,

or

|f(z)| ≤ |z|+
∞∑
k=n

|ak+1||zk+1|,

|f(z)| ≤ |z| +
β|γ|(

ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

) |zn+1|.

�

Theorem 4.2. If the function f defined by (2) belong to the class Rn,µ(γ, α, β, λ,
ν, %,f, ω), then for |z| < 1, we have

|f(z)| ≤ |z|+ β|γ||z|n+1(
ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

)
(n+ 1)

|f(z)| ≥ |z| − β|γ||z|n+1(
ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U).

The extremal functions are

f(z) = z − β|γ|(
ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

)
(n+ 1)

zk+1, k ≥ n.

Proof. The proof for this theorem is similar to that given above and we omit
it. �

Theorem 4.3. If the function f defined by (2) belong to the class Sn,µ(γ, α, β,
λ, ν, %,f, ω), then for |z| < 1 we have

|Df
λ,ν,%(α, ω)f(z)|

≤ |z|+ β|γ|(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

) |z|n+1

|Df
λ,ν,%(α, ω)f(z)|

≥ |z| − β|γ|(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

) |z|n+1

where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.
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Proof. Let f(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω), then from (11) we get

∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+1(
ν + µk(%+ λ)ωα

ν

)
×(k + 1)

(
β|γ|ν + k(%+ λ)ωα

ν

)
ak+1 ≤ β|γ|,

where f ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U, or(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)
×(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

) ∞∑
k=n

|ak+1| ≤ β|γ|,

where ν > 0, %, ω, λ, α, µ ≥ 0,f ∈ N0. This implies that

(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

) ∞∑
k=n

|ak+1|

≤
∞∑
k=n

(
ν + n(% + λ)ωα

ν

)f+1 (
ν + µn(% + λ)ωα

ν

)
(n + 1)

(
β|γ|ν + n(% + λ)ωα

ν

)
|ak+1|

≤ β|γ|

or (
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

)
×
∞∑
k=n

(
ν + n(%+ λ)ωα

ν

)f
|ak+1| ≤ β|γ|

where ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, implies that

∞∑
k=n

(
ν + n(%+ λ)ωα

ν

)f
|ak+1|

≤ β|γ|(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

)
.

From (10) we have

|Df
λ,ν,%(α, ω)f(z)|=

∣∣∣∣∣z −
∞∑
k=n

(
ν + (k + 1− 1)(%+ λ)ωα

ν

)f
ak+1z

k+1

∣∣∣∣∣ .
|Df

λ,ν,%(α, ω)f(z)|≥|z| −
∞∑
k=n

(
ν + (k + 1− 1)(%+ λ)ωα

ν

)f
|ak+1||zk+1|.

|Df
λ,ν,%(α, ω)f(z)|
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≥|z| − β|γ|(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

) |zk+1|.

Similarly we can show that

|Df
λ,ν,%(α, ω)f(z)|

≤|z|+ β|γ|(
ν + µn(%+ λ)ωα

ν

)
(n+ 1)

(
β|γ|ν + n(%+ λ)ωα

ν

) |zk+1|.

�

Theorem 4.4. If the function f defined by (2) belong to the class Rn,µ(γ, α, β, λ,
ν, %,f, ω), then for |z| < 1, we have

|Df
λ,ν,%(α, ω)f(z)| ≤ |z|+ β|γ|(

2ν + µn(%+ λ)ωα

ν

)
(n+ 1)

z|n+1|

|Df
λ,ν,%(α, ω)f(z)| ≥ |z| − β|γ|(

2ν + µn(%+ λ)ωα

ν

)
(n+ 1)

z|n+1|

where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

Theorem 4.5. Let the hypotheses of Theorem 4.1 be satisfied, then

|f ′(z)| ≤ 1+
β|γ||z|n(

ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)(
β|γ|ν + n(%+ λ)ωα

ν

)

|f ′(z)| ≥ 1− β|γ||z|n(
ν + n(%+ λ)ωα

ν

)f+1(
ν + µn(%+ λ)ωα

ν

)(
β|γ|ν + n(%+ λ)ωα

ν

)
where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

Theorem 4.6. Let the hypotheses of Theorem 4.2 be satisfied, then

|f ′(z)| ≤ 1 +
β|γ||z|n(

ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

)

|f ′(z)| ≥ 1− β|γ||z|n(
ν + n(%+ λ)ωα

ν

)f+2(
2ν + µn(%+ λ)ωα

ν

)
where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.
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Theorem 4.7. Let the hypotheses of Theorem 4.3 be satisfied, then

|(Df
λ,ν,%(α, ω)f(z))′| ≤ 1 +

β|γ|(
ν + µn(%+ λ)ωα

ν

)(
β|γ|ν + n(%+ λ)ωα

ν

) |z|n

|(Df
λ,ν,%(α, ω)f(z))′| ≥ 1− β|γ|(

ν + µn(%+ λ)ωα

ν

)(
β|γ|ν + n(%+ λ)ωα

ν

) |z|n
where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

Theorem 4.8. Let the hypotheses of Theorem 4.4 be satisfied, then

|(Df
λ,ν,%(α, ω)f(z))′| ≤ 1 +

β|γ|(
2ν + µn(%+ λ)ωα

ν

) |z|n

|(Df
λ,ν,%(α, ω)f(z))′| ≥ 1− β|γ|(

2ν + µn(%+ λ)ωα

ν

) |z|n
where f(z) ∈ A(n), ν > 0, %, ω, λ, α ≥ 0,f ∈ N0, z ∈ U.

5. Extreme points

In this section we discussed extreme points for functions belonging to the classes
Sn,µ(γ, α, β, λ, ν, %,f, ω) and Rn,µ(γ, α, β, λ, ν, %,f, ω).

Theorem 5.1. (a). Let f1(z) = z and

fi(z) = z −
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zi+1
, k ≥ n.

then f ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω) if and only if it can be expressed in the form
f(z) =

∑∞
i=1 λifi(z) where λi ≥ 0 and

∑∞
i=1 λi = 1.

(b). Let f1(z) = z and

fi(z) = z − β|γ|(
ν + k(%+ λ)ωα

ν

)f+2(
2ν + µk(%+ λ)ωα

ν

)
(k + 1)

zi+1, k ≥ n.

then f ∈ Rn,µ(γ, α, β, λ, ν, %,f, ω) if and only if it can be expressed in the form
f(z) =

∑∞
i=1 λifi(z) where λi ≥ 0 and

∑∞
i=1 λi = 1.

Proof. Let f(z) ∈
∑∞
i=1 λifi(z), i = 1, 2, 3, ...λi ≥ 0 with

∑∞
i=1 λi = 1. This

implies that

f(z) ∈
∞∑
i=1

λifi(z),
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or

f(z) = λ1(z) +
∞∑
i=2

λi

×

z −
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zi+1

 ,

f(z) = λ1(z) +
∞∑
i=2

λi(z)−
∞∑
i=2

λi

×
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zi+1
,

f(z) =

∞∑
i=1

λi(z)−
∞∑
i=2

λi

×


β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zi+1

 ,

f(z) = (z)−
∞∑
i=2

λi

×


β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zi+1

 .

Since

∞∑
i=2


λiβ|γ|

[(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)]
(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) z
i+1



=

∞∑
i=2

λiβ|γ| = β|γ|
∞∑
i=2

λi = β|γ|(1− λ1) < β|γ|.

The condition (13) for f(z) ∈
∑∞
i=1 λifi(z) is satisfied. Thus f ∈ Sn,µ(γ, α, β, λ,

ν, %,f, ω).
Conversely, we suppose that f ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω) since

|ak+1| ≤
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) , k ≥ n

where ν 6= 0, %, ω, λ, α ≥ 0,f ∈ N0. We put

λi =

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
β|γ|

ai, k ≥ n
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where ν > 0, %, ω, λ, α ≥ 0,f ∈ N0 and λ1 = 1−
∑∞
i=2 λi, then

f(z) =

∞∑
i=1

λifi(z).

�

The proof of the second part of Theorem 5.1 is similar to the first part.

6. Integral means inequalities

For any two functions f and g analytic in U , f is said to be subordinate to g in
U denoted by f ≺ g if there exists an analytic function w defined U satisfying
w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)), z ∈ U .

In particular, if the function g is univalent in U , the above subordination is
equivalent to f(0) = g(0) and f(U) ⊂ g(U). In 1925, Littlewood [22] proved the
following subordination theorem.

Theorem 6.1. If f and g are any two functions, analytic in U with f ≺ g then
for µ > 0 and z = reiθ(0 < r < 1),∫ 2π

0

|f(z)|µdθ ≤
∫ 2π

0

|g(z)|µdθ.

Theorem 6.2. (a). Let f ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω) and fk be defined by

fk(z) = z −
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zk+1
, k ≥ n.

if there exists an analytic function w(z) given by

[w(z)]
k

=

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
β|γ|

∞∑
k=n

ak+1z
k
,

then for z = reiθ(0 < r < 1),∫ 2π

0

|f(reiθ)|µdθ ≤
∫ 2π

0

|fk(reiθ)|µdθ

(b). Let f ∈ Rn,µ(γ, α, β, λ, ν, %,f, ω) and fk be defined by

fk(z) = z − β|γ|(
ν + k(%+ λ)ωα

ν

)f+2(
2ν + µk(%+ λ)ωα

ν

)
(k + 1)

zk+1, k ≥ n.

If there exists an analytic function w(z) given by

[w(z)]k =

(
ν + k(%+ λ)ωα

ν

)f+2(
2ν + µk(%+ λ)ωα

ν

)
(k + 1)

β|γ|

∞∑
k=n

ak+1z
k,
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then for z = reiθ(0 < r < 1),∫ 2π

0

|f(reiθ)|µdθ ≤
∫ 2π

0

|fk(reiθ)|µdθ

Proof. (a) We have to show that∫ 2π

0

|f(reiθ)|µdθ ≤
∫ 2π

0

|fk(reiθ)|µdθ

or
∫ 2π

0
|z −

∑∞
k=n ak+1z

k+1)|µdθ

≤
∫ 2π

0
|z −

β|γ|(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zk+1|µdθ

or∫ 2π

0
|1−

∑∞
k=n ak+1z

k)|µdθ

≤
∫ 2π

0
|1−

β|γ|(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zk|µdθ

By using Theorem 6.1 it is enough to show that
1−

∑∞
k=n ak+1z

k

< 1−
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) zk.

Now by taking
1−

∑∞
k=n ak+1z

k

= 1−
β|γ|(

ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

) (w(z))
k

and after simplification we get

[w(z)]
k

=

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
β|γ|

∞∑
k=n

ak+1z
k
.

This implies that w(0) = 0 and

|[w(z)]
k| =

∣∣∣∣∣∣∣∣∣∣∣

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
β|γ|

∞∑
k=n

ak+1z
k

∣∣∣∣∣∣∣∣∣∣∣
,

or

|[w(z)]
k| =

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
β|γ|

∞∑
k=n

|ak+1||z
k|.

By using (13) we get

|[w(z)]k| ≤ |z| < 1.

�
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The proof of the second part of the Theorem 6.2 is similar to the first part.

7. Inclusion properties

Here we discussed the inclusion properties of the subclasses of analytic functions
of complex order denoted by Sn,µ(γ, α, β, λ, ν, %,f, ω) and Rn,µ(γ, α, β, λ, ν, %,f,
ω).

Theorem 7.1. (a) Let 0 ≤ α1 ≤ α2 ≤ 1, 0 ≤ β1 ≤ β2 ≤ 1, 0 ≤ λ1 ≤ λ2 ≤ 1
and 0 ≤ ω1 ≤ ω2 ≤ 1. Let a function f be in the class Sn,µ(γ, α, β, λ, ν, %,f, ω)
satisfying

∞∑
k=n

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
ak+1 ≤ β|γ|

then

• Sn,µ(γ, α1, β, λ, ν, %,f, ω) ⊆ Sn,µ(γ, α2, β, λ, ν, %,f, ω).

• Sn,µ(γ, α, β, λ2, ν, %,f, ω) ⊆ Sn,µ(γ, α, β, λ1, ν, %,f, ω).

• Sn,µ(γ, α, β, λ, ν, %,f, ω2) ⊆ Sn,µ(γ, α, β, λ, ν, %,f, ω1).

• Sn,µ2
(γ, α, β, λ, ν, %,f, ω) ⊆ Sn,µ1

(γ, α, β, λ, ν, %,f, ω).

(b) Let 0 ≤ α1 ≤ α2 ≤ 1, 0 ≤ β1 ≤ β2 ≤ 1, 0 ≤ λ1 ≤ λ2 ≤ 1 and 0 ≤ ω1 ≤ ω2 ≤
1. Let a function f be in the class Rn,µ(γ, α, β, λ, ν, %,f, ω) satisfying

∞∑
k=n

(
ν + k(%+ λ)ωα

ν

)f+2(
2ν + µk(%+ λ)ωα

ν

)
(k + 1)ak+1 ≤ β|γ|

then

• Rn,µ(γ, α1, β, λ, ν, %,f, ω) ⊆ Rn,µ(γ, α2, β, λ, ν, %,f, ω).

• Rn,µ(γ, α, β, λ2, ν, %,f, ω) ⊆ Rn,µ(γ, α, β, λ1, ν, %,f, ω).

• Rn,µ(γ, α, β, λ, ν, %,f, ω2) ⊆ Rn,µ(γ, α, β, λ, ν, %,f, ω1).

• Rn,µ2
(γ, α, β, λ, ν, %,f, ω) ⊆ Rn,µ1

(γ, α, β, λ, ν, %,f, ω).

Proof. (a) To prove Sn,µ(γ, α1, β, λ, ν, %,f, ω) ⊆ Sn,µ(γ, α2, β, λ, ν, %,f, ω). Since
it is given that 0 ≤ α1 ≤ α2 ≤ 1, implies

∞∑
k=n

(
ν + k(% + λ)ωα2

ν

)f+1 (
ν + µk(% + λ)ωα2

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα2

ν

)
ak+1

≤
∞∑
k=n

(
ν + k(% + λ)ωα1

ν

)f+1 (
ν + µk(% + λ)ωα1

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα1

ν

)
ak+1
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therefore if f(z) ∈ Sn,µ(γ, α1, β, λ, ν, %,f, ω) implies f(z) ∈ Sn,µ(γ, α2, β, λ, ν, %,
f, ω). This show that Sn,µ(γ, α1, β, λ, ν, %,f, ω) ⊆ Sn,µ(γ, α2, β, λ, ν, %,f, ω).

Similarly, to prove that Sn,µ(γ, α, β, λ2, ν, %,f, ω) ⊆ Sn,µ(γ, α, β, λ1, ν, %,f, ω).
Since it is given that 0 ≤ λ1 ≤ λ2 ≤ 1 thus

∞∑
k=n

(
ν + k(% + λ1)ω

α

ν

)f+1 (
ν + µk(% + λ1)ω

α

ν

)
(k + 1)

(
β|γ|ν + k(% + λ1)ω

α

ν

)
ak+1

≤
∞∑
k=n

(
ν + k(% + λ2)ω

α

ν

)f+1 (
ν + µk(% + λ2)ω

α

ν

)
(k + 1)

(
β|γ|ν + k(% + λ2)ω

α

ν

)
ak+1

Therefore, if f(z) ∈ Sn,µ(γ, α, β, λ2, ν, %,f, ω) implies f(z) ∈ Sn,µ(γ, α, β, λ1, ν,
%,f, ω). This show that Sn,µ(γ, α, β, λ2, ν, %,f, ω) ⊆ Sn,µ(γ, α, β, λ1, ν, %,f, ω).

�

The proof of the remaining parts of the theorem is similar.

8. Hadamard Product

Theorem 8.1. Let f, g ∈ A(n) where f(z) is given in (2) and g(z) = z −∑∞
k=n bk+1z

k+1, then the modified Hadamard product f ∗ g is defined by (f ∗
g)(z) = z−

∑∞
k=n ak+1bk+1z

k+1. (a) If f(z) = z−
∑∞
k=n ak+1z

k+1 ∈ Sn,µ(γ, α, β,
λ, ν, %,f, ω) and g(z) = z −

∑∞
k=n bk+1z

k+1 ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω) then
(f ∗ g)(z) ∈ Sn,µ(γ, α, β, λ, ν, %,f, ω).
(b) If f(z) = z −

∑∞
k=n ak+1z

k+1 ∈ Rn,µ(γ, α, β, λ, ν, %,f, ω) and g(z) = z −∑∞
k=n bk+1z

k+1 ∈ Rn,µ(γ, α, β, λ, ν, %,f, ω), then (f∗g)(z) ∈ Rn,µ(γ, α, β, λ, ν, %,
f, ω).

Proof. (a) Since it is given that f(z) = z−
∑∞
k=n ak+1z

k+1 ∈ Sn,µ(γ, α, β, λ, ν, %,
f, ω), implies

∞∑
k=n

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
ak+1 ≤ β|γ|.

Similarly g(z) = z −
∑∞
k=n bk+1z

k+1 ∈ Rn,µ(γ, α, β, λ, ν, %,f, ω), implies
∞∑
k=n

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
bk+1 ≤ β|γ|,

because
∞∑
k=n

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
bk+1

≤
∞∑
k=n

(
ν + k(% + λ)ωα

ν

)f+1 (
ν + µk(% + λ)ωα

ν

)
(k + 1)

(
β|γ|ν + k(% + λ)ωα

ν

)
ak+1 ≤ β|γ|.

�

Other work regarding differential operators for various problems can be found
in [6, 7, 23, 24, 25, 26, 27, 28, 29].
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