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1. Introduction

n this paper, we will investigate the stability of the weak solutions of stochastic 2D Navier-Stokes
equations with memory and Poisson jumps of the form:

dX = [VAX — (X, V)X — Vp+ f(x) + g(X(t —p(t)))]dt + o (t, X(t — 5(t)) ) AW (t)
[ (b X( — 3(6)), 2)7i(d, d2),

divX=0 in (0,40)xD, X(t,x)=0 on (0,+00) xdD,

X(0,x) = Xp(x), X(t,x)=¢(t x), forx € D,and t € [—r,0], withr > 0,

M

where X is the velocity field of the fluid, v > 0 is the kinematic viscosity, p is the associated hydrostatic
pressure, f is a non-delayed external force field, g(X(t — p(t))) is another external force field with delay,
o(t, X(t—6(1)))dW(t) + [, k(t, X(t — ¥(t)),2)7(dt,dz) is a random external force field with delays, where W
is an infinite dimensional Wiener process and 7 is a compensated time homogeneous Poisson random measure,
p,6,7 : Rt — [0,r] are continuous functions, D is a regular open bounded domain of R2 with boundary oD,
Xj is the initial velocity, ¢ is the initial datum in the interval [—r,0].

Navier-Stokes equations are the fundamental model of the fluid mechanics and turbulence. These
equations have been the object of numerous works (see, for instance [1,2] and the references therein), even
with unbounded domains (see [2,3]) since the first paper of Leray was published in 1933 [4]. Beside, noise or
stochastic perturbation is unavoidable and omnipresent in nature as well as in man-made systems. Therefore,
it is of great significance to import the stochastic effects into the investigation of Navier-Stokes equations.
To our best knowledge, the theory of stochastic Navier-Stokes equations apparently has its roots in the 1959
edition of the Landau and Lifshitz [5] and the first work on the stochastic Navier-Stokes equations written
from the mathematical point of view is the paper [6]. We mention here the works ([7-10] and the references
cited therein) concerning the two-dimensional (2D in short) stochastic Navier-Stokes equation.

Partial differential equations with memory (e.g. delay) have attracted great interest due to their
applications in describing many sophisticated dynamical systems in physics, chemistry, biology, economics
and social sciences. On this matter, we refer the reader to [11-16] and the references therein. In the past
few years, many papers have studied the Navier-Stokes equations with a forcing term which contains some
hereditary characteristics (see, for instance [17-19] and the references therein). In addition, the long-time
behavior and exponential stability of the Navier-Stokes equations is an interesting and challenging problem,
since it can provide useful information on the future evolution of the system (see, [20,21]). On the exponential
behavior for stochastic 2D Navier-Stokes equations with variable delay, we refer the reader to [22-24], and
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recently, in [25] and [26], the authors investigated the asymptotic behavior of solutions of stochastic evolution
equations for second grade fluids and non-Newtonian fluids, respectively.

On the other hand, the world is more complicated and models which are allowed to have jumps - both
big and small - are desirable. Hence, it is necessary and important to study stochastic systems with Poisson
jumps or Lévy processes (see, for instance [27-31] and the references therein). In recent years, the stochastic
2D(3D) Navier-Stokes equations with Lévy noise has attracted much attention of researchers. To be more
precise, in [32], Motyl considered the existence of solutions, in a probabilistic sense, to the stochastically driven,
viscous, incompressible Navier-Stokes equations driven by the Lévy noise consisting of the compensated
time homogeneous Poisson random measure and the Wiener process in two and three spatial dimensions,
Dong et al., [33] discussed the existence of stationary weak solutions of stochastic 3D Navier-Stokes equations
involving jumps and compared the Galerkin stationary probability measures for the case driven by Lévy noise
and the one driven by Wiener process, and in [34], by using an abstract setting, BrzeZniak et al. studied
the existence and uniqueness of the solution of an abstract nonlinear equation driven by a multiplicative
noise of Lévy type. More specifically, just recently, Taniguchi [35] obtained the existence and exponential
stability of energy solutions to 2D stochastic functional Navier-Stokes equation perturbed by the Lévy process.
However, to prove the exponential stability results in [35], the author have imposed that the delay function
(p(t)) appears only in the non-random external force and furthermore this delay function have required a
strong assumption, i.e. p(t) is differentiable and satisfies 0 < p(t) < M, < 1, where M, > 0. Thus, we will
make the first attempt to establish some results for more general forcing terms and relax this restriction. Under
some suitable assumptions, by using the It6 formula for jumps and Burkholder-Davis-Gundy inequalities in
stochastic analysis, we establish the weak solution to (1) converges to the stationary solution of its stationary
versions exponentially stable in the mean square. Further, by establishing a lemma for compensated Poisson
random measures (Lemma 3), we give the result that the weak solution to (1) converges to the stationary
solution of its stationary version almost surely exponentially. Assumptions given in our article do not require
the monotone decreasing behaviour of the delays and satisfying 0 < p'(t),6’(t),7/(t) < 1. Therefore, the
current paper can be regarded as the extension of the work of Caraballo and Real [20] to the stochastic settings,
simultaneously extend and improve the one of Taniguchi [35] (where the random external force field does
not include delays and the external force field contains delay but the memory function p(t) is a differentiable
function) as well as the asymptotic behavior results published in [7] (where the external force fields does not
contain delays and the stochastic Navier-Stokes equation without non-Gaussian Lévy noise perturbation) and
the papers announced by Chen [22], Wan and Zhou [23] (where the random external force field does not
contain discontinuous multiplicative noise).

The remainder of this paper is organized as follows: In Section 2, we briefly present some basic notations,
preliminaries. The main results in Section 3 are devoted to studying the asymptotic behavior for the weak
solutions of the system (1) with their proofs.

2. Preliminaries

In this section, we introduce notations and preliminary results need to establish our results. For more
details on this section, we refer the reader to [2,8,36-38].
We first introduce the following function spaces, which are usual in the study of Navier-Stokes equations:

V:={uecCP(D,R?) :divu =0}

H := the closure of V in L2(D, R?) with the norm |u| = (u, )% where for u,v € L2(D,R?),
2
(,0) =Y / 1 (x)0;(x)dx
j=1"P

V := the closure of V in H} (D, R?) with the norm |Ju]| = ((#,u))2, where for u,v € H}(D, R?),

du; 8v,

Z /D x; Bx

ij=1
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It follows that H and V are separable Hilbert spaces with associated inner products (-, -) and ((-,-)) and
the following is satisfied
VcH=H*cV

where injections are dense, continuous, and compact; H* and V* stand for the topological dual of H and V,
respectively.

Now, let Py be an orthogonal projector from L?(D, R?) onto H. We define the operator A : L?(D,R?) — H
by Au = —PgAuand B: VxV — V*by (B(u,v),w) = b(u,v,w),Yu,v,w € V, where (-, -) denotes the duality
(V*,V) and b is the trilinear form defined by

We also set B(u) = B(u,u),Vu € V.
Furthermore, we shall need some properties of the trilinear form b, and we list below the ones that we
will used later on (see, [38]),

[bt,0,w)| < Crlul2Jull2 0] [w]2 ]2, Va0 €V,
b(u,v,v) =0, Yu,vev,
b(u,u,v—u) —b(v,v,v—u) = -b(v—u,u,v—u), Vuvev,
where C; > 0 is an appropriate constant which depends on the regular open domain D (see [39]).
Let (Q), F, P) be a complete probability space equipped with some filtration (F¢)¢>o satisfying the usual
conditions (i.e., it is right continuous and F{ contains all P-null sets).

With the symbol {W(t)};>0, we denote a K-valued (F;)¢>o-Wiener process defined on the probability
space (Q), F, P) with covariance operator Q, i.e.

E(W(t),a)x (W(s),b)x = min{t,s}(Qa,b)g, Va,bekK,

where Q is a positive, self-adjoint, trace class operator on K. In particular, we call such {W(t) };>0 a K-valued
Q-Wiener process relative to (F;);>0. We assume that there exist a complete orthonormal system {e, } ,c in
K, a bounded sequence of nonnegative real number {A,},cn such that Qe, = Ape,, n = 1,2,3,.., and a
sequence {B; },>1 of independent standard Brownian motions such that

(W(t),e)x = <§)1 \/Eenﬁn,e>K, >0, eck,

and let F; = c{W(s) : 0 <'s < t} be the o-algebra generated by W.
In order to define stochastic integrals with respect to the Q-Wiener process W(t), we introduce the
subspace Ky = Q%K of K, which endowed with the inner product,

(a,b)g, = (Q 2a,Q 2b), VabeK,

is a Hilbert space. Let £ = £,(Ko; H) denote the space of all Hilbert-Schmidt operators from Ky into H. It
turns out to be a separable Hilbert space, equipped with the norm

9l = #r((¥Q2) (¥Q2)"),

for any ¢ € £3. Obviously, for any bounded operators i € L(KK;H) - the set of all linear bounded operators
from K into HI, this norm reduces to

¥y = ryQy) = X2 1V At
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Let @ : (0,00) — L3 be a predictable, F;-adapted process such that
t
/ E[[®(s)|2ods < 00, > 0.
0 2

Then, we can define the H-valued stochastic integral fo (s)dW(s) (which is a continuous
square-integrable martingale) of ® with respect to the F;-valued Q-Wiener process W(t) by

</Ot<I>(s)dW(s),e> = 2/(:< (s)\/Anen, e >d,8n

for any e € H using the It6 integral with respect to B, (s). For the construction, we can refer to Da Prato and
Zabczyk [8].

Let L = (Lt)>0 is a K-valued Lévy processes such that L has stationary and independent increments, is
stochastically continuous and satisfies Ly = 0 almost surely. Let p(t), t > 0 be the law of Ly, then (p(t))¢>o isa
weakly continuous convolution semigroup of probability measures on K. We have the Lévy-Khinchin formula
[36] which yields forall t > 0, x € K,

E (ei<x/Lt>]K) pracy

where

C(x) :==exp { i{a, x)g <Qx XK+ (0} [ei<x,y>ﬂ< -1 —X{MKQ}(y)i(x,y>K]/\(dy)},

where € K and A is a Lévy measure or a jump intensity measure of L on K — {0}, ie.,
Jx_ [0} min(|y|%,1)A(dy) < oo; xz denotes the characteristic function on set Z C K; the triple (2,Q,A) is
the characteristics of L and the mapping ( is the characteristic exponent of L. We can also define the Lévy
measure on the whole of K via the assignment A({0}) = 0.

Now, we shall write AL; := Ly — Ly, Vt > 0, where L;~ := limg; Ls. Then, almost surely for any
Z € B(K — {0} ), which denotes the Borel o-field of (K — {0}) and with 0 ¢ the closure of Z, we get a counting
Poisson random measure 77 on (K — {0}):

n(tZ)=#{0<s<tAL;€Z} <oo, t2>0.

Let
i(t,dy) = n(t,dy) — Ady)t

be the compensated Poisson measure that is independent of W(t).
Let Az denotes the restriction of the measure A to Z, still denoted by A, such that A is finite on Z. Denote
by P2(]0, T] x Z;H) the space of all predictable mappings k : [0, T] x Z — H for which

! 2
/0 /ZE|k(tr]/)‘H)\(d}/)dt < oo.

We may then define the H-valued stochastic integral

[ [ Kopmandy) = & ke ava(an)

0<t<T

where

as a random finite sum which enables us to define

//tydtdy //tydtdy//ty (dy)d

Furthermore, we can see that fot J7 k(s,v)ij(ds,dy) is an H-valued centered square-integrable martingale
such that
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‘// (t,y)i7 dtdy //E\kty|H)\dy)

We can refer to Protter [37] for a systematic theory about stochastic integrals of this kind.
Thus, the stochastic 2D Navier-Stokes equations with with memory and Poisson jumps (1) can be
rewritten as follows in the abstract mathematical setting:

dX(t) = [ - vAX(t) = B(X(t)) + f(x) +g(X(t — p(t)))]dt + o (t, X(t — &(t)))dW(t)
+ [, k(t, X(t—y(t)),2)ij(dt,dz) t>0, )
X(0) = ¢(6) € L2(Q,C([-7,0,H)), 6€[-r0, r>0,

where f € V¥, ¢ : V — V¥, ¢ : [0,+00) x V — L3(K,H), and k : [0,+00) x H x (K —{0}) —
H are progressively measurable; L%(Q),C([—r,0],H)) denotes the family of all almost surely bounded
(Ft)t=0-measurable and C([—r,0], H)-valued stochastic process, here C([—r,0], H) denote the family of all
right-continuous functions with left-hand limits ¢ from [—r,0] to H which is equipped with the norm

lgllc = Sup_,<p<o l9(0)].

Now, we give the definition of the weak solution of system (2).

Definition 1. An Fi-adapted process X(t) is called the weak solution to (2) if the following conditions are
satisfied:

(i) X(t) € C(—r, T;H)NL*(~r,T;V),as., VT > 0;
(ii) the following integral equation holds as an identity in V* a.s., Vt € [0, T],

X() =X(0) + [ [~ vAX(s) = B(X(5)) + £(5) + §(X(s - pls)) ]
+/0 U(S,X(s—é(s)))dW(s)—i—/O /Zk(s,X(s—’y(s)),z)ﬁ(ds,dz). 3)

For our purpose, we recall the Itd formula, which will play a key role in what follows. Let C2(H;R™")
denote the space of all real-valued nonnegative functions Y on H with the following properties:

(@) Y(x) is twice (Fréchet) differentiable in x;
(b) Both Y, (x) and Yy (x) are continuous in H and £(H).

Lemma 1. [40] Suppose Y € C*>(H;R™) and X(t), t > 0, is a weak solution to (2). Then

Y(X(1) =Y(X(0)) + / LX(X(9)ds + [ (Ya(X(6)), (5, X5~ 8())AW(S))
[ IXOX(6) + (s, X (5 = 2(9)),2)) = V(X)) s ),
where L is the associated diffusion operator defined, for any x € V, by
LY (x(t)) =(—vAx(t) = B(x(t)) + f(t) + g(x(t — p(1))), Yx(x(£)))
+ 1tmce (Yxx( (1)) (¢, x(t — 8(t)))Qor(t, x(t — 5(1‘)))*)
+ / ) +k(s,x(s = (s)),2)) = Y(x(£)) — (Yx(x(t)), k(s, x(s — 7(s)),2))]A(dz).

Definition 2. We say that a weak solution X(t) of system (2) converges to u. € H exponentially in the mean
square if there exist c > 0 and My > 0 such that for all t > 0

E|X(t) — tieo]® < Mge™c.

In particular, if u is a solution to (2), then it is said that u« is exponentially stable in the mean square provided
that every weak solution to (2) converges to 1 exponentially in the mean square with the same exponential
order ¢ > 0.
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Definition 3. We say that a weak solution X(f) of system (2) converges to u« € H almost surely exponentially
if there exist v > 0 such that
lim log | X (f) — teo|

< — a.s..
t—vo0 t ="

In particular, if 1o, is a solution to (2), then it is said that 1« is almost surely exponentially stable provided that
every weak solution to (2) converges to 1 almost surely exponentially with the same constant .

3. Main results

In this section, we will discuss the asymptotic behavior for the weak solutions of stochastic 2D
Navier-Stokes equations with finite memory and Poisson jumps.
Let A1 > 0 be the first eigenvalue of A, then

ol > M[of?, VoeV.
To investigate the asymptotic behavior for the weak solutions of (2), we assume the following hypotheses:
(H1) g(0) = 0 and there exists a positive number C, such that
llg(u) — g(v)|ly« < Cglu—v|, Vu,veH.
(H2) There exist integrable functions aq, 7 : [0,00) — R™* such that, for certain constant 1 > 0 and u € H,
lo(t, )79 < ar () + (B1 + 1 (D) |t — ueol*.

(H3) There exist integrable functions a5, 5 : [0,00) — R™ such that, for certain constant 8, > 0 and u € H,
g Y

/Z Ik(t, 1, 2) 2A(dz) < aa(t) + (Ba + 72(£)) |1 — tteo?.

(H4) There exists 6 > 0 such that, for t > 0,

/ ePu;(t)dt < oo, / eHBqi(Hdt < 00, i=1,2.
0 0

We first consider the existence of the stationary solution to the equation
vAX 4+ BX = f(x) +g(X) (inV*). 4)
We have the following lemma:

Lemma 2. [20] Suppose that g satisfies the condition (H1) and v > A} 1Cg. Then we have the following:

(i) Forall f € V*, there exists a stationary solution ue to (4).
(ii) There exists a constant C(D) > 0 such that, if (v — Aflcg)z > C(D)||f ||v+, then the stationary solution to (4)
is unique.

Now, using above lemma, we will discuss the asymptotic behavior for the weak solutions of (2). Hence,
throughout this paper we assume that there exists a unique stationary solution u« € V to (4).
Set y(t) := X(t) — oo and Y(y(t)) = y?(t). Then the function y(t) satisfies the following equation:

d(X(t) = teo) = [-VA(X(t) = Ueo)) — (B(X(t) — B(ueo)) + (§(X(t — p(t))) — g(tico))]dt
+o(t, X(t—46(t)))dW(t) + /Z k(t, X(t —y(t)),v)5(dt,dv).
Similar to the articles of Caraballo et al., [7], Liu [41] and Wan [42], in which, they studied Gaussian white

noise by Itd formula, utilizing It6 formula for Lévy noise in Lemma 1 to the function Y(y(t)) = y?(t) and
taking expectation, we easily obtain the following result.
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Theorem 1. Suppose that the conditions (H1) — (H4) hold. Then there exists a unique weak solution X(t) — tleo €
C(—r,T;H) N L2(—~r, T; V) a.s.. Furthermore, the following identity holds:

%E|X(t) — Ueo|? = —2E(VA(X(t) — tieo), X(t) — tieo) — 2E(B(X(t) — B(tieo), X(t) — theo)
+2E(3(X(t = p(1))) — 8luteo), X(t) — tteo) + Ello(t, X (t = 6(t))) [ 79
+E [ Kt X(E=7(5),2)PA2).

The first main result of this section is the following theorem.

Theorem 2. Suppose that the conditions (H1) — (H4) hold. Then the weak solution X(t) to (2) converges to the
stationary solution e to (4) exponentially stable in the mean square provided that the following inequality

+
C(D)v/A1][tteo]| + Cq + P 5 P2 o, 6)
holds.
Proof. From (5), there exists a positive constant v such that
1 vC?
C(D)V Aol + G+ ELEP2 < D)yl + BEP2 1+ L4 5

Furthermore, there exists a constant ¢ € (0, 0) sufficiently small such that

1
¢+ 2C(D)v/M|usl| + B1 + B2 + 7T vCﬁe” —2vA < 0. (6)
For convenience, we shall denote

a(t) = ar () +ag(t), 7(t) = (11(8) + 72(t))e

Since w;, v, i = 1,2, is integrable, together with the assumption (H4), we deduce that

geel

Ay = '/(;Ooﬂ(t)dt <o, Ay= /O a(tydt < Ag = /w“(t)e“dt < oo, @)

0

Define the function

F(t) = E|X(t) — tieo|*e exp ( — fot[iy(s) + a(s)e]ds), t>0,
" LEIX(H) — uwl2e?, £ [-1,0).

Clearly, F(t) is right-continuous functions with left-hand limits on [—r, +-c0) and

T — etexp (~ [ In(s) +a(eds) { e~ (6) — () BIX (1) — ol + TEIX() ~uaP). @

Now, from definition on the operator B, we get
(B(X(s)) — B(too), X(8) — thoo) = D(X(8) — Ueo, too, X(S) — Uoo), )
and from the properties on trilinear form b, we obtain

1 1 1 1
1D(X(5) — tea, tea, X(5) = tto)| < C1lX(s) — thes | 2IX(5) = tosl| 1o || X(5) — 1t 2| X (5) — 1
— C11X(s) — tes| | X(5) = thc |} 1 (10)
_1
< Oy e 1 (5) — oo
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Furthermore, by Young’s inequality and the assumption (H1), we have

[(8(X(s = p(5))) = 8(tteo), X(5) — hoo)| < 0CF|X(s = p(s)) — theo* + %\X(S) — tleol”. 1)

Hence,

S <etexp (- /;[’7(5)+0¢(S)ecs]d5){[c—’7(t) —a(t)e —2v
+2C(D) /A || + ]E|x — thoo|? + VCZE|X(t — p(£)) — theo?
+EH0(t,X(t—f5(t)))ll2ﬁg+E/ Ik(t,X(f—’r(t)),Z)zA(dZ)}

< (c +2C(D) /A ||too | + Syt 21/)\1)1-"(1‘) Fa(t)et — a(t)e E(f)
+eexp (- /Otms) - a(s)e“ws)vcgmxu —p(t)) — oo ?
+etoxp (= [[7(s) + a(s)e™lds) [y + m(OJEIX(¢ - 6(1) — uel?
+etoxp (= [[T7(s) + a(s)e™)ds) B2 + ma(DJEIX( = 7(6)) — sl
In what follows, we claim that for any f > 0

F(t) < M :=1+ sup E|X(t) — teol|?. (12)
[77'!0]

If the inequality (12) does not hold, then there exists t* > 0 such that, for any ¢ > 0
F(t)y<M, 0<t<t, F(t")=M, F{t)>M, t <t<t'+e (13)
This, in addition to (8), it can be shown that

dF(H)

> 0. 14
>0 (14)
Furthermore,

TR < (e 20(D) /A sl + - = (#) = 2001 ) E(E) ()™ — (i) E(E)

+et exp (— /Ot* [17(s) + a(5)e)ds JoC2E|X (£ — p(t")) = ieo|?
ot exp (= [ 10(s) +a(5)e s [Br-+ m(#)EIX(E —5(4) —
+ et exp ( — /Ot* [n7(s) + tx(s)e“}ds) [,32 + 72(t*)]E|X(t* —y(t)) — uoo|2.

Next, we split the following cases to derive the desired assertion.
Case 1: If t* — p(t*) > 0,t* — 6(t*) > 0,t* — (t*) > 0, we then have from (6) and (13) that

dFd(tt*) < ( +2C \/7”1,[00” + = 717( ) 2UA1)F(t*) +zx(t*)e”* —a(t*)ect*F(t*)

+eCP(t)exp(—/tt* [7(s) +

*—p() )
)1

* t*
+ ec&(t ) exp ( - /t*fé(t*) [1’] dS

* t*
e exp (- /t*w)w ds) Ba-+ mat)]F(X(E — (1)

vCgF(X(t" = p(t")))

Br+ ()] F(X(t" = 5(t)))
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1 _
< (c +2C(D)v/MJucs|| + B1 + B2 +  + vCie” 21//\1)M <0,

which contradicts with (14). That is, the desired assertion (12) must hold.
Case 2: If t* — p(t*) < 0, — 6(t*) < 0,t* — y(+*) < 0, we then have from (6) and (13) that

TR < (e +20(D) VAl = n(#%) — 200 ) F(E) + )6 — at)e E(E)

+ eP(t) exp (7 /Ot* [7(s) + “(S)ecs]ds) UCEF(XU* —p(t))
+ e exp ( _ '/Ot* l(s) + zx(s)ecs]ds) [B1+ 71 ()] E(X(t = (1))
+ 1) exp ( _ /Ot [n(s) + oc(s)ecs]ds> (B2 + 72(t") ] F(X(t" — 7 (t)))
< (e +20(D) VAl + 1+ B2+ - +0C3T — 20, ) ¥ <0
This is a contradiction. Hence, (12) holds true for any t > 0. For other cases, for example: t* — p(t*) >

0,t* —6(t*) <0,t* —9(t*) <0,..., in the same way as Cases 1 and 2 were done, we can show (12).
Therefore, from (12), we infer that

_ t (B84) _
E|X(t) — teo|® < Me™ exp (/0 [7(s) + a(s)ecs]ds> < MefMthse=et >0,

This completes the proof of the theorem. [

In the following, C will denote a generic constant whose values might change from line to line.
In order to prove the almost surely exponential stability of the weak solution of (2) we shall establish the
following lemma.

Lemma 3. For any t > 0, there exists a constant C > 0 such that

E sup ‘/OT/Z (|k(s,X(s—'y(s)),z)‘iﬂ+2<X(s—),k(s,X(s—'y(s)),z)>H)17(ds,dz)‘

T€[0,4]
< CE /Ot/z k(T, X(t —(1)),2) |E2ﬂ/\(dz)dr+ iE 51[10pt] 1X (1) 4.
Proof. Set
. /Or/z (H'y(S/X<S —p(s)),2) 13 +2(X(s=),7(s, X(s — p(s)), 2) >H) 1(ds,dz).
Then,

Nl—=

0= % (175 X( — p(), p(6)) B+ 20X (), v (s X5 — p(5)), ) ) }

s€Dp,s<t
<c( X e Xt-pNp@)l) +C( T X[ X6 p) o))
se p,sgt se p,sgt
<C Y [r(s X =p)p) g+ C sup (X)) Y (s X(s = p(0)p(s) )
<C Y |5 Xs—p(s), pe) [+ 7 sup (X(s-)[R).
s€EDy,s<t 0<s<t

By Burkholder-Davis-Gundy inequality [43], we obtain that
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E[ sup |J+]] < CE([J,J]})
T€(0,4]

<CE( Y Jrls X(s— (), p(s))[2) + 1B( sup (1X(s-) )

s€Dp,s<t 0<s<t
t 1
:CE/O ./Z‘k(T,X(T* )‘H dz)dT+4ETs€1?gat]|X( )3

The proof is therefore complete. [

We have the following theorem:

Theorem 3. Assume that all the assumptions of Theorem 2 are satisfied. Then, any weak solution X (t) to (2) converges
to the stationary solution u. of (4) almost surely exponentially.

Proof. Let 111,11, and n3 be positive integers such that
m—pmn)>n—r>1, np—3(ny)>ny—r>1, ng—y(nz) >nz—r>1
Set n = max{ny, ny, n3}. By the Itd formula, it follows for any t > n,
|X(t) — theo|* = | X (1) — tieo|* —2 /1:(1/A(X(s) — Uoo), X(S) — too)ds — 2 /nt<B(X(s)) — B(Uloo), X(5) — Uoo)ds
+2 [ (X = p(5))) (o), X(5) — b+ [ s, X(5 = 5(5)) g
—|—2/ ) — too, (s, X(s — 6(s)))dW(s +//|ksXs— s)),z)|?A(dz)ds
+ /n /Z [|k(s, X (s — 2)|? +2/ — Ueo, k(s, X (s — 7¥(5)),2))]7(ds, dz).

In view of Burkholder-Davis-Gundy inequality and the Young inequality, we have

ot
2E[ sup [ (X(5) e, 05, X(s = p(s)))AW(s)

telnn+1] /"

Nf—=

(15)

IN
@

B[ 1X(6) — s P, X(5 — p(5))) g

n+1
E( sup |X(0)—usl)+32 [ Ellots, X(s — p(s))) gds.
te[n,n+1] n

<

N =

Applying Lemma 2, for any ¢t > 0 we can get

sup // |k(s, X (s —( )),Z)}2+2<X(s—uoo),k(s,X(s—7(5)),z)>)ﬁ(ds,dz)

te[n,n+1]

n+1 b 1 By
< — 1 — Uoo|” ).
< CE/n /Z|k(s,X(s 1(s)),2)] A(dz)ds+4E(t€;1/1£1] X(1) — usl?)

Hence,

1 n+1
E( sup [X(5) — uel?) SEIX(1) — oo + (2C(D) VMol + & — 2001 ) / E|X(s) — tteo|2ds
te[nn+1] n

2 n+1 0y n+1 )
+0C2 [ EIX(s—p(s) — s +33 [ Ello(s, X(s = 8())2yds

+(C+ 1)E/nn+1 /Z |k(s, X(s —(s5)),2) ‘ZA(dz)ds + iE(te[sntjﬂl] |X(t) — Moo|2>~
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This implies that

1
E( sup |X(t) — uoo|2) < 4E|X(1) — tieo|? +4(zC(D)\/AT|\uOO|| L 21//\1) / E|X(s) — t1eo|2ds
tenn+1] v n
n+1
+4UC§ /n E|X(s — p(s)) — tteo|®ds
n—+1 2
+132/n [1(s) + (B1 + 71.(5))E|X(s — 8(5)) — t1eo|?]ds
n+1

+4(C+ 1)/}1 [aa(s) + (B2 + 72(s)) B[ X (s = 7(s)) — tteo|*]ds

On the other hand, from Theorem 2, it is easy to show that

n+1
E( sup |X(t) — um\z) < 4Mgpe " +4/ Moe “[v*(s) +a”(s)e“]ds,
te[n,n+1] n

where

o (t) :=33a1(t) +4(C+1)ay(t),

7 (1) = 2C(D) /M |l uteo | + % — 201 + [0C5 +33(B1 + 71(1) + (C+ 1) (B2 +72(1)) e

In view of assumption (H4), there exists a positive constant A such that we obtain that

E(te[i:jﬂl] |X(t) — uoo|2) < 4Mope " (1 + %)

Let €, > 0 be any fixed positive real number. Then by Chebychev’s inequality, we deduce that

4Moe=e" (14 2)

€

P{ sup | X(t) — Ueo| > en} <
te[n,n+1]

Therefore, since €, is any fixed real number, let e, = e~ (Cf)n , where ¢ € (0,¢). Then by the Borel-Cantelli

lemma [44], we can yield that

mt_}oolog | X () — too]

< ¢
t - 4
Letting ¢ — 07, this completes the proof of the theorem. [

a.s..

Remark 1. We consider a special case of the system (1) with variable delays when p = é and v = 0. That is,
our system (1) reduces to the following system

dX = [vVAX — (X, V)X = Vp+ f(t) + g(X(t —p(t)))]dt + o (X (t — p(t)))dW(¢)
divX=0 in (0,+400)xD, X(t,x)=0 on (0,+00) %D, (16)
X(0,x) = Xo(x), X(t,x)=¢(tx), (tx)e (-r0)xD.

The system (16) has been recently studied by Chen [22]. Furthermore, Wan and Zhou [23] discussed the
following system

dX(t) = [ - vAX(t) = B(X(t)) + f(X(8)) + g(X(p(t)))]dt + o (t, X(t))dW(t),
divX=0 in (0,+00)xD, X(t,x)=0 on (0,+o)xdD,
X(t,x) = ¢(t,x), forx € D,and t € [—r,0], withr > 0,
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and Caraballo et al., [7] also studied the stability of the stationary solutions of the following stochastic 2D
Navier-Stokes without memory:

dX(t) = [ —vAX(t) — B(X(t)) + g(X(t))]dt + o (t, X(t))dW(t),
divX=0 in (0,+0)xD, X(t,x)=0 on (0,+00)x D,
X(0,x) = Xo(x), x€D.

By using method in our paper, the conclusions of some theorems in the works [7,22,23] also easily
obtained. Obviously, our work have extended the asymptotic behavior results of above works to cover a class
of much more general stochastic 2D Navier-Stokes equations with memory and discontinuous multiplicative
noise.

Remark 2. If ¢ = 0 in the system (16), then by utilizing the direct method, in [20], Caraballo and Real have
considered the asymptotic behavior for the weak solutions and Taniguchi [35] have investigated exponential
stability of energy solutions to 2D stochastic functional Navier-Stokes equation perturbed by the Lévy process.
However, unlike the works [20,35], we need not require the function p(t) to be differentiable and satisfies
0< p’ (t) < 1. Therefore, our results extend and improve the one of Caraballo and Real [20] and Taniguchi
[35].
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