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Abstract: We concentrate on investigating the existence of positive solutions for the system of second order
singular semipositone m-point boundary value problems in this article. We emphasize that the nonlinear
term may take a negative value and be singular. By the properties of Green’s function and applying fixed
point theorem in cones, existence results for positive solutions are obtained. Also, we provide an example to
make our results clear and easy for readers to understand the existence result.
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1. Introduction

ulti-point boundary value problems for second order and higher order ordinary differential equations

M and systems arise from many fields in physics, biology and chemistry. These problems play very
important role in both theory and applications [1-5].

Problems where the nonlinear terms have some singularities are referred to as singular problems in the

literature and this type of differential systems appear in the study of gas dynamics, fluid mechanics, in the

theory of boundary layer and so on. Because of its applications in physics, singular problems have extensively
study in recent years, for example see [6-9].

For example, Asif and Khan [6] studied the existence of positive solution to a nonlinear singular system
with four-point boundary conditions of the type

)" = Sl
)//

—x(t
—y(t
x(0) = 0, x(1) =ay(Z), y(0) =0, y(1) = Bx(n).

In [7], Liu and Yan considered the following singular boundary value problem of Sturm Liouville
differential system:

(p(H)x (1)) +Af(t x(t),
(p(y(t)") + Ag(t, x(t)
ax(0) — Bp(0)x'(0) = yx(1) — dp(1)x'(1) =0,
ay(0) — Bp(0)y'(0) = vy(1) —dp(1)y' (1) = 0.

(t
(t

Although much interest has been observed in investigating the existence of positive solutions of dynamic
equations on measure chains [9-13], very few research articles has been seen on the existence of positive
solutions of dynamic systems on measure chains [14,15].

In [16], Prasad, Rao and Bharathi interested in the existence of positive solutions to the system of dynamic
equations:

(=1)"u’" (1) + Ap(D)f (00 (1)) =0, € [ab],
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D" () + (D) f (u <a< N =0 tehall,
aip® (@) =B (a) = 0, qisau (0(0)) + G (0(0)) =

2i+1

“i+1UA2i(ﬂ) - ﬁz’+1UA (ﬂ) =0, ’Yi+1UA (U(b)) +5i+10A2M(‘7(b)) =

o

4

e

Problems of this type where the nonlinear term may change sign are referred to as semipositone problems
in the literature. Semipositone differential systems appear in the study of chemical reactors [17].
The above works motivates us to consider the nonlinear singular semipositone system of m-point
boundary value problem (SSS) in this paper.
{ (PO (1] +q(t)u (1) = filkin(0)1(0) + (D), £€ @b), =12 O
o) — pul® <a> Ly asi(G), (b + 6 (b ) Lyl Bai(@), =12,

where «, B, 7,6, &k, a, B (for k € {1,2,...,m — 2}) are complex constants such that |a| + || # 0, |v| + || # O
and {; € T\{a,b}, q : T — C is a continuous function, p : T — C is V— differentiable on Ty, p(t) # 0 for
allt € T, pV : Ty — C is continuous, fi and f, : (a,b) x [0,00) x [0,00) — [0,0) are continuous and may be
singular at t = a,b and h; and hy : (a,b) — (—o0,00) are Lebesgue integrable and may have finitely many
singularities in [a, b].

By an interval (a,b), we mean the intersection of the real interval (a,b) with the given time scale T. Some
preliminary definitions and theorems on time scales can be found in the books [18,19].

Compared to previous work in this field, this study presented three new features. Firstly, the nonlinear
term is allowed to change sign and tends to negative infinity. Secondly, is allowed to have finitely many
singularities in [a, b]. Lastly, the boundary condition taken up generalizes the conditions of many problems in
the literature. By using the cone theory technique, we establish some sufficient conditions for the existence of
multiple positive solutions to the SSS (1). The rest of the paper is organized as follows: Section 2 gives some
inequalities for Green’s function and some results which are needed later. Criteria for the existence of positive
solutions of the SSS (1) is established in Section 3 and uses fixed point index theorem. In addition, an example
is given to illustrate the applications of main result.

2. The preliminary Lemmas

We shall work in the space E = C([a,b];R) x C([a,b]; R). The space E is a Banach space if it is endowed
with the norm as follows:

[(u, u2)[| = Jluall + [luzll,  fJwill = max [ui(5)], i=1,2,
te(a,b]

for any (uq,u) € E. Forany u = (uq,u3),v = (v1,v2) € E, we denote
u<ov&su(t) <v(t), te€lab], i=1,2.
In the following, let us define a cone P of E by
P ={(uy,up) € E:ui(t) > g(t)|u;l|, telab], i=12},

where g is defined by

— 1O 10
slt) = te(a,b] {4?1(5)’ $2(a) } ’ @

and ¢1, ¢, are the solutions of the linear problems
P(Oer Y —q(gr(t) =0, 1€ (a,b),
n(@)=p o0 =a

and
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(D2 (O] —q(H)a(t) =0, ¢ € (a,b),

respectively. Let G(t,s) be the Green’s function for the boundary value problem
=[P B]Y +q(Hu(t) =0, t€ (ab),
au(a) — pul®(a) =0, yu(b) +6ul®(b) =0,
is given by

G(t,S) ::1{¢1(S)4)2(t)/ ﬂSSStSb,. (3)

P1(t)a(s), a<t<s<b,

where d = —Wi (1, ¢2) = P(t)[%A(t)‘Pz(t) - ¢1(t)4’2ﬁ(t)]-

Let us define

Qe —Cr e (&) d— Zk | % o (8x)
d— Y2 B (k) 2 B (&)

and assume that the following conditions are satisfied:

p(t) >0,q(t) >0,
a,v>0,B80>0,apBr>0forke{1,2.,m—2},
Ifq( ) =0, thenzx—i—'y>0

Q< 0,d = 2 axa(Gx) > 0,d — L B () >

To prove the main results, we will employ following lemmas.

Lemma 1. [18] Under the conditions (Hy) and (Hy), the solutions ¢1(t) and ¢, (t) posses the following properties:

o118, 02(0) 20, ¢l (1) 20, ¢t <0, telabl.
Lemma 2. [18] If the conditions (Hy) — (Hs) are hold, then G(t,s) > 0 for t,s € [a, b].
Lemma 3. [20] Assume that (Hy) — (Hz) hold. Then
2(t)G(s,s) < G(t,s) < G(s,s), t,s€]ab],
where g is given in equation (2).

We consider the following boundary value problem

- [lﬂ(f)uﬁ(i‘)]V + q(f)u(f) =y(t), te(ab), €

m—2
au(a) — Z apu(E),  yu(b) +oull(b) = Y Bru(E). )
k=1

Lemma 4. [12] Let the conditions (Hy) — (Hgz) be hold. Assume that Q) :# 0. Then for y € C([a,b]), the boundary
value problem given in equations (4)-(5) has a unique solution

u(t) = [ Gl )y Vs + Al (t) + By)ga(1),

where G(t,s) is given in equation (3),

Y2 ay [V G(Es)y(s)Vs  d— Y02 o ()
Y2 B [V G(E s)y(s)Vs  — X2 Bra(Gr)

7

ol

Aly) =
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—yr? ak¢1<¢k> Y20 [V G(&,8)y(s) Vs
d— Y2 Bepr (&) Y02 Be [) G(Ek s)y(s)Vs

Lemma 5. [5] Let (Hy) — (Hg) hold. If y € C([a, b], [0,00)), then the solution u of the boundary value problem (4)-(5)
satisfies u(t) > 0, for t € [a, b].

D\H

B(y) =

Lemma 6. If | : G(s,s)y(s)Vs < oo, then the following inequalities are satisfied:

b b
y) < A./a G(s,s)y(s)Vs, B(y) < B/{Z G(s,s)y(s)Vs

where
A E}anlzak d— Ek 1 “k¢2(€k)
YRR — X Brda(Er) |
gL Y Dékqbl(ffk) YRy
Q| d=Y B (G) i Br

3. Main result

In this section, we apply the following fixed point index theorem to prove the existence of at least one
positive solution for the SSS (1).

Theorem 1. Let E = (E, ||.||) be a Banach space, Q) be a bounded open subset of E with 0 € Q), P C E be a cone in E
and F : PN Q) — P be a completely continuous operator.

() Suppose that Fu # Au, Yu € 0QNP, A > 1. Theni(F,QNP,P) =1.
(i) Suppose that Fu < u, Yu € 0QNP. Then i(F,QNP,P) = 0.

In the remaining part of the paper, we assume that the following conditions are satisfied:

(Hs) fi1,f2: (a,b) x [0,00) x [0,00) — [0, 00) are continuous,

(Hg) hy,hy @ (a,b) — (—o0,00) are Lebesgue integrable such that 0 < beG(s,s)[fi(s, 1,1) 4+ ki, (s)]Vs < oo
andfh s)Vs >0 i=1,2,
where h; (t ) max{h;(t),0} and h;_(t) = max{—h;(t),0}.

Remark 1. By the assumption (Hg), we have f G(t,s)h;_(s)Vs < oo, i=1,2.

In fact, from the properties of ¢1, ¢> and Green function, we get

b b
/G(t,s)hi_(s)ng/ G(s,s)h; (s)Vs < ¢1(b)a(a /h §)Vs < oo, i=1,2.

a

Let w;(t) = fabG(t,s)hi (s)Vs+ A(h;_)¢1(t) + B(h;_)¢a2(t), t € [a,b], i = 1,2. Using the expression for
Green’s function, the definition of the function g, the properties of ¢; and ¢», the assumption (Hg) and Lemma
6, we obtain

wi(®) = [ Glt,s (5)Vs-+ Al Jr(8) + Bl )9a(?)
= %/t%(swz(t)hi, (s) VS"‘%/b(Pl (D)2 (s)hi_(5)Vs + A(hi )1 () + B(hi_)a(t)
*d/gbl J2(t)hi_(s Vs+d/ AQEAGLY <>Vs+A¢1<>/abG<s,s>hi<s>Vs

b
+ By (t )/ G(s,s)h; (s)Vs
b b
/ P12 (5)Vs + Ap1(1) | Gls,s)hi_(5)Vs +Bgat) [ Gls,9)hi_(5)Vs
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<o i (5)V " Gls s (5)V
_Em 102(0)3() [ (6)Vs+ s A (D)ga(@)s(1) [ Gl ()95

b
4, B0 /a G(s,9)h_(s)Vs

b

) [ e s+ A Eg(n) [ G ()

Ja

b
+ 5B (0)ga(@)g (1) /ﬂ G(s,)h_(s)Vs

1
¢1(a)
b b
-3/ hi<s>vS+(¢2‘Z‘w+4j@) | G 9h () Vs|orB)gala)g(t) < +eo, i=1,2.

Therefore, we can write

wi(t) < Cg(t), telnbl i=12, ©
where 5 b
ci=[5[n St L G @ Vs]or)ea)

and g is given in equation (2). Therefore, wl-(t),z = 1,2 are well defined in E. By direct computation, we have

[A]

m—2 m—2
w;(a) — pw!™(a) = Y wwi(8x),  ywi(b) + dw; =) Bwi(Z), i=12,
k=1 k=1

which implies that w;(t),i = 1,2 are positive solutions of the following boundary value problems:

— lpMul ()Y +q(t)ur(t) =y (1), te (ab),

i () — pul” (o) = :fzf wn (), i (b) + 5l 2 B (&),
and

—[p(t)ug (O]Y +q(t)ua(t) = ha (t), t€ (ab),

winn(a) — pul (o) = ':212 wnn(), ua(b) + 5l Z Beua (&),
respectively.

For any u(t) € C([a,b]), let us define a function [.]* by

Now, we consider the following dynamic system

—[p(®)u (D] +q(B)ui(t) = filt, (1 = w) (O], (w2 = w2) ()]*) + hi, (1), tE (a,), i=12,
@)

aui(a) — Bui™ (@) = TP (@), yui(b) + 0w (0) = T2 Ban(@), i=1,2,
and we define the operator F : E — E by
F(uy, up) = (Fy(u, uz), F2 (111, uz))
where

Fa,12)(1) = [ G )i lia(s) — w9 as) —wa(s)]%) + b, (]V5 + A+t ()
+B(fi +hi )a(t), i=1,2.
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It is well known that the existence of the solution to the system (7) is equivalent to the existence of fixed
point of the operator F. Therefore, we shall seek a fixed point of F in our cone P.

Lemma 7. If (v1,v;) with (w1, w2) < (v1,v7) is a positive solution of the system (7), then (v — wq,vp — wy) is a
positive solution of the SSS (1).

Proof. Suppose that (v1,vp) with (w1, wp) < (v1,v7) is a positive solution of system (7), then from (7) and the
definition of [.]*, we have

{ [(f)vlﬁ(f?} q(t)oi(t) = fi(t,01(t) —wi(t), 0 (t)— wy(t)) +hi, (), te(ab), i=12 ®)

av;(a) — po N (a) = T2 i), yoi(b) + 007N (0) = SP 2 proi(E), i=1,2.

Let u;(t) = v;(t) — w;(t),i = 1,2, then 0;(£) = u;(t) + w;(), 0= () = (u; + w;)2 (t) = u>(t) + w™ (t) and

|
=
=
>
>
_|_
=

S
>
A

[p(H)oR (1] = [p(t)(uf () +w (1))]Y

thus (8) becomes

{ [p (t)ulﬁ(f%] q()ui(t) = fi(t,ur (), uz(t)) +hi, () = hi (£), te(ab), i=12, ©)

wi(a) — Bul™(a) = T 2w (@),  yui(b) +oul(b) = L2 Bn(@r), i=1,2,

Notice that /;(t) = h;, (t) —h;_(t),i = 1,2and (9). We know that (11, u3) = (v1 — w1, v2 — wy) is a positive
solution of the SSS (1). This completes the proof. [

Now, we want to give the main result of this paper. To prove the main theorem, we need the following
assumptions for the functions f;, i=1, 2.

(Hy) For t € (a,b), fi(t,1,1) # 0 (i = 1,2), there exists constants A; > A, > 1 such that, for t € (a,b),
Ui, Uy € [O/ OO),

(c1e)™ fi(t, ug, u2) < fi(t, cruy, coun) < (c102)™2fi(t,ur,u2), Ver,c2 € 10,1, i=1,2.
Remark 2. Forcy,cp > 1, (t,ug,up) € (a,b) x [0,00) x [0,00), we have

(c1e2) 2 fi(t, uy, up) < filt, cyur, caun) < (c1eo)M it uy, up), i=1,2.

In fact, from the assumption (Hy), for ¢1,cx > 1, (t,uq,uz) € (a,b) x [0,00) X [0,00), we get

1 1
fi(t,uy,u2) = fi(t, 01”11*02“2) < (Csz)Azﬁ(f,Cwl,Czuz)/

This implies
(c1c2)™2 fi(t,uy, u) < fi(t, cruy, coup), i=1,2.
At the same time, we have

filt,ciur, coup) < (cre)M fi(tuy,up), i=1,2.

Therefore, when ¢1, ¢, > 1, we have
(c1e)™ fi(t 1, up) < fi(t, cruy, coup) < (crc2)M filt,u,up), i=1,2.

Lemma 8. If fi(t,uy,up)(i = 1,2) satisfies (Hy), then for (t,u1,uz) € (a,b) x [0,00) x [0,00), fi(t,uy,up) is
increasing on uq, up and for [t1,t2] C (a,b),

fi(t/ uy, MZ)

i mi =400, i=1,2.
U1,y =+ te [t b)) [u1| + |u2|
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Proof. Lett € (a,b), uy,v1,up € [0,00) such that u; < vy. We will show that f;(t, uy, up) < fi(t,v1,uz)(i = 1,2).
Clearly, if v; = 0, then f;(t, uq,up) < fi(t,v1,u2). If v7 # 0, letay = uy /vy, then 0 < a3 < 1. Now, using the
assumption (Hy), we obtain

A .
fi(t,ur, up) = fi(t,aqv1,up) < ay?fi(t,v1,up) < fi(t,v1,u2), i=1,2.

Thus, we get that f;(t, u1, up) is increasing on u;. Similarly, we can prove that f;(t, uj, uy) is increasing on
uy. On the other hand, choose u1, u > 1. Considering the Remark 2, we get

fz(tr Ui, uZ) > (uluZ)/\zfi(t/ 1/1)/ i= 1,2,

and thus, for [t1, t2] C (a,b), Vt € [t1, 5], we have

. t /\2
min Jilbvb2) oo ()" £i(t,1,1) > 0,
telti b |u1] + |uz] telty b u1] + |uz]
Therefore, we obtain
fl(t/ ui, M2)

lim min =400, i=1,2.
U1,y =+ te [t b] |ug| + |uz|

O
Lemma 9. Assume that (Hy) — (Hy) hold. Then F : P — P is a completely continuous operator.

Proof. First, we shall show that the operator F : P — P is well defined. Therefore, for any fixed (u3,u;) € P,
choose 0 < dq,dy < 1such thatdy|uq]| < 1and dp||luz] < 1. Then for t € [a,b], we get

di[ul-(t) — wi(t)}* < diul-(t) < di”“i” <1, i=1,2.

Thus, using Remark 2 and Lemma 8, we get

it [ur(t) = wr (D), [uz(t) — wa(H)]") < (ﬁ)Alfi(tdl||u1||,d2||uz||)

< (drdo) > M |12 |z |12 £i(8,1,1), i =12,

from which the assumption (Hg), the properties of ¢;, ¢ and Lemma 6, for any ¢ € [a, b] gives us:

Fi(uy, up)(t) = ./f G(t,5)[fi(s, [ur(s) — wi(s)]", [ua(s) — wa(s)]") + hi, (s)]Vs

+ A(fi + hi )1 () + B(fi + hi. )¢a(t)

< /ﬂb G(s,s)[fi(s, [ua(s) —wi(s)]", [ua(s) —wa(s)]") + hi, (s)] Vs
+ A(fi + hi )1 () + B(fi + hi. )¢a(t)

< /ﬂb G(s,8)[(drd) >~ g |2 [|ual|*2 fi(s, 1, 1) + by, ()] Vs
+ A(fi+ i, )1(D) + B(fi + hi, )2 (a)

< (o) > M g 22|z |2 + 1) /ab G(s,s)[fi(s,1,1) + hi, ()] Vs
+ A((drda) > | [|*2 [Juz |2 + 1) (b) /ab G(s,9)[fi(s,1,1) + hi, (s)]Vs

+ B((dd2) "2 Jug |2 2|12 + 1) g2 (a) /ah G(s,s)[fi(s,1,1) + hi, ()] Vs

b
- ((dldz))tth Hu1||/\2||u2‘|)\2 + 1)(1 + A(Pl(b) + B(Pz(ll)) /a G(s,s)[fi(s, 1,1) + hl’+ (S)]VS

<oo, 1i=1,2.
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Thus F : P — E is well defined. Now we shall prove that F(P) C P. For any (uj,up) € P, let
(v1(t),v2(t)) = F(uy, up)(t). Then for t € [a,b], we get

i) = [ Gt (s s(6) — wr 6)], la9) = w29)]°) + b (V3 AU+ )91 () + B + i )
< [ Gls5) sl (9) = w91, ia(s) = 02611 + i, ())V5 + A b, (8) + B + i )
and so
ol < [ Gls,5) 1G5 un(5) = a6, o) = o)) + b, ())Vs + AL+ )n (0) + B+ i )l

For t € [a, b], the above relation and Lemma 3 gives:

0= [ GG i1(5) — wa(5)], lua(s) — wal9)) i, ()] Vs + A+ s, Jn(8) + B+ )
> (1) / Gls,5) fi(s, [m1() = w1 (5)]", [ua(s) = wa(s)]") + I, ()] Vs

ERANAG e,

A+ i) g #1(0) + B+ hi) S20500(0)

> (1 / Gls, ) fils la(5) — @i ()] ials) — w2 (5))) + . (5)]V
+ AU+ 1)3(91(8) + B + i, )3(8)42(a)
= 5(0)] [ 695 lms) ~wi ()] lals) ~ was)]) + I, ()]s

+ A(fi +hi, )1 (b) + B(fi + hu)(Pz(a)}
>g®)fvill, i=12

(t
)

This yields that F(P) C P.
Let D C P be any bounded set. Then there exists a constant M > 0 such that ||u;|| < M, i=1,2 for any
(u1,up) € D. Furthermore for any (u1,u) € D and t € [a,b], we find
0< [ui(t)—wi(t)]* Sui(t) < Hul|| <M<M+1, i=1,2.

Thus, by Remark 2 and Lemma 8, for any s € [a, ], we have

fi(s, [u1(s) —wi(s)]", [ua(s) —wa(s)]*) +hi (s) < fi(s, M+1,M + 1)+ h; (s)
< (M+1)MMF(s,1,1) +hy, (5) < (M +1)2M +1)[fi(s, 1,1) + Iy, (s)], i=1,2

Consequently,
B, 2)() = [ G0 lin(5) — 0a(6)], [a(s) — w2(6)]) + i, ()] Vs + A+ i, ) (1) + B+ i, )ga(0)
< [ Gl M+ )P 4 D55, 1,1) 4, (4]
+Agi(0) [ 65, 9)((M+ )P+ D[Fi(5,1,1) + by, (9)]Vs
+Bpaa) [ Gls,5) (M4 1/ £ DI, 1,1) +1i, (5)] s

= (M1 + 1)1+ Api (1) + Bpal)) [ Gls,5)1fils1,1) i, (5)]s

<oo, 1i=1,2.

Therefore F(D) is uniformly bounded.
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Similarly, we can easily find F(D) is equicontinuous on [a, b]. Thus from the Ascoli-Arzela Theorem, we
know that F(D) is a relatively compact set.

Finally, from the continuity of f;,i = 1,2, it is not difficult to check that F : P — P is continuous. Hence
F : P — Pis a completely continuous operator. [J

Theorem 2. Let (Hy) — (Hy) hold. For each r satisfying

r > max (201,20, (r+ 12 +1)(1 + Apu(6) + Bin(@)) [ Gls,5)1fls,1,1) + hi. ()] 95},
where C;(i = 1,2) are given in (6). The SSS (1) has at least one positive solution (i1, ) such that ||i;|| > r,i=1,2.
Proof. Assume that there exist Ay > 1 and (11, 1) € 0P, such that F(iy,12) = A (17, 12) where
Py = {(uy,u2) € P: ||lug|| <r,|luz]| < r}. Then %O(Fl(uﬁ,uz) Fy(ify,112)) = (i1, 1) and 0 < 1 < 1. Moreover
for t € [a, b], we obtain

0 < [ii(t) —w;(t)]* <u;(t) < ||| =r<r+1, i=12,

from which, using Remark 2 and Lemma 8, for t € [a, ], we get

fi(s, [u1(s) — w1 (s)]*, [ua(s) — wa(s)]*) < fi(s,r +L,r +1) < (r + )M fi(s,1,1), i=1,2.

Now, using Lemma 1 and Lemma 6 and the properties of the operators A, B, for t € [a, b], we get

1 b
1) = 5{ [ Gt lh(s () = mi (6)), [a(s) — wa(s)]") + i, (5)] Vs

+ A(fi+ 1 )r(8) + B+ hi, (1)}
< [ Gls,5)1fts,1a(5) w9, [a(s) — wa5)]) + s, ()]V5+ A i, Jn (1) + BUfi + s, (0
< [ 6o, ) (12 £ DI 1,1) +1, ()]s

FAg ) [ Gls )l + 1P 4 1)1l 1,1) +hi ()95

+Ba(a) [ Gls) (0 + )P D15 1,1) + i, ()]s
= (P + 1)1+ AR (8) + Bga(@) [ Gls, )Ll 1) i, (5)] s

Thus, we get

b
r < ((r+1)* +1)(1+ Agy (b) + Bg(a)) / G(s,8)[fi(s,1,1) + hi (s)]Vs, i=1,2,
a
This is a contradiction. Then by Theorem 1, we have
i(F,P,,P) = 1. (10)

On the other hand, let us choose the constant K such that

K> ( inf g(t) max /tz G(t,s)Vs)il.

te(ty, o] telab] Jt
In view of Lemma 8, there exists N > 0 such that
fi(t,ug,up) > K(ug +up), up >N,up >N and tet,tp], i=1,2.
Now, set

R=r+42N( inf g(t))~L (11)
te(t,to]
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Next, we show that F(uy,up) £ (ug,uz) for any (u1,up) € 9Pg. In fact, otherwise, there exists (ify, 1) €
0PR such that (ify, 1) > F(uy, ) = (F1(ify,18), Fp(ify,182)). From (6) and the fact that (ify,1,) € 9Pg, for
t € [a,b], we get

wilt) < Cigt) < M1 (12)

and noting that R > r > max{2Cy,2C,}, from (11) and (12), for all t € [ty, t,], we obtain

ai(t) —wi(t) > (1- D)is(t) > Jui(t) > Jg(OR >

R
R inf ¢g(f)>N>0, i=12

2 te(ty, 2]

Considering this, for t € [a, b], we get

n;(t) > /ub G(t,s)[fi(s, [111(s) — w1 (s)]", [1h2(s) — w2 (s)]") + ki, (s)]Vs
+A(fi +hi, )¢1(t) + B(fi + hi, )2 (t)
> [ 61,955 [ (5) ~ ()], lia(s) — wa9)])

ty

_ /t2 G(t,5)fi(s, 181 (5) — wi(s), tha(s) — wa(s))Vs

51

(t,8)K(ui1(s) — wi(s) + 12(s) — wa(s)) Vs

v
et
)

t
> / G(t,5)KR inf g(t)Vs

t teltrto]
and so ¢
2
R > KR inf g(t) max/ G(t,s)Vs.
tE[tl,tz] te[a,b] t
That is

K< ( inf ot AR
_(tel[ﬂ,tz}g()g[?,)ﬁ]/tl (t:5) S) '

This contradicts the K that we choose. So from Theorem 1, we get
i(F,Pg,P)=0. (13)

Therefore, by equations (10) and (13), we have i(F, Pr\P;, P) = —1.
Then we see that the operator F has a fixed point (11,13 ) in P such that

r<|im] <R, i=1,2.
Moreover, using this and inequality (6) for t € [a, b], we get
i (t) > gl > rg(t) > 2C;ig(t) > 2w;(t), i=1,2.

Hence, (i1, 1l;) with (w1, wy) < (3, 17) is a positive solution of the system (7). Therefore, by Lemma 7,
(11 — wq, 1 — wy) is the positive solution of the SSS (1). O

Example 1. Let T = {2F : k € Z} U {0}. Consider the following SSS,

(0) —u (0) = wi(1) +uf (1) =0, i=1,2,

1

{—ui”(t) = filtuy (), ua() + (1), e (0,1), i=1,2,
Ui

where

filtyun, ) = #(1= 0wl + g, k(1) = —t,
1 1
\/m, hy(t) = —2

tr 7 - 3/2 TA0
fltnie) = qoma =+ i
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Clearly f; and f, satisfy the condition (Hy) . We can easily calculate the followings;

! G h V ' G L 1 2 Vv 16
/0 (s,8)h1_(s)Vs —/0 (s,8)sVs = 5/0 (1+5)(2—5)sVs = 35

1 1 /1 3776
/0 G(s,s)hy_(s)Vs —/ G(s,s)s°Vs = 3/0 (145)(2—15)5"Vs 976E”

)
1 J 1 1
/0 hi (s)Vs = / sVs = %, '/0 hy (s)Vs = /0 2Vs — ;

/OlG(s,s)(l—i-hiJr(s))Vs:%/()1(1+s)(2—s)Vs:% for i=1,2,
8

= %/01 I (5)Vs1(1)¢2(0) = g, o

= [ Vs ()2(0) = 17,

And for (t,uy,up) € [0,1] x [0,7] x [0, 7]

1
Klzmax{tz(l Hud?u3 + \/u +1)} 12r7/2+\/?+1,

_ LY. L 30
K2_max{103t(1—) +102V”1+” +1} 250" “L102\Fle

If we choose r = 19—7, we have

r>max{l6 32 44 g}
921" 163" 263

Then, by Theorem 2, the dynamic system has two positive solutions (if1,1;) and (ify, i) such that

. 17 - .
0 < [l < 7 < ]|, i=1,2.
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