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ABSTRACT. The main goal of this article is to study the oscillation criteria
of the second-order neutral differential equations on time scales. We give
several theorems and related examples to illustrate the applicability of these
theorems. Our results extend some recent work in the literature.
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1. Introduction

When delays appear in additional terms involving the highest order derivative
of the unknown function in a differential equation, we are dealing with a neutral
type differential equation. Neutral functional differential equations have numer-
ous applications in electric networks. For instance, they are frequently used for
the study of distributed networks containing lossless transmission lines which
rise in high speed computers where the lossless transmission lines are used to
interconnect switching circuits; see [1]. Recently, many results on oscillation
of nonneutral differential equations and neutral functional differential equations
have been established. We refer the reader to [2, 3, 4] and the references cited
therein.

The theory of time scales is initiated by Hilger [5, 6] in order to unify continuous
and discrete analysis. Several authors have expounded on various aspects of the
theory of dynamic equations on time scales; see the survey paper by Agarwal
et al. [7] and the references cited therein. The books on the subject of time
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scales, by Bohner and Peterson [8], summarize and organize much of time scale
calculus. There are applications of dynamic equations on time scales to quantum
mechanics, electrical engineering, neural networks, heat transfer, combinatorics,
etc.

In recent years, there has been much research activity concerning the oscillation
and nonoscillation of solutions of ordinary dynamic equations on time scales, we
refer the reader to the papers [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22,
23]. Recently Agarwal et al. [24] have established some new oscillation criteria
for second-order delay dynamic equations on time scales.

Very recently, some authors studied on existence and behavior of solutions for
some integral equations, second order multi objective symmetric programming
problem and duality relations and fixed point theorems for nonlinear contractions
in [25, 26, 27, 28, 29].

In this paper, we consider second-order nonlinear neutral dynamic equations of
the following form:

[ (8) (m(®)y (1) + pOy(r()2) ] + [t y(61 (1) + ot y(S2() =0 (1)

On a time scale T satisfying inf T = ¢g and sup T = co. We recall that a solution

of equation (1) is said to be oscillatory on [tg, 00)T in case it is neither eventu-

ally positive nor eventually negative. Otherwise, it is said to be nonoscillatory.

Equation (1) is said to be oscillatory in case all of its solutions are oscillatory.

Throughout this paper, we assume the followings:

(Hy) 7(t),0;(t) € Crg(T,T) such that 7(¢t) < ¢ and tlim T(t) = tlim 9:i(t) =
—00 —00

oo, =12

(Hy) r(t) € Cprg(T,RT) such that j;zo ——At = oo and m(t) € Cpq(T,RY),

T (t)
p(t) € Cra(T,[0,1)) such that m(7(t)) > p(t) where R* = [0, 00),
(Hs) fi(t,u) : Tx R — R are continuous functions such that wf;(t,u) > 0
for all u # 0 and there exist ¢;(t) € C.q(T, RT) (i = 1,2),7v is quotients
of odd positive integers « and 8 with 0 < « < B such that |ufi(¢t,u)| >
a1 ()6l ufa(t, )] > ga(t) ul+.
This paper is organized as follows. After this introduction, we introduce some
basic lemmas in Section 2. In Section 3, we present the main results and give
an example to illustrate the main results.

2. Some preliminaries

Before stating our main results, we’ll give some lemmas which play an important
role in the proof of the main results. Set

(t) = m(t)y(t) + p(t)y(r (1)), (2)

then the equation (1) becomes

(r(0)(@>(1))")> + filt,y(01(8) + falt, y(2(t)) = 0. (3)
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For t,T € T with t > T, we define

tq
R(,T) = /T TR

R@E:@).T) 5 )
B(t,T) = { {C(t,T) , 0i(t) < &

) i = b

1, a=";
®) o
n7(t) =3 5~ 7<f{f ' As) , a<y;

7 (s)

C1, a >,

and

rTORELT)
= ) o,
r7 (DR T) + p(t)

where Q(t) will be defined as Lemma 2.2. For D = {(t,s) € T> : t > s > 0}, we
define

= {H(t,s) € C}(D,[0,00)) : H(t,t) = 0,H(t,s) > 0 and HZ2(t,s) >
0 for t>s>0}
and

O(t,s) = H™(t,8)2(s) + H(t,0(s))2>(s) for H(t,s) € H,
where z € C’Td(']I‘ (0,00)) is to be given Theorem 3.2 and Theorem 3.3, and
28 (t) = maz{z2(t),0}.
Lemma 2.1. Assume that (Hy)— (Hs) and (1) are satisfied. If equation (1) has
a nonoscillatory solutions y on [tg,00)r, and  is defined as in (2), then there
exists a T € T sufficiently large such that x(t) > 0, z2(t) > 0, (r(t)(z? () <
0, z(t) > r%(t)xA(t)R(t,T), x(8;(t)) > B(t, T)x(t) fort € [T,00)T.
Proof. If y(t) is an eventually positive solution of (1), then there exist a T €
[to, 00)T such that
y(1) >0, y(7(t)) >0, y(di(t)) >0, for t>T, i=1,2. (4)

From (2), (4) and (Hz), z(t) > 0. Also by (3) and (Hj3), we have

(r(t) (=2 (6)")> —f1(t,y(01(2)) — fa(t, y(02(t))

—q1(t)y*(61(t) — q2(t)y” (62(t)) <O, for t>T,
which implies that 7(t)(z(t))” is decreasing on [T, c0)r.

We claim that r (¢ )(mA(t )Y >0 on [T,00)r. Assume not, thereisat; € [T, 00)r

such that r(t;)(x®(t1))Y = ¢ < 0. Since r(t)(z®(t))" is decreasing on [T, c0)T,
r(t) (22 ()Y < r(t)(x?(t1))” = ¢ for t > t1. So, we have

IN

1
CcY

r(t)

2 (t) <
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Integrating the above inequality from ¢; to t, by (Hz), we get

a(t) < z(t) + ¢ /tt Hl(s)As — —00 (t— o0)

and this contradicts the fact that z(t) > 0 for all ¢ > T. Thus, we have
r(t)(x?(t))Y > 0 on [T, 00)r and so 22 (t) > 0 on [T, 00)r. From 7(t)(x2(t))" is
decreasing on [T, c0)T, we have

SN

~

==

z(t) = z(T)+ | z2(s)A
m(T)—I—/t (7"(3) ) As

A(s)
(s)
As

|
e

r

(r(s)(@™()))7
g /T r%(s)

(x

Now, we will show that

2(8:(t)) > B(t, T)x(t).
t)

We consider two cases which d;(¢) < ¢t and d;(t) > ¢, respectively.
Case 1. §;(t) <t. Since r(t)(z®(t))" is decreasing on [T, 00)r, we have

E(r(s) (@2 (s))) 7
x(t) —x(6;(t)) = /(y(t) WAS

t
1 1
< ()P E0)) / —As.
61(t)
By dividing x(0;(t)), it follows that

o)y )G ) [
R T

Since 6;(t) > T for t € [T, 0c0)1, we have

8:(t) r(s) (22 ()7~ h i (t)
o6 = [ @D Ay > (r(5,(0)) (22 (3:(6)))) [ as

T r7(s)

which implies that
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Thus, we get
o) ., o 358 Jragt  pen
z(0;(1)) ~ ;f’i(t) T%l(s) As 7‘? () T;(S)As ~ R(5:(t),T)
So,

x(8;(t)) = B(t, T)x(t).
Case 2. §;(t) > t. Since 2(t) > 0 for t € [T,00), x(8;(t)) > 2(t). From the
definition of (¢, T'), we obtain
x(8;(t)) = B(t, T)x(t).
O

Lemma 2.2. Assume that conditions (Hy) — (Hs) and (1) are satisfied. If
equation (1) has a nonoscillatory solution y on [tg,00)T and x is defined as in
(2) then there exists a T > to such that

(r(O)@2 (1)) + Q)a*(t) <0 for t =T,

1 _opE®) 1\ e
(@ [~ wtmem)) #6D
! p:(1) 1Y s
0z |~ om0 >0
Proof. If y(t) is an eventually positive solution of (1) then there exists a T' €
[to, 00)T such that

y(t) >0, y(r(t)) >0, y(6:(t)) >0, y(r(r(t)) >0 for t>T, i=1,2.

where

~

Q) = af

W) = sl —py(r ()]
= [P0 ) s ) ~ )l (r(0)
> o) = 0l0) (e 0)|
>l o) O )
For t >ty = §; }(T) with i = 1,2, noting that (5), we get
W0 > s |1~ e |0 )

From Lemma 2.1 and (6), we have

(rOE M) < —a®y*(61(0) = e2(t)y” (52(2))
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o =L [1- 20®) 1.
< “(”(m(al(t» ! m<7<61<t>>>_) (0:(5)
B L[, @) 1\ s
Q2(t)<m(52(t)) ! m(7(52(t)))_) (%2()
. L[ p0) T\ ey e
< ‘”“(m(amm A ) B T)e"(t)
B LN PR JC105) N A
q2(t)<m(52(t))_ (620 ) B T)a" (1)
R 1 o p0i®) T\ sa
- [ 2O\ o m<7<61<t>>>D B T)
) L pm) 1\ .
qz(”(m(@(t» [1 <<52<t>>>D AT (0)
Thus,
(H(O @ (H))® + Q(E)e (1) < 0. )
[l

Lemma 2.3. [9] Let g(u) = Bu — AUWTH, where A > 0 and B are constants,
v is a quotient of odd positive integers. Then g attains its maximum value on
¥

" B
R at u :<A(v11)> and

. Y B+l
w) = or e ®

3. Main Results

In this section, we state and prove the main oscillation results for the equations
(1).
Theorem 3.1. Assume that (Hy) — (Hs) and (1) are satisfied. If

/ Qi (s (9)

then every solution of (1) oscillates.

Proof. Assume the contrary and let y be a nonoscillatory solution of (1). With-
out loss of generality, we may assume that

y(t) >0, y(r(t)) >0, y(r(r(t))) >0, y(&:(t) >0, i=1,2 for t>T.(10)
We define

w(t) = 5 for t>T, (11)
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where
2(t) .= (r() @) (t) and  2P(t) = (=M (1))

Then, w(t) > 0 for t > T. Since Lemma 2.1 and (2), there exists a T > 1
such that

z(t) >0, M) >0 and 2P(t) <0 for t>T. (12)
From Lemma 2.2, we get

2RUO Y (1) = (27 ()2 1
w - D002y

L) (@) e
< CO0GHr T mo@o)r (13)

By the Ptzsche chain rule, if () > 0 and v > 1, then we get

1
(27(1)> = 7/0 [2(t) + u(t)ha™ ()]~ &> (t)dh
_ 7/0 [(1 = R)a(t) + ha” (O] "2™ (6)dh
> o [ wratwan

= z) 2B ().
Again by the Ptzsche chain rule, if z2(t) >0 and 0 <y < 1, then we have

@@)> = 4 / [2(t) + p(t)ha ()] (t) dh
- 7/ (1= h)e(t) + ha (O] 2™ (¢)dh

> o [ @ opte o

= (@7 (t) ().

Since x(t) is increasing and z[*(¢) is decreasing, for v > 1, we get

(@)M2alle)  y@®) et @@ @)”

D@ )y = 2 (8) (@ (1)
N <xm<t>>%<zm<t>>0
T Balo(®) (o)
o N@H)7)7 @ @)
T Oa(o(t) (@ (o (b))
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1 1
r%(t

= 7

~—

Also for 0 < v <1, we have
(e@M2@)  _ A(ae®) 220 @1 ()

a1 (@) (zr (@) 27 (1) (27 (8))7

Y

2
—~ 2=
—~
8
=
—~
~
~
N |~ —~
Q
~—
—
S
=
—
~

Together (14) and (15), we obtain
() 22l(t) - 141

POy = g T o
Substituting (16) in (13), we get
wA1) < QU ()

o) = xa3+/:@m@»i( 1>$As

Therefore,

Thus we have
27(t) _
x(t) r () x(t)

and so

(19)
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Thus, for t > T, we get

et ( a(t) )"‘ 1
(z(a (1)) 2(0(®)) (@)
PTORGT) ] s
& [r;(t)R@’T)w(t)} (2(o(1))) (20)

Consider following cases.
Case 1. Let a < 7. Since z[1(t) is positive and decreasing, it follows from
Lemma 2.1 that z1(t) < 2(T) =¢ for t > T. So,

1

22 () < = (21)
r7(t)
This implies that,
a(t)
z(o(t)) = xz(t2) —|—/ 2(s)As
T
o)
< x(t2)+cv/ —As (22)
T rv(s)
Since a < 7y, we get
o(t) 1 a—y
w0 ([ ) (23)
T rv(s)

where

e = (i)v (24)

Case 2. Let a =+. So, (z7(¢))* 7 = 1.

Case 3. Let o > 7. In this case, since 2 (t) > 0, there exist £ > #; such that
x%(t) > x(t) > ¢ > 0. This implies that (z7(t))*~Y > ¢y, where ¢; = ¢*7.
Combining these three cases and using the definition of 17, we conclude that

(@7(@)*7 =17 (1)

Hence,

z(t) P MRET)  \° .
ot = (r%t)R(t,T)w(t)) - (25)

Substituting (25) to (17), we obtain,

WA < rT (R T)
)= =QW <H(t)R(t,T) +u

(t)) W)~ 1 (w7 ()

w?(t) + Q1 (t) + y——— W ()7 <0 (26)
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and so
) 2 Q)+ W) > Qi) Sor t2T. (27)
r(t
It follows from the definition of x[!(t) that
@)\~
A zt(t)
= . 2
0= (") =
Integrating (28) from T to ¢, we obtain
t 1 %
z(t) = z(T) —|—/ (ﬂ”(s)) As, for t>T. (29)
7 \r(s)

Taking into account that z[1(¢) is positive and decreasing, we get

z(t) > x(T) + (x[l] (t))% /Tt r;(s)As for t>T.

Thus, we have

([ s)
and

which implies, in view of (Hs), that
lim w(t) = 0.

t—o0

Integrating (27) from T to oo and using the fact that lim; ,. w(t) = 0 we obtain

(o)
w(T) > / Q1(s)As.
T
which contradicts (9). The proof is completed. O

Theorem 3.2. Assume that (Hy) — (Hs) and (1) are satisfied. If there exists a
positive rd-continuous A -differentiable function z(t) such that

| : rOERE)T ]
i sup [ [z<s>c21<s> rEEOT ] _ (30)

a3 G+ D712
then every solution of (1) oscillates.

Proof. Assume the contrary and let y be a nonoscillatory solution of (1). With-
out loss of generality, we may assume that

y(t) >0, y(7(t)) >0, y(r(v(t))) >0, y(di(t)) >0, i=12 for t>T. (31)
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Let w be defined as in (11), then w(t) > 0 for ¢ > T. Using (26), the following

inequality is true:

1

w?(t) < —Qu(t) —y—
7 (t)

Multiplying (32) by z(t) and integrating from 7' to ¢, we obtain

./4@@@M3s—/z@w%&m—LfY@uf@ﬁ“A& (33)

T T r7(s)

(wo ()7 for t>T. (32)

Integration by parts, we get
¢ ¢
—/ 2(s)w™(s)As = —z(t)w(t) + 2(T)w(T) —|—/ 22 (s)w’ (s)As
T T
t

< AT)w(T) + / A (s)w (5)As.

T
It follows that

/ ()@ (5) < A(T)l(T) + /

T T

t

22 (8w (s)As — t’yz(s)w”s%+1 S
(ur(s)8s = [ 2 ) 1as

r7(s)

Setting B = 22(s), A = 228 4 = w(s) and using Lemma 2.3, we get

t t ~ LA+ (s
/Z(S)Ql(s)Asgz(T)w(T)+/T( v (22(s))""r(s)

T Y+ 1)L 727(s)
and so

t rEAE™ )
[ [t - {2 < cmpui) (34)
(

which contradicts condition (30). Then every solution of (1) oscillates. The
proof is completed. O

Theorem 3.3. Assume that (H1) — (Hs) and (1) are satisfied. Suppose that
z(t) is defined as in Theorem 3.2, H € R and fort > s,

| L 0 .
tlgglo supm/T {H(Ls)z(s)@l(s) 1) (5 HT (L 5) As = 0. (35)

is satisfied. Then every solution of (1) oscillates.

Proof. Assume the contrary and let y be a nonoscillatory solution of (1). With-
out loss of generality, we may assume that

y(t) >0, y(r(t)) >0, y(r(r(t))) >0, y((t) >0, i=12 for t>T. (36)

Let w be defined as in (11), then w(t) > 0 for t > T. Multiplying (32) by
z(t)H (t,u) and integrating from T to ¢, we obtain

/Hts /Hts w?(s)As
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~—

t
H(t
_/ ’YZ(SI ( 78) (U}U(S))%—"—lAS, (37)
T r7(s)
for u = t. Integration by parts we get

_ /T H(t, 5)2(s)w™ (s)As — H(t,T)=(T)w(T) + / (H(t, 5)2(s)) 0 (s)As.

T
Thus, we have

/ H(t,s)z(s)Q1(s)As
T

< H(t,T)z(T)w(T) +/T(HA(t,s)z(s) + HO(t,5)2" (s))w’ (s)As
‘/ i
T r7(s)
) o LR H () g,
= H(t,T)z /C’t /T ) (w?(s)) 7 As.
Setting B = C(t,s), A= HE9)y2(s) ) — g0 (s) and using Lemma 2.3, we have

77 (s)

CYTL(t, s)r(s)

' oy :
| H0.926)Qu(0) 85 < He. DT + | o g BT A

t r(s)C7FL(t, )
H(t - : As < H(t,T)z(T)w(T
[ s - 0 S s < He ), 6s)
which contradicts condition (30). Then every solution of (1) oscillates. The
proof is completed. U
4. Example

Example 4.1. Let T be any time scales and we consider the following second
order neutral dynamic equation

(((ty( )+;y(;)>A>§)A+%y%(t—;)+myé(t—i) =0, (39)

where t € [2,00)r.
(Hy) 7(t) = £ <t, &(t) =t—
tlim 0i(t) =00, i=1,2.
—00
(Hy) 7(t) = L € Cry(T,RY), r(t) = 1 € Cpq(T,RT) that [,° 7()
¢
S At = limg o [ At = lim a — 2 = o0, m(t) =t € Crq(T,RY), p(t) =

a— o0

1€ Cy(T,[0,1)) that m(7(t)) = £ > 1> 1 = p(t) for t > 2.

N

— J— l 1 =
<t 0oft) =t—3 < t,tli>rrolo7'(t)

At =
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_ (o(®) _ 1 _ (o) _ 1
(H3) ql(t) - (2t73)%7 a = 5 QQ() - (42&75)%7 ﬁ — 5 that ql(t) €
Crd(T,RJF).
Since

- ) (45
I R )

()% 25 (2t—3

~— [~— N

2t =3)5 (2t —1)3 (2t —1
(c(t)E  4b (4t_5)é(52(t)_T)é
(4t —5)5 (4t —1)5 (4t —1)s \ t=T )~
we get
_ P ORET)  \"
) =an( S (t)) (1),
where

(H(jﬁ(f(ﬁ(’??u(t)y B <t—Tt+_<§t)—t) N <o€t)_—TT>é'

and

Thus we get

wolGis) - G () ()
o (o) (o)
O () e )

Archimedes property says if  and y are real numbers with = > 0, there exists
a natural n such that nz > y. So, for ¢ > T and 9;(t) > T there exist constants
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k1, ko > 0 sufficiently large that

—_
—_

TS SRS e
25kycests  45kJcits

Let z(t) = 1, thus we obtain,

1m1wp/thxmw>—r“””“@W“]

" J (7 + D12 (s)

t

1 1 1

> limsup/[1 — T 112]1A3200.
tmroo T L25k7c]  45kjcyd ST

According to Theorem 3.2, every solution of (39) is oscillatory.
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