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1. Introduction and Preliminaries

T he inequality below is known in the literature as the Simpson’s inequality:

b a a+b
‘ a {f()+4f< )+f(b>”_ 2880 Hf ’
where f : [a,b] — R is a four times continuously differentiable function on (a,b) and H f (4>H =
sup ‘ f ‘ < oo,
te(a,b)

The Simpson’s inequality which is also know as Newton’s type inequality has been studied and
generalized by many authors in recent years due to its numerous applications in mathematical analysis as
well as the applied sciences. For more information on recent results about the Simpson’s inequality, we refer
the interested reader to the papers [1-14]. In [15], Ozdemir et al., established the following generalizations of
the Simpson’s inequality for functions of two independent variables.

Theorem 1. Let f : A C R? be a partially differentiable mapping on A = [a,b] x [c,d]. If 8t; is bounded, that is,
32
M := sup of (x,y)| < oo, then
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Theorem 2. Let f : A C R? be a partially differentiable mapping on A = [a,b] x [c,d]. f —= is convex on the
co-ordinates on A, then the following inequality holds:
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Recently, several other generalizations of the Simpson’s type inequality for functions of two independent
variables have been established in the papers [16-20]. Motivated by the current research on convexity and
integral inequalities, our goal in this paper is to established some generalizations of the Simpson’s inequality
for functions of two independent variables whose second-order mixed partial derivatives in absolute value is
bounded and functions whose mixed partial derivative in absolute value to certain powers belongs to the class
of (a1, mq) — (ap, my)-preinvex functions on the coordinates in both the first and second sense. Theorems 1 and
2 are particular cases of some our results.

In what follows, we present the definitions of the key concepts related to the class of (aq,m7) —
(ap, my)-preinvex functions on the coordinates in both the first and second sense that would be important
for our work and can be found in the papers [21-23].

Definition 1 ([21]). Let S be a nonempty subset of R” and # : S x S — R" be a bifunction. We say that S is
invex at x € S with respect to 7 if

x+tn(y,x) €S

holds forally € Sand t € [0,1].
S is said to be an invex set with respect to 7 if S is invex at each x € S.

Remark 1. If we take the bifunction 7 to be given by 7(x,y) = x — y in Definition 1, then we have the concept
of a convex set.

The following is the extension of the above concept to the cartesian product of two sets.

Definition 2 ([22]). Let S; and S, be two nonempty subsets of R” and #; : S; x S; — R" fori = 1,2 be
continuous function. We say that S; x S; isinvex at (u,v) € Sy x Sy if for each (x,y) € Sy x Spand ty, £, € [0,1],

(u+tim(x,u), v+ taga(y,v)) € S1 X Sa.
S1 x Sy is said to be an invex set with respect to 77 and 7, if S1 X S is invex at each (u,v) € S1 X S.

Definition 3 ([23]). A function f on an invex set S X S, C [0,b*] x [0,d*] with b* > 0 and d* > 0 is said to be
(a, m)-preinvex in the first sense on the co-ordinates with respect to 77, and 1, where a, m € (0, 1], if the partial
mappings f, : S1 — R, fy(x) = f(x,y) and fr : S — R, fx(y) = f(x,y) are («, m)-preinvex functions in the
first sense with respect to #; and 7, respectively for ally € S, and x € S;.

Remark 2.
1.Ifa =m=1, yg1(x,u) = x —u and 12(y,v) = y — v in Definition 3, then we have the concept of convex
functions on the co-ordinates.
2. We deduce from Definition 3 that if f is co-ordinated (&, m)—preinvex function in the first sense, then we
have

flu+tn(x,u),0+sma(y,0))
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< (1= 11— ) f(u,0) + m(1— t%)s f(u,m) Lot (1—s )f(m,v) + mPtts f(mm)
Definition 4 ([23]). A function f on an invex set S; x S C [0,b*] x [0,d*] with b* > 0 and d* > 0 is said to
be (a, m)-preinvex in the second sense on the co-ordinates with respect to #; and 17, where a, m € (0, 1], if the
partial mappings f, : S1 — R, fy(x) = f(x,y) and fr : So = R, fx(y) = f(x,y) are («, m)-preinvex functions
in the second sense with respect to #; and 7, respectively forall y € Sp and x € S;.

Remark 3. We deduce from Definition 4 that if f is co-ordinated (&, m)—preinvex function in the second sense,
then we have

flu+tn(x,u),0+sm2(y,0))

% li% [ Y o % X 20 Xy
< (1= 6)*(1—8)*F(u,0) + m(1 — )% f(u,a) +mt(1 —s) f(%,v> + m2H%s f(%,a).
Definition 5 ([23]). A function f on an invex set S X S, C [0,b*] x [0,d*] with b* > 0 and d* > 0 is said to be
(a1, mq) — (ap, my)-preinvex in the first sense on the co-ordinates with respect to 1 and 7, where a, m € (0,1],
if the partial mappings f; : S1 — R, fy(x) = f(x,y) and fx : S, = R, fx(y) = f(x,y) are (a1, m;)-preinvex
functions in the first sense with respect to 771 and («ay, m;)-preinvex functions in the first sense with respect to
12 respectively for ally € S; and x € S;.

Remark 4. We deduce from Definition 5 that if f is co-ordinated (aq,m1) — (ap, my)—preinvex function in the
first sense, then we have

flu+tnm(xu),v+spa(y,0) <(U—9)(1—s%)f(u,0) +mp(1 - #9)s% f <u' ﬂzz)

+m (1 —s"2)f <nfl,v> + mympt*is*2 f (1:;1, rrylz) .
Definition 6 ([23]). A function f on an invex set S; x Sy C [0,b*] x [0,d*] with b* > 0 and d* > 0 is said
to be (aq1,mq) — (ap, my)-preinvex in the second sense on the co-ordinates with respect to #; and 7, where
a,m € (0,1], if the partial mappings f, : 51 — R, f,(x) = f(x,y) and fy : S = R, fx(y) = f(x,y) are
(aq, myq )-preinvex functions in the second sense with respect to 771 and («p, my)-preinvex functions in the second
sense with respect to 7, respectively forally € 5; and x € 5;.

Remark 5. We deduce from Definition 6 that if f is co-ordinated (aq,m1) — (ap, my)—preinvex function in the
second sense, then we have

flu+tn(x,u),v+sn2(y,0) <(1—1)"1(1—9)2f(u,v) + my(1 —t)*1s"2f (u, y)

my
+ m1t"‘1(1 — S)azf (7:;1, ?J) + mlmzt”‘ls"‘zf (1’:1(1, TZQ) .

These generalized class of functions are the two dimensional versions of the functions introduced by Latif
and Shoaib in [24]. For more information about these generalized class of functions and related results, we
refer the interested to the paper [23].

2. Main results

To establish our main results, we need the following identity.

Lemma 1. Let S and Sy be open invex subsets of R with respect to the bifunctions 177 @ S1 x S1 — Roand iy :
%)

Sy xSy — Rand let f : S; X S — R be a twice partially differentiable mapping. If ?Jacs € Li([a,a+n1(a,b)] x

[c,c+1n2(c,d)]) witha,b € Syand c,d € Sy such that y1(a,b) # 0and 12(c,d) # 0, then the following identity holds:

;{f (b+ n1(a,b),d + ;qz(c,d)> +f (b,d 1 ;qz(c,az)> +4f <b+ %m(a,b),d+ ;nz(c,d)>
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+f (b—l— ;Ul(a,b),d—l—nz(c,d)) +f (b—l— ;nl(a,b),d> }
+ 36| PO m0,8)d e ) + 76+ (a0, )+ £+, d) + £0d)

_ 6;72(1551) /dd+172(c d) [f(b +11(a,b),v) + 4f (b + ;nl(a,b),v) + f(b, U)}dv

1 b+n1(ab) 1
~6mi(a,b) /b [f(”'d +im(cd)) +4f (M/d + 217z(c,d)> +f(u,d)} dt

1 d+na(cd)  pbtni(ab)
—171(“ B d) / /b f(u,v)dudo

(a,b)nz(c,d) / / ata (b+ ty1(a,b),d + sna(c,d))dtds

wherep(w)_{Z:é i[' }
6

(2.1]

Proof. By integrating by parts, we have

o
>—\ N—

N\P—‘

/ p(t )a;fs(b—i—tm(a b), v )dt:/o <t—> gg (b+ tn(a,b),o dt—i—/ (t—5> g;fs(b+tm(a,b),v)dt

- ﬂl(jz,b) Egjsc <b+ a e b)o > é%(b’”H%%(bmw’b)'v)

_ ./0'1 %(b + bty (a,b),v)dt} 1)

Similarly, we have

/01 P(S)%(u,wsnz(c,d))ds - (i ik {2f (u d+ 2112(c d)) + %f(u,d) n %f(u,dwz(c,d))
—/0 f(u,d+8172(c,d))ds], 2
By using (1) and (2), we have
/ / ata (b+tp(a,b),d+ sya(c,d))dtds

ey )[2 /1 (s )af <b+ 5 (a,b),d +sm(c, d)) ds+ — / a—f(b,d+snz(c,d))ds

/ aff (b4 11(a,b),d + spa(c,d)) ds—/ / af(b+tm(a,b),d+5172(c,d))dsdt]

= o 3 lme |5 (0 gn@dlds gmied) + o5 (04 gmand)

+of <b+ ;m(a,b),sz(c,d)) - /1f (b+ ;Wl(a,b),d—l—snz(c,d)) ds} }

+ é{m(id) {zf <b,d+;112(c,d)> +f(b,d) + f(b d+1a(c,d)) / F(b,d+sma(c, d))ds]}
+ 1{772@ 7[5 (b4 m@)d+ Jimled) + o+ (), a)

2 FO+ @ b),d + (e, d)) / F(b+111(a,b),d + 512 c, d))ds]}

- /01 {M [éf (b+ ty(a,b),d + an(c,d)> + gf(b +tyi(a,b),d)

1 1
+ gf(b +ty1(a,b),d+mna(c,d)) — /o f(b+ tnl(a,b),d—ks;yz(c,d))ds} }dt}
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_ W [‘;f (b+ Snlab)d+ iﬂz(c,d)> +5f (b+ ;nl(a,b),d)
+%f <b+;;71(a,b),d+172(c,d ) _2 /lf <b+;;71(a b),d+ sy (c, d)) ds
.y (b,d+ ;Uz(c,d)> + 5 f(bd) + 5 fb,d+ ol d)) / F(b,d + sna(c, d))ds
+5f <b+171(a,b),d+ (e, d)) + 5o f b+ mab),d)
+ 5 b+ (@ b),d+ () —f/ F(O+71(a,b),d + sia(c,d) )ds
/ f<b+t171(a b),d + 772(6 d) >dt / F(b 4ty (a,b),d)dt

_6/0 f(b+t171(a,b),d+172(c,d))dt+/0 /0 f(b—l—tnl(a,b),d+s:72(c,d))dsdt}

- 1) [;{f (b +11(a,b),d + ;Uz(c,d)) +f (b,d + ;’72(0‘1))

1
6
1
6
/ / F(b+ ty(a,b),d + sia(c, d))dsdt]

= W [1 {f (b +11(a,b),d + znz(c,d)) + f (b,d + ;Uz(c,d))

+4f (b E’?l(ﬂ,b),d+ ;772(0,51)> +f (b+ ;171(a,b),d+172(c,d)> +f <b+ ;ﬂl(a,b)1d> }
+ 16{f(b+771(a,b),d+772(0,d)) + f(b+m1(a,b),d) + f(b,d+n2(c,d)) +f(b,d)}

_ W/dvlwz(c,d) [f(b+771(a,b),v) +4f (b+ ;171(a,b),v) +f(b,v)}dv

S /hb+m(a,b> [f(u,d+772(6,d)) +af (u,d+ ;Uz(c,d)> —o-f(u,d)}dt

1 rd+1p(c,d)  rb+n1(ab)
" 1(a,b)y2(c,d) /d /h f(u, U)dudv} .

This completes the proof. [J

Lemma 2. For any a > 0, we have

/|p |#dt = /|p 11— 1)%dt

D—a— 1 D—— 1 1 1
T3 (a4 1) 3(at2) 2 2(a+2) 322wt 1)
5a+2 . 270471 1 5 1 5 5tx+2 . 271:(71
+

3 (a1 1) at2 6atl)  22(at2) 3-2072atl) 3 2(ai2)’

14 2 2
C@): = [ POt = gy + 3D
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and

= [ )1 - )t = c1) - B

t—3%, te |01,
where p(t) = g [1 2}
t=3 te (1]
. a2 *f
Theorem 3. Under the conditions of Lemma 1, suppose that —=— zs bounded, i.e, M := sup (x,y)| <
oo, then

‘é{f (b (e b),d+ ;nz(c,d)> T f (b,d " inz(c,d)> +af (b +2mab)d+ i, d))
+f (b+ ;nl(a,b),dmz(c,d)) +f <b+ ;nl(a,b),d> }
oAb (e ) + 50+ m(a,8)d) + b+ o) + )}

— 6172(1”1) /ddwz(c,d) {f(b +1m(a,b),v) +4f (b + %171 (u,b),v) +f(b,p)] do

1 b+y1(ab) 1
~61(a,b) /b {f (u,d +1p2(c,d)) + 4f (u,d +5m(c d)) +f<u,d)] dt

1 d+ip(cd) bt (ab)
* —/ / u,v)dudv
m(a,byna(c,d) Ja A f(u,0)

< 25lm(a,b)[n2(c, d)|
- 1296

M.

2
otds

Proof. By using the properties of the absolute value and the boundedness of , we have

(b +tm(a,b),d+ sna(c,d))dtds

ata

S/ /1 [p()p(s)]

<M/ / (£ p(s)| dtds. 3)

E)tc{ (b+tn1(a,b),d+ sna(c, d))‘ dtds

By Lemma 2, we deduce that

[ [ ipoplads = €2 = 1o @

The result follows directly from Lemma 1 by using (3) and (4).
O

Remark 6. If 1 (x,u) = x —u and #2(y,v) = y — v in Theorem 3, then we obtain Theorem 1.

f

Theorem 4. Under the conditions of Lemma 1, let S1,S, C [0,00),1(a,b) > 0and 15(c,d) EYe)

,q9>1is

(a1, mq) — (@, my)-preinvex on the coordinates in the first sense, then
1 1 1 1 1
’9{]‘ (b +n1(a,b),d+ 2172(c,d)) +f (b,d + znz(c,d)) +4f (b + Em(a,b),d + 2172(c,d)>
1 1

+ 36 PO 10,81 e ) + 76+ (o, 0) )+ Flb el d) + £,
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_ 6172(1”1) /derUZ(C,d) {f(b +1(a,b),0) +4f (b + %771 (a,b),v) +f(b,v)} dv

1 b+n1(ab) 1
- W/b {f (u,d +112(c,d)) + 4f (M + zﬂz(crd)> +f(U,d)]dt

1 d+a(cd) b+ (ab)
N —/ / u,v)dudv
m(a,b)n2(c,d) Ja A f(u,0)

< (@ b)n(c.d) (é;)l'l* (D)D)

i ()|

where B(a) and D(«) are as defined in Lemma 2.

Zf(b d) q

505 +moD (1) B(az)

02 o°f b, <
dtos my

a2f VA
otas <m1 mz) )

+mB(a1)D(az)

+ mlsz(le)B( )

Proof. By using the power mean inequality, we have

(b+ty1(a,b),d +sna(c,d))dtds

ata

(//|p lanss) (//m

Using the (a1, mq) — (ap, mp)-preinvexity in the first sense on the coordinates of

1

g 1
(b+ tni(a,b),d +sna(c,d)) dtds) q N G))

q

2
ﬂ , we obtain
ds

q

L[ p0pel | 3L b+ o) a+spate)

<[ |p<t>p<s>|(<1—t“l><1 )

q

2f
L)

82f o

— &1 g2
dtds+m2(1 t*1)s 5005 (b,m2>
f [ a p i ?f <
otds \ my’ otas \ my’ my

' >dtds
e (i) |+ 3 ( )| e | (5

+ Egmymy
Ei = /./|p (1= #91)(1 — s MMy—</|p 1—W1m)</|p (1—s)d >,
Br= [ [ Ipope) 0= msaas = ([Mfpo @ - ear) ([ ipo]seas),
E; = / / [p(H)p(s)|t*1(1 — s*2)dtds = (/ Ip(t |t"‘1dt> (/ Ip(s) 1—5“2)ds),
E4f/ / [p(t)p(s)| t"1s*2dtds = </ Ip(t) t"‘ldt> (/ Ip(s) leds).

By Lemma 2, we deduce that

L5

+ mqt*1(1 — s"2) + mymyt*s

q q

= E + E3m1

7

azf
305 (b d)' + Eymyp

where

Ey = D(x1)D(ap), Ex = D(ay)B(az), Ez = B(ag)D(az), and Eq = B(aq1)B(ap).

Thus,

q

/d/w

< D(x1)D(a2)

(b+t171(a b),d+ sna(c,d))

q

f (b,4)

e —|—m2D(a1)B( 2) |55
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s () 5 (i)

q

+mlB(a1)D( ) +m1m28(1x1)[>’( ) (6)

Substituting (6) and (12) in (5), we have

p()p(s)5 s *f (b+ ty1(a,b),d + sya(c,d))dtds

otos
g/o /0 Ip(t) ‘ata (b 4ty (a,b),d + sya(c, d))’dtds
< (1226)1 (Dmm( o | 2L )|+ () Baa) [ 2L (bmz> q

q

—|—mlB(¢x1)D( ) —l—mlsz(le)B( )

”)? o

02 o°f

otas ( d)

By using the identity in Lemma 1 and (7) we obtain the desired result.
O

Bzf a i
otos \ my’ my

Remark 7. If g =0y =ap =my =mp =1, n1(x,u) = x —uand 75(y,v) = y — v in Theorem 4, then we obtain
Theorem 1.

,q>1is

Theorem 5. Under the conditions of Lemma 1, let S1,S; C [0,00),1(a,b) > 0and na(c,d) > 0. If ‘ YRR

(1, my) — (ap, my)-preinvex on the coordinates in the first sense, then
1 1 1 1 1
51 o+ m(a,b),d+3ma(c,d) | + f(b,d+sm(c,d) | +4f b+ 5m(ab)d+ Si(c,d)
1 1
+f (b+ Eiyl(a,b),dJr qz(c,d)> +f (b + 2m(a,b),d> }

+ 36 L0 @B 5l d)) 4 56+ (0,0),d) 4 -+ valed) + )|

1 d-+12(c,d) 1
_ W/d [f(b +1m(a,b),0) +4f (b + znl(u,b),v> +f(b,v)] dv
1

- B /bb+f71(a,b) {f(u,d +1m2(c,d)) +4f <u,d + ;nz(c,d)) +f(u,d)}dt
1

d+u(cd)  rb+ni(ab)
oD / /b F(u,0)dudo

@ e d) Ja |
(m+1)1(ocz+l)>q (Mucz

< 11(a, b)n2(c,d)(C(r))
2f q a?.f a c
0tds (m d) 0tds (mlmz>

where C(r) is as defined in Lemma 2.

2 q q

of
55 (0 )

‘7)37

~IN

—+ monq

azf p
otos \  my

+ minp + mymy

Proof. By using the Hoder’s inequality, we have

ata (b+ tny(a,b),d + sna(c,d))dtds

(/ [wonoras)’ ([ [

(b+tny(a,b),d+sn(c,d))

q g
ata dtds | . (8)
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2 ¢4

otds

Using the (a1, m1) — («p, mp)-preinvexity in the first sense on the coordinates of , we obtain

q

(b+tny(a,b),d+sn(c,d))

ata

//( (=5

q

27 (b,a)

_ 115}
398 dtds+m2(1 £41)s*2

92
tas< m2>

*f c\|

061 f a1 X2

+ mqt —a ( ) + mymyt*ls YRR (ml mz) )dtds
a2f 061 aZf ﬂ(l Béz
8tas — 1) (1 — s"2)dtds + my 38 ( mz) / / —t dtds

82f c
+ -
otds \ my’ my

q

1
/ t“15%2dtds
0

/t“1 (1 —s"2)dtds + mymy
92

of b, —
Jtos my

aZf a i q
otos \ my’ my '

2 q

82f
0tds ( )
_ 1 ’f

N (o¢1+1)(042+1)( 121 5t0s (b,d)

s ()

+ monq

q

+ mixp + mymy

Thus,

q

2
atafs (b+ t1(a,b),d + s (¢, d)

hh

2 q q

< T (e ()

s ( d) = (ml 7,:2) q)- ©)

By using the identity in Lemma 1, (8), (9) and Lemma 2, we obtain the desired result.
O

>f
ars 019

q

+ maony

+ myan + mymy

2
Theorem 6. Under the conditions of Lemma 1, let S1,S; C [0,00),1(a,b) > 0and n(c,d) > 0. If‘ °f I ,q>1is

(a1, my) — (ag, my)-preinvex on the coordinates in the second sense, then
1 1 1 1 1
‘9{]‘ (b +11(a,b),d+ 2172(c,d)> +f (b,d + 2172(c,d)> +4f (b + Em(a,b),d + 2’72(C/d))
1 1
+f (b—|— Em(u,b),d—i— qz(c,d)> +f <b + 2m(a,b),d> }

+ 316{f(b+171(a,b),d+772(c,d)) + f(b+m(ab),d) + f(b,d+m2(c,d)) +f(b’d)}

o
6172(c,d)

_ 6171(1a,b) /bbJrﬂl(ﬂ,b) [f(u,d +12(c,d)) +4f (u,d+ ;nz(c,d)> + f(u, d)}dt

1 d+ina(cd)  pb+ni(ab)
b o fwo)dude

/dm(c,d) [f(b+171(11,b)r0) L af <b+ ;ql(a,b),v> +f(b,v)]dv

q q

X 827]((bd) azf b— +my 82f d + mym 2f i A}
otds otds \ my 0tds 21 5t0s "y ’

Proof. By using the power mean inequality, we have

where B(w) is as defined in Lemma 2.
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1 1 Zf
|| p0ps) 55 0+ tna,b),d + sia(c, d)dtds

1

q q
< (/ / |p(t) |dtds> (/ / [p(t) f(b—i—tm(a b),d+sna(c,d)) dtds) .
a?.f q
Using the (a1, mq) — (ap, mp)-preinvexity in the second sense on the coordinates of 35| - We obtain

q

0 f
ﬁ(b +ty(a,b),d +sya(c,d))

I [ o)

0% f 0% f c\|
£)* X1 g2
/ / Ip(t) ( (1 —s)*2 55 (b,d) dtds—i—mz(l t)s 395 (b, 2)
0% f 1 0% f c\|
oq _ X1 g2
+ mqt*1(1 —5)*2 8t85< d) + mymyt*s atas( " 2) )dtds

q q q

- g (b |+ am [ () st (i)
A= [ [ popl @ - oma s = ([po1a- o) ([ pe)]0-ses),
Azz/q/”MOMQI pesstatds = ([ pola-o0an) ([po]sas),

A3—/ / lp(H)p(s)| t*1(1 — s)*2dtds = (/ Ip(t) t"‘ldt) (/ Ip(s) 1s“2ds>

A4f/ / p()p(s)| #915%dtds = (/0 p(t)|t"‘1dt) (/0 |p(s)|s"‘2ds).

By Lemma 2, we deduce that

+ Azmy + Agmimy

aZf
305 (b d)‘ + Aomyp

where

Ay = Ay = A3 = Ay = B(aq) B(az). (10)
Thus,
s (b b),d d '
[ roro| L e+ v+ s
Zf aZf q aZf q aZf a c q
< _J =
B(“l)B(“Z)( 3105 o +m 9695 (b 2) +m atas( d) BRI e (ml'm2> )
(11)
Also, by Lemma 2, we deduce that
25
2 _
//|p ) dids = (C(1))? = . (12)

Substituting (15) and (12) in (10), we have

1 2f
p(t)p(s) 52 (b + ty1(a,b), d + s c,d) dtds
/ / lp(t)p ‘atz{ (b+tnyy(a,b),d +snalc, d))‘dtds
17192 2 q 2 q
< () st (| 2L waf | 2L (o) o | 2L (2.0)
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2f C q %
—, — . 1
+ ity otds (m1 mz) ) (13

By using the identity in Lemma 1 and (13) we obtain the desired result

O

92 f q

Theorem 7. Under the conditions of Lemma 1, let S1,S; C [0,00),1(a,b) > 0and n,(c,d) > 0. If ,q>1is
(a1, mq) — (ag, my)-preinvex on the coordinates in the second sense, then

‘9{f <b +m1(a,b),d+ ;772(0/11)) +f (b,d + ;Uz(cfd)> +4f <b + %m(a,b),d + 117z(c d))
+f (b+ ;m(a,b),dmz(c,d)) +f <b+ ;ﬂl(a,b),d> }

+ 16{f(b+771(a,b),d+172(6,d)) + f(b+y1(a,b),d) + f(b,d+n2(c,d)) + F(b d>}
_ 6172(1C,d) /ddwz(c,d) {f(b+f71(a,b),v) +4f <b+ ;ﬂl(a,b),v> —|—f(b,v)] -
_ W/bbwl(a,w {f(u,d+772(6,d)) +4f <u,d+ ;rlz(c,d)) —|—f(u,d)]
+ W /ddm(c'd) /b rnied (u,0)dudo
v (gl (2ol 25
g

+ my

s ()

where C(r) is as defined in Lemma 2.

+ mimyp

82f a i
otos \ my’ my

Proof. By using the Hoder’s inequality, we have

‘1)37

ata (b—I— tny(a,b),d + sna(c,d))dtds

</ [ oreras) ([

b+t171(a b),d+sna(c,d))

g g
dtds | . (14)

, we obtain

Y
Using the (a1, mq) — (ap, mp)-preinvexity in the second sense on the coordinates of ataf

q

q

ata (b+tny(a,b),d + sna(c,d))
2
of dtds + mp(1 — t)*1s"2

g_/o [ ((1—t>“1<1—s>‘*2 2L ,a)

%f [ a i
0tds (’d)

+ mqt*1(1 —s)*2

+ mymypt*is™2 sgs (ml n;) q)dtds
g;f / / — s)dtds + my gg ( mz) £)%5%2 dtds
+m gji( ) /t“l s)*2dtds + mymy a:afs (ml n;) /O/Olt”‘ls‘xzdtds
2 2 q
(oq—l—l)l(ocz—i-l)( aataf | +m gtafs (b 2)
. q

[ (524

+ mymyp

82f a L
otds \ my’ my

)
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Thus,

ﬁ(b +ty1(a,b),d+sna(c,d)) q

dtds

1 0% f 0 f c\|
< —_ S
(e +1)(an+1) (‘atas(b’d)‘ T2 50 (b' m2>

2 q 2 q
If(a 4 I (e <\, (15)
dtds \ my dtds \ my” my

By using the identity in Lemma 1, (14), (15) and Lemma 2, we obtain the desired result.
O

Wk

+ mq + mimy

3. Conclusion

We established a new integral identity involving the second-order mixed partial derivatives of functions
of two independent variables on open invex sets. Utilizing this new identity, we established a new
generalization of the Simpson’s inequality for functions of two variables whose second-order mixed partial
derivatives are bounded. We also established new Simpson’s type integral inequalities for functions of two
variables whose second-order mixed partial derivatives in absolute value to certain powers are (ay,m7) —
(ap, my)—preinvex on the coordinates in thee first and second sense.
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