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Abstract. The main goal of this article is to study the oscillation criteria
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1. Introduction

When delays appear in additional terms involving the highest order derivative
of the unknown function in a differential equation, we are dealing with a neutral
type differential equation. Neutral functional differential equations have numer-
ous applications in electric networks. For instance, they are frequently used for
the study of distributed networks containing lossless transmission lines which
rise in high speed computers where the lossless transmission lines are used to
interconnect switching circuits; see [1]. Recently, many results on oscillation
of nonneutral differential equations and neutral functional differential equations
have been established. We refer the reader to [2, 3, 4] and the references cited
therein.
The theory of time scales is initiated by Hilger [5, 6] in order to unify continuous
and discrete analysis. Several authors have expounded on various aspects of the
theory of dynamic equations on time scales; see the survey paper by Agarwal
et al. [7] and the references cited therein. The books on the subject of time
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scales, by Bohner and Peterson [8], summarize and organize much of time scale
calculus. There are applications of dynamic equations on time scales to quantum
mechanics, electrical engineering, neural networks, heat transfer, combinatorics,
etc.
In recent years, there has been much research activity concerning the oscillation
and nonoscillation of solutions of ordinary dynamic equations on time scales, we
refer the reader to the papers [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22,
23]. Recently Agarwal et al. [24] have established some new oscillation criteria
for second-order delay dynamic equations on time scales.
Very recently, some authors studied on existence and behavior of solutions for
some integral equations, second order multi objective symmetric programming
problem and duality relations and fixed point theorems for nonlinear contractions
in [25, 26, 27, 28, 29].
In this paper, we consider second-order nonlinear neutral dynamic equations of
the following form:

[r(t)((m(t)y(t) + p(t)y(τ(t)))∆)γ ]∆ + f1(t, y(δ1(t)) + f2(t, y(δ2(t)) = 0 (1)

On a time scale T satisfying inf T = t0 and supT =∞. We recall that a solution
of equation (1) is said to be oscillatory on [t0,∞)T in case it is neither eventu-
ally positive nor eventually negative. Otherwise, it is said to be nonoscillatory.
Equation (1) is said to be oscillatory in case all of its solutions are oscillatory.
Throughout this paper, we assume the followings:
(H1) τ(t), δi(t) ∈ Crd(T,T) such that τ(t) 6 t and lim

t→∞
τ(t) = lim

t→∞
δi(t) =

∞, i = 1, 2,
(H2) r(t) ∈ Crd(T,R+) such that

∫∞
t0

1

r
1
γ (t)

∆t = ∞ and m(t) ∈ Crd(T,R+),

p(t) ∈ Crd(T, [0, 1)) such that m(τ(t)) > p(t) where R+ = [0,∞),
(H3) fi(t, u) : T × R −→ R are continuous functions such that ufi(t, u) > 0
for all u 6= 0 and there exist qi(t) ∈ Crd(T, R+) (i = 1, 2), γ is quotients
of odd positive integers α and β with 0 < α ≤ β such that |uf1(t, u)| ≥
q1(t)|u|α+1, |uf2(t, u)| ≥ q2(t)|u|β+1.
This paper is organized as follows. After this introduction, we introduce some
basic lemmas in Section 2. In Section 3, we present the main results and give
an example to illustrate the main results.

2. Some preliminaries

Before stating our main results, we’ll give some lemmas which play an important
role in the proof of the main results. Set

x(t) := m(t)y(t) + p(t)y(τ(t)), (2)

then the equation (1) becomes

(r(t)(x∆(t))γ)∆ + f1(t, y(δ1(t)) + f2(t, y(δ2(t)) = 0. (3)
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For t, T ∈ T with t > T , we define

R(t, T ) =

∫ t

T

1

(r(s))
1
γ

∆s,

β(t, T ) =

{
R(δi(t),T )
R(t,T ) , δi(t) < t;

1, δi(t) ≥ t,

ησ(t) =


1, α = γ;

cα−γ2

(∫ σ(t)

T
1

r
1
γ (s)

∆s

)α−γ
, α < γ;

c1, α > γ,

and

Q1(t) = Q(t)

(
r

1
γ (t)R(t, T )

r
1
γ (t)R(t, T ) + µ(t)

)α
ησ(t),

where Q(t) will be defined as Lemma 2.2. For D = {(t, s) ∈ T2 : t ≥ s ≥ 0}, we
define
H = {H(t, s) ∈ C1

rd(D, [0,∞)) : H(t, t) = 0, H(t, s) > 0 and H∆
s (t, s) ≥

0 for t > s ≥ 0}
and

C(t, s) = H∆(t, s)z(s) +H(t, σ(s))z∆(s) for H(t, s) ∈ H,
where z ∈ C1

rd(T, (0,∞)) is to be given Theorem 3.2 and Theorem 3.3, and
z∆

+ (t) = max{z∆(t), 0}.

Lemma 2.1. Assume that (H1)−(H3) and (1) are satisfied. If equation (1) has
a nonoscillatory solutions y on [t0,∞)T, and x is defined as in (2), then there
exists a T ∈ T sufficiently large such that x(t) > 0, x∆(t) > 0, (r(t)(x∆(t))γ)∆ <

0, x(t) ≥ r
1
γ (t)x∆(t)R(t, T ), x(δi(t)) ≥ β(t, T )x(t) for t ∈ [T,∞)T.

Proof. If y(t) is an eventually positive solution of (1), then there exist a T ∈
[t0,∞)T such that

y(t) > 0, y(τ(t)) > 0, y(δi(t)) > 0, for t ≥ T, i = 1, 2. (4)

From (2), (4) and (H2), x(t) > 0. Also by (3) and (H3), we have

(r(t)(x∆(t))γ)∆ = −f1(t, y(δ1(t))− f2(t, y(δ2(t))

≤ −q1(t)yα(δ1(t))− q2(t)yβ(δ2(t)) < 0, for t ≥ T,
which implies that r(t)(x∆(t))γ is decreasing on [T,∞)T.
We claim that r(t)(x∆(t))γ > 0 on [T,∞)T. Assume not, there is a t1 ∈ [T,∞)T
such that r(t1)(x∆(t1))γ = c < 0. Since r(t)(x∆(t))γ is decreasing on [T,∞)T,
r(t)(x∆(t))γ ≤ r(t1)(x∆(t1))γ = c for t ≥ t1. So, we have

x∆(t) ≤ c
1
γ

r
1
γ (t)

.
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Integrating the above inequality from t1 to t, by (H2), we get

x(t) ≤ x(t1) + c
1
γ

∫ t

t1

1

r
1
γ (s)

∆s→ −∞ (t→∞)

and this contradicts the fact that x(t) > 0 for all t ≥ T . Thus, we have
r(t)(x∆(t))γ > 0 on [T,∞)T and so x∆(t) > 0 on [T,∞)T. From r(t)(x∆(t))γ is
decreasing on [T,∞)T, we have

x(t) = x(T ) +

∫ t

T

x∆(s)∆s

= x(T ) +

∫ t

T

(r(s)(x∆(s))γ)
1
γ

r
1
γ (s)

∆s

>

∫ t

T

(r(s)(x∆(s))γ)
1
γ

r
1
γ (s)

∆s

> (r(t)(x∆(t))γ)
1
γ

∫ t

T

1

r
1
γ (s)

∆s

= r
1
γ (t)x∆(t)R(t, T ).

Now, we will show that

x(δi(t)) ≥ β(t, T )x(t).

We consider two cases which δi(t) < t and δi(t) ≥ t, respectively.
Case 1. δi(t) < t. Since r(t)(x∆(t))γ is decreasing on [T,∞)T, we have

x(t)− x(δi(t)) =

∫ t

δi(t)

(r(s)(x∆(s))γ)
1
γ

r
1
γ (s)

∆s

≤ (r(δi(t))(x
∆(δi(t)))

γ)
1
γ

∫ t

δi(t)

1

r
1
γ (s)

∆s.

By dividing x(δi(t)), it follows that

x(t)

x(δi(t))
≤ 1 +

(r(δi(t))(x
∆(δi(t)))

γ)
1
γ

x(δi(t))

∫ t

δi(t)

1

r
1
γ (s)

∆s.

Since δi(t) ≥ T for t ∈ [T,∞)T, we have

x(δi(t)) ≥
∫ δi(t)

T

(r(s)(x∆(s))γ)
1
γ

r
1
γ (s)

∆s ≥ (r(δi(t))(x
∆(δi(t)))

γ)
1
γ

∫ δi(t)

T

1

r
1
γ (s)

∆s,

which implies that

(r(δi(t))(x
∆(δi(t)))

γ)
1
γ

x(δi(t))
≤ 1∫ δi(t)

T
1

r
1
γ (s)

∆s
.
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Thus, we get

x(t)

x(δi(t))
≤ 1 +

∫ t
δi(t)

1

r
1
γ (s)

∆s∫ δi(t)
T

1

r
1
γ (s)

∆s
=

∫ t
T

1

r
1
γ (s)

∆s∫ δi(t)
T

1

r
1
γ (s)

∆s
=

R(t, T )

R(δi(t), T )
.

So,

x(δi(t)) ≥ β(t, T )x(t).

Case 2. δi(t) ≥ t. Since x∆(t) ≥ 0 for t ∈ [T,∞)T, x(δi(t)) ≥ x(t). From the
definition of β(t, T ), we obtain

x(δi(t)) ≥ β(t, T )x(t).

�

Lemma 2.2. Assume that conditions (H1) − (H3) and (1) are satisfied. If
equation (1) has a nonoscillatory solution y on [t0,∞)T and x is defined as in
(2) then there exists a T > t0 such that

(r(t)(x∆(t))γ)∆ +Q(t)xα(t) ≤ 0 for t ≥ T,
where

Q(t) = q1(t)

(
1

m(δ1(t))

[
1− p(δ1(t))

m(τ(δ1(t)))

])α
βα(t, T )

+q2(t)

(
1

m(δ2(t))

[
1− p(δ2(t))

m(τ(δ2(t)))

])β
ββ(t, T ) > 0.

Proof. If y(t) is an eventually positive solution of (1) then there exists a T ∈
[t0,∞)T such that

y(t) > 0, y(τ(t)) > 0, y(δi(t)) > 0, y(τ(τ(t))) > 0 for t ≥ T, i = 1, 2.

y(t) =
1

m(t)
[x(t)− p(t)y(τ(t))]

=
1

m(t)

[
x(t)− p(t) 1

m(τ(t))
[x(τ(t))− p(τ(t))y(τ(τ(t)))

]
≥ 1

m(t)

[
x(t)− p(t) 1

m(τ(t))
x(τ(t))

]
≥ 1

m(t)

[
1− p(t)

m(τ(t))

]
x(t). (5)

For t ≥ t2 = δ−1
i (T ) with i = 1, 2, noting that (5), we get

y(δi(t)) ≥
1

m(δi(t))

[
1− p(δi(t))

m(τ(δi(t)))

]
x(δi(t)). (6)

From Lemma 2.1 and (6), we have

(r(t)(x∆(t))γ)∆ ≤ −q1(t)yα(δ1(t))− q2(t)yβ(δ2(t))
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≤ −q1(t)

(
1

m(δ1(t))

[
1− p(δ1(t))

m(τ(δ1(t)))

])α
xα(δ1(t))

−q2(t)

(
1

m(δ2(t))

[
1− p(δ2(t))

m(τ(δ2(t)))

])β
xβ(δ2(t))

≤ −q1(t)

(
1

m(δ1(t))

[
1− p(δ1(t))

m(τ(δ1(t)))

])α
βα(t, T )xα(t)

−q2(t)

(
1

m(δ2(t))

[
1− p(δ2(t))

m(τ(δ2(t)))

])β
ββ(t, T )xβ(t)

=

[
− q1(t)

(
1

m(δ1(t))
[1− p(δ1(t))

m(τ(δ1(t)))

])α
βα(t, T )

−q2(t)

(
1

m(δ2(t))

[
1− p(δ2(t))

m(τ(δ2(t)))

])β
ββ(t, T )]xα(t).

Thus,

(r(t)(x∆(t))γ)∆ +Q(t)xα(t) ≤ 0. (7)

�

Lemma 2.3. [9] Let g(u) = Bu − Au
γ+1
γ , where A > 0 and B are constants,

γ is a quotient of odd positive integers. Then g attains its maximum value on

R at u∗ =

(
Bγ

A(γ+1)

)γ
and

max
u∈R

g(u∗) =
γγ

(γ + 1)γ+1

Bγ+1

Aγ
. (8)

3. Main Results

In this section, we state and prove the main oscillation results for the equations
(1).

Theorem 3.1. Assume that (H1)− (H3) and (1) are satisfied. If∫ ∞
t0

Q1(s)∆s =∞, (9)

then every solution of (1) oscillates.

Proof. Assume the contrary and let y be a nonoscillatory solution of (1). With-
out loss of generality, we may assume that

y(t) > 0, y(τ(t)) > 0, y(τ(τ(t))) > 0, y(δi(t)) > 0, i = 1, 2 for t ≥ T. (10)

We define

w(t) :=
x[1](t)

xγ(t)
for t ≥ T, (11)



Oscillation criteria for nonlinear dynamic equations on time scales 313

where

x[1](t) := (r(t)(x∆(t))γ)(t) and x[2](t) := (x[1](t))∆.

Then, w(t) > 0 for t ≥ T . Since Lemma 2.1 and (2), there exists a T ≥ t0
such that

x(t) > 0, x[1](t) > 0 and x[2](t) < 0 for t ≥ T. (12)

From Lemma 2.2, we get

w∆(t) =
x[2](t)xγ(t)− (xγ(t))∆x[1](t)

xγ(t)(xσ(t))γ

≤ −Q(t)
xα(t)

(xσ(t))γ
− (xγ(t))∆x[1](t)

xγ(t)(xσ(t))γ
. (13)

By the Ptzsche chain rule, if x∆(t) > 0 and γ > 1, then we get

(xγ(t))∆ = γ

∫ 1

0

[x(t) + µ(t)hx∆(t)]γ−1x∆(t)dh

= γ

∫ 1

0

[(1− h)x(t) + hxσ(t)]γ−1x∆(t)dh

≥ γ

∫ 1

0

(x(t))γ−1x∆(t)dh

= γ(x(t))γ−1x∆(t).

Again by the Ptzsche chain rule, if x∆(t) > 0 and 0 < γ ≤ 1, then we have

(xγ(t))∆ = γ

∫ 1

0

[x(t) + µ(t)hx∆(t)]γ−1x∆(t)dh

= γ

∫ 1

0

[(1− h)x(t) + hxσ(t)]γ−1x∆(t)dh

≥ γ

∫ 1

0

(xσ(t))γ−1x∆(t)dh

= γ(xσ(t))γ−1x∆(t).

Since x(t) is increasing and x[1](t) is decreasing, for γ > 1, we get

((x(t))γ)∆x[1](t)

xγ(t)(xσ(t))γ
≥ γ(x(t))γ−1x∆(t)(x[1](t))σ

xγ(t)(xσ(t))γ

≥ γ(x[1](t))
1
γ (x[1](t))σ

r
1
γ (t)x(σ(t))(x(σ(t)))γ

≥ γ((x[1](t))σ)
1
γ (x[1](t))σ

r
1
γ (t)x(σ(t))(x(σ(t)))γ
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= γ
1

r
1
γ (t)

(wσ(t))
1
γ+1. (14)

Also for 0 < γ ≤ 1, we have

((x(t))γ)∆x[1](t)

xγ(t)(xσ(t))γ
≥ γ(x(σ(t)))γ−1x∆(t)(x[1](t))σ

xγ(t)(xσ(t))γ

≥ γ(x[1](t))
1
γ (x[1](t))σ

r
1
γ (t)x(σ(t))(x(σ(t)))γ

≥ γ((x[1](t))σ)
1
γ (x[1](t))σ

r
1
γ (t)x(σ(t))(x(σ(t)))γ

= γ
1

r
1
γ (t)

(wσ(t))
1
γ+1. (15)

Together (14) and (15), we obtain

((x(t))γ)∆x[1](t)

xγ(t)(xσ(t))γ
≥ γ 1

r
1
γ (t)

(wσ(t))
1
γ+1 for γ > 0. (16)

Substituting (16) in (13), we get

w∆(t) ≤ −Q(t)
xα(t)

(x(σ(t))γ
− γ 1

r
1
γ (t)

(wσ(t))
1
γ+1. (17)

Since xσ(t) = x(t) + µ(t)x∆(t), we have

xσ(t)

x(t)
= 1 + µ(t)

x∆(t)

x(t)
= 1 +

µ(t)

r
1
γ (t)

(x[1](t))
1
γ

x(t)
. (18)

Since x[1](t) is decreasing, we get

x(t) = x(T ) +

∫ t

T

(x[1](s))
1
γ

(
1

r(s)

) 1
γ

∆s

> (x[1](t))
1
γ

∫ t

T

(
1

r(s)

) 1
γ

∆s.

Therefore,

x(t)

(x[1](t))
1
γ

≥
∫ t

T

(
1

r(s)

) 1
γ

∆s = R(t, T ), for t ≥ T. (19)

Thus we have

xσ(t)

x(t)
= 1 +

µ(t)

r
1
γ (t)

(x[1](t))
1
γ

x(t)
≤ r

1
γ (t)R(t, T ) + µ(t)

r
1
γ (t)R(t, T )

for t ≥ T

and so

x(t)

xσ(t)
≥ r

1
γ (t)R(t, T )

r
1
γ (t)R(t, T ) + σ(t)− t

for t ≥ T.
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Thus, for t ≥ T , we get

xα(t)

(x(σ(t)))γ
=

(
x(t)

x(σ(t))

)α
1

(x(σ(t)))γ−α

≥
[

r
1
γ (t)R(t, T )

r
1
γ (t)R(t, T ) + µ(t)

]α
(x(σ(t)))α−γ . (20)

Consider following cases.
Case 1. Let α < γ. Since x[1](t) is positive and decreasing, it follows from
Lemma 2.1 that x[1](t) ≤ x[1](T ) = c for t ≥ T . So,

x∆(t) ≤ c
1
γ

r
1
γ (t)

. (21)

This implies that,

x(σ(t)) = x(t2) +

∫ σ(t)

T

x∆(s)∆s

≤ x(t2) + c
1
γ

∫ σ(t)

T

1

r
1
γ (s)

∆s. (22)

Since α < γ, we get

xα−γ(t) > cα−γ2

(∫ σ(t)

T

1

r
1
γ (s)

∆s

)α−γ
, (23)

where

c2 =

(
1

c

)γ
. (24)

Case 2. Let α = γ. So, (xσ(t))α−γ = 1.
Case 3. Let α > γ. In this case, since x∆(t) > 0, there exist t2 ≥ t1 such that
xσ(t) > x(t) > c > 0. This implies that (xσ(t))α−γ > c1, where c1 = cα−γ .
Combining these three cases and using the definition of ησ, we conclude that

(xσ(t))α−γ ≥ ησ(t).

Hence,

xα(t)

(x(σ(t)))γ
≥
(

r
1
γ (t)R(t, T )

r
1
γ (t)R(t, T ) + µ(t)

)α
ησ(t). (25)

Substituting (25) to (17), we obtain,

w∆(t) ≤ −Q(t)

(
r

1
γ (t)R(t, T )

r
1
γ (t)R(t, T ) + µ(t)

)α
ησ(t)− γ 1

r
1
γ (t)

(wσ(t))
1
γ+1,

w∆(t) +Q1(t) + γ
1

r
1
γ (t)

(wσ(t))
1
γ+1 ≤ 0 (26)
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and so

−w∆(t) ≥ Q1(t) +
γ

r
1
γ (t)

(wσ(t))1+ 1
γ > Q1(t), for t ≥ T. (27)

It follows from the definition of x[1](t) that

x∆(t) =

(
x[1](t)

r(t)

) 1
γ

. (28)

Integrating (28) from T to t, we obtain

x(t) = x(T ) +

∫ t

T

(
1

r(s)
x[1](s)

) 1
γ

∆s, for t ≥ T. (29)

Taking into account that x[1](t) is positive and decreasing, we get

x(t) ≥ x(T ) + (x[1](t))
1
γ

∫ t

T

1

r
1
γ (s)

∆s for t ≥ T.

Thus, we have

(x[1](t))
1
γ

x(t)
≤
(∫ t

T

1

r
1
γ (s)

∆s

)−1

and

w(t) =
x[1](t)

xγ(t)
≤
(∫ t

T

1

r
1
γ (s)

∆s

)−γ
for t ∈ [T,∞)T,

which implies, in view of (H2), that

lim
t→∞

w(t) = 0.

Integrating (27) from T to∞ and using the fact that limt→∞ w(t) = 0 we obtain

w(T ) ≥
∫ ∞
T

Q1(s)∆s.

which contradicts (9). The proof is completed. �

Theorem 3.2. Assume that (H1)− (H3) and (1) are satisfied. If there exists a
positive rd-continuous ∆ -differentiable function z(t) such that

lim
t→∞

sup

∫ t

T

[
z(s)Q1(s)− r(s)(z∆(s))γ+1

(γ + 1)γ+1zγ(s)

]
=∞, (30)

then every solution of (1) oscillates.

Proof. Assume the contrary and let y be a nonoscillatory solution of (1). With-
out loss of generality, we may assume that

y(t) > 0, y(τ(t)) > 0, y(τ(τ(t))) > 0, y(δi(t)) > 0, i = 1, 2 for t ≥ T. (31)
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Let w be defined as in (11), then w(t) > 0 for t ≥ T . Using (26), the following
inequality is true:

w∆(t) ≤ −Q1(t)− γ 1

r
1
γ (t)

(wσ(t))
1
γ+1 for t ≥ T. (32)

Multiplying (32) by z(t) and integrating from T to t, we obtain∫ t

T

z(s)Q1(s)∆s ≤ −
∫ t

T

z(s)w∆(s)∆s−
∫ t

T

γz(s)

r
1
γ (s)

(wσ(s))
1
γ+1∆s. (33)

Integration by parts, we get

−
∫ t

T

z(s)w∆(s)∆s = −z(t)w(t) + z(T )w(T ) +

∫ t

T

z∆(s)wσ(s)∆s

≤ z(T )w(T ) +

∫ t

T

z∆(s)wσ(s)∆s.

It follows that∫ t

T

z(s)Q1(s) ≤ z(T )w(T ) +

∫ t

T

z∆(s)wσ(s)∆s−
∫ t

T

γz(s)

r
1
γ (s)

(wσ(s))
1
γ+1∆s.

Setting B = z∆(s), A = γz(s)

r
1
γ (s)

, u = wσ(s) and using Lemma 2.3, we get∫ t

T

z(s)Q1(s)∆s ≤ z(T )w(T ) +

∫ t

T

γγ

(γ + 1)γ+1

(z∆(s))γ+1r(s)

γγzγ(s)

and so ∫ t

T

[
z(s)Q1(s)− r(s)(z∆(s))γ+1

(γ + 1)γ+1zγ(s)

]
∆s ≤ z(T )w(T ), (34)

which contradicts condition (30). Then every solution of (1) oscillates. The
proof is completed. �

Theorem 3.3. Assume that (H1) − (H3) and (1) are satisfied. Suppose that
z(t) is defined as in Theorem 3.2, H ∈ R and for t > s,

lim
t→∞

sup
1

H(t, t0)

∫ t

T

[
H(t, s)z(s)Q1(s)− r(s)Cγ+1(t, s)

(γ + 1)γ+1zγ(s)Hγ(t, s)

]
∆s =∞. (35)

is satisfied. Then every solution of (1) oscillates.

Proof. Assume the contrary and let y be a nonoscillatory solution of (1). With-
out loss of generality, we may assume that

y(t) > 0, y(τ(t)) > 0, y(τ(τ(t))) > 0, y(δi(t)) > 0, i = 1, 2 for t ≥ T. (36)

Let w be defined as in (11), then w(t) > 0 for t ≥ T . Multiplying (32) by
z(t)H(t, u) and integrating from T to t, we obtain∫ t

T

H(t, s)z(s)Q1(s)∆s ≤ −
∫ t

T

H(t, s)z(s)w∆(s)∆s
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−
∫ t

T

γz(s)H(t, s)

r
1
γ (s)

(wσ(s))
1
γ+1∆s, (37)

for u = t. Integration by parts we get

−
∫ t

T

H(t, s)z(s)w∆(s)∆s = H(t, T )z(T )w(T ) +

∫ t

T

(H(t, s)z(s))∆wσ(s)∆s.

Thus, we have∫ t

T

H(t, s)z(s)Q1(s)∆s

≤ H(t, T )z(T )w(T ) +

∫ t

T

(H∆(t, s)z(s) +Hσ(t, s)z∆(s))wσ(s)∆s

−
∫ t

T

γz(s)H(t, s)

r
1
γ (s)

(wσ(s))
1
γ+1∆s

= H(t, T )z(T )w(T ) +

∫ t

T

C(t, s)wσ(s)∆s−
∫ t

T

γz(s)H(t, s)

r
1
γ (s)

(wσ(s))
γ+1
γ ∆s.

Setting B = C(t, s), A = H(t,s)γz(s)

r
1
γ (s)

, u = wσ(s) and using Lemma 2.3, we have∫ t

T

H(t, s)z(s)Q1(s)∆s ≤ H(t, T )z(T )w(T ) +

∫ t

T

γγ

(γ + 1)γ+1

Cγ+1(t, s)r(s)

Hγ(t, s)zγ(s)γγ
∆s

and∫ t

T

[
H(t, s)z(s)Q1(s)− r(s)Cγ+1(t, s)

(γ + 1)γ+1zγ(s)Hγ(t, s)

]
∆s ≤ H(t, T )z(T )w(T ), (38)

which contradicts condition (30). Then every solution of (1) oscillates. The
proof is completed. �

4. Example

Example 4.1. Let T be any time scales and we consider the following second
order neutral dynamic equation(((

ty(t)+
1

2
y(
t

2
)

)∆) 3
5
)∆

+
(σ(t))

3
5

(2t− 3)
1
5

y
1
5 (t−1

2
)+

(σ(t))
3
5

(4t− 5)
1
5

y
1
5 (t−1

4
) = 0, (39)

where t ∈ [2,∞)T.
(H1) τ(t) = t

2 ≤ t, δ1(t) = t − 1
2 < t, δ2(t) = t − 1

4 < t, lim
t→∞

τ(t) =

lim
t→∞

δi(t) =∞, i = 1, 2.

(H2) τ(t) = t
2 ∈ Crd(T,R+), r(t) = 1 ∈ Crd(T,R+) that

∫∞
2

1

r
1
γ (t)

∆t =∫∞
2

∆t = lima→∞
∫ a

2
∆t = lim

a→∞
a − 2 = ∞, m(t) = t ∈ Crd(T,R+), p(t) =

1
2 ∈ Crd(T, [0, 1)) that m(τ(t)) = t

2 ≥ 1 > 1
2 = p(t) for t ≥ 2.
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(H3) q1(t) = (σ(t))
3
5

(2t−3)
1
5
, α = 1

5 , q2(t) = (σ(t))
3
5

(4t−5)
1
5
, β = 1

5 , that qi(t) ∈

Crd(T,R+).

Since

Q(t) = q1(t)

(
1

m(δ1(t))

[
1− p(δ1(t)

m(τ(δ1(t)))

])α
βα(t, T )

+q2(t)

(
1

m(δ2(t))

[
1− p(δ2(t)

m(τ(δ2(t)))

])β
ββ(t, T )

=
(σ(t))

3
5

(2t− 3)
1
5

(
1

t− 1
2

[
1− 1

2. 12 (t− 1
2 )

]) 1
5
(
δ1(t)− T
t− T

) 1
5

+
(σ(t))

3
5

(4t− 5)
1
5

(
1

t− 1
4

[
1− 1

2. 12 (t− 1
4 )

]) 1
5
(
δ2(t)− T
t− T

) 1
5

=
(σ(t))

3
5

(2t− 3)
1
5

2
1
5

(2t− 1)
1
5

(2t− 3)
1
5

(2t− 1)
1
5

(
δ1(t)− T
t− T

) 1
5

+
(σ(t))

3
5

(4t− 5)
1
5

4
1
5

(4t− 1)
1
5

(4t− 5)
1
5

(4t− 1)
1
5

(
δ2(t)− T
t− T

) 1
5

,

we get

Q1(t) = Q(t)

(
r

1
γ (t)R(t, T )

r
1
γ (t)R(t, T ) + µ(t)

)α
ησ(t),

where(
r

1
γ (t)R(t, T )

r
1
γ (t)R(t, T ) + µ(t)

)α
=

(
t− T

t− T + σ(t)− t

) 1
5

=

(
t− T

σ(t)− T

) 1
5

.

and

ησ(t) = cα−γ2

(∫ σ(t)

T

1

r
1
γ (s)

∆s

)α−γ
= c
− 2

5
2 (σ(t)− T )−

2
5 .

Thus we get

Q(t)

(
t− T

σ(t)− T

) 1
5

=
(σ(t))

3
5 2

1
5

(2t− 1)
2
5

(
δ1(t)− T
t− T

) 1
5
(

t− T
σ(t)− T

) 1
5

+
(σ(t))

3
5 4

1
5

(4t− 1)
2
5

(
δ2(t)− T
t− T

) 1
5
(

t− T
σ(t)− T

) 1
5

>
(σ(t))

3
5 2

1
5

2
2
5 t

2
5

(
δ1(t)− T
σ(t)− T

) 1
5

+
(σ(t))

3
5 4

1
5

4
2
5 t

2
5

(
δ2(t)− T
σ(t)− T

) 1
5

.

Archimedes property says if x and y are real numbers with x > 0, there exists
a natural n such that nx > y. So, for t > T and δi(t) > T there exist constants
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k1, k2 > 0 sufficiently large that

Q1(t) >
1

c
2
5
2 (σ(t)− T )

2
5

{
(σ(t))

3
5 2

1
5

2
1
5 t

2
5

(
t

k1σ(t)

) 1
5

+
(σ(t))

3
5 4

1
5

4
1
5 t

2
5

(
t

k2σ(t)

) 1
5
}

>
(σ(t))

3
5 2

1
5

2
1
5 t

2
5

(
t

k1σ(t)

) 1
5 1

c
2
5
2 (σ(t))

2
5

+
(σ(t))

3
5 4

1
5

4
1
5 t

2
5

(
t

k2σ(t)

) 1
5 1

c
2
5
2 (σ(t))

2
5

=
1

2
1
5 k

1
5
1 c

2
5
2 t

1
5

+
1

4
1
5 k

1
5
2 c

2
5
2 t

1
5

.

Let z(t) = 1, thus we obtain,

lim
t→∞

sup

∫ t

T

[
z(s)Q1(s)− r(s)(z∆(s))γ+1

(γ + 1)γ+1zγ(s)

]
≥ lim

t→∞
sup

∫ t

T

[
1

2
1
5 k

1
5
1 c

2
5
2

+
1

4
1
5 k

1
5
2 c

2
5
2

]
1

s
1
5

∆s =∞.

According to Theorem 3.2, every solution of (39) is oscillatory.
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16. Saker, S. H., & OŔegan, D. (2011). New oscillation criteria for second-order neu-

tral functional dynamic equations via the generalized Riccati substitution. Com-

munications in Nonlinear Science and Numerical Simulation, 16 (1), 423-434.
https://doi.org/10.1016/j.cnsns.2009.11.032

17. Thandapani, E., & Piramanantham, V. (2016). Oscillation criteria of second order neutral
delay dynamic equations with distributed deviating arguments. Electron. J. Qual. Theory

Differ. Equ.61, 1-15. https://doi.org/10.14232/ejqtde.2010.1.61

18. Candan, T. (2011). Oscillation of second-order nonlinear neutral dynamic equations on
time scales with distributed deviating arguments. Computers & Mathematics with Appli-

cations, 62 (11), 4118-4125. https://doi.org/10.1016/j.camwa.2011.09.062

19. Candan, T. (2013). Oscillation criteria for second-order nonlinear neutral dynamic equa-
tions with distributed deviating arguments on time scales. Advances in Difference Equa-

tions, 2013 (1), 112. https://doi.org/10.1186/1687-1847-2013-112
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