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Abstract: In this paper, we concerned to prove the existence of a random attractor for the stochastic dynamical
system generated by the extensible beam equation with localized non-linear damping and linear memory
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1. Introduction

W e consider the following extensible beam equation with localized non-linear damping and linear
memory on a bounded domain:

utt+A2u—k(O)(1+/Q|Vu\2dx)Au—/ K ()t — s)ds + a(x)g(ur) + F(u) = q(x, 1) +x 3 b Wi(1)
0
j=1
ou
u—ﬁ—o, xedl, teR,
u(t,x) =ugp(t,x), ur(t,x) =uy(t,x), x€l, T€R,
)

where T is a bounded domain of R”, k(0),k(c0) > 0 and k'(s) < 0 for every s € R*, eis a positive
constant. The given function g(x,t) € £} (R, L*(T)) is a external force depending on t, h; € H*(I') and W(t)

is an independent two sided real-valued Wiener processes on probability space. The function a(x) satisfies
a(x) € L®(T),a(x) > a9 >0, inT )
where « is constant. The function f € C!(R) satisfies

If'(s)] < C(1+ 5|7 1),Vs €R,

(A1)

(A) : liminf‘sHoO ‘f(s)‘> —Aq,

(As): F(s) = [y f(r)dr > Co(|s|7F1 —1), 3)
(Aq) : Sf()ch(() 1),
(As) 1) <F(s) <

where C; are positive constants (i = 1,2,3,4), 1 < ¢ <
Poincare-type inequality

Co([s|7*! -

(sf(s) + G3),

< 1
Cs
—% n > 3 and Aq is the best constant in the

Al/ |u|2dx§/ |Vu|?dx.
o) o)
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The damping function g satisfies |g’(s)| > 0, g(s) strictly increasing, and
1(0)] =0, 0<ay < [i(s)] < a2 < o @
As like to [1,2], we define a new variable
d 9
n(xt,s) = u(xt) —u(x,t =s), e =z, 1s = 5. ®)

Let j(s) = k/(s). Equation (1) transforms into the following system:

utt+A2M—(1+k(0)/ |Vu\2dx)Au—/ooy(s)Ary(s)ds—i—a( )g(ue) + f(u) = g(x, 1) —|—KZhW
0 0 f=
e = —1s+u
u(t,x) =0, x €T, t >0; (6)
n(x,t,s) =0, x€dl, t>0, s€ RY;
u(t,x) = up(x), us(t,x) = up(x),x €T;
n(x,7,8) = 10(x,8) = up(x) —up(x, —s),x €T, s € R,

The following hypotheses are necessary to obtain our main results, infer to [3-5].

(@) The memory kernel y is required to satisfy the following hypotheses hold:

): u e CYRT)NLYRY),

)i u(s) >0,u'(s) <0,Vs € RT, )
E y'()+k1y()<0 Vs € Rtando >0,

)

mo—fo s)ds < oo.

(
(
(
(

(b) We need the following condition on q(x,t) € £2 (R, L?(T)), there exists a positive constant o satisfy that

loc

(Q1): [T e lg(-,r)|?dr < oo, V r€R,
(Q2): ll9(x,t)|1* = sup,g [ lg(, r|*ds <o ¥V r €R, ®)
(Q3): limg e [, le\Zk e’ g(x,r)[2dxdr = 0, VT € R.

The basic concepts and notions of random attractors for the infinite dimensional was recently presented
by in [6-9]. A random attractor of RDS is a measurable and compact invariant random set attracting all orbits.
whilst such an attracting set exists, it is the smallest attracting compact set and the largest invariant set. In
recent years, a random attractor for autonomous and non-autonomous stochastic dynamical systems have
been studied by many authors, see for example [10-16] and the references therein.

In the deterministic case; that is, x = 0 in (1), the asymptotic behavior of the solution for global attractors
an extensible beam equation with localized nonlinear damping with memory has been studied in [5,17-19].

In [20], for the case of # = 0 in (1), the authors investigated the existence of random attractor for the
stochastic an extensible beam equation with localized nonlinear damping without memory. But, there were no
results even for the bounded case. While it is far just our interest in this paper. To the best of our knowledge,
the dynamics of system (1) involving but essential difficulties in showing compactness by using the uniform
estimates on the tails of solution. Motivated by a similar technique of [16].

The rest of the paper is organized as follows. In Section 2, we recall some basic concepts and properties
for general random dynamical systems. In Section 3, we first provide some basic settings about (1) and show
that it generates a random dynamical system in proper function space. In Section 4, we prove the existence of
a unique random attractor of the random dynamical system by bounded absorbing set and using a compact
measurable pullback attracting set.
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2. Preliminaries

In this section, we recall some basic concepts related to random attractors for stochastic dynamical
systems. The readers are referred to [6-8] for more details. Which are crucial for getting our main results.
Let (Q), F, P) be a probability space and (X, d) be a Polish space with the Borel c-algebra B(X). The distance
between x € X and BC X is denoted by d(x, B). If BC X and CC X, the Hausdorff semi-distance from B to C
is denoted by way of d(B,C) = sup,.zd(x,C).

Definition 1. (), F, P, (6;);cr) is called a metric dynamical system if 6 : Rx Q — Qis (B(R) x
F, F)-measurable, 6 is the identity on Q), 651+ = 6y 0 6, for all s,t € R and 6P = P for all t€ R.

Definition 2. A mapping ®(t,7,w,x) : RT x R x Q x X — X is called continuous cocycle on X over R and
(O, F,P,(6)er), if forallt € R,w € Qand t,s € RT, the following conditions are satisfied:

i) O, 1,w,x):RT xRxQx X — Xisa (B(R") x F, B(R)) measurable mapping,
ii) ®(0, 7, w, x) is identity on X,
i) ©(t+s,T,w,x) =0 1T+s,05w,,x)o0®(s,T,w,,x),
iv) ®(t,T,w,x) : X — X is continuous.

Definition 3. Let 2% be the collection of all subsets of X, a set valued mapping (7, w) — D(t w) : R x Q s 2%
is called measurable with respect to F in Q) if D(t w) is a (usually closed) nonempty subset of X and the
mapping w € Q — d(X,B(t,w)) is (F, B(R))-measurable for every fixed x € X and 7 € R. Let B =
B(t,w) € D(t,w) : T € R,w € Qis called a random set.

Definition 4. A random bounded set B = {B(7,w) : T € R,w € O} € D of X is called tempered with respect
to {0(t) }eq, if for p-aew € O,
lim e P d(B(0_tw))=0,Vp >0,

t o0

where d(B) = sup, p [|x]x-

Definition 5. Let D be a collection of random subset of X and K = {K(7,w) : T € R,w € O} € D, then K is
called an absorbing set of ® € DifforallT € R,w € Qand B € D, there exists, T = T(7,w, B) > 0 such that

®(t,7,0_1w,B(7,0_1w)) CK(T,w), Vt >T.

Definition 6. Let D be a collection of random subset of X, the ® is said to be D-pullback asymptotically
compact in X if for p-aew € Q, {®(t,,0_t,w ,x,)}5_; has a convergent subsequence in X when ¢, — oo and
Xy € B(6_t,w) with {B(w) }wen € D.

Definition 7. Let D be a collection of random subset of X and A = {A(t,w) : T € R,w € Q} € D, then A
is called a D-random attractor (or D-pullback attractor) for &, if the following conditions are satisfied for all
teRT,TeRandw € O

i) A(T,w) is compact, and w — d(x, A(w)) is measurable for every x € X,
ii) A(t,w) is invariant, thatis ®(t, 7, w, A(T,w)) = A(T+ t,6iw),V t > T,
iii) A(t,w) attracts every set in D, that is for every B = {B(t,w) : T € Rw € O} € D,
lim¢ o dx(P(t, T,0-¢w, B(T,0_4w)), A(T,w)) = 0, where dx is the Hausdorff semi-distance given by
dx(Y,Z) = sup,cyinfez [ly — z|[x forany Y € Xand Z € X.

Lemma 1. Let D be a neighborhood-closed collection of (T, w)-parameterized families of nonempty subsets of X and ®
be a continuous cocycle on X over R and (Q, F, P, (6t)1cr ). Then ® has a pullback D-attractor A in D if and only if
D is pullback D-asymptotically compact in X and ® has a closed, | -measurable pullback D-absorbing set K € D, the
unique pullback D-attractor A = A(T ,w) is given

A(t,w) = ﬂrzo tzrq)(t’T —t,0_w,K(t—t0_4w)) TER,we Q.
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3. Existence and uniqueness of solution

In this Section, first, we collect some important results that will help to achieve our goal. Let A =
A%, A? = —Aand D(A) = {u € H* : A € H}. We can define the powers A" is Hilbert space and a norm
hold D(A%) =V, = ||A%u|%, v € R. Especially, Vo — L2 and V; — H2N H}. We denote that the injection
V,, < V,, is compact embeddings, if v; > v in conjunction with the generalized Poincaré inequality;

lllgsa = Axfully,

where A is the first eigenvalue of A. Additionally we outline the subsequent

(1,0) = Jpuodx = ||ull[o]],

(1) = o
(w,v)) = Jp Aulvdx = || Aul|[| Ao,

((u,u)) = [p Auludx = || Au?.

Much like [18], for the memory kernel hypotheses y(-), we suppose Ly;(R*;V,) the Hilbert space of
function 7 : R* — V, endowed with the inner product and norm respectively,

(1,0) 4 = fooo (s)(ATu(s), ATo(s))ds,
(1m2)uw = fo- p(s) (A (s), Ata(s))ds, (10)
12,0 = (A%y, Asg), = [57 p(s)|lnll3ds,
specially, ||u||12“, = ||u|\i1 Let, we define the product Hilbert space E = V x V7 X Li(]R+ ; V).
To convert the version of Problem (6) with a random perturbation term right into a deterministic one

with a random parameter w, we introduce an Ornstein-Uhlenbeck process driven by means of the Brownian
motion, which satisfies the subsequent differential equation

dZ]' + (5Z]'df = dW](t), (11)

Its unique stationary solution is given by
zj(Orw;) = —(5/ *(Brwj)(s)ds, s e R, t € R, wj € Q. (12)

From [6,16], it is recognized that the random variable |z;(w;)| is tempered and there is an invariant set
Q C O of full P measure such that zj(Qtwj) = zj (t, wj) is continuous in ¢, for each w € Q. For comfort, we shall
write () as (). It follows from Proposition 3.4 in [16], that for any € > 0, there exists a tempered characteristic
Y (w) > 0 such that

m
Y (Izj(w)) P + |zj(wp)|772) < Y (w), (13)

j=1

where Y (w) satisfies for, p-a.e. w € (),
Y (Bw) < ey (w), t e R. (14)

Then, it follows from the above inequality, for p-a.e. w € (),

m
Y- (12j(0rwo) P + |2j(0rc0)[7F2) < el v (w), t € R, (15)
=1

Put xh(x)z(6;w) = x YiLq hjzj(6rw;)), which solves dz + dzdt = } i, hiW;(t).

Leto(t,T,x,w) = uy + eu — kh(x)z(6rw), we handy to reduce (6) to an evolution equation of the first-order

in time random partial differential equation (RPDE):
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uy = v —eu + xh(x)z(6rw),

v — v+ 2u + Au +/ A217( )ds = (1 +k(0) /Q |Vu|2dx)A%u —a(x)g(ut) — f(u) + g(x,t) + exh(x)z(6rw),
Nt +1s = —eu + v + kh(x)z(6iw),

u(x, t) = up(x), us(t,x) = ur(x),x €T,

v(x,T) = vo(x) = uy(x) +eup(x) — xh(x)z(6rw),
n(x,T,s) =19 = up(x) —up(x,—s),x €T, s € RT.

(16)
Consequently the stochastic system for the system (16) becomes
{ '+ H(y) = Q¢ 1 w) a
(7, w) = (uo(x), u1(x) + euo(x) — kh(x)z(6rw), 10) ", ¥ = (w,v,1)",
u eU—v
in which ¢ = v |, H(yp) = —ev+eu+ Au+ [j A211( )ds and Q(y,w,t) =
&u —v+1s
kh(x)z(6w)
(1+k(0) o |Vul?dx) Au — a(x)g(ur) — f(u) + g(x, ) + exh(x)z(;w) | . By [21], we have the fact that H
xh(x)z(6;w)

is the infinitesimal generators of C’-semigroup e’ on E(T). It is not difficult to check that the function
Q(¢,w, t) : E — Eislocally Lipschitz continuous with respect to ¢ and bounded for each w € Q.

In order to obtain the random attractor of the Problem (17) has a unique solution in the mild sense, by the
classical semigroup theory of existence and uniqueness of solutions of evolution differential equations [21], we
get the following result.

Theorem 1. Let (2)-(5) and (7)-(8) hold. Then, for every T € R, w € Q and x € E(T), the Problem (17) has a unique
solution x(t,T,w, xv) which is continuous with respect to (ug,vo,10) ' € E(T) such that x and x(t,T,w, x-) satisfies
the integral equation

x(t, T, w,xr) =€ )(T —i—/ Qx,r, w)dr. (18)

Moreover, x(t, T, w, xr) is continuous in x, and measurable in w.

Theorem 2. Let (2)-(4) and (7)-(8) hold. Then, forany T € R, w € Qand x € E(T), such that x(t,t,w, xz) €
E(T) is a solution of the Problem (17) satisfy the properties of continuous random dynamical system over R and
(Q), F, P, (6¢)er). We can show that for P-a.s. every w € Q, forall T > 0

(1) if x<(w) € E, then x(T,w, x=) = x(T,w, x<) € C([t,t + T);E),
(2) x(t,7T,w, xc) is jointly continuous into t and measurable in x(w),
(3) the solution mapping of (18) holds the properties of continuous cocycle.

From the Theorem 1, we can define a continuous random dynamical system over R and (Q, F, P, (6¢)eRr),
thatis, ®(t, T, w, xr) : Rx R* x Q x E— E, t > 7, such that

D(t,7,0_rw, xr(0_zw)) = x(t, 7,070, xc(0—1zw)),
= (u(t, 7,0 7w, x(0—rw)
®(0,7,0_7w, xr(0—rw)) = x(7,T,0-7w, xr(0—1w)
= (u(T,T,0-7w, Xz (0—7w)),v(T, T,0—rw, Xz (0—rw)), n(T, T, 0w, X (6:w),s)) T,
D(7, 71,04, x(0-1w)) = X(T, T = 1,0 cw, x(0-<w)).

O(t, T, 0w, X tau(0-7w)), (8, T, 07w, X< (0—<w),s)) T,

(19)
It generates a random dynamical system. Moreover

&(1,7,0_rw, xr(0_cw) : x(T,7,0_1w, xc(0_rw) + (0,xh(x)z(0:w),0) " — @(t,w) + (0, xh(x)z(6-w),0) .
(20)
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To show the conjugation of the solution for the stochastic partial differential Equation (17) and the
random partial differential Equation (19), introducing the homeomorphism P(6;w)(y,w,{(s))" = (y,w —
ey + xh(x)z(6iw),2(s)) ", (y,w,{(s))T € E(T) with an inverse homeomorphism P~ (6;w)(y,w,{(s))"T =
(y,w + ey — xz(01w), {(s)) ", then we have the transformation

&(1,t,w) = P(6iw)®(t,w) P (61w),E +— E, t > 7. (21)
Consider the equivalent RDS and introduce the isomorphism and has the inverse isomorphism:

&(1,t,w) = T®(t, )T : xr = @t +7,7,0_1w, x<(0—-w)),
¢’ +H(p) = Qg t,w), 22)

¢(T,w) = @r = (ug(x),y1(x) —eyo(x),10) ",
where -
o= wn) =wy+eyn),
Tep = (y,w,n) =@yw+eyy),
Tep=(ywy) =y,w—eyn)’,
ey —w
H(p) = | —ew+e*y+ Ay + f0°° y(s)A%q(s)ds ,
&Y — W+ 1s
and
0
Qlp,w, t) = | (14k(0) [o|VylPdx) Ay —a(x)g(ys) — f(y) + g(x,t) + xh(x)z(6;w)
0

is also a random dynamical systems corresponding to the Equation (17). Therefore, @, & and & are equivalent
to each other in dynamics.

4. Random absorbing set

In this section, we will show boundedness of the solutions for Equation (17). The existence of a pullback
absorbing set ® € D and the asymptotic compactness of the random dynamical system associated with the
Equation (17). We always assume that D is the collection of all tempered subsets of E(I') from now on.

Lemma 2. Let (2)-(4) and (7)-(8) hold. Then, for any T € R, w € Q and x4 € E(T), there exists a random ball
{K(w)}wea € D centered at 0 with random radius M(w) > 0 such that {K(w)} is a random absorbing set for ® in
D, that is, for any B={B(w) } weq € D, P-almost surely, there existsa T = T(7,w,B) > 0and xr—¢(w) € B(w) such
that

¢ (r,T = £, 00, xe—) I3 < M3(@), 23)

where My(w) is a positive random function, that is
d(t,7,0_4w,B(1,0_4w)) CK(t,w) forallt>T. (24)

Proof. Taking the inner product of the first term of (23) with x = (1,0,7) € E, v = % + eu — xh(x)z(6iw),
we find that
(&', x) + (H(x),x) = (B(t,x, ), ) - (25)

Using Holder, Young and Poincaré inequalities and after simple computation, we gain

EU—T0T u
(Hx)x) = | —eo+u+ Au+ [ u(s)Arn(s)ds v
e —v+1s n

= el| Au? + € (u,0) — el + (ere + 15,1
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mos

5
= el dul® + & (u,0) — e|lo]* = 2 Vylli — S llAul* + *IIWHﬁ

m()S

= ellAul® +€(u,v) — ello)|* = =~ [ Vul* + *IIWII%- (26)

Using Cauchy-Schwartz inequality and Young inequality, we obtain

kh(x)z(0rw) u
(F(t,x,x), %) = | (14k(0) [ |Vy|Pdx)Azu —a(x)g(us) — f(u) + g(x,t) + kh(x)z(6:w) v 27)
kh(x)z(0rw) n

From (3)(a,),(a,), We obtain

~ (14 KO)IVu[H) 2n0) = - ((1 FKO)|Vu[?) V,V(% e ah(x)z(@tw)>

<~ (1 kO IVul?) (22 19ul + E19ul?) + S om0t @8
- 2.dt 2 2e ’

and from (2) and (4), it is easy to show that

(a(x)g(ur),v) = (0g(8) (v — eu + kh(x)z(6:w) — g(0)) ,v)
< agar [[v]]* + g (—azeu + g’ (9)xh(x)z(Bw, v) , 29)

where ¢ is between 0 and v — eu + xh(x)z(6;w).

(a51,9) = laGe Dl ol < A oy ot =€ @0
((kh(x)2(00), 1)) < 18] |0 | 2000)| < & 2+ ()| o), @1
(ki (x)2(000), ) < "2 () P 20600) P+ S92, @
<rxog’w>fzs>xh<x>z<etw),v>s jz 1) P 2(000) P + 5= |Jo]”. (33)

By second term for right hand side of (26) and (29), we can get

2(“3“%8 )
(apay —€)A2

LK(]OQS Ko — €
IVu]|? = ==— Il (34)

e(e — apag) (u,v) > — g

IVul[l[o] =

About the nonlinearity, by (4), Holder inequality and the Sobolev embedding theorem, we estimate that

(f(u),0) = (f(U)/% + eu — kh(x)z(6,-w)) > %F(u) +€C3(F(u) = |T]) + (f (), kh(x)2(0;—zw)).  (35)

From (3)(a,)—(a5), we have

(F(u), 1h(x)2(0,_z0)) < Cy /r (1 4 [u") e (x)2(6r—rw)dx
< CrrlIn(e) 20— |+ Cux [ (") 7T () 1) 0 —oc0) 77

1 o o
< Cix|[h(x)[||z(6r—7w)| +C1K(szlc(u)Jr/ﬂbC)*“Hh(X)||m+1(r)|-2(9rfrcu)|Hl

v

i (1) + KT 2607 (36)

SC1 F

< Cir|[h(2)[[[2(6r—w)| + == T + 3
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Inserting the above two inequalities together, it yields that

(f(u),v) =
d ¢ (2C3 B C1C2_1) T 41 +1 1
T (u) + 5 (F(u) = IT]) + Cix|[h(x)[[|2(6;—zw) | + C 57T Hh(x)||Lé(r)|z(9r4w)|7+ , (37)

Collecting all inequalities (25)—(37), it leads to

—1
d ) S 2C37C1C2 .
t(|v|2+||w||2+<1+k<o>||w||2>|w||2+4||vm|§— ( 5 ) /;(u)dx
+ 2ol + 2¢(1+ k(0 0) [V all2) | Vil + 262(m — — B2 17w 1 2wy 2
(apay —€)A2 4 #

llaGx D> h(x 1 iy " -
< (g ¢y T SNz )] + C kIR g 1 [2(6r—cc0)]

2022 mok?
+ ek || AR (x)[|? IZ(9rfrw)|2+‘W2 11 (x) 12 2(8y ) [* + —— 0 IVA(x)|? |2(8r ) ?
2 e(2C3 — GGyt
+gIIVh(X))IIZIZ(Gr_Tw)\er ( 7 >IT|- (38)
Thus
e(2C CC
Hq)llim:Hv||2+IIWII2+(1+k(0)HWIIZ)IIWHZ+%IIWII% 260G fr (39)
and

_ lq(x, 1) e Y+1 7+1 y+1
0 (0r—rw) = + Cix||h(x H|Z(97—T“’)|+C1 K7 [ (x )H |Z( r—rw)|

(@om1 —¢)
2 2 206 K m()k
+ &k || AR (x) || |2(6,— ) |* + “O%Hh( X)|? |2(0r <) P + —=— [|VA(x) ||* [2(8, ) >
2 . L e (2(:3 - clc;l)
+ 5 VR [7|2(8r—rw) [ + 7 T (40)
2.2 _ -1
Since ¢ € (0,1) be small enough such that €2 ( m — —02_ ) >0, 4=, 26-0G7) > 0, we
(woay —€)A 2 2
2.2 _ —1
will choose ¢ = (aoazl_s,z«“,z(m - M)> and & = min{o, w, %}, which gives
d 2, . 2
7 oMl +alle)lE < o(6r—rw). (41)
Applying Gronwall’s Lemma over [T — f, 7], we find that forr > 7 — ¢,
lo(r, 7ty pet(@)) I < e T Dlpeilt+ [ o(Oc-cw)e O @)
By replacing w by 6_;w, we get from (42) such that for all t > 0
lg(r, = t,0-c0, pr—t(6—z))[|E < [[X(r, T = £,0-7c, xr—t(6—zw))||F
_ T 3
< e — T 10—, e (o)) [+ [ 0l0p-rw)e” O @)

Since z(6;w) is a tempered random variable and lim;_, + u =0, f oo t z(6;w)dr = 0. Thus, there
exists My(w) and T = T(7,w, B) > 0 such that
limsupe 7| x(t —t,0_cw)|%2 =0,
t——o0

f?m Q(Qg,Tw)e‘NT((T_mdg < 400 = M3(w),
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Ix(r, T = 1,07, et (0—w)) |} < MG (w). (44)

The proof is completed. [

Now we decompose the Equation (6) into two parts and also decompose the nonlinear growth term f € C!
in Equation (3) into two parts f = f1 + f, where fi, f> satisfy the following respectively

(A1) : ufi(u) =

(A2) : \f(u)|<#1(1+|u\n2)Vue]R n>3

(A3) \fz(”)| <pa(1+ |Mm VueR, (45)
(Ag): F(u) = [3 fi(r)

(As) : ”fi(”) > Vz‘(F(”) -1),

(Ag) : ko(lu|"™ —=1) < Fi(u) < kyufi(u) + Cy .

where p;, Cy, ko, k1,1 = 1,2 are positive constants. Let for any 7 € R,w € (), there is a time T; = Ty (By, w)
satisfies

A A~

B(w) = U X (T, T = £,0—7w; xr—t(w)) = xr-t(w) € B(t,0-1w)) C Bo(w), ¥Vt > T, (46)

for any w € Q, where T = T(By,w) > 7 is the pullback absorbing time in Lemma 2, then it holds B(w) C
Bo(w) that

N

D(t, T, G_tw;E(T, 0_tw)) = x(r,T—1t, B_Tw;B(T, f_rw)) C B(T, 6_rw)) C By(w), Vt>T. (47)

In order to obtain the regularity estimates, we decompose the solution x(t,7T,w) =
(u(t, T, w),o(t, T, w), 1t (t,T,5,w)) " of system (6) with initial data x(7,w) = (ug, vo, ) " into two parts

X(t/ T/w) = X(t/ T/w) +X(t/ T/a))/
u = y+w, (48)
ot =i

Then, we can rewrite the Equation (6) into the following systems

i+ 82y k) 1+ [ [TyPax)ay - [~ udiu(t = s)ds +a(x)g(w) + fi(y) = a(x 1),

it = —1is + Yt (49)
y(t,x) =yo(x), ye(t,x) =y1(x), x €T, 7€ R,
ir(x,7,8) = yo(x) —yo(x,—s), x €T, T € R,s € RT,

Let ¢ (t,w) = (7,¥,7'(t,s))", § = yand 1 = §; + e, which are equivalent with
(50)

where
el — 1 1
H(X)=| —ej+9+ A7+ [; n(s)Azi(s)ds |,
&) — J + s
0
ERyw,t) = | (1+Kk(0) [,y |ViPdx) Aty —a(x)g(:) — f1(§) +a(xt) |,
0
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and
wi + A%w — k(0)(1 + /Q |Vw|2dx) Aw — /0 ulijds + a(x)g(we) + f(u) — f1(y) = 4(x, t) +« Zh Wi,
j=1
it = —1fs + wy,
w(T,x) = wo(T,x), wi(T,x) =wi(T,x), x €T, TE R,
11(x,7,8) = wo(x,T) —wo(x,T—s), x€T, T € R,s € RT,
(61)
Since ¥ = (@, @, ) |, (b, = bt + 6% — kz(61w), 1) |,
W = Wt + 00 — kz(Orw). (52)
The above equations leads to
{ X +H(R) = F( tw), =)
X(T/ (/J) = (wO(X), Zbl(X) —|—£z?10(x) - KZ(Gtw)/ﬁO)T ’ X = (ZDI wrﬁ)—rr
in which
e —w
H(x) = —sw—i—szw—i-Azb—i—foooy(s)A%ﬁ(s)ds ,
e — W + 775
and
xz(0w)
F({w,t) = | (14Kk(0) [ [V Pdx) A2 — a(x)g (@) — £(u) + fr(9) +4(x, ) + x2(610)
xz(0w)

Now we need to establish some priori estimates for the solutions of Equation (50) and Equation (53),
which are the basis of our later analysis.

Lemma 3. Let (2)-(5),(7)-(8) and (45) hold. Let B(t,w) C Bo(t,w), B = {B(7,w)}weq € D(E) and %o(w) €
B(t,w). Then there exists T = T(B,w) > 0and Moy(w), such that the solution %(T,w, X+ (w)) of (50) satisfies for
Paewe ), Vt> T

1807 = o, Reos@)I} < Wi Pe 2 + [ H(e)dr < Ni(w). 54

Proof. Taking inner product of (50) with X in E, we have
(R %)+ (HRX), %) = (F(t,x,%).%) - (55)
Using Holder, Young and Poincare inequalities, we get
o) 2 A2 200 2 Mo oo 8o
(H(R), %) = ellag))” + (@, ) —ellgll” = == IVall= + 2 VAl (56)
Now, we estimate the terms on the right hand side of (55) one by one:
. ay
((1+kO1v7I?) 29,5) = ((1+k<o>||w||2) vi, V(5 +ey>)
< a2 24 Engp)2
< (14 KOVIIR) (5 51991+ 519917, 7)
and from (2), it is easy to show that

(a(x)g(91),7) = (208 (8) (¥ — €7, ¥)) < woar [|7]1> — woaze (9, ¥) (58)
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where 9 is between 0 and 1 — 7.

. R . G(x, 1|2 nox| — €,
(11,0 = 1D 91 < LD 20 =22, )

by second term for right hand side of (55) and (59), we can get

2.2

oo DoaoE —€, . e .
e(e — a20) (9, ) = O =Vl > 7|WH2 ﬁHV]/HZ/ (60)
Further, from (45)4,) (a,), We infer
/AR d_ . € .
(1@),9) = (L@ ) +ef) = ph() + H(Fl(y) — D), (61)
Thus, applying together in (55) we conclude that
22 (1P + (14 KOIVGI) IV + 1990) P + |31 + (o)
€ (12 A1 112 1 me  eagad AN
+5 (1917 + (1 +KOIVFI2) 1V91P) +¢ (A T oz ) 1990
KoK .
e =117 + *||77( i+ ¢ F1(1/( )
< llalx, t)||
— C T 62
_(aoal—s) ”‘ y (62)
Since the inequalities above has nonnegative terms, we obtain € <% — % — m) >0, % > 0.

2
. £ iy —¢€ me expas F — mi e g i i i i
We will choose o = (2, 55—, 2¢ (A ~ 7 T foms) A2>) and & = min{c, For ¢}, which obviously implies

that

TN SOSNP R /€721 G
2 < — .
1RO+ R0 < L2+ e (63)
Note that X(r, T — t,w, Rr—1(w)) = x(r, T — t,w, xr—t(w)) — (O,Z(Gtw),O) € By(t,w). By definition of
Bo(t,w), it follows that [|{(r, T — t,w, Rr—t(w))[|2 < #(w) + |2(6r—rw)| = M(w). Now, by the Gronwall

inequality to [t — t,7], we arrive to (54); [|X(r, T — t,w, Xr—t(w))||32 < M(w). Hence, for every § € H} by
Hé C L2 and (62), we have

2
0<| [ Al)ldx < g (198 + 19173, ) < (@) V3P e B n =3
The proof is completed. O
Lemma 4. Suppose (2)-(4) hold. Let Bi(w) C By(w), B = {B(w)}wea € D(E) and ¥(w) € B(w), then there
exists T = T(B,w,) > 0 and a random radius M(w), such that the solution ¥ (t, T, w, X (w)) of (53) satisfies for P-a.e
weQ Vt>T

JAYR (1, T — £,0-1w0, ¥r—t(0—10)) |7 < [|A" et (0—1w)|?e 2T 4 7(w) < M(w), t>7T.  (64)

We denote

(0m1n{1n+2 i 2)7}) V1<q <”J_r§. (65)

Proof. By (64), (23) and ¥ = x — £, there exists a random variable r(w) > 0 such that

max{|[x(0,w, x(0,@)) [, [|X((0, w, X(0,w)))|[g} < r(w).
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By the embedding relations, we have V,, C V,,, if v; > 15 and V,, C L9, where % = % T % = % — % and
Hy = D(A2) =V, c L1 c Ly c V_, = D(A?). Multiplying (53) with A"%(r) and integrating over I', we

can get

eu—7v AVu
(H(X(1), A'%() = | —ev+eu+ Au+ [;7 u(s)Azn(s)ds A%
eu—v+ s AV’7
v4l n o v, m 8 1+2v 142v
= o AF 0| + (@, 4%) — el AP - A 0l + SIAE R 60
Now using Cauchy-Schwartz inequality and Young inequality one by one as
(F(t/ X, X)r AVX) =
kh(x)z(0iw) A’
(1+K(O)|ATD]?) A2 — a(x)g (@) + fi(9) = fu) +d(x 1) + kh()z(0r0) | | A" (67)
kh(x)z(0rw) AVl

From (3)(a,),(a,), one has that

~ (1 KO at02) A2 D, A%D) = ((1+k(o)||Aiw|2)A5w,A%(”;t+sw—ah( )z (Gtw))

w,
d Aol + Enasw? L 2 2
— (1K@ A%IR) 5143 DI2 + SIATDI) + 2 ATh(x) P z(8iw) . (68)

1
2
Therefore from (2) and (4), it is straightforward to show that

(a(x)g(wy), AYW) = — (aog(ﬂ)A% (W — e + xh(x)z(6rw) — (0
< —agar || A2 + agane (A%z?),A%zb) —apg (9)x (h(x)z(Gtw,A%zb) , (69)

\_/
=
3
b
Nl=
S
N———

where ¢ is between 0 and @ — e + xh(x)z(6;w).

. VN [ AYx [AZG(x, I* | womr—€ v .o

(10 1), 4) = [ A%5(x | 43 < L TEOI | 208 28 s 70)

v y 2
((keh(x)z(0iw), A¥D)) < HA2 el —Q—EkZHAZJr x)H |z(0tw)\2, (71)

. 2mgk? 2v 1 142v
(keh(x)z(00), A" < 20| A% )| (o) P+ 514752, 72)
2 2 - ,o2
— (aog(8) — 2€)h(x)2(61), A'®) < %Hzﬁh(x)ﬂz [2(00c0) P + 25— || A%w (73)
=

Through 2d term for right hand side of (26) and (29), we will get

e(e — a00) (i, A%) > —somael| AFo 4T > PI=E asa)p - LIy 2
250 072 - (xgay — €)A2

For the nonlinearity, with the aid of (4), Holder inequality and the Sobolev embedding theorem, we
estimate that

(f(u )—fl(A) AD) = (F(u) — L(§), A" (@1 + e — kh(x)2(6,)))
<= / ))AVddx + ¢ / (F(u) — fo(@)) AV ddx
- [ (@)n) Ao = x [ ((u) = (@) |A"B(x) |2(600)  d.

Infer to Ay, (45)-(46), use Cauchy -Schwartz, Young’s inequality and embedding theorem V4, C L*~ 2 ) ,

. i
Vi, C L*20-) and V5 — L" ", we gain
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J () = A@DA* ()] 20)dx < [ () + folw) = fi(@)) A1) [2(610) et
4 n—2(1+v)
4 2n  2n
<o ([ (vt i) o) ([ a) T jancoliow)
n+2(1-v)
2n 2n
e [T 4x) T A0 (6w
i
<13 (1+||u|" 5+l ) NATHD| 2y |2(0r0)|
v
e (1] )nAzh( >||L%|z<etw>|
[E 2
< y5< )+]|a o >+y6HA"h(x)|2|z(6tw)’ . (75)
and therefore
[ o= @) A = [ ((0) = @)+ f (@) + f3 (1)) Ao,
Estimate the above inequality, we get
6—n = N N
[0 = F @A dx < py [ (1419178 + 10| ) Jiol | A7 0]
1 n— 21+1/ n—2(1-v)
6 n 2 2 . 2n VA 2n
< ([ (1 1912 + 0l ) ) ( )" (fromas) ([ jaareE)
= =
<o (1419174, + 101, ) al |
6—n 6—n
< mo (19l g 14" )+V11 (II?II”‘& + [l f)nwn laal
V) Ln-2 2 Ln 1+1/ Ln— 21 V)
< pora (@) (A2 + ||ATw|| 2). (76)
Similarly, by (45)a, and (65), we get
4
/rfl(y)th wdx < py3 (/ <1+|y 2) dx)
) n—=2(1+v) n722(171/)
X (/ |7i)t|n2(1+v>dx) X </ |AY | 20—y dx)
T T
L
< s+ 19073, ) -
< s ) (1A% + |>|\A wnL e
v 14v
< piers (@) (| AT+ [e?) + 1A D2 o . 77)

Furthermore, by (45)a, and (65), note that v < W

/rfé(u)utA%dx < oy [ (L 1ul7) ] | A4¥30])

n+2(1-v)

2n 2 % m
( (T4 [lul[™) R dx) (/ |ty dx) (/ |A%f;|"2<1v>dx>
F T T
9(1 +lul] ) iz lla3al,__y
n+ ) n
2
4

—2(;’71/)
(w) + f||A1i 2.

n—2(1-v)

| AN

(78)
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Including above inequalities together (66)-(78), we achieve

33 (AR IR 20760 — fu(@)] + 1A% IR + 5 (Fw) = i)

< Iil2(8:0) || AZXIIE + pic[L + 7 (w) +13(w) + r(w) + 15 (w)
+12(01w) P + AR () |? [2(0rw) P + | AZiH(x) |- (79)

By Gronwall’s inequality in (79) on [0, r] and changing w to 0_;w, we deduce that

IAZ@(t,0-1w; po)|IE < (HA%(P(V/@—M P)|IE +2(f (u(r,0-1w; x0)) —f1((r,0-1w; x0)))

< (HA%XH% + (f(u) — fl(w))) expzfyo(ff—\KIIZ(9sw)|)(5rw)d5 + /r 01 (st)expzf:(0—\KIIZ(Ggw)\)(QM)dgds_ (80)
0

We can choose 01 (6;w) and jic depends to [e, J, k, ag, a1, k2, 1, };] are positive constants, such that

01 (010) = fic[1 + P2 (w) + 3(w) + () + ()
+ At | 20) 2+ | A2 12(00) P+ A0 2] (81)

Note that
[ () = @) atadr < [ (A + L) - A@) Alodx
U A N " v o
<o ([ (1 117" + ol ) al 4| dx ) + e ( [ 14107 [ a¥] ).
Thus, by the Sobolev embedding

(/r (1419172 + w42)) @] + (/ 1+ aw)dx) ‘A%w‘dx

1+v n—2(1-v)

A L ZA T - T
= pas /(1+|y‘”’2+|w| E /\w\” 097 dx /|A @] 7200 dy
I
) n+2( 2
+ Ho4 </ (1+ |a|7)n+20-v) dx) </ |Avw|”*2 1= dx>
T

+v ‘2

S—

v
A2

< uasrE(w) + phos HAl (82)

v 2n v 2n
where the constants y;,i = 1,2, ....., 25, comes from the embedding D(Al%) — [n=20-v), D(AlT) s Ln=2(1+v)

2n
and Vi = H} — L" .
Note that, |z(6.w)| is tempered, and hence applying the inequalities (81) and (82) in (80), the integrand of
the second term on the righthand side of (80) is convergent to zero exponentially as r < —co . Then, we can
shows that the following result

A2 ¥(t,0_w; x0)|IE < Mj(w).

The proof is complete. [

Now we obtain our main result about the existence of a random attractor for random dynamical system
d as following Lemma. It follows from Lemma 2, that ® has a closed random absorbing set in D, then apply
Lemmas in Section 4, we prove the existence of a random attractor by using tail estimates and the decompose
technique of solutions. which along with the D-pullback asymptotic compactness.
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Lemma 5. (see[2,3,15]1) Let Xo, X, Xy be three Banach spaces such that Xo — X <— Xy is projection operator Xog — X
is compact. setting Y = x(t,B(t,w)) C Li(R*,X) is a random bounded absorbing set from Lemma 4, (t) is the
solution operators of (53) and by Lemma 4, there is a positive random radius M, (w) dependent on t, such that

1). Y is bounded in L‘:;(R"’,Xg) N H;(RJ“,Xl),
83
2).  sup [|Vy(s)} < My(w). (83)
neY seR+

Then Y is relatively compact in Li(R*, X). Further, for every T € R,w € Q,t > 0, so that

W(t, T,0_rw, xo(0_tw)) —D(t—s,T,0_trsw, xo(0_t1sw)), s <t,
H( 7,610, xo(610),5) = ( 1w, Xo(0—1w)) ( t+sW, X0(0—t1sw)) (84)
w(t/ T, 9—tw/7(0(9—tw))/ t S S,
Wit —8,T,0_t1sw, xo(0_t1sw)), 0<s<t,
st(t/ T, B—tw/XO(e—tw» = { . t(t _ t+s XO( t+s )) (85)

Denote by B the closed ball of L%, (RT,Xo)N HPl, (R*, X1) of random variable radius My(w), since we apply
on a finite domain. B is compact subset of Xg x Xj. Let a set B(t,w)

B(t,w) = U;EH(e_Tw)eB(e,,w)Utzoﬁ(T’T —t,0_ 2w, xr—1(0_rw),s) s ERTTER,w € O, (86)

where v is as in (65). Thus, employing (3), Lemma 2, Lemma 4 and (84), we get that

swp [ViO)F=sup  sup VT 1 (0@ Xt 0w), 9 < Mo(w), 67
7EBsERT t20 xr—t(0_7w)EB(6_tw),s€ERT
implying that
+eo +oo My (w
IVrG)E = [ wIr(6) s < Mo(w) [ emas < M0, 9

We obtain our main result about the existence of a random attractor for random dynamical system ® as
following Theorem.

Theorem 3. Suppose (2)-(4) hold. Then the continuous cocycle ® associated with Problem (16), has a unique D-pullback
random attractor A(T,w) € DinT.

Proof. For any (7 ,w) € (R x Q). Let ¥r—(6_rw) € B(t,0_4w), B C B(6_;w) is compact in D(E). Tt
follows that B be the closed ball of V,,1 x V3, < E is compact of radius M(w) € D(E), where v satisfy (65).
Therefore, A(T,w) is compact in E for any bounded non-random set B of E. By Lemma 3 and x—¢(0—-rw) €
B(t,0_;w), we have x¢_t = Xc—t — Xc—t € A(T,w), where x;_; is given by (50). Then, there exists a random
set M(w) € B C B(t,w) € D(E), as follows

dy (®(t,7,0-1w, B(T,0-10)), A(T,w)) < M(w)e " — 0, ast — +oo. (89)
From Lemma 3, there exists T = T(T, w, B) > 0, then we dedicate the following attraction property
%(t,T—t,60_rw,B(1,0_;w)) C By(t,w),Vt > T.
Lett>TandT=t—T> T(t,w, By) > 0 using cocycle property (iii) of ®, we show that

X(t,T—t,0_rw,B(T—t,0_7w))

(t,t—T—-T,0 jw,B(t—T-T,0_w))

=x(t,t-T,(0_rw),x(t—T,1—T—-T,0_rw,B(t—T - T,0_1w))
(

Cx(t,t—T,0_+w, By(0_yw)) C B(T,()_Tw). (90)

A
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Take any (7,7 —t, (0—rw), xr—t(0—7rw)) € X(T,T —t,0_rw,B(T —t,0_4w)), for t > T+ T(r,w, By),

where {r—¢(0—rw) € B(T —t,0_;w). It follow to Lemmas 2, 3 and (90), such that

inf ||x(t,T—t0-rw, xr—t(0—1w)) — (T, T —t,0_7w, Xr—t(0—1rw)) H%
neA(t,w)
< ly(t, T —t,0-10, yr—1(0—rw))||2 < M*(w)e %', ¥Vt > T + T(t,w, By). (91)
Thus from the relation (19) between ®, ®, one could easily obtain that for any nonrandom bounded

du(®(t, 7,04, B(T,0_1w)), A(T,w)) < M(w)e ™" — 0ast — +oo. (92)

Follows from Lemma 1, Lemma 2, Lemma 3 and Lemma 4, & related to (16) possesses a D pull-back

random attractor A(t,w) C A(T,w) ) Bo(w). The proof is completed. [
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