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Abstract: The purpose of this paper is the study of the growth of solutions of higher order linear differential
equations f*) + (Ak—l,l (z) eP1) 4 A1 (2) ng—l(Z)) Fl=1) 4oy (Ao,l (z) P + Ags (2) er(Z)) f=
0 and ) + (Ak—l,l (z) eP1) + A1 (2) ng—l(z)) Fl=1) 4y (Ao,1 (z) P + Ags (2) er(Z)) f o=
F(z), where A;;(z) (#0)(j=0,..,k—1;i=1,2), F(z) are meromorphic functions of finite order and
Pi(z),Qj(z) (j =0,1,..,k — 1;i = 1,2) are polynomials with degree n > 1. Under some others conditions,
we extend the previous results due to Hamani and Belaidi [1].
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1. Introduction and main results

hroughout this work, we assume that the reader knows the standard notations and the fundamental

T results of the Nevanlinna value distribution theory of meromorphic functions as the order and the
hyper-order of growth, the convergence exponents of the zero-sequence and of distinct zeros, the hyper
convergence exponents of the zero-sequence and the distinct zeros of a meromorphic function f, see [2-5].

We recall also the following definitions. The linear measure of a set E C [0, +0) is defined as m (E) =
f0+°° XE (1) dt and the logarithmic measure of a set F C [1,+o0) is defined by Im (F) = 1+°° Xpt(t) dt, where
XxH () is the characteristic function of a set H.
For results on the growth of solutions of the complex linear differential equation

f(k) + Ak*l (Z) epkfl(z)f{k_l) + e _|_ Al (Z) epl(z)f/ + AO (Z) ePO(Z)f — 0,

where P; (z) = aj,z" + -+ +ajp are polynomials with degree n > 1, a;, (j=01,.,k—19=0,1,..,n) are
complex numbers and A;(z) (#0), (j =0,1,...,.k — 1) are entire or meromorphic functions of finite order less
than #n, the reader is referred to [1,6-8].

Recently, Hamani and Belaidi [1] studied the order of transcendental meromorphic solutions of the
homogeneous and the non-homogeneous linear differential equations

FO g (z) PG FOD o (2) DB g (2) ) F = 0, 1)

FO) 4 g (2) ePe1@ =D oy (2) DB g (2) P F = F, 2)

and have proved the following results;

n ,
Theorem 1. [1] Let k > 2 be an integer and P;(z) = Y a;;z' (j = 0,1,..,k — 1) be nonconstant polynomials
i=0

with degree n > 1, where ajo, aj1, ..., aj, (j=01,..,k :1) are complex numbers. Let h]-(z) (j=01.,k—1)
be meromorphic functions p (h]-) < n. Suppose that there exists s,d € {0,1,....k — 1} such that hs hy # 0,45, =
|as | €%, a, = |ag e',0,04 € [0,27),05 # 04 then for j € {0,1,....k —1}\ {s,d}, a; , satisfies either a;, =
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Ciisn OF 4j, = Cjag, (0 < cj < 1). Then every transcendental meromorphic solution f whose poles are of uniformly
bounded multiplicities of Equation (1) is of infinite order and satisfies p(f) = n.

Theorem 2. [1] Let k > 2 be an integer, h; (z), P; (z) and ay,j satisfy the hypotheses of Theorem . Let F (% 0) be
a meromorphic function of order p (F) < n. Then every transcendental meromorphic solution f whose poles are of
uniformly bounded multiplicities of Equation (2) is of infinite order and satisfies Ay (f) = A2 (f) = p2 (f) = n, with
at most one exceptional solution fo of finite order.

In this paper, we continue to study the oscillation problem of solutions, we improve and extend Theorem
2 and Theorem 2 for equations of the form

F9+ (Ak71,1 (z) €15+ A 15 (2) EQ’H(Z)) FED 4y (Ao,l (2) e + Ags (2) 6QO(Z>) f=00)
and

O+ (A (@) Pt - A (2) Q@) FED ot (A0 (2) PO+ A2 (2)e@F)) = (@)
We obtain the following results;

Theorem 3. Let k > 2 be an integer and P; (z) = a;,z" + -+ +a;9, Qj (z) = bj 2" + -+ + bjo be polynomials
with degree n > 1, where aj, q,b] q (j=01,.,k—1,9 =0,1,..,n) are complex numbers such that aj,nbj,n #= 0. Let

Aji(z) (£0) (j =0,1,..,.k = 1;i = 1,2) be meromorphic functions such that max{p (A;;) : j = 0,1,..,k = 1;i =
1,2} < n. Suppose that there exist s,d € {0,1,...,k — 1} such that A;; Agq # 0,Asp Ago Z 0,45, = |asu elfs,
gy = ‘ad,n| e, by, = |bs | e, 6, 6, ¢ € 10,2m), 65 # 0,4, then for j € {0,1,...,k —1}\ {s,d}, ay,j and b;
satisfies either Ajy = Cjlsn OF Aj, = Cjad,n/bj,n = c}bs,n (0 < ;g <1,0< C} < 1). Then every transcendental
meromorphic solution f whose poles are of uniformly bounded multiplicities of Equation (3) is of infinite order and

satisfies po(f) = n.

Corollary 1. Let k > 2 be an integer and P; (z) = a;,z" + -+ +ajo, Qj (z) = bj,,z" + - - + bj be polynomials
with degree n > 1, where g, bm (j=01,.,k=19 = 0,1,..,n) are complex numbers such that aj,nbj,n = 0.
Let Aji(z) (#0) (j = 0,1,...k — 1;i = 1,2) be entire functions such that max{p (Aj;) : j = 0,1,..,k = 1;i =
1,2} < n. Suppose that there exist s,d € {0,1,...,k — 1} such that As; Agq # 0,Asp Ago Z 0,05, = |asu elfs,
Agp = |Agn e, by, = |bsn|€'?, 65, 04, @ € [0,27), 05 # 04, then for j € {0,1,...k — 13\ {s,d}, a;, and bj,
satisfies either a;, = cjasy or aj, = Cjagy,bjy = c;bs,n (0<c<1,0< c§ < 1). Then every transcendental solution
f of Equation (3) is of infinite order and satisfies p(f) = n.

Example 1. Consider the following differential equation

, z2 . . ,
f(4) + (—Zizelzz + = 2 o2z >f(3 (222672122 _i23€7zzz> f//+ ((—24iz4+12iz3) 62122

+ (41'25 (6 4i)z ) iz ) s (—10822 n (4i25 +82% + 625 — 4z'z2) e—fzz) f=o. )

Set

Ag1 (z) = —10, Agp (z) = 4iz° + 82* + 62° — 4iz?,

A11(z) = —24iz* +12iz3, Ay, (z) = 4iz° + (6 — 4i) 2°

Any(z) =222, Agp (z) = —iZ?,

. 2

A3’1 (Z) = —212, AZ,l (Z) = %

and
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Wehave agy =i, a1p = 2i = asp, app = —2i = a4, 435 = i, we can see that

: 1 1

app = 1= 5452, C0 = 3, 0<co<1,
. 1 1

azp =1= 5452, C3 = 3, 0< 3 < 1,

argas, # argag o,

and bgp = b1p = bpp = —i,b35 = —2i, we can see that
S 1
bop = —i = 5b3>,
L1
bip = —i= 5b3»,
c_ 1
byp = —i = 5b3>,

cj=3%0<¢<1j=012

and max {p (A;;) : j=0,..,3;i = 1,2} < 2. Then, according to Corollary 1, every transcendental solution f of

iz2
Equation (5) satisfies p(f) = +oco and p(f) = 2. We can see that f (z) = ¢ represents a solution of Equation
(5) that satisfies p(f) = +oc0 and pa(f) = 2.

For the case of non-homogeneous equation, we have the following result;

Theorem 4. Let k > 2 be an integer, P; (z), Q; (z), A} i, @jn, bju, (j = 0,1,...,k — 1) satisfy the hypotheses of Theorem
3. Let F (# 0) be a meromorphic function of order p(f) < n. Then every transcendental meromorphic solution f whose
poles are of uniformly bounded multiplicities of Equation (4) satisfies A (f) = A(f) = p(f) = +ooand Ay (f) =
Ay (f) = p2 (f) = n, with at most one exceptional solution fy of finite order.

Corollary 2. Let k > 2 be an integer, P; (z), Qj(z), Aji, ajn, bju, (j=0,1,...k —1) satisfy the hypotheses of
Corollary 1. Let F (# 0) be an entire function of order p(f) < n. Then every transcendental solution f of Equation (4)

satisfies A (f) = A (f) = p (f) = +ooand Ay (f) = A2 (f) = p2 (f) = n, with at most one exceptional solution fo of
finite order.

Example 2. Consider the following differential equation

f(3>—|— ((z—l)e_z—l— (zz—l—z—l—2+i> e_zz) '+ ((zz—l—z) e + (—222—42—2—1> e_z>f’

1
+ ((zz—z+1) e — (22+z+2+z> e‘z>f:223+222+z+1. (6)
Set
Ag1(z) =22 —z+1, App (z) = —22—2—2—%,
A11(z) =224z, A1p(z) = 222 -4z -2 1,
Ar1(z) =z—-1, Az (z) :22—1—2—1—2—1—%
and
Py(z) =z, P (z) =2z,
P (z) = —z,
Qo (z) =Q1(z) =~z Q2(z) = -2z
F(z) =22%+222+z+1.
Wehaveag; =1,a11 =2 =ag1,a21 = —1 = a4, we can see that

ap1 = 1= %as,ll Co = %, 0<cy<1],
argas # argag,y,
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and by = by 1 = —1,bp1 = —2, we can see that
bop =—-1=1b
, 2 2,1/
bip=—1=1byy,

¢j=30<¢<1j=01

and max {p (Aj;) :j=0,..,2,i=1,2,p(F)} < 1. Then, according to Corollary 2, every transcendental
solution f of Equation (6) satisfies p(f) = +o0 and Ay (f) = A2 (f) = p2(f) = 1 with at most one exceptional
solution fy of finite order. We can see that f (z) = z + ¢° represents a solution of Equation (6) that satisfies

p(f) = +eoand Xz (f) = A2 (f) = pa(f) = 1.

2. Auxiliary lemmas for the proofs of the theorems

To prove our theorems, we need the following lemmas;

Lemma 1. [9] Let Pj (z) (j = 0,1, ..., k) be polynomials with deg Py = n (n > 1) and degP; < n (j =1,...,k) . Let
Aj(z) (j = 0,1,.., k) be meromorphic functions with finite order and max {p (A;) : j=0,1,..,k} < n such that
Ap (z) #Z 0. We denote

F(z) = AreP @) 4 Ap_1eP1G) 4 AP 4 Apel@),

Ifdeg (Py (z) — Pj(z)) = nforallj =1,...,k, then F is a nontrivial meromorphic function with finite order that satisfies
p(F) =n.

Lemma 2. [10] Let f be a transcendental meromorphic function, and let o > 1 and & > 0 be given constants. Then there
exist a set Ey C (1, +c0) having finite logarithmic measure and a constant B > 0, that depends only on a and (n, m)
(n, m positive integers with n > m > 0) such that for all z satisfying |z| = r ¢ [0,1] U E;, we have

<B (T(M’f) (log*r)log T (zxr,f))n_m.

r

f (2)
£ (2)

Lemma 3. [11] Let f(z) = % be a meromorphic function with p(f) = p < +oo, where g(z) and d(z) are entire

functions satisfying one of the following conditions:

(i) g being transcendental and d being polynomial,

(ii) g, d all being transcendental and A (d) = p(d) =B < p(g) = p.
For each sufficiently large |z| = r, let z, = re'® be a point satisfying |g(z,)| = M(r,g). Then there exist a constant 6,
(>0),asequence {ry},,cr, tm — +o0 and a set E of finite logarithmic measure such that the estimation

’ f(2)
F0(2)

holds for all z satisfying |z| =ty & Ep, 1y — +o0and argz = 6 € [0, — &;, 0, + J;).

< 12 (n > 1is an integer)

Lemmad4. [12] Let P (z) = (« +ip)z" + - - - («, B are real numbers, |a| + |B| # 0) be a polynomial with degree n > 1
and A(z) be a meromorphic function with p (A) < n. Set f(z) = A(z)e’®), (z=re®), 5 (P,0) = acosnd —
Bsinnb. Then for any given € > 0, there is a set E3 C [1,400) having finite logarithmic measure such that for any
6 €[0,27)\H (H= {6 €[0,2m) : 6 (P,0) =0}) for |z| =r ¢ [0,1] U E3,r — 00, we have

(i) ifé6(P,0) >0, then
exp{(1—¢)o (P,0)r"} < [f (reé®) | < exp{(1+e)6(P,0) "},
(ii) if6(P,0) <0, then

exp{(1+¢)(P,0)r"} < |f (rei") | <exp{(1—¢)d(P,0)r"}.
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Lemma 5. [13] Let ¢ : [0, +00) — Rand i : [0,4+00) — R be monotone nondecreasing functions such that ¢(r) <
Y(r) forall r ¢ (E4U[0,1]), where Ey4 is a set of finite logarithmic measure. Let « > 1 be a given constant. Then there
exists an ry = r1(a) > 0 such that ¢(r) < (ar) forall v > ry.

Lemma 6. [11,14] Suppose that k > 2 and Ay, A, ..., Ax_1, F (F # 0 or F = 0) are meromorphic functions such that
p = max {p (Aj) ,0(F):j=0,1,..k =1} < oo. Let f be a transcendental meromorphic solution whose poles are of
uniformly bounded multiplicities of the equation

FO 4 A fED 4 Ayf + Agf = F @)
Then p2 (f) < p.

Lemma 7. [15,16] Let Aj(z)(#0),j=0,1,---,k—1,F(z) # 0 be finite order meromorphic functions.

(i) If f is a meromorphic solution of Equation (7) with p (f) = oo, then f satisfies

Lemma 8. [17] Let f be a meromorphic function of order p (f) = p < oo. Then for any given ¢ > 0, there exists a
set E5 C (1, +c0) that has finite linear measure and finite logarithmic measure such that when |z| = r ¢ [0,1] U Es,
r — +oo, we have | f(z)| < exp (rP1¢).

3. Proof of Theorem 3

First we prove that every transcendental meromorphic solution f of Equation (3) is of order p (f) > n
. Assume that f is a transcendental meromorphic solution of Equation (3) with p (f) < n. We can rewrite
Equation (3) in the form

(Ak—l,l (z) P11 A 15 (2) er—l(z)) Fh=D 4 g <A0,1 (z) P + Ags (2) er(Z)) f=—f0_ (8

Since
max {p (Aj;) :j=0,1,..,k=1;i=1,2} <n

and p (f) < n,then A;;f () (j=0,1,..,k—1;i = 1,2) and f¥) are meromorphic functions of finite order with
0 (Aj,if(j)) < nand p (f(k)> < n. We have A,;f®) # 0(i =1,2). Indeed, if A,;f(®) = 0, it follows that
f() = 0. Then f has to be a polynomial of degree less than s. This is a contradiction. Since a5, # bs, and
Ajn = CiAsn, bjn = c}bs,n, (0<¢ <1),(0< c} <1),(j # s),aju = cjasy or aj, = cjag,(0 < c¢; < 1), then
@iy # b, Asn 7 Ajn, bsn 7# bj, and therefore deg (Ps — Pj) = deg (Qs — Qj) = n. Thus, by (8) and Lemma 1,
we find that p (— f (k)) = n, this contradicts the fact p ( f (k)) < n. Consequently, every meromorphic solution
f of Equation (3) is transcendental with order p (f) > n.

Assume that f is a transcendental meromorphic solution whose poles are of uniformly bounded

multiplicities of Equation (3). By Lemma , there exist a set E; C (1, +00) having finite logarithmic measure
and a constant B > 0, such that for all z satisfying |z| = r ¢ [0, 1]\ E1, we have

o | < B(T (2r, )Y, j=1,2,..,k j#s. ©)

By (3), it follows that the poles of f can only occur at the poles of A;;(z) (j =0,1,...,k —1;i = 1,2). Note that
the poles of f are of uniformly bounded multiplicities. Hence

19 (2)
(

A <ch) < max {p (Aj,i) 1j=01,..,k—1i= 1,2} < mn.
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By Hadamard factorization theorem, we know that f can be written as f(z) = %, where ¢(z) and d(z) are

entire functions with

A<d>:p<d>=A(}) <n<p(f)=p(s).

For each sufficiently large |z| = 7, let z, = re'”" be a point satisfying |g(z,)| = M(r, g). By Lemma 3, there exist
a constant é, (> 0), a sequence {7y },,cn, 'm — +00 and a set E; of finite logarithmic measure such that the

‘ f(z)
fE)(z)
holds for all z satisfying |z| = ryy & Ep, 1 — o0 and argz =6 € [0, — J;, 0, + ;).

Setz = re', as, = |asn| %, ay, = | e, b, = |bsn|€'?, 05,04, ¢ € [0,277), 05 # 6,. Then

i6,

estimation

<7 (10)

6 (DPs,0) = |asu| cos (nf +65),
0 (Qs,0) = |bsn|cos (n6 + @), (11)
6 (Py,0) = |ag | cos (nf + 64) .

Since aj,, = cjasn, bj, = c}bs,n, (0<¢ <1),(0< c;- <1),(j # s)and cj,c;. (j=0,1,..,k—1) are distinct
numbers, then

1) (Pj, 9) = C](S (Ps, 9) ord (Pj, 9) = C]5 (Pd, 9) , 1) (Q], 9) = C;(s (QS, 9) . (12)
Set Hy = {6 € [0,27) : 6 (Ps,0) = 0,0 (P;,0) =0} and Hy = {6 € [0,27) : 6 (Ps,0) = 6 (P;,0)}. For any given
6 € [0, —dr, 6+ 6]\ (H1UH;), wehave  (Ps,0) # 0,6 (Py,0) # 0and

5 (DPs,0) > 5 (Py,0) ord (Ps,0) < 6(Py,0).

I. 5(Ps;,0) > 6 (P;,0). Here we also divide our proof in three subcases: (¢ = 6;) or (¢ =6;) or (¢ # 0s
and ¢ # 0;).
Case 1. 6 (P, 0) > 6 (P4,0) and (¢ # 6s and ¢ # 6,).
Subcase 1.1. §(P;,0) > 6(Py,0) > 0,0(Qs,0) > 0.If §(Ps,0) > 0, 6(Qs,0) > 0, then we suppose
6 (Ps,0) > 6(Qs,0) without loss of generality. Set §3 = max {J (P;,0),0 (Q),0);j # s} and Hz = {6 €
[0,277) : 6 (Qs,0) = 0,6 (Qs,0) =6 (Ps,0)}, then 0 < d3 < 6 (Ps,0) . Thus, by Lemma , for any given

. [0(Ps,0) =093 6(Ps,0) —6(Qs,0)
2
o<z <min {0 ) 00
where
c= max{cj,c} :j=0,1,..,k—1,j # s}, cs =1,
there is a set E3 C [1,+00) having finite logarithmic measure such that for all z satisfying |z| = r ¢

[0,1] UE3,r = +ooand argz = 0 € [0, — I, 0, + J;] \ (H; U H, U H3), we have

‘As,l (z) e (@) 4 Asp (2) (@)

> ‘As,l (z) ePs(2)

_ ’AS,Z (Z) er(Z)
>exp{(1—¢)d(Ps,0)r"} —exp{(1+¢)6(Qs,0)r"}
> %exp{(l _¢)5(P,0) 1", (13)

‘Aj,l (z) eI 4 Ajs (2) eQ/(Z)‘ < ‘A]-,l (2) ep/(z)‘ + ‘A]-,z (z) e
<exp{(14+¢€)d(P;,0)r"} +exp{(1+¢)d(Q;0)r"}
<2exp{(1+¢€)dsr"}, j=0,1,2,...,k—1, j #s. (14)
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From (3), we have

As,l (Z> ePs(z) + AS,2 (Z) er(Z) < ‘ff

+ Z {’A/A( ) el 4 Ajp (2) €9

J=0,j#s

(5 ).

By substituting (9), (10), (13), (14), into (15), for all z satisfying |z| = 1, & [0,1]U (E; UEy U E3), 1y — 400
and argz =0 € [0, — J;, 0, + ;] \(H; U Hy U H3), we have

%exp {(1—€)5(Ds,0) 7} < 2kBr [T (2rm, )" Lexp {(1+¢) 3}

which gives
exp {(1—¢) 8 (Ps,0) rj} < 4kBrys [T (2rm, )] exp {(14¢) 83773} -

Since 0 < 2¢e < 5E ng , then we can get
exp {‘5 (P s’z) % } < 4kBr% [T (2rm, f)]H. (16)

By Lemma 5 and (16), we obtain

. log T (*m, f)
= limsup 22—+ = 4+
: (f) rn14>+£ log T'm
and oo low T
0 (f) = limsup 28198 T (e f) )

Fm—r400 log 7:m
By Lemma 6 and Equation (3), we have p, (f) < n,s0 pa (f) = n.
Subcase 1.2. §(Ps,0) > 6(P;,0) > 0,6 (Qs,0) < 0. We have 6(Q;,0) < (P, 0) and 6 (Qs,0) <
6(Q;,0) <0< d(P,0),Put

d:max{cj:ij,l,...,k—l,j;és}, ds = 1.

By Lemma 3, for any given e (0 < & < % (%)), there is a set E3 C [1,40c0) having finite
logarithmic measure such that for all z satisfying [z| = r ¢ [0,1] UE3,r — 400 and argz = 0 €

[0, — 6, 6, + 6,]\ (Hy UHy U Hs), where H; = {0 € [0,277) : 6 (Ps,8) = 0,0 (P,8) = 0}, H, = {0 €
[0,271) : 6 (Ps,0) = 6 (Py,0)} and H3 = {6 € [0,271) : 6 (Qs,0) = 0,6 (Qs,0) = 6 (D5, 0) } are finite sets, we

have
‘As,l (2) €% + Ag 5 (2) e ) ‘As 1 ’A 2 (z) %)
> exp{(1—-¢)d(Ps,0) 1"} —exp {(1—-¢)5(Qs,0) 1"}
> op{(1-9)3(P0) "}, 17)

Aj (2) el + Ajp (z) er(Z)‘ < ‘Aj,l (2) epf(z)‘ + ‘Aj,z (z) €9

<exp{(1+¢)d(P;,0)r"} +exp{(1—-¢)d(Q;0)r"}
<2exp{(14+¢e)do(P;,0)r"}, j=0,1,2,.,.k—1,j #s. (18)

By substituting (9), (10), (17), (18) into (15), for all z satisfying |z| = r,, ¢ [0,1]U (E; UEy U E3), 1y — 400
and argz =6 € [0, — &y, 6, + &;] \(H; U H, U H3), we have

exp{(1—¢)é(DPs,0)ry} < 4kBr2s [T (21',,1,]")]kJrl exp{(1+¢)dd(P,0)r)}.
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Since0 < e < 5 (—d) then the last inequalities leads to

exp { ( - Vs (P, 0) r;;} < 4KBr2 [T (2rm, ). (19)

By Lemma 5 and (19), we obtain

i log T (*m, f)
=limsup 22—~ = 400
P (f> rm—>+£ log T'm
and oo loa T

'm—>+00 10g T'm
In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,s0 p2 (f) =

Subcase 1.3. 6 (Ps,0) > 0 > 6(P;,0),0(Qs,0) > 0. We suppose (5(PS, )
generality. By Lemma 3, for any given € (0 < ¢ < min {% (u) , % (

> 6 (Q ) without loss of
5,0)
)) } where

1+v +(5(Qq
v:max{c], :7=0,1,.. —1,j7és,j7éd},vs:1,
there is a set E3 C [1,+o0) having finite logarithmic measure such that for all z satisfying |z| = r ¢

[0,1] UEs, r — 400 and
argz = 0 e [Gr — by, 0y +§y]\(H1 UH, UH3),

where H; = {6 € [0,27) : §(Ps,0) = 0,6 (P4,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6 (P;,0)} and
H; ={6€10,2m):6(Qs,0) =0,6(Qs,0) =5 (DPs,0)} are finite sets, we have

451 (2) €™ + A5 (2) e

‘A
> exp {(1 —€)0 (P, 0)r"} —exp{(1+¢€)5(Qs,0)r"}
> %exp{(l—s)é(Ps,G) "y, (20)

— ’As,z (z) e

Aj,l (Z) epf(z) + A]‘,z (Z) le(Z)

< ’Aj,l (z) efi(®)

<exp{(1+4e¢)cjd(Ps,0)r"} +exp {(1 +e)cio (Qs, ) r”}
<2exp{(1+¢e)vé(P,0)r"},j=0,1,2,..,k—1,]#s. (21)

+ ‘A]-,Z (z) eQi?)

By substituting (9), (10), (20) and (21), into (15), for all z satisfying |z| = r, ¢ [0,1] U (Eq; U E; U E3),
tm — +ooand argz =6 € [0, — &, 0, + ;] \ (H1 U Hy U H3), we have

exp {(1—¢) 6 (P, 0)rL} < 4kBr% [T (2rm, f)]  exp {(1+¢€) v5 (Ps,0) 1} .

Since0 < e < 5 (1+v) then

exp { ( > s (p.,0) r;} < 4kBr% [T (2rm, £)]. 22)

By Lemma 5 and (22), we obtain

p(f)= limsupM

= +OO
Fm—r+00 log

and loelon T

Tm—>+00 log T'm

In addition, then by Lemma 6 and from Equation (3), we have p, (f) < n,s0 p2 (f) = n.
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Subcase 1.4. §(P;,0) > 0 > 6(P;,0),5(Qs,0) < 0. We have 6 (P;,0) > (5(Pj,0) > 0,0(Qs,0) <
5(Q;,0) <0, then 5 (Qs,6) < & (Ps,0) . Put

1//:max{cj:j:O,l,...,kfl,j;és,j;Ad},yé:1.

By Lemma 3, for any given 0 < & < %(%) , there is a set E3 C [1,40c0) having finite
logarithmic measure such that for all z satisfying [z| = r ¢ [0,1] U E3,r — 400 and argz = 0 €

[0, — 8y, 6, + 6,] \ (Hy U Hy U Hs), where Hy = {0 € [0,271) : 6 (P,,0) = 0,6 (P,0) = 0}, Hy = {0 €
[0,277) : 6 (Ps,0) = 6 (Py,0)} and H3 = {6 € [0,27) : 6 (Qs,0) = 0,5 (Qs,0) = 8§ (Ps,0)} are finite sets, we
have

At (z) PG 4 Ags ()20

st
> exp {(1—€)6(Ps,0) 1"} —exp{(1—-¢)5(Qs,0)r"}
> %exp {(1—¢)d(Ps,0)r"}, (23)

— |As2 (2) 6%

Ajn (2) N + A1 (2) 9P| < |4y (2) €M) + |4y (2) €9

<exp{(14¢€)d(P;,0)r"} +exp{(1—¢)d(Q;0)r"}
<2exp{(14+¢€)v 6(Ps,0)r"},j=0,1,2,..,k—1,j#s. (24)

By substituting (9), (10), (23), (24) into (15), for all z satisfying |z| = r, € [0,1]U (Ey UE; UE3), 1y — 400
and

we have

exp {(1—¢) 8 (Ps,0) 11} < 4kBr2K [T (21, £)]* M exp {(1 4 ) v/ 6 (P, 0) 1]} .

Since 0 < ¢ < 5 <1+V/) then

o
exp {(12”)5 (P, 0) rfn} < 4kBr2 [T (21, ). (25)
By Lemma 5 and (25) we obtain

p(f)= limsupw

= +OO
Fn— 00 log

and loelon T

Fm—+00 log rm
In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,so0 p2 (f) = n.
Subcase 1.5. 0 > 6 (Ps,0) > 6 (P;,0),6 (Qs,0) > 0. We have 6 (P;,0) < 6 (Ps,0) <0< 6(Qs,0).Put

d :max{c} ;j:O,l,...,k—l,j;és}, dg=1.

By Lemma 3, for any given ¢ (0 < & < %<1+d’)) there is a set E3 C [1,+00) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] UE3,r — +co and argz = 0 €

[9 — 6, 97—|—5r}\(H1 UHZUH3) where H; = {9 € [O ) : 5(1)5,9) = 0,§(Pd,9) = 0}, H, = {9 €
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[0,277) : 6 (Ps,0) = 6 (Py,0)} and H3 = {6 € [0,27) : 6 (Qs,0) = 0,0 (Qs,0) = J (P, 0) } are finite sets, we

have
451 (2) P+ A (2) €2 6)| 2| Agp (2) €@ — |45 (2) B
>exp{(1—¢)d(Qs0)r"} —exp{(1—¢)d(Ps,0)r"}
> 2 exp {(1-)5(Qu0)7"), (26)
Ajp (2) M) + Aj (2) €| < |4y (2) €M) + |4y (2) 9|
<exp{(1—¢)d(P;,0)r"} +exp{(14+¢)d(Q;0)r"}
< 2exp {(1 +¢€)d'6 (Qs,0) r"} ,j=0,12,..,k—1,j#s. (27)
By using a similar proof as that of subcase 1.2, since 0 < & < % (%) , we can obtain for all z satisfying

|z| =#m ¢ [0,1] U (Ey UEy UE3), ryy — +ooand argz = 60 € [0, — Jy, 6, + O/]

exp { ( _zd/)é (Qs,0) r,ﬁﬁ} < 4kBr2s [T (21*,11,]")]kJrl . (28)

So, by Lemma 5 and (28) we obtain

o(f) :limsupM = +o0

Tm—r—+00 log T'm

and

. loglog T (m, f)
=limsup =2—-2—"->n
P2 (f) rm—>+£ 10g "m o

In addition, by Lemma 6 and from Equation (3), we have p> (f) < n,so0 p2 (f) = n.
Subcase 1.6. 0 > 6 (Ps,0) > 6 (P4,0),6 (Qs,0) < 0. Set

A=min{e; =01, k=1j#sj#d}.

By Lemma 3, for any given 0 < € < 1, there is a set E3 C [1, +o0) having finite logarithmic measure such
that for all z satisfying |z| = r ¢ [0,1]UE3,r — +ooand argz = 6 € [0, — &;, 6, + &) \ (H1 UH; U H3),
where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (Py,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6(Py,0)} and
H; ={6€10,2m):6(Qs,0) =0,0(Qs,0) = (Ps,0)} are finite sets, we have

[Aj1 (2) D) + 452 (2) 9| < [ 451 (2) P + | 42 (2) )

<exp{(1—¢)d(P;,0)r"} +exp{(1—¢)d(Q;0)r"}
<2exp{(1—¢)Aé(P;,0)r"}, j=0,1,2,...,k—1. (29)

} . (30)

By substituting (9), (10), (29) into (30), for all z satisfying |z| = 1, ¢ [0,1] U (E; U E; U E3), t, — +00 and
argz =0 € [0, — 6, 0, + &) \(H1 U Hy U H3), we have

From (3), we have

ﬂ
f

1 < 2kBr2X [T (2rm, £)]F exp {(1 — €) A& (Ps, 0) 1}

which gives
exp {(e — 1) A6 (P, 0) 't} < 2kBr2X [T (27, £)]FL. (31)
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Since 0 < ¢ < 1and AJ (Ps,0) < 0, then by Lemma 2.5 and (31), we obtain

log T (*m, f)

= limsu = 400
p(f) rm%olg Tog 7
and oo low T
0 (f) = limsup 28108 T (e f) )

Fim—+00 log 7m
In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,so0 p (f) = n.
Case 2. 6 (Ps,0) > 6 (P4,0) and ¢ = 6;

Subcase 2.1. 6 (Ps,0) > 6 (P;,0) > 0. Because of as,, # bs,, we suppose |as,| < |bs,| without loss
of generality. In this case, by (3.4) and (3.5) we have 6 (Qs,0) > 6 (Q;,0) > 0, 6(Qs,0) > 6 (P, 0) >
5 (P;,6) > 0. Put

C:max{cj,c;»:j:O,l,...,k—l,j;és,j#d},cs =1.

Then, 0 < ¢ < 1. By Lemma 3, for any given & with

. [1/1—=c\ 1(6(Qs0)—0(P,0)
O<es mm{z <1+c> 2 <5(Q5,9) +o(P,0)) )
there is a set E3 C [1,+o0) having finite logarithmic measure such that for all z satisfying |z| = r ¢
[0,1] U E3,7r — +oco and

argz = GRS [97—5;‘, 9r+5r]\(H1UH2UH3),

where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (Py,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6(Py,0)} and
Hz ={6€10,27) : 6 (Qs,0) = 0} are finite sets, we have

‘ASJ (2) €% + Ag 5 (2) e )

> ‘As,z (2) 0Qs(2)

- ’As,l (z) e
>exp{(l—¢)d(Qs0)r"} —exp{(1+¢)d(Ps,0)r"}
> 2 exp {(1-)5(Q.0)"), (32)

Aj1(z) ehi®) 4 Ajn (2) eQi(2)

< 411 (2) %+ [ 412 (2) 62|
<exp{(l+e¢)co(Ps,0)r"} +exp{(1+¢€)cd(Qs,0)r"}
<2exp{(1+¢€)cd(Qs,0)r"},j=0,1,2,...,k—1, j #s. (33)

By substituting (9), (10), (32), (33) into (15), since 0 < & < % (%—;E) , for all z satisfying |z| = 7, ¢

[0,1] U (Ey UEy UE3), ryy — +o0and argz = 6 € [0, — &, 0, + ;] \(H; U Hy U H3), we obtain

exp { a 5 95(Q.,0) rg} < 4kBr% [T (2rm, f)]H". (34)

Thus, by Lemma 5 and (34) we get

o (f) = limsup 108 L Umf)

= +OO
S

and loelon T

Fi—+00 log 7m

In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,so p2 (f) = n.
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Subcase 2.2. 6 (Ps,0) > 0 > 06 (P;,0). Because of a5, # bs,, we suppose |as,| < |bs,| without loss
of generality. In this case, by (11) and (12) we have 6 (Qs,6) > ¢ (Q;,6) > 0, 6(Qs,0) > (P, 0) >
5 (P;,0) > 0. Put

¢ =max{cj,cj:j =01, k=1,j#sj#d}, =1

Using the same reasoning as in Subcase 2.1, we can also obtain p (f) = 400 and p, (f) = n.

Subcase 2.3. 0 > & (Ps,0) > 6 (Py,6) . We have 6 (Qs,0) < 6 (QJ'G) <0(P5,0) <0,6(Ps,0) <9 (Pj’e) <
0. Put
A=min{e ¢ j =01, k=1, #5j#d}.

By Lemma 3, for any given 0 < & < 1, there is a set E3 C [1, +00) having finite logarithmic measure such
that for all z satisfying |z| = r ¢ [0,1] U E3,r — +o0and argz = 0 € [0, — &, 0, + 6,] \ (H; UH, U H3),
where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (P3,0) = 0}, Hy = {6 € [0,2m) : 6 (Ps,0) = 6 (Py,0)} and
Hz = {6 €[0,2m) : § (Qs,0) = 0} are finite sets, we have

Ay (2) N + A5 (2) €20 < |41 (2) 0| + |42 (2) €@

<exp{(1—¢€)d(P;,0)r"} +exp{(1—¢)d(Q;0)r"}
<2exp{(1—€)Ad (Ps,0) 7"}, j=0,1,2, ...k — 1. (35)

By substituting (9), (10) and (35) into (30), for all z satisfying |z| = 7y € [0,1] U (Ey UE; UE3), 1y — 400
and argz =6 € [0, — 6y, 6, + 6;] \(H1 U Hp U H3), we have

1 < 2kBr2X [T (21, )] L exp {(1 —€) AS (D5, 0) 7!}
which gives

exp {(e — 1) A6 (P, 0) "1} < 2kBr2X [T (27, £)]F . (36)
Since 0 < ¢ < 1and AJ (P, 0) < 0, then by Lemma 5 and (36) we obtain

p (f) = limsup 7logT(rm,f)

= +00
Tm—r—+00 log T'm

and

: log logl (T’m,f)
Y = lim sup——————>=2>1n
2 (f) Fan—s 00 log m -

In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,so0 p2 (f) = n.
Case 3. 6 (Ps,0) > 6 (Py,0) and ¢ = 6

Subcase 3.1. J (Ps,0) > §(P;6) > 0. Because of a;, # bs,, we suppose |ad,n] < |bs,n| without loss
of generality. In this case, by (11) and (12), we have 6 (Qs,60) > & (Qj, 9) > 0,0(Qs,0) > 6(Ps,0) >
6 (P;,0) > 0. Then, 0 < ¢ < 1. By Lemma 3, for any given ¢ with

o<ecmnd{(155) 5 (Heg )}

c:max{cj,c;-:j:O,l,...,k—l,j;és,j#d},cs =1,

where

there is a set E3 C [1,+o0) having finite logarithmic measure such that for all z satisfying |z| = r ¢
[0,1] UE3, r — 400 and

where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (Py,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6(Py,0)} and

Hz = {6 € [0,21) : 6 (Qs,0) = 0} are finite sets, we have (32) and (33) hold. By substituting (9), (10),
(32), (33) into (15), we obtain (34) for all z satisfying |z| = r,, ¢ [0,1] U (E; U E; U E3), 1y — +o0 and
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argz =6 € [0, — 6y, 6, + 6] \(H1 UHy UH3).Since 0 < & < % (%), then by Lemma 5 and (34) we

+c
T log T (rm, f)
p(f)= lf,iisfolf Tog 7

obtain
= + o0

and

) loglog T (m, f)
=1 —= 2 ~ 77 >
02 (f) im sup == e >n

In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,so p (f) = n.

Subcase 3.2. 5 (Ps,0) > 0 > 6 (P4, 0). Because of a;,, # bsn, we suppose |az,| < |bs| without loss of
generality. In this case, by (11) and (12), we have 6 (Qs,0) < 6 (Q;,0) < 0,0(Qs,60) < 6(Pz,0) <0 <

0 (Ps,0). Then, 0 < ¢ < 1. By Lemma 3, for any given ¢ (0 <e< % (%—;5)) , where

c:max{c]-,c}:j:O,l,...,k—l,j;és,j;éd},cs =1,

there is a set E3 C [1,+00) having finite logarithmic measure such that for all z satisfying |z| = r ¢
[0,1] U E3,r — +oco and

argz= 0 € [0, — 0, 0, + 6]\ (HHUH, UHj3),

where Hy = {0 € [0,27) : 6(P;,0) = 0,6(P;,0) = 0}, Hy = {0 € [0,27) : 6 (Ps,0) = §(Py,0)} and
H3 = {6 €10,2m) : 6 (Qs,0) = 0} are finite sets, we have

‘As,l (z) e (@) 4 Asp (2) eQs(2)

> | As (2) @] = | 401 (2) €2
>exp{(1—¢)d(Ps,0)r"} —exp{(1—¢€)d(Qs0)r"}
> %exp{(l —¢)5 (P, 0) "}, 37)

Aj (2) 1) + Aj (2) er(Z)’ < ‘Aj,l (z) epf(z)‘ + ‘Aj,z (z) €9

<exp{(1+¢€)cd(Ps,0)r"} +exp{(1—¢)cd(Qs,0)r"}
<2exp{(l+4+e)cd(Ps,0)r"},j=0,12,..,k—1,]#s. (38)

By substituting (9), (10), (37) and (38) into (15), by 0 < & < % (%) , for all z satisfying |z| = 1 ¢

[0,1] U (Ey UEp UE3), ryy — +o0and argz = 6 € [0, — &,, 0, + 6] \(H; U Hp U H3), we obtain

exp { a > s (p.,0) r;;} < 4kBrZ [T (2ry, f)]FL. (39)

Therefore, by Lemma 5 and (39) we obtain

. log T (*m, f)
= limsup 22—+ = 40
P (f) rn14>+01<? log T'm
and oo low T
0 (f) = limsup 28108 T (e f) )

Fm—+00 log 7m
In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,so p (f) = n.

Subcase 3.3. 0 > 6 (P, 0) > 6 (Py,0). Because of az,, # by, we suppose |az,| < |bsn| without loss
of generality. In this case, by (11) and (12), we have 6 (Qs,0) < 6(Qj,0) < 0,5 (Qs,0) < 6(Py,0) <
5 (P,,0) < 0. Put

¢ = min {c]-,c; :j=0,1,.., k— 1} .

By Lemma 3, for any given 0 < ¢ < 1, there is a set E3 C [1, +00) having finite logarithmic measure such
that for all z satisfying |z| = r ¢ [0,1]UE3,r — +o0and argz = 0 € [0, — &, 0, + 6,] \ (H1 UH, U H3),
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where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (Py,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6(Py,0)} and
H; ={6 €10,2m) : 6 (Qs,0) = 0} are finite sets, we have

1(2) efi@ 4 Ajs (2) eQi(?)

4

< |4j1 (2) ") + |4) () 2|
<exp{(1—¢)d(P;,0)r"} +exp{(1—¢)d(Q;0)r"}

<2exp{(1—¢)c'6 (Ps,0) "}, j=0,1,2,..k—1. (40)
By substituting (9), (10) and (40) into (30), for all z satisfying |z| = 1, ¢ [0,1] U (E; UE; UE3), 1y — 400
and
argz =0 € [0, — dr, 0, + 6]\ (H1 UHy UHj3),
we obtain

1 < 2kBr2X [T (21, )] exp { (1 —€) /6 (Ps,0) 1L}

which gives
exp {(e—1)c'6 (P, 0) ]} < 2krXB[T (21w, £)] . (A1)

By Lemma 5 and (41) we obtain

i T'm,
p(f):limsupilog L rm f)

= +OO
Tm—r+0o log T'm

and N
02 (f) = hmsupM >

rm—+00 log T'm
In addition, by Lemma 6 and from Equation (3), we have p, (f) < n,so p2 (f) = n.
II. §(Ps,0) < 6(Py,0). Here we also divide our proof in three subcases: (¢ = 6s) or (¢ =6,) or (¢ # 6;
and ¢ # 60,). Using the same reasoning as in I, we can also obtain p, (f) < n,s0 pz (f) = n.

4. Proof of Theorem 4

First, we show that (4) can possess at most one exceptional transcendental meromorphic solution f; of
finite order. In fact, if f. is another transcendental meromorphic solution of finite order of Equation (4),
then fy — f« is of finite order. But fy — fi is a transcendental meromorphic solution of the corresponding
homogeneous equation of (4). This contradicts Theorem 3. We assume that f is an infinite order meromorphic
solution of (4) whose poles are of uniformly bounded multiplicities. By Lemma 7 and Lemma 8, we have
A(f) =A(f) =p(f) = +eoand Ay (f) = Az (f) = p2 (f) < 7.

Now, we prove that p (f) > n. By Lemma 3, there exists a set E; C (1, 4+00) having finite logarithmic
measure and a constant B > 0 such that for all z satisfying |z| = r ¢ [0, 1]\ [E1, we have (9). Set

p1 =max {p (F),p (A;i(2):j=0,1,..,.k—1;i=1,2}.

By (4), it follows that the poles of f can only occur at the poles of F and Aj,i(z),j =0,1,..,k—1;i = 1,2. Note
that the poles of f are of uniformly bounded multiplicities. Hence

A <j1[> < max {p (A]-Ii(z)) :j=0,1,.,k—1i=12} = p.

By Hadamard factorization theorem, we know that f can be written as f(z) = %, where ¢(z) and d(z) are
entire functions with

)=o) = (3) <pr<p() =ple) =+

For each sufficiently large |z| = 7, let z, = re'®r be a point satisfying |¢(z,)| = M(r, g). By Lemma 3, there exist
a constant é, (> 0), a sequence {7y },,cr, 'm — +00 and a set E; of finite logarithmic measure such that the

estimation (10) holds for all z satisfying |z| = r, & Ea, rm — +o0 and argz = 6 € [0, — Jy, 6, + J;]. Since |g(z)]
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is continuous in |z| = 7, then there exists a constant r(> 0) such that for all z satisfying |z| = r sufficiently large
and argz =0 € [0, — Iy, 6, + J;], we have

1 3
518zl < lg(2)] < 5lg(z)]- (42)

On the other hand, by Lemma 8, for a given € (0 < ¢ < n — p1), there exists a set E5 C (1, +00) that has finite
linear measure and finite logarithmic measure such that when |z| = r ¢ [0,1] U E5, ¥ — 400, we have

IF (z)| <exp{rP1*¢},|d (z)] < exp {r/1¢}. (43)

Since |g(z)| = M(r,g) > 1, from (43), we obtain

F(z) ‘d (z)F(z)| _ ld(z) F ()]
= S Sex rp1+€ ex 7‘01+£ = ex 27P1+€ (44)
‘f(Z) g(2) M(r,3) p{r "} exp {r "¢} = exp {2r717}
for |z| = r ¢ [0,1]UEs, r — +oo. Set v = min{é,A,}. Suppose that A]-,i(z), Pj(Z)/ Qj(z)
@, bjn, (j=0,1,..,k—1;i=1,2) satisfy the hypotheses of Theorem 3. Set z = re, ag, = l|asn| e,

Agp = |agn] e, by = |bsu|e'?, 65,84, ¢ € [0,27), 5 # 6,. For any given 0 € [0, — &,, 6, +6,] \ (H; U Hp),
we have d (Ps,0) # 0,6 (Py,0) # 0 and

5 (P, 0) > 6 (Py,0) oré (P, 0) < 6(Py,0).

1. §(P;,0) > 6 (Ps,0). Here we also divide our proof in three cases: (¢ = 6;) or (¢ = 6;) or (¢ # 65 and
¢ 7 6a)-
Case 1. 0 (Ps,0) > 6 (P4,0) and (¢ # 65 and ¢ # 0,).
Subcase 1.1. §(P;,0) > 6(Py,0) > 0,0(Qs,0) > 0.If §(P;,0) > 0, 6(Qs,0) > 0, then we suppose
6 (Ps,0) > & (Qs,0) without loss of generality. Set d3 = max {4 (P;,0),6 (Q;j,0);j #s} and H3 = {6 €
[0,271) : 5(Qs,0) = 0,6 (Qs,0) = 5(Ps,0)}, then 0 < d3 < §(Ps,0). Thus by Lemma 3, for any given ¢

with 1/5(Py6) =85\ 1 (6(P,6)—5(Qs6)
. Ss — 03 Ss - Ss
O<es mm{z (5(135,9) +53)'2 (5(135,9) +5(Qs,9)> & "1}'
where
c= max{cj,c; :j=0,1,..,k—1,j # s},cs =1,
there is a set E3 C [1,+o0) having finite logarithmic measure such that for all z satisfying |z| = r ¢

[0,1] U E3, 7 — +oco and
argz =0 € [97*(5” 9r+5y]\(H1UH2UH3),

we have (13) and (14) hold. From (4), we can write

F (k) k=1 9]

Ay (2) e 4 Ags (2) 03| < ’J(:) <’ @2 {‘Am (2)e"1®) + A (2) ) Iz
f f Fl j=oiss f

(45)

By substituting (9), (10), (13), (14) and (44) into (45), for all z satisfying |z| = r,, ¢ [0,1] U (E; U E; U E3),
m — +ooand
argz =0 ¢€ [0, — &, 6, + ;)\ (H UHy UH3),

we have

exp {(1—¢)6(Ps,0) 7L} <4 (k+1)BrZ [T 2rm, f)]F T exp {27 exp {(1 +€) 037y} . (46)

5(Ps,0)—33

. 1 1
Since 0 < € < mm{j (W

) SN — pl} , then by Lemma 5 and (46), we obtain

p (f) = limsup 710gT(rm,f)

= +OO
Irm——+00 log Tm
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and

_ loglog T (m, f)
=limsup —=2—2——""~ >n
02 (f) im sup = e >

By Lemma 6 and from (4), we have p; (f) < n,s0 p (f) = n.

Subcase 1.2. §(Ps,0) > 6(P;,0) > 0,6 (Qs,0) < 0. We have 6(Q;,0) < (P, 0) and 6 (Qs,0) <
6(Q;,0) <0< 4(P,0).Put

d= max{cj =01, k=1,j#s},ds =1
By Lemma 3, for any given & (0 < &€ < min {% (%) SN — 1 }), there is a set E3 C [1, +00) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E3,r — 400 and

where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (P3,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6(Py,0)} and
H; = {6 € [0,27) : 6(Qs,0) = 0,6 (Qs,0) = 6 (Ps,0)} are finite sets, we have (17) and (18) hold. By
substituting (9), (10), (17), (18) and (44) into (45) for all z satisfying |z| = r, ¢ [0,1] U (E; U E; U E3),
tm — +ooand argz =6 € [0, — &, 6, + 6] \(H1 U Hy U H3), we get

exp{(1—¢)d (P, 0)r"} <4(k+1)Br2k [T (2rm,f)]k+1 exp {21 b exp {(1+€)d 6 (Ps,0) 1y} . (47)

Since 0 < € < min {% (ﬂ) SN — pl} , by Lemma 5 and (47), we obtain

p (f) = limsup 7logT(rm,f)

= +00
Tm—r—+00 log T'm

and loglog T (rm, f)
. oglog T (1,
=limsup —=2—=2——"=>n
P2 (f) rm—>+£ log rm -
In addition, by Lemma 6 and from (4), we have pp (f) < n,s0 pp (f) = n.

Subcase 1.3. §(P;,0) > 0 > 6(P;,0),6(Qs,0) > 0. We suppose d (Ps,0) > 5 (Qs,0) without loss of
generality. By Lemma 3, for any given ¢ (0 < ¢ < min {% (%) .3 (%) ,n— pl}), where
- { s . . -
v =max{cj,C;:j= 0,1,.,k—1,j#s,j# d},vs =1,

there is a set E3 C [1,+00) having finite logarithmic measure such that for all z satisfying |z| = r ¢
[0,1] UEs3, r — 400 and
argz =0 € [0, — dr, 0, + 6]\ (H1 UHy UHj3),

where H; = {0 € [0,277) : 6(P,,0) = 0,6 (P,68) = 0}, H, = {6 € [0,277) : 6(P,,0) = 6 (Py,68)} and
H; = {6 € [0,27) : 6 (Qs,0) = 0,6(Qs,0) = 6(Ps,0)} are finite sets, we have (20) and (21) hold. By
substituting (9), (10), (20), (21) and (44) into (45) for all z satisfying |z| = r,, ¢ [0,1] U (E; U E; U E3),
m — +oo and

argz = 0 e [97 — b, 0, + 57] \(Hl UH,U H3),

we get
exp{(1—¢)8(Ps, 0) 7y} < 4(k+1)Br2 [T (2rm, f)* ™ exp {271+  exp {(1 4+ ) v (Ps, 0) 11} . (48)

Since 0 < ¢ < min {% (%) SN — pl} , then by Lemma 5 and (48), we obtain

0 (f) = limsup 28 L (" f)

= —|—OO
rm— 400 log T'm
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and

_ loglog T (m, f)
=limsup —=2—2——""~ >n
02 (f) im sup = e >

In addition, then by Lemma 6 and from (4), we have p; (f) < n,s0 pz (f) = n.

Subcase 1.4. 6 (P;,0) > 0 > 6(Py,0),6(Qs,0) < 0. We have 6 (P;,0) > 6 (P;,0) > 0,6(Qs,0) <
5(Q;,8) <0, then 6 (Qs,60) < & (P,,60) . Put

1/:max{cj:j:0,1,...,k—1,j7és,j;éd},v;:1.

By Lemma 3, for any given £ (0 < ¢ < min {% (% ,

logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E3,r — 400 and

n— pl}), there is a set E3 C [1,+o0) having finite

where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (P3,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6(Py,0)} and
H; = {6 € [0,21) : 6(Qs,0) = 0,6(Qs,0) = 6 (Ps,0)} are finite sets, we have (3 16) and (3.17) hold.
By substituting (9), (10), (23), (24) and (44) into (45) for all z satisfying |z| = 1, ¢ [0,1] U (E; U E; U E3),
m — +ooand

argz= 0 € [0, — 9, 0, + 6]\ (H1UH, UH3),

we have
exp{(1—€)6 (P, 0) 7} <4(k+1)Br2 [T (2r, f)]  exp {21+ exp {(1+€) v/ 6 (P, 0) 7]} . (49)

Since 0 < € < min {% (ﬂ) SN — pl} , then by Lemma 5 and (49), we obtain

1+v/
. log T (rm, f)
=limsup 22—~ = 400
P (f> 7’m—>+£ log T'm
and loolow T
0 (f) = limsup 28198 T (e f) )

P00 log 7m
In addition, by Lemma 6 and from (4), we have p, (f) < n,s0 p2 (f) = n.
Subcase 1.5. 0 > § (Ps,0) > 6 (Py,0),6 (Qs,0) > 0. We have § (Py,0) < 5 (Ps,0) <0 < 6(Qs,0). Put

@' =max{c):j=0,1,..,k—1,j#s},d =1

By Lemma 3, for any given ¢ (0 < ¢ < min { 5 (hg;) = pl}), there is a set E3 C [1, +o0) having finite

logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E3, r — 400 and
argz=0¢€ [0, — ¢, 0-+ 6, \ (HUH,UH;3),

where Hy = {0 € [0,27r) : 6 (Ps,0) = 0,6 (P;,0) = 0}, Hy = {6 € [0,27) : §(Ps,0) = 5(P;,0)}
and H; = {0 € [0,27) : 6 (Qs,0) = 0,5 (Qs,0) = 6 (Ds,0)} are finite sets, we have (26) and (27) hold.
Using a similar proof as that of Subcase 1.5 of Theorem 3, by (45), we can obtain for all z satisfying
|z| =rm ¢ [0,1]U(EyUE; UE3), 1y — +o0and argz = 0 € [0, — &, 0, + ;]

exp{(1—¢)8(Qs,0)r"} <4(k+1)Br¥ [T (Zrm,f)]k+1 exp {2rP1 1 b exp {(1+€)d'6 (Qs,0) 7} . (50)

Since 0 < ¢ < min { (Lg;) SN — pl} , by Lemma 5 and (50), we obtain

o (f) = limsup 28 L (" f)

= —|—oo
Fm—r+00 log
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and

_ loglog T (m, f)
=limsup —=2—2——""~ >n
02 (f) im sup = e >

In addition, by Lemma 6 and from (4), we have p; (f) < n,s0 p2 (f) = n.
Subcase 1.6. 0 > 6 (Ps,0) > 6 (P;,0),0 (Qs,0) < 0. Set
A= min{c]-,c;- =01, k—1,j#5,]# d}.

By Lemma 3, for any given ¢ (0 < & < min {%,n - pl}), there is a set E3 C [1,+00) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] UE;, ¥ — +oo and argz =
6 € [06r—06, 0r+ 6]\ (H UHyUH;s), where Hi = {6 € [0,2n) : 6(P,0) = 0,6 (Py,0) = 0},
Hy = {6 € [0,27) : 6 (Ps,8) = 6 (Py,8)} and Hy = {0 € [0,277) : 6(Qs,0) = 0,6 (Qs,8) = & (Ps,0)}
are finite sets, we have (29) holds. From (4), we have

}) | o1

‘F (2)
f(z)
By substituting (9), (10), (29) and (44) into (51) for all z satisfying |z| = 7, & [0,1] U (E; U Ep U E3),
tm — o0 and argz = 0 € [0, — &;, 6, + &;| \(H1 U Hp U H3), we get

k-1
+)
j=0

=

{‘A]-ll (z) ") 4 Ajp (z) eQi?)

il
f

1< 2(k+1) Br2X [T (2, £)]* ™ exp {2014  exp { (1 — €) A6 (P5, 0) 1'%}

which gives
exp {(e = 1) A8 (P, 0) 11} < 2 (k +1) BrZ exp {2r7F€} [T (21, £)]F. (52)

Since 0 < € < min {%, n— pl} and ¢ (Ps,0) < 0, by Lemma 5 and (52), we obtain

0 (f) = limsup 108 L Umf)

= +00
rurtoo 1087w

and

: 10g 1081 (rmrf)
Y =limsup =22 —~—""72 >y
? (f) Vm—>+°°p log T'm o

In addition, by Lemma 6 and from (4), we have p, (f) < n,s0 p2 (f) = n.
Case 2. 0 (Ps,0) > 6 (Py,0) and ¢ = 6;.

Subcase 2.1. 6 (P, 0) > 6(P;,0) > 0. Because of a5, # bsn, we suppose |as,| < |bsn| without loss
of generality. In this case, by (11) and (12), we have ¢ (Qs,6) > ¢ (Q]-,G) > 0,0(Qs,0) > 6 (P, 0) >
5 (P;,6) > 0. Put

¢ = max {c]-,c} :7=0,1,.,k—1,j#5s,j# d},cs =1.

Then, 0 < ¢ < 1. By Lemma 3, for any given ¢ with
(1 /1-c\ 1(5(Qs8)—6(Ps0)
O<es mm{z <1+c> 2 (5(QS,9)+5(135,9) ek
there is a set E3 C [1, +c0) having finite logar measure such that for all z satisfying |z| = r ¢ [0,1] U
E;,r = +o0and

argz = 0 € [0, — 0, 0, + 6]\ (HHUH, UHj3),

where Hy = {6 € [0,27) : 6 (Ps,0) = 0,6 (P3,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6(Py,0)} and
H; = {6 € [0,27) : 6 (Qs,0) = 0} are finite sets, we have (32) and (33) hold. By substituting (9), (10),
(32), (33) and (44) into (45), we obtain for all z satisfying |z| = r,, ¢ [0,1] U (E; U E; U E3), 1y — 400 and
argz =0 € [0, — &, 0, + 6] \(Hy U H, U H3)

exp {(1—¢)8(Qs,0) 7} <4(k+1)BrZ [T (2rm, )" exp {277} exp {(1+€) cd (Qs,0) 11} . (53)
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—_

Since 0 < ¢ < min {% (%) ;N — 1 }, then by Lemma 5 and (53) we obtain

p (f) = limsup log T (rm, f) = 400

ru—too 108 Tm
and loglog T (s f)

, oglog T (rm,

=limsup =—7"——=->n
P2 (f) rm—>+£ log 7m B
In addition, by Lemma 6 and from (4), we have p, (f) < n,s0 p2 (f) = n.
Subcase 2.2. 6 (Ps,0) > 0 > 0 (P;,0). Because of a5, # bs,, we suppose |as,| < |bs,| without loss
of generality. In this case, by (11) and (12) we have 6 (Qs,6) > ¢ (Q;,6) > 0, 6(Qs,0) > (P, 0) >
6 (P;,0) > 0. Put
¢ = max {c]-,c; :j=0,1,.,k—1,j#5s,j# d},cs =1.

Using the same reasoning as in Subcase 2.1, we can also obtain p (f) = +o0 and p, (f) = n.
Subcase 2.3. 0 > & (Ps,0) > & (Py,0). We have 6 (Qs,0) < 0 (Q),0) < (P, 0) <0,5(Ps,0) <5 (P;,0) <

0. Put
A=min{e ¢ :j =01, k=1, #5j#d}.

By Lemma 3, for any given ¢ (0 < & < min {%,n - p1}), there is a set E3 C [1,+o0) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] UE3,r — +co and argz = 6 €
[97 — 6, 0, +5r} AN (Hl UH,U H3) , where H; = {9 € [0,27'[) ) (PS,Q) =0,0 (Pd,e) = 0}, H, = {9 S
[0,277) : 6 (Ps,0) = 6 (Py,0)} and H3 = {6 € [0,277) : 6 (Qs,8) = 0} are finite sets, we have (35) holds. By
(9), (10), (35), (44) and (51), we have for all z satisfying |z| = 7, & [0,1] U (E; U E; UE3), 1y, — 400 and
argz =0 € [0, — 6, 0, + 6] \(H1 U Hy U H3),

1< 2(k+1) B2 [T (2, )I* ™ exp (2714 exp { (1 — €) A6 (P5,0) 'L},

which gives
exp {(e —1) A8 (Ps,0) 1"} <2 (k+1) Bkr2kexp (2r1E) [T (21’m,f)]k+1 . (54)

Since 0 < ¢ < n—pj and 6 (Ps,0) < 0, then by Lemma 5 and (54), we obtain

log T (rm, f)

= limsu = 400
o (f) im sup = e o
and loelon T
0 (f) = limsup 28108 T (e f) )

Fm——+00 log "m
In addition, by Lemma 6 and from (4), we have p, (f) < n,s0 p2 (f) = n.
Case 3. 0 (Ps,0) > 6 (Py,0) and ¢ = 6.

Subcase 3.1. & (Ps,0) > 6(P;,0) > 0. Because of a4, # bsn, we suppose |ag,| < |bs»| without loss
of generality. In this case, by (11) and (12), we have 6 (Qs,0) > 6 (Q;,0) > 0, 6(Qs,0) > 5 (Ps,0) >
6 (P;,0) > 0. Then, 0 < ¢ < 1. By Lemma 3, for any given ¢ with

(1 /1—=c\ 1/6(Qs0)—05(Ps,0)
0<€<mm{z<1+c>'2(5(Q5,9)+5(PS,9))'”_"1}'

c:max{cj,c}:j:O,l,...,k—l,j;és,j#d},cs =1,

where

there is a set E3 C [1,+00) having finite logarithmic measure such that for all z satisfying |z| = r ¢
[0,1] UE3, r — 400 and
argz =0 € [0, — dr, 0, + 6]\ (H1 UH, UHj3),
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where H; = {6 € [0,27) : §(Ps,0) = 0,0 (P4,0) = 0}, Hy = {6 € [0,27) : 6 (Ps,0) = 6 (P;,0)} and
H; = {0 € [0,2m) : 6 (Qs,0) = 0} are finite sets, we have (32) and (33) hold. By substituting (9), (10),
(32), (33) and (44) into (45), we obtain

exp{(1—¢)0(Qs,0)r"} <4(k+1)Br¥ (T (27’,11,f)]k+1 exp (2r17%) exp {(1+¢€) 6 (Qs,0) 1} (55)

for all z satisfying |z| = r, ¢ [0,1] U (Ey UE;UE;s), ry, — +co and argz = 6 €
[0y — O, 0, + 6]\ (Hy UH, UHj3). Since 0 < € < min {% G—;g) ,H— pl}, then by Lemma 5 and (55),
we obtain

108 T (r, f)

p (f) =limsup = +oo

ru—stoo 108 Tm

and loglog T (m, f)
. oglog T (rm,
= limsup —=2—=2>——"=>n
P2 (f) rm—>+£ log rm -
In addition, by Lemma 6 and from (4), we have p, (f) < n,s0 p2 (f) = n.

Subcase 3.2. § (Ps,0) > 0 > 6 (P;,0) . Because of a;, # bs,, we suppose ]ad,n] < |bs,n| without loss of
generality. In this case, by (11) and (12), we have 6 (Qs,0) < & (Qj, 0) < 0,0(Qs,0) < 8(Pg,0) <0<

0 (Ps,0). Then, 0 < ¢ < 1. By Lemma 3, for any given ¢ (O < & < min {% G—;E) N —pl}) , where

c:max{cj,c}:j:O,l,...,k—l,j;és,j#d},cs =1,

there is a set E3 C [1, +c0) having finite logar measure such that for all z satisfying |z| = r ¢ [0,1] U
E;, v — +ooand argz = 0 € [0, — 6y, 0, + 5] \Hy U Hy U H3, where Hy = {6 € [0,2m) : 6 (Ps,0) =
0,8 (Pg,0) = 0}, Hy = {0 € [0,277) : 6 (Ps,0) = 6 (P1,0)} and Hz = {0 € [0,277) : 6 (Qs,0) = 0} are finite
sets, we have (37) and (38) hold. Substituting (9), (10), (37), (38) and (44) into (45), we obtain for all z
satisfying |z| = 1, ¢ [0,1]U(E;UE, UE3), 1y — +ocand argz =6 € [0, — 6y, 6, + 6,] \ (H; U Hp U H3)

exp {(1—¢) 8 (Ps,0) 7L} < 4 (k+1)Br2 [T (2rm, f)]  exp {(1+¢) s (P, 0) 7]} (56)

Since 0 < € < min {% G—;E) SN —p1 }, then by Lemma 5 and (56), we obtain

0 (f) :hmsupw

= +OO
F—s-00 log rm

and loglog T (7, f)
_ oglog T (rm,
=limsup —=2—2——-""~ >n
02 (f) im sup == e T >
In addition, by Lemma 6 and from (4), we have p; (f) < n,s0 p2 (f) = n.

Subcase 3.3. 0 > 6 (P, 0) > 6 (Py,0). Because of az,, # by, we suppose |az,| < |bsn| without loss
of generality. In this case, by (11) and (12), we have 6 (Qs,0) < 6(Qj,0) < 0,5 (Qs,0) < 6(Py,0) <
5 (P,,0) < 0. Put

¢ = min {c]-,c; :j=0,1,.. k- 1} .

By Lemma 3, for any given £ (0 < &¢ < min {%,n - pl}), there is a set E3 C [1,+o0) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] UE3, v — +co and argz = 6 €
[0, — 8y, 6, + 6]\ (Hy U Hy U Hy), where Hy = {0 € [0,271) : 6 (P,,0) = 0,6 (P,0) = 0}, Hy = {0 €
[0,271) : 6 (Ps,0) = 0 (Py,0)} and H3 = {0 € [0,27) : 6 (Qs,6) = 0} are finite sets, we have (40) holds. By
substituting (9), (10), (40) and (44) into (51), we obtain for all z satisfying |z| = 1, ¢ [0,1]U (E; UE; U E3),
rm — +ooand argz =6 € [0, — &, 6, + ;]\ (H; U Hy U H3)

1< 2(k+1) B2 [T (21, /)] exp (2r74) exp { (1 — ) '6 (Ps,0) 174}

which gives
exp {(e—1) 6 (Ps,0) 11} <2 (k+1) Br2K [T (2rm, f)]" ™ exp (2r179) . (57)
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By Lemma 5 and (57), we obtain

. log T (rm, f)
=limsup 22—~ = 400
P (f) rn14>+£ lOg T'm
and oo low T
0 (f) = limsup 28108 T (e f) )

rmstoo 1087w

In addition, by Lemma 6 and from (4), we have p; (f) < n,s0 p2 (f) = n.
II. 5(Ps,0) < (Py,60). Here we also divide our proof in three subcases: (¢ = 6s) or (¢ =60;) or (¢ # 0s
and ¢ # 6,;). Using the same reasoning as in I, we can obtain p, (f) < n,s0 p2 (f) = n.
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