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1. Introduction

S uppose S"~1, (n > 2) denote the unit sphere in R" equipped with the normalized Lebesgue measure
do = d(c¢’). Let O be homogeneous function of degree zero and satisfies

/S | Q(x')do(x'), where ' = x/|x|(x #0). ()
The Calderén-Zygmund singular integral operator T, is defined as

Q(x—y)

Tah(x) = PV [, =y

h(y)dy. )
Now, we recall the definitions of the corresponding commutators of the Calderén-Zygmund singular
integral operator. Suppose that b € BMO(R"), the commutators [b, T] generated by b and T is defined as

b, Tolh(x) = po. [, 2 o(x) — blw) )y ®

These operators were firstly introduced by Calderén and Zygmund in [1,2], in which they proved that
these operator are bounded on L?, where 0 < p < 1. Coifman et al. [3] showed that if QO € A, (S""!) where
v € (0,1) and b € BMO(R"), then [b, T] is bounded on L?. In 2011, Lu Ding and Yan [4] proved that T, and
the commutator [b, T are bounded on weighted (L? (R"), L1(R")).

In last 30 years, the function spaces with variable exponent have attracted researchers since the paper
[5] appeared in 1991, see, for example [6—10] and their references. Recently, Jingshi Xu and Xiaodi Yang [11]
studied the Herz-Morrey-Hardy spaces with variable exponent and their applications.

Motivated by [11-13], our main purpose of this paper is to study some boundedness for commutators of
Calderén—Zygmund operators on Herz-Morrey-Hardy space with two variable exponents. The main tools are
properties of variable exponent, BMO function and Lipschitz function.

Definition 1. Let (3 C R" be a subset of R" with the Lebesgue measure > 0. For a measurable function
p(-) : Q@ — [1,0), the variable Lebesgue space is defined as

LP(')(Q) = {h is measurable on Q) : p, (h) < 00} ,
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where

p(x)
pp(h) = /Q (h(;)|> dx < oo for some constat y > 0.

The set LP()(Q)) is a quasi Banach space with following Luxemburg-Nakano norm

el o= in {5 > 05 pp(u~"h) <1}
The space Lfo(c') (Q)) is defined as

Lfo(c)(Q) = {h - hxe € LPU) (R™) for any compact subset K C Q} .
Suppose P(Q) represents the set of all function p : 3 — [1,00). Assume that p_ = essinf,cq p(x) and
py+ = esssup,.q p(x). Setp_ > 1,py < oo and p(-), p'(-) are conjugate exponent function defined by
1/p(-) +1/p'(-) = 1. Let B(Q) be the set of p(-) € P(Q) satisfying that the maximal function is bounded on
Lp().

Definition 2. (see[11]). Let p(-) € P(R"), 0 < g < 0, 0 < A < o0, a(-) € L®°(R") and N > n + 1. The
homogeneous Herz-Morrey-Hardy spaces H MK;E;K(]R”) and nonhomogeneous Herz-Morrey-Hardy spaces

HMK E ;A(R”) are defined as

HMK;Ejg:‘fA(R") — {h e S'(R") : HhHHMK () 1 (®) = ”GNh”MK“E‘}‘;(RH) < oo},
P,

P

HMK) (") = {h e S'R) : ] =GN0 ) < oo},

HMKG ) (RY) (A ®")

respectively.
2. Preliminaries and Lemmas
Proposition 3. (see[14]). Given a function p(-) : R" — [1,00). If p(-) € P(R") satisfies

—C

lp(x) —p(y)| < m} lx —y| <1/2, 4)
and c
lp(x) —p(y)| < W} ly| > |x], 5)

then, p(-) € B(R").

Lemma 4. (see[5]). (Generalized Holder Inequality) Given p(-), p1(-), p2(-) € P(R").

1. Forevery h € LP1C)(R") and g € LP2() (R"), we have

[ IBGIgCdx < Clltll o g 1130 oy

where C, =1 + o p%
2. Foreveryh € L7"1 J(R™), and g € LP20)(R™), when pg) p2() + () we have
1B ()| ooy gy < ClE GO Lr2 ey 11| 1) ey
1
where Cp, p, = [1+ PT - i] .
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Lemma 5. (see[15,16]). Given p(-) € B(R™). If there exist positive constants C, 6y and &y such that &1, &, < 1, then
forall balls B C R" and all measurable subset R C B, we have

Ixrllro@n _ (R IxRlo@n <|R)52 IXRIILp<-><Rn)<C<|R)51
sl @y = 1Bl lxslpo@s —  \IBI) " llxsllpo@s —  \IBI

Lemma 6. (see[17]). If p(-) € B(R"), then there exists a constant C > 0 such that for any ball B in R", we have

1
m ||XB ||LP(’)(R") ||XB HU”/(')(R”) <C.
Now, the BMO function and BMO norm are defined as
BMO(R") := {b € Lipe(R") : [|bllpmorr) < 0},

Ibllmviomn = sup |01 [ b(x) ~boldx

Q:cube

respectively.
Lemma 7. (see[8]). Given p(-) € B(R”), b € BMO(R"). Ifi,j € Z with i < j, then we have

1 CYbllpmo(rn) < su 1p HXBH ||( bB) X8| po) ey < ClIbllBMORN)-
2. |1(b = bg,) x5l o) (Rn) < C(] - Z)||17||BMo &) 128, 11 a0 ey -

Lemma 8. (see[18]). Suppose that p(-) € P(R"), g € [0,00) and A € [0, 00). If a(-) is log-Holder continuous both at
origin and at infinity, then

L<0,LeZ k=—o0

1/q L 1/q
sup ( Y 25O )1, ) +271 (Z 2t lthkIIZMRn)) '
L>0,LEZ k=—0c0 k=0

Lemma 9. (see[4]). Let Q) satisfies L"-Dini condition r € [1,c0). If there exist constants C > 0 and R > 0 such that
ly| < R/2, then for every x € R", we have

(/R<x<2R

Lemma 10. (see[11]). Suppose that p(-) € B(R"), q € [0,00) and A € [0,00). Let a(-) is log-Holder continuous
both at origin and at infinity. If 2A < «(-), ndy < «(0), & < oo and &, as defined in Lemma 5. Then
h e HMK*) (R™) (or HMK*) (]R”)) if and only if h = E A8k | or OZOL Ak8k |, in the sense of S’(R"),
where each g be a centml (a(+), p(-))-atom (or centml (a(+), p(-))-atom of restricted type) with support contained in

L 1/q
Hh” () (Rn) Nmax{ sup 2L)\< Z 2k!X(O)[l |th||ZP(')(R")> ’

O(x—y) Q)]
lx—y["  |x["

1
dx) < CcRU—n {|y| +/ wr(‘s)d(s}.
R lyl/2R<é<|y|/R O

By and sup 2~ 1A Z [Ax|T < o0 or (supZ LA Z |Ak]T < o0

LeZ k=—o0 LeZ k=0
Also,
L a L /9
||| infsup2“‘ Y| Akl? or ||| infsupZU‘ ( Y |/\k|‘7) ,
HMK} ) Lez k=—o0 HMKy T k=0

where infimum is taken over all above decomposition of h.

Lemma 11. (see [19]). Let p(-) € P(Q) and h : Q x QO — R is a measurable function (with respect to product
measure) such that, for almost every y € Q, h(-,y) € LPC)(Q). Then

h(-,y)d <c/ h(- o) dy.
e se el
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Lemma 12. (see[19]). Suppose p(-) € P(R") satisfies conditions (4) and (5) of Proposition 3, then for any ball (or

cube) Q C R", we have
IxQllLro ey = { |Q|p(ic)' Zf |Q| <27
QI7, if QI > 1,
where p(c0) = lim p(x).

X—r00
3. Main Results
In this section, we formulate and prove the main results of this paper.
Theorem 13. Let p(-) € B(R") and Q € L"(S" 1) (r > p*) satisfies

Law, (6)
S1+p

dd <oo, 0<pB<L1. (6)

Suppose that 0 < g < o0, 0 < A < coand a(-) € L®(R") satisfies conditions (4) and (5) of Proposition 3. If 2A
a(-), ndy < a(0), a0 < B+ 1y, then Tg is bounded from HMK', #(-)a (HMK a(-)a ) to MK E%A ( K)

p()° (-)A
Proof. It suffices to prove for HMK“E';"]. Assume that h € HMKgng\, then by Lemma 10, h =

L
Z /\]g] converges in §’(R"), where ||hHHMK g~ infsup2M( ¥ |A]-|‘4)1/q, and g; is a dyadic central
= ()A LeZ j=—00

(a(+), p(-))-atom with support contained in B;. For simplicity, we take Y = sup2i* Y. |A;]9. By virtue of
LeZ j=—00
Lemma 8, we have

L 1/
- —LA ka (0 q
&' max { sup 2 ( Z 2kw(0)q ||TQ(h)Xk||Lp(->(Rn)> ’

ITa(), et
MK () L<0,LeZ fe oo

L>0,LeZ k=—oc0 k=0

1 1/q L L4
sup lzu< Y k(0 ||TQ(h)xk||Zp(_)(Rn)> 4274 (Z 2kocooq|T0(h)xk||’zp<_)(Rn)>

~ max{E,F+ G}.

Let
LA < ka(0

E = sup 2—HM Z za( )1 ||Tﬂ(h)XkHZp(-)(Rn)’
L<0,LeZ k=—oo
—1

k

F = Z 2“(O)q||Tﬂ(h)XkHZp()(Rn)’
k=—00

G = sup 27MM Y 2R (el
L>0,L€EZ kgo LP()(R )

To finish our proof, we only need to show that there exists a constant C > 0, such that E, F, G < CY.
First we prove that E < CY.

L L q
E — sup 7—LAq Z Zch(O)q HTQ(h)Xk”ZP(')(R") < sup 2—LAq Z zklx (Z M |HTQg])Xk||Lp )& )
L<0,LeZ k=—o00 L<0,LeZ k=—00 j=k

L k-1 q
+ sup 27MM Y zktx(O)‘i< Y I?\j|||Tn(gj)Xk|Lp(-)(Rn)> 1= E1 + Es.
L<0,LEZ k=—00 j=—00

By the (LP()(R™), LP() (R") )-boundedness of the T, (see[13]), we get
y g

ITa @)Xk Lr) gy < N8l Lpt gy < 1B 97" =277,
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Therefore, when 0 < g < 1, we obtain

ﬂ

|

L =) q
E, = sup 2-LAq Z 2ke(0)g <Z|Aj|||TQ(gj)Xk|Ln(-)(Rn)>
L<0,LEZ k=—co j=k
L oo . q
< C sup 270 Y 2RO [y a0
L<0,LEZ k=—co j=k
L —1 ) 00 . q
< C sup 270M Yy oke(O)g Z\Aj|27]“(o)+2|)\j|2*]“°°
L<0,LEZ k=—co j=k j=0
I L -1 ) L o0 ) 1
< C| sup 2704 Y YU A2k e@a o gup pmLA [ Y ka0 Y7 ) e
| L<0,LcZ k=—oc0 j=k L<0,L€Z k=—o00 j=0
i ) ) ) L
< C| sup 27M Z A9 2 2(k=j)a(0)g sup 2z—m‘,\j‘qZ(A—aw)mz—LM szvc(O)
| L<0,LeZ j=—o00 k=—o0 L<0 LEZ]‘: =
< C| sup 27M Z [Aj|T+ sup 27 LMZM |7 Z 2(k=)a(0)q
| L<0,L€Z j=—o00 L<0,LEZ j=L k=—0o0
o0 L
+Y sup Zz()»—%o)jq Y. olka(0)—LAlq
L<0,LEZ j=0 k=c0
< C|Y+ sup Y 27/M|p;020-L)Ag Z 2(k=ia0)g 1y
L<0,LEZ j=L. k=—o0
< C|Y+Y sup Zz b)rg Z 2(k=0e0 1y | < cy.
LSO,LGZ] L k=—oc0
when1 < g <oo,and1/9+1/4" =1, we have
L ) q
E1 = sup 2~ LAq Z 2k«(0)q <Z|/\j|||TQ(gj)Xk|Lp(-)(Rn)>
L<0,L€Z k=—c0 =k
L © ) q
< C sup 270 Y kO [ Y7 A2
L<0,LeZ k=—o0 j=k
[ v (v k—j)a(0 ! g k(0 [ o )
< C| sup 27°M Z Z|/\j|2( N0 ) 4 sup 27 Z 2ka(0)q Z|A]-|2*]"‘°°
L<0,L€Z k=—oc0 \j=k L<0,LEZ k=—c0 j=0
[ L -1 ()] v 7
< C| sup 27MM Y Z|)L].|q2(k—1) )2 22 07
L<0,LeZ k=—co \j=k
L L )
+ osup 270y ok [ Y jap it | o Y 2 i '
L<0,LeZ k=—o0 j=0 j=0
[ L -1 )
< C| sup 270 Y Y2k n@F 4 qup 27 Z 2ka(0 ”’ZI?\ |72
|L<O,LEZ k=—o0 j=k L<0,LEZ k=—co =
[ -1 j . o oo\ L
< C| sup 27MM Y A9 Zz(k—J)a(O)% + sup ZZ_]A‘?‘/\].“?Z()‘_T)MZ_L)“? Y oka(0)q
L<OL€Z ]‘:700 k=00 L<OL€Z]':
< C| sup 27tM Z |A|‘7+ sup 2““72\/\\‘722"]“(0)%

L<O LeZ ]7700 0,LEZ k=00

[e9)

+Y sup Y 20 F)ip—LAg 2 2ke(0)
L<0,L€Zj=0 k=—o00
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-1 ) ) ] ) .
<C|Y+ sup Y 271Aq|)\j|q2(JfL)Aq Y. 2(k=a(0)7 4y
LgO,Ler:L k=00
-1 ) ] ) .
<C|Y+Y sup Y 207DA7 y° o0z 4y
L<0,LE€Z j=L k=co
< CY. 7)

Now, we prove that E; < CY. Note that if x € Ay foreachk € Z,y € Ajand j < k—1. Let fi(-) >
land 1/p(-) =1/p(-) +1/r. Since r > p™, so by Lemma 4 and Lemma 11, we get

O -y ?(")

o -y _00)

|- I

18 (v)|dy
Lp(-)(Rn)

ITa@)xkllpo@ny < Xk

12kl L) (mny 18 () |y ®)
LV(R”)

Using Lemma 9, we get

H C) Q‘)
=yl ]

< coptenm J 1Yl 1727 ,(5) is
’ - 2k—1 k )
L7 (R") lyl/2

k—1)(2— —k —k
< otk n>(2, 40l )ﬁ/ 51+ﬁd5)

< Cotk-D) () -Rp, ©)
By Lemma 12, we obtain
Qf-
gl < || T y|,)—|,(|,3 o Il 9
. 1
<c|| s - 20 i (1 B0 oy 10

From (8) and Lemmas 4-6, we get

Il ey < €250 (g 1B ) il

i ||XB|| p’(.) n
< Coli—kp [ 2L (RY) .
< HXBkHLP’U(Rn) ||g]HLp()(R )
< CaU=h)(B+nd)—ja; "

So, when 0 < g < 1, we obtain

L k— 1
E2 = sup Z_L/\q Z Zktx(O)q ( Z |)\ |HTQ(g])Xk||LP ]R” >
L<0,LEZ k=—0c0 j=—00

L q
<C sup 274 Y 2k (0) (Z Aj])2 k) (B+néy) J“(0)>

L<0,LEZ k=—co f—

L k-1 q
<C sup 27HM Y (2 A |21G=K) (Btndy)—a ()])

L<0,LEZ k=—co \j=—00

q
<C sup 2~ LAq Z |}\ |‘7< Z 2[(=k) (B+néy) —“(0)]>

L<0,L€Z ]——oo k= ]Jrl
< CY. (12)
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When0 < g <oo,and 1/q+1/q9" =1,by né, < a(0) < B+ né, and Holder’s inequality, we have

q
E, = sup 2°LM 2 2k(0)g <Z 1Al Tea (87 xkll o) R”)

L<0,LeZ k=—o00 j=—00

IN

L
C sup 27MM Y <Z A |72L(=k) (B+ndz) —a(0 )]Z)

L<0,LeZ k=—o00 \j=—c0

9
7

(Z DI~k (B+ndz) (0)}‘§>

J=—0

< C sup 27MM 2 A9 2 (=) (B+nd2) —a(0)]3

L<0,L€Z j=—00 k=j+1
< CY. (13)
Next we prove that F < CY.
-1 IS q
F = kz 2ku(0)q ||TQ(h)xk||Zp(_)(Rn < ): 2kx(0) <Z}( |/\j|||TQ(gj)Xk“LP(~)(RH)>
=—00 =—00 j=

1 k-1 7
I Z ok (0)q <Z |)\j|||TQ(gj)Xk|Ln(~>(R”)>

k=—c0 j=—00
= K+ F. (14)
Since 0 < g <1, we get

—1 00 1 —1 00 . 1
RO p 2% <2|A]-|||Tn<gj>xk|Lp<-><Rn)> <C y oo (2!%!2”‘]')

k=—00 j=k k=—o0 j=k

IN

—1 —1 . 0o )
C Z oka(0)q [Z ’/\j‘ﬂzﬂlx(o)‘i + Z |;\j|q2]o<ooq1

k=—oo =k j=0

IN

C Z ZV‘ |720k=i)a0)a Z zka(OqZM |92~ J%oq]

k——w] k=—co

IN
@

2 A1 2 2(k=)a(0)g 4. 2 oka(0 qzz JMZMWQA oo )] ]
j=—00 k=—c0 k=—o0

< ClY+Y Z 2kw(0 ﬂZzM #o0)] ]
L k=—o00 j=0

< CV. (15)

when0 < g <ooand1/g9+1/9" =1, we deduce

1 -1 o \1
k= Z 2k (ZIAIIITa(g])XkILp Rn> <C Y 2k (gmjp—m)
]:

k=—o00 j=k k=—o0

[ -1 -1 -1 00 q
< cl X (Zmz("—ﬂ“@) + Y 2 (Zm—]aw)]
Lk=—0c0 \j=k k=—o0 j=0
r q
71 — 71 q/
< |2 (goren) ()
k=—co \j=k j=k

NN

—1 ) 00
—in 4 i
+ Y k(0 (}4 0|/\j|42 f“ooz) x (2 .2 faes )
J= J=

q
q’]
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[ -1 -1 co
<C| L XAk 4 2 2k Y~ |3102 sz]
Lk=—o0 j=k k=—o0 j=0

-1 00 j -1
<C Z |A;17 Zz(kf «(0)3 +22 irq Z ‘/\l|q2 “2)jq Z zka(O)q]

_jf—oo k=co j=0 [=—c0 k=—o0

<C Yzzkf 04 +Y22 “2)ja i zka(o)ﬂ

k=00 j= k=—oc0

< CY.

Now we prove that F, < CY. When 0 < g < 1, from (11) and nd, < «(0) < B + nd,, we have

1 -1 k—1 ‘ q
F = Z Zktx(O (2 |A|||TQ(gJ)Xk||Lp ]R”) <C Z 2kk(0)ﬂ< Z |/\ |2 k)(B+ndy)— ]04(0))

k=—00 j=—00 k=—o0 j=—00

-1 q 71 q
<C ) <Z A |2[(=k)(B+nd2)~ a(o)]> <c Y |A]»|‘7< y (k) (B+n82)~ (0)])

k=—00 \j=—0c0 j=—00 k=j+1
< CY.

when0 < g <oo,and1/g+1/q9 =1,bynd, < a(0) < B+ nd, and Holder’s inequality, we obtain

1 - !
y zkaw)q( Z AT (g xill o Rn)

k=—OO ]7700
q
= k—1 ) N\ 7
<cC Z < Z |A |‘72[(] 5+m52)—a(0)]2> % ( Z 2[(]—k)(ﬁ+m52)—a(0)]‘72>
k=—00 \j=—00 j=—oo
<C 2 A7 Z 2[(j=K) (B+nd2)—a(0)]4
j=—o k=j+1
< CY. 16)

Finally we prove that G < CY.

q

A koo A koo

G = sup 27 tA 22 ol || T (h )XkHZp(»)(Rn) < sup 27 tAg 22 et (Z ‘/\ || T 8j XkHLn )(R") )
L>0,LEZ k=0 L>0,LeZ k=0 j=k

L q
+ sup 2-LAg ZZk““’q< Z M |||T0(g])XkHLV RH)

L>0,LeZ k=0 j=—00
= G1+ Go.
When 0 < g < 1, by the boundedness of the commutator [b, T] in LP(") (R"), we obtain

q q
Gi = sup 2HY gk (ZMHTQ(g])xknLP (Rn> <C sup 2Py gt (DA 2 f“)

L>0,LeZ k=0 j L>0,LeZ k=0 j=k

<C sup 27LM sz,qu (DA |12 4 2 IA]72 f%oq>

L>0,L€Z k=0 ]—k j=

IN

C( sup 2~ LAqZ\/\|q22k]“°°q+ sup 2~ LMZI)\WZZ"]"‘“"?)

L>0,LEZ j=0 k=0 L>0,L€Z j=L k=0

IN

L
c( sup 2~ ”“72\)\ |7 sz Dael 4 sup ZZJM LAgo—jAg Z A7y 20 JM)

L>0,LEZ j=0 k=0 L>0,LeZj=L J]=—o00 k=0

<ClY+Y sup Y 2U0-DAploilesi) <Yty sup Y 2li-DO-ela) <cy.  (17)
L>0,L€Z j=L L>0,L€Z j=L
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When 0 < g < oo, by using Holder’s inequality, we have

q
G = sup 2L 22’“"“"7 <Z|A|||T0(g])7(k”yﬂ Rﬂ>

L>0,LeZ k=0 j

3

q
L 00 ) N7
<C sup 7MY ol (Zl)\jl"Bj_]mq”> x (ZIB]‘I‘]"‘J’3">
j=k =k

L>0,L€Z k=0

<C sup 27MM Z (Z /\j‘72(k_j)”‘°°g>

L>0,L€Z k=0 \j=k

[ (9]
(k—j)aoo A (k— 1
<C| sup 2L’\"§|/\|q§2 el 4 sup 271\ Y \/\]|’4§2 i 21
| L>0,LeZ j=0 k=0 L>0,LeZ j=L k=0

I j
(k— 1
<C| sup 27M E |Aj|T+ sup 22 L)Ap=irg Yo Al 22 /) 2]
| L>0,Lez =0 L>0,LEZ =L I=—oco

L L>0,L€Z j=L

<C|Y+Y sup ) 20-L)A=55)q
L>0,L€Z j=L

< CY.

For G < CY, when 0 < q < oo, and 1/q+1/q" = 1, from (11), né, < a(0), aee < B+ nd, and applying
Holder’s inequality, we have

k—1 q
G = sup 27 LMZZI‘“W< )3 |)\j|||TQ(gj)Xk||Lp(->(Rn)>
L>0,LeZ k= j=—00
k—1 q
< C sup 27MM ZZk““q Yo 1A |20k} (B+nd2)—ja;
L>0,LeZ k=0 jzfoo
q
< C sup 27 U‘qzzk”“"’”’ Z |A; 200 (Btnez) - (0)>
L>0,LEZ k=0 j=—o0
q
+C sup z—quzktqu ZM |2 k) (B+ndy)— jm)
L>0,L€Z k=0 j=0
L —1 \ 1
< C sup 2~-LAq Zz[“w(ﬁ+n5z)]kq< Z |)\j|2[(ﬁ+n52)a(0)]l>
L>0,LEZ k=0 i=—co
J
q
+C sup 2~ LAq Z Z |)\ |2 k)[(B+ndz)— “oo])
L>0,LeZ k=0 \j=0
- ((pnsy) -0 \ ! = . A\ 7
< C Sup 7—LAg Zz[aw (B+néy)]kg y |)\].|272f < Y (k — j)o 2/l(B+no2) ~a(0)]
q
[(B+167) —ttoo] k-1 " o\ T
+C sup 27 L)“’Z ZM |2(] k)= ——— Z(k_]')q 2 (i=k)[(B+1d2) —aeo]
L>0,LeZ k=0 \j=0 =0
< C sup 27MM Z A |92l (B+nd2)=a(0 i3 4 ¢ sup 27LM Z Z A 920~ k)[(B+102) —aco] §
L>0,LeZ j=—00 L>0,LeZ k=0 j=0
-1 L k=1 ' .
< C| sup 27tM Z AT 4 sup 2‘““72 Z\/\j‘qz(J—k)[(ﬁJrn&z)—woo]j

L>0,LEZ j=—00 L>0,LeZ k=0 j=0
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< C| sup 27MM Z AT 4+ sup 27 LMZM K 2 2 (k) [(B+nd2) —aeo] ]
L>0,LeZ j=—00 L>0,LeZ j=0 k=j+1

< C| sup 27HM Z AT+ sup 27 LMZ|A|‘7
L>0,LeZ j=—00 L>0,LeZ j=0

< C sup 27MM Z [Aj|T < CY.
L>0,LeZ j=—00

The proof is completed. O

Theorem 14. Suppose that b € BMO(R"), p(-) € B(R") and let Q € L"(S"~1)(r > p™) satisfies (7). Let 0 < gq
00, 0 < A < coand a(-) € L®(R") satisfies conditions (4) and (5) of Proposition 3. If 2A < a(+), nd, < a(0), teo

B + 1y, then [b, Tq] is bounded from HMK 8)\ (HMK E%/\) to MK EgA (MK 8/\)

VANIVAN

Proof. It suffices to prove for HMKzggf\ Set b € BMO(R") and h € HMK;E%Z By Lemma 10, h =

1/q
Z Ai¢i converges in S’ (R"), where ||h ~ infsup 24 /\ q ,and ¢; is a dyadic central
i8j 8 HMEE) p 8j y
j= ()A LEZ ]ffoo

L
(a(+), p(+))-atom with support contained in B;. For simplicity, we denote Y = sup 204 Y [Aj|7. By virtue of

LEZ j=—00
Lemma 8, we rewrite

1/q
L
b ~ —LA ke (0)g b
ITA0) e m{ sup 2 (kz 20| 7 (e, Rn> '

p()A L<0,LEZ =—00

14 L q 1/q
sup  |2-L 201 | T8 (h H n zm( 2t | Th )
L>0,II,)eZ <k200 )i O (") ;EO ol LPO) (Rm)

~ max {E',F' + G'}

where

E' = sup 27MM Z 2ka(0) HTQ XkH ,
L<0,L€Z k=

F = k(0 HT . )
Ry QU] ) gy

G = sup 27MM ZZk“quTb XkH
L>0,LeZ =

To complete the prove, we only need to show that there exists a constant C > 0, such that E',F',G' <CY.
First we show that E/ < CY.

L
o= sp 2t
L<0,LeZ k=
L q
< sup 2~ LAg Z 2ke(0)q <Z|/\|||T0(g])7(k||m Rfl)
L<0,LEZ k=—oc0 j=k

L<0,LEZ k=—o00 j=—00

L k—1 q
+ sup 27MM Y zklx(o)q(Z IAjIIITf’)(gj)XkILn(-)(Rn)>

:= E] + E5.
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By the (LP(') (R™), LP() (R”))—boundedness of the T (see [13]) and following the same way as we estimated
E; in Theorem 13, we get E] < C||b||+Y.
Now, we estimate Ej}. For each k € Z and x € Ay, by Lemma 7 and Minkowski inequality, we get

oC-y) _0f)

1T &)X Lty ey < m T | (00—t 18j()dy

Yy LPO) (R1)

-y Q

< =9 Q0 ) by 85l
|- =yl - LPC) (Rn)
Q- — Q-
i b5, — b()l (1) dl.
LPO) (R)

Since p(-) > 1and 1/p(-) =1/p(-) + 1/r. Since r > p™, so by Lemma 4 and Lemma 11, we get

T2 (7)1 (g _a0) b() — by, [ lgild
1T g < || T Pl O I MOl
- o | 1be, — )|d
TG - T o Pt 1 15, b0l
From (8) and Lemmas 4-6, we get
. ‘ .
1T oy < H]| —y|n - o O P12 (1, 1) s o
() 1
| _y|n T e 108, = )x; Ml o) oy (HXBk||Lp<«>(Rn)|Bk\’)||8j|\Lp<->(Rn)
Q- . 1
<CH‘ E y|n) - |.(|n) - (k= DBl (18 oo ey Bl ) il ot o
: 1
H‘ E 7y|n - .|n) - 801+ (113l ot ony 1B 7 ) 1125l gy 1 )

< Ol = 25078 (g Bl ) il a8 o

(i HXB-||LP/(~) R
< C||b]s (k — 200 <W 18710 (e
k LP : R")
< C|\b|f«(k —j)2~ jaj+(j—k) (B+ndz) (18)

Therefore, when 0 < g < 1, we obtain

L k-1 1
Ey = sup 271N )" 2ku¢(0)7< Y |/\j||T(b)(gj)?(k||LP(‘)(R”)>

L<0,LEZ k=—o0 j:—oo

L k-1 . . 1
<C|p||? sup 27LM Y 2’«%@)!7( Y |,\].|(kj)z(f—k)(ﬁ+n52)—1a(0)>
L<0,LeZ k=—co

=0

L q
<C|p|? sup 27t Y (Z |A](k k) (B+ny) — ()])

L<0,L€Z k=—oc0 \j=—00

L -1 q
<Clp| sup 27" Y- |/\j|q< D (k—j)sz")(ﬁ*"@”(O”)

L<0,LEZ j=—oo k=j+1
< CliplIy.
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When0 < g <oo,and1/q+1/q' =1,by nd, < a(0) < B+ né, and Holder’s inequality, we have

L k=1 1
Ey = sup 270 Yy 2k1x(0)‘7< Y |)\j|||T(b)(gj))(k||Lp(->(R'1)>
L<0,LeZ k=—oo j=—oco

L k—
<Clp|l sup 27t Y (Z \,\|q2[ k)(B+ndz)—a(0 )]3)

L<0,LeZ k=—co \j=—00
q

k—1 ) r\ 7
y ( Y (k- j)q'2[<;—k><ﬂ+msz>—a<o>1%)

j=—00

<Cl|b)|? sup 2~ LAg Z |A;|T Z o[(j—k) (B+nd2)—a(0)] ]

L<0,LeZ j=—00 k=j+1
< Cllp||Ty.
Now we prove that F' < CY.
1 = Ko < Feac( !
Fo= 3 O mhmn,, ., < L 20 2|A|||T0<g]>xk||m @&
k=—o00 k=—00

4 k=1 !
LY 2k/x(0)q< Y |)\]-|||Tgb)(gj)7(k|LP(-)(R”))

k=—0c0 ]':700

= F +F.

To estimate F. By the boundedness of the T3 on LPC)(R™) (see[13]) and following the same way as we
estimated F; in Theorem 13, we get

Fj < CllplltY. 19)

For F,, when 0 < g < 1, by inequality (18) and nd, < a(0) < €+ nd,, we have

Fﬁ — Z 2le 0)‘7 ( Z |)L |HTQ(g])Xk”LP Rn >

k=—c0 j=—00

—1

q
SC”bHZ 2 2k1x (Z |)L| k)(B+ndy)— ja(0)>

k=—c0 j=—00

—1 [ k-1 ' g
<Clpll ) (2 /\j(k_j)z[(f—k)(ﬂ+n52)—a(0)]>

k=—00 \j=—00

—1 1 q
<clpll ¥ |A]~|‘7< Y (k_j)z[(f—k>(ﬁ+nsz)—a<on>

j=—00 k=j+1
< Clp|lY. (20)

when 0 < g <o0,and 1/q+1/q' = 1.by né, < a(0) < B+ nd, and Holder’s inequality, we obtain

-1 k-1 q
B o= Y Zkzx(O)fi< Y I)\j|||Tf’3(gj)Xk|Lp(-)(Rn)>

k=—00 ]’:700

q
-1 [ k=1 - N
< Clpll ) < Y [Aj|72l0-R) (B ) -a(0 )]Z) « ( Y (kj)q’2[<f—k)<ﬁ+n52>—a<o>]g)‘7
k=—o00 \j=—00 i
—1 1
< bl Y a1 Y ol (i=K) (B+n82)~a(0)]§
j==e k=j+1
< Cllp)iy.
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Finally, we show that G’ < CY.

G/ _ sup 2—L)u] Z 2kthoq HTb Xk ,
L>0,LEZ = O (Rm)
q
k 00
< sup 27MM 22 el (ZIA T (&) Xkl ) (g )
L>0,LEZ k=0 j
LA k = b !
+ sup 27M Zzlqu Z ‘/\j‘HTQ(gj)XkHLv(')(Rn) ’
L>0,LeZ k=0 j=—c0

For G}, by the boundedness of the commutator T in LPC) (R™) (see [13]), and following the same way as we
estimated G in Theorem 13, we get
Gy < Cllb|1y. (21)

Now, we estimate G). When 0 < q < o0, and 1/q+1/q4" = 1, from inequality (18), since nd, < a(0), teo <
B + ndy and applying Holder’s inequality, we obtain

k—1 q
G, = sup 2~ LMZZk““’q< Z |/\j|||Tg)(g]')Xk|LP('>(RH)>
L>0,LeZ k=0 j=—00
k-1 ' S\
< C|pl« sup 27 22""‘&@ Y Al (k — j)2U R Brne)—a;
L>0,LeZ k= j=—00
-1 q
< C|b|ls+ sup 27HM sz‘)‘wq Z ‘/\j|(k_j)z(f—k)(ﬁ+n5z)—f“(0)
L>0,LeZ k=0 j=—00
k-1 ' O\
+C||b||* sup - LAgq sztxooq 2|)\j|(k_j)z(]*k)(ﬁJrﬂﬁz)*]!Xoo
L>0,LeZ k=0 j=0
-1 q
< C|bllx sup 27tM 22%«» ﬁ+"5z)]kq< Y [A|(k — j)2lB+n)- (0)]1>
L>0,LeZ k= j=—co
k=1 ‘ 9
+C||b||« sup 2‘““72 Y A (k — )20 R(Bndz)—ac]
L>0,LeZ k=0 \j=0
[(B+ndyp) 1 —1 / t;i/
< C|b|l« sup 27tM Zz“w (B+nd2)lkq Z IA; i — B Y (kfj)q’zj[(ﬁ—l—nﬁz)—a(o)]%
L>0,LEZ k=0 j=—o00 j=—00
L (k=1 RTINS T /r_1 ; I
+Cllbll, sup 2714 Y- (5 2070 R ) (k- jy 2 RlB el
L>0,LeZ k=0 \j=0 j=0
< C|blls sup 27tM Z |A,|721(Bn2)=a(O))i2 ) 1 Clb|l. sup 2° WZZM 192K [(B+n8) ] §
L>0,LeZ j=—00 L>0,LeZ k=0 j=0
< bl | sup 279 Y 0+ sup 20 LMZZM 720 Rl(B+12) ]}
| L>0,LeZ j=—o0 L>0,L€Z k=0 j=0
< Cllbfl+ | sup 27H Z AT + sup 2" LMZM |9 2 2(i=k)[(B+nér) —aeo] 3
|L>0,L€Z j=—c0 ,LEZ j=0 k=j+1
< C|b||l«| sup 27tM Z A7+ sup 27 Mq2|/\ |9
|L>0,LEZ j=—oco L>0,LeZ j=
< C|b|l« sup 27tM Z |A;]7
L>0,LeZ j=—00
< CJbll+Y.
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The proof is completed. [J

Theorem 15. Suppose that b € A, (R")(0 < v < 1), p1(+), p2(-) € B(R") be such that p < n/vy, 1/p1(x) —
1/pa(x) =v/n, Q€ L'(S"V)(r > g5 ) with 1 <v' < p] and satisfies

Lw,(6)

A 51+7d5<oo

Let 0 < g < 00, 0 < A < coand a(-) € L®(R") satisfies conditions (4) and (5) of Proposition 3. If 2A < a(+), ndy <
; ()4 ()4 a()4 a(-)q
x(0), koo < 7y + 1y, then [b, Tq] is bounded from HMKp1(~) (HMK NESY ) to MK (A (MKPz(-)J\> :
Proof. The prove of this Theorem follows almost similarly to that of Theorem 14. Instead of giving all details,
we only give the modifications required for the estimation of E”, F” and G”.
Note that if x € By foreachk € Z, y € Bjand j < k—1. Let p(-) > 1and 1/p(-) = 1/p(-) +1/r, since
r > p*, soby Lemmas 10 and 12, we get

Qf — Q-
L N e e [CORTIL BN ALY
Q
< =200 — by 8)ldy
| | LPz(‘)(Rn)
Q- — Qf-
(=y) Qb b5, — b)) Idy
|- 120 (R

Since po(-) > 1and 1/pa(-) = 1/p2(-) +1/r, by r > p* and Lemmas 11 and 12, we deduced

L | o 0508 s 0
+|55 _W T Tty 1 5, 0 s 1t
< | [T T 1050080 e i
e —?ﬂ',? \U(Rn) 18y 106 = B, )8y g 85
By Lemma 9, we have
H o0 _ Cz(kl)(zn){M+/y|/2kl wr(é)d&}
|—y|” | ey 2k=1 0 Jly) 2k 5
< Cz@—lﬂﬁ—n)<2f—k4ZU—U7 Oligfi}d5>
< =1 (G =n)p(i=k)r, 22)

by Lemma 4-6, we have

n ; ||XBk||LP1(‘) Rn
ITAE) Kl oy < C2EDEHGR o] ”%mmi)mﬂme&MWM
. IXB | 1)
k—1)(Z— —k k kTPt (Rm)
_|_C2( J(E—n)+(j )'YHij\Ay(Rn)Z7 <|Bk|H ||Xj||LPI1<')(R”)ngHLpl(')(R”)
<

. —nk+(j—k)y -1 ) .
Clbl 4, e 2 (180 g Bl ) W2 g 5

(23)
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15l 00
i Rn)
< Clblla, @297 | = | gl
7 (R") ||XBkHLpﬁ<->(Rn) L0 (Rr)
< CHb||A7(Rn)2(j*k)(7+n§z)*]""j. (24)

From this, following the same calculations as we did for E/, F and G’ in Theorem 14, we get

O

E"F", G" < Cl[bll 4, (e Y- (25)
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