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Abstract: In this paper, we establish sharp inequalities for trigonometric functions. We prove in particular

for 0 <x < Zandany n>5
2 2n n—1 2 2n—2k -
(3) -Z=(2) |

where Py(x) = Y5, ax?*+1 is a m-polynomial, with positive coefficients (k > 5), ap =

_ k1
% <|82 k| + M) , By are Bernoulli numbers. This improves a lot of lower bounds of

0 < Py(x) < (sinx)? —x3cotx < P,_q(x) +

sin(x)
x

and generalizes inequalities chains. Moreover, bounds are obtained for other trigonometric inequalities as
Huygens and Cusa inequalities as well as for the function

. x\2n+2
gn(x) = (sm(x))z (1 23 ) L) sy

x 1f(2%)2 x
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1. Introduction

nequalities involving trigonometric functions are used in many applications in various fields of
mathematics. The method to compare functions to their corresponding Taylor polynomials has been
successfully applied to prove and approximate a lot of trigonometric inequalities [1].

A method called the natural approach, introduced by Mortici in [2], uses the idea of comparing
functions to their corresponding Taylor polynomials. This method has been successfully applied to prove
and approximate a wide category of trigonometric inequalities.

Let us consider the double inequality

sinx<2+cosx. 1)
3

The left-hand side is known as Adamovic-Mitrinovic inequality (see [1,3]), while the right-hand side is known
as Cusa inequality. The latter one which was proved by Huygens was used in order to estimate the number 77,

[3].

1
3
(cosx)3 < p

In this paper we provide another natural approach by comparing functions with their corresponding
Taylor polynomials. This approach is analog to that given by [2]. As a corollary, that permits us to extend and
sharpen results related to trigonometric inequalities and give generalizations and refinements.

In particular, the following inequalities have recently been established
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Statement 1. [4, Theorem 1 p.4] for 0 < x < 77/2 one has

x* N 23x0 4128 — cosy_ [0 3 x* N 23x® 4128 5310
15 1890 37800 15 1890 37800 831600
Notice that this statement is finer that provided by Mortici [2] :
—x—4< Ccos X — sinx')’ < _ﬁ+23x6
15 15 1890
Statement 2. [4, Theorem 3 p.7] for 0 < x < 77/2 one has
2sinx tan x 3 4 i 6 3 8 1 10 -1
v T 78T (2ox 120" T 2a0* 1o ) sV

Statement 3. [5, Theorem] Neuman-Sandor for 0 < x < 71/2 one has

2sinx tanx 2x X

> — + > 3.
X X sin x tanx

Statement 4. Cheng and Paris proved (Theorem 3.4 (3.23) of [6])

3 1 5 4 3 2sinx  tanx
B4 (4 ¢ :
(30 * 380" T 336007 ) ¥ BNV x

Statement 5. [4, Theorem 4 p.9] for 0 < x < 77/2 one has

1 g B g+ 19x8 B 37x10
cosx \ 45 105 = 4725 133650

sin(x)\? = tan(x) 1 8xt  4x® 1918
2 .
() ) <o

x cosx \ 45 105 " 4725
In this paper, we aim to refine all the inequalities mentioned above.

2. Main results

In [7] one proved for 0 < x < %

cosx + x° l—x—2 Sinx < sinx ’ < cosx+x
63 15 X

3 sinx

15

@

®)

In the sequel we provide lower bound of 1 which is finer than 3 and appears to be sharper than many known

bounds .
WTo that end, we will consider a function

6 8
— (sinx)? — ¥3 XX
f(x) = (sinx)” — x° cot x ' + 915

defined for 0 < x < 71/2 and we will provide good estimations.

2.1. Estimation for the function f(x)

At first, consider the following technical lemma which has been proved by [[8] , Lemma 3.1], but the proof

we give here is slightly different.

Lemma 1. For 0 < x < 71/2 consider the function

6 8
— (sinx)? — 13 e
f(x) = (sinx)” — x° cot x ' + 915
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then f(x) can be expanded as power series  f(x) = Y>3 akxk,
22k72 B -1 k+1 221(71 22k72 -1 k+1
a, = |_2k 2| _,’_< ) — -~ |B2k—2|+ ( _) ,
(2k—2)! (2k)! (2k —2)! 2k—-1)k
where Byy are the Bernoulli numbers. Moreover, the coefficients ay, k > 5 are all positive:
e 1 0 2 b — 103
7 255150" "° " 15436575° ' 8300667375
Proof. The following series expansions can be found in [9]
1 & 2% By | o
COtX—;—kzlex , xE(O,T()
and
2 - k12270 T
sin x:k;(—l) (Zk)!x , x € (O'E)
1 1 1 8 206
SN2 .3 _(t.6_ 1 .8 10 12 14
(sinx)” = x7cotx = (52"~ 55° * 3g55" VT agzms T om16125
139 16 10861 18 438628 20 2
s+ s+ et 0 ()
To prove the positivity of the coefficients a;, k even we will use the following inequality for Bernoulli
numbers established by D’ Aniello [10]:
2(2k)! 2(2k)!

————— <|B < =
2k (22k _ 1) ‘ 2k ‘ 7-[2k(22k _ 2)

For any odd value of k, we have

221(—2

,1)k+1 k2 1
2k—2)! ('BZHH (2k—1)k> = 2k—2)! <|BZ"—2|+ (2k—1)k) > 0.

Consider the even case, then

aj =

22 k-2

1
2k—2)! (sz_2| T ar- 1)k> '

ajy =

By definition of Bernoulli numbers

n—1 1 P 1
Su(p) =Y k¥ = —— P BnP 1k,
" k;;’) p+1}§()(k )
Then for k even
o 22k=2 By o] 1 . 22k=2 22k=2)t 1
T k=2 R k= 1)k 2k —2)! \ m2k-2(2%k-2 _2)  (2k—1)k
and
i - 22k=2 22k—2)! 1
YT Rk—2) \m2R 2022y 2k—1)k)
Therefore

o 2(2%k-2)!
22k 2% (_1)k+122k71

Qk—2y1 T @Rr ST

P2 By | | (-1
(2k —2)! (2k)!

_ 2(2k—2)!
2% zm (—1)F+192k-1
<

2k—2 T (2w
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and

)3

( 92k—1 (_1)k+122k71
k>5

2n2R2(2%2 1) + 2K)! ) ¥ < f(x).

Thus it implies the left hand of (4) since for any integer n > 5 we have

3 5
X x
cosx < cosx+sinx (5= — 2 —)+sinx Y a3
15 945 g
SKsn
x> X , k3 SiNX 5
<cosx+sinx (2 — —) +sinx ) agx =( ).
15 945 i x
SKS o0

Notice that

(sinx)? — x® cotx = (sinx)? — x° 1 i Mx”‘_l =
x = (26)!

3 22k | B ‘ 00 22k+1x2k+2
. 2 2 2k 2k+2 : 2 2
(SlI'I.X) — X +kE=1 Wx < (smx) — X +kzzlm

In the other hand we know that for k > 1

(26)! > Vark (2%‘)% et

It implies

n2k=2(22k-2 1) 2k—1)k

2(2k — 2)! 1 2\/A7(k — 1)( 252 )2 2pamem 1
<n2k2(22k2—1) (2k—1)k) ~ ( >

(222 1) 2k—1)k

(21/47T(k - 1)(':61)%—2 _ M) .

Thanks to Maple we may easily verify that the last expression is non negative as soon as k > 6. This means
that a; are non negative. [

222 (2k—1)k

(2\/m(zl§wz)2k—2 1 ) y <2\/m(m§Tez)2k—z 1 > N

Our first result Theorem 1 motivated us to further refine the Adamovic-Mitrinovic inequality. It permits
us to deduce the lower bound of (£24)3 which appears to be finer than the corresponding bounds in Statement

1.

Theorem 1. For 0 < x < § forany n > 5 the following inequalities hold

3 5

n .
: 2k—3 sinx . ) X X
sin x apXx < (——) —cosx—sinx (—+ —) <
k:Sk = x ) (15+945)—
n—1 2 2n n—1 2 2n—2k
e () (2) ]
k=5 T k=5 T

where
22 k—2

(1)1
%= 2k —2) ('Bz"‘ZH (2k—1)k>’ k=25

and By are the Bernoulli numbers.

Proof. By Lemma 1 the function

6 8
— (sinx)? — 13 _r X
f(x) = (sinx)” — x° cot x 5 + 915
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is positive. We also need the following Lemma which gives a upper and lower bound for the preceding
function.

Lemma 2. consider the real analytic functions f defined on the interval [a, b] :

where ay € IR, a; > 0 forall k € IN Then f(x) may be bounded by Taylor’s approximation for any n > 1

no£k) (g n k) (g
> D (o< p) < 3 L (g
k=0 : k=0 :

where Ry (x) = f(x) — i, %(x —a)k.

We may find an elegant proof of this Lemma in [15, Malesevic-Rasajski-Lutovac, Theorem 4] .
Moreover, if we suppose in addition f() is increasing in [a, b] we easily deduce

n (k) (g () (g
kz %'”(x—a)uw(x—a)” < flx) <
=0 :

n!

Ru(b)(x —a)".

The coefficients £ () n(!aJr) and (b_lﬂ)n Ry, (b) are the best possible constants. This result may also be deduced from
[8, Theorem 3.2]
Applying the preceding to the function f(x) = (sinx)

x < /2 and n > 5 the following inequalities
2n n—1 2n—2k
() -EG) ]
s = T

2 x3cotx = Yi>s5 a;.x** we then derive for 0 <

n n—1
) ax®* < f(x) < ) apx?k +
k>5 k>5

hold. Therefore,

N k-3 siny _ . H 5,
sinx ) a0 < f(x) 3 <sinx ) a0+
k=5 k=5

2 2n n—1 2 2n—2k
sin x () - Y () X213,
s = s

3

This means

sinx x°sinx

15 + 945 —

n . 3

. _ sin x x
smeakak 3 < () —cosx —
k>5 x

n—1 o 2 2n n—1 2 2n—2k _—
in x agx=<— inx || = - ag | — x o,
sin Z 2 -+ sin [(7) Z k<7-[> 1

k>5 k>5

This proves the theorem. [

Some particular cases of Theorem 1 are given below. Let us introduce some examples of the inequalities
obtained forn = 5,6,7,8, ....

Putting n = 5, we obtain the following
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Proposition 1. For 0 < x < 71/2 the following inequalities hold

3 x> x* sinx sinx)?
cosx+x°(1——+ — < <

63 189,/ 15 X

63
Moreover, for 0 < x < 71/2 the following inequalities hold

1—i-cosxz< i 1_£2+L4 sinx _ (sinx 3
2 cos 63 ' 189) 15 x )

cosx + 21— x—z ﬁ 1024957sinx
15 7710

Taking n = 6, one has for 0 < x < 71/2 the following inequality

cosx + x3 1_£2+L4+Lx6 sin x - sin x 3<
63 189 = 31185 15 X

cosx + x3 1—x—2—|—x—4 sinx+ 4096— 4 x? sin x
15 T2 283572 '

Taking n = 7, one has for 0 < x < 71/2 the following inequality

x> x? x> 8x*  206x° , (sinx)®
cosx+ﬁ 1-——= (11— ——— —— sinx < <

Cosx—i—x—s 1—x—2 1—12—% sinx + lessd 16 32 x'sin x
15 63 3 49 4 28357¢ 572 ’

Putting n = 8, one has for 0 < x < 71/2 the following inequality

cosx—l—xj 1—x—2 1_x72_87x4_7206x6_ 13937 sinx < (sinx)3 <
15 3 495 96525 675675
N T ol ST S o B PP
T 63 3 295 96525))°
65536 64 128 824 i
716 282576 4677757 9121612572 :

Etc...

©)

(6)

@)

®)

)

Remark 1. Notice that when the degree n of the polynomial increases, the function sinx Y s<j<, axx? 3

; 3 50 . .
approaches the upper bound (82%)3 — cosx — % + &= since the coefficients a; > 0. In other words, the

precision increases with n and allows us to have a good estimate of the error.
Indeed, consider the difference

3 2 2 . 3
cosx—f—JL (1 X (1—x+bx4>>sinx— (sin x)

15\ 63 3 x3

_ 8
Forb = — 195 We have

3 2 2 4 . 3
cosx—f—x— (1 X <1—x—8x>>sinx— (smx)

5\ 63 3 495

_ 206x2 304 373xT°
91216125 ' 1915538625 78153975900
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Fora = %, b= —% and ¢ = —%weget
x3 x? x? a6\ L (sinx)®
COSX+15(1 a (1—3—|—bx + cx ))smx— 3
139x14 1372316 559483x18

638512875 + 976924698750  1559171819205000

1 3 8 ._ _ 206 _ 139
Fora =3, b= —q95, ¢ = —g5555, 4 = —gmg75 We get

cosx—f—xj 1—x—2 1_&_873#_&69@_@_“”10 sinx—(Sinx)3
3 495 96525 675675 X3

B 10861x16 N 56725718 B 13763x20
488462349375 ' 389792954801250  359808881355000

2.2. Another estimation for f(x)

The following result provided new bounds for the function f(x) = (sinx)? — x3 cot x It has been proved
by [[8] - Theorem 3.3, p.10]

Lemma 3. For0 < x < 7t/2and n > 0 the following inequalities hold

n n—1
(sinx) Y by 2™ < (sinx)? — x cotx < (sinx) Y bypx® 1
k=1 k=1

2 2n+5  n-—1 2 2n—2k
<7_[> — Z bk+2 (7‘[) x2n+3 sin x
k=1

202k —1)(2k+1)(2%1 —1) | By | +(—
(2k +1)!

Moreover, all the coefficients by are non negative for k > 2.

where
by =

Let f(x) = (sinx)? — x3 cot x then following [8] one has the expansion

(x) = 1 +19x2+ 167x%  479x° + ) O sinx
Fx) =115 * 1800 * 113400 T 2494800 s

Here is an improvement of this Lemma which will be useful to refine the bounds of the function.

Lemma4. For0 <x < m/2and n > 0 the following inequalities hold

5 ) 22k 1 )|B ‘x
2k+1 X 2k
Zbk oX <E7%> <1+22k)! <

k=1

6 8 5 0 2k—1 _
2 x A1 _ (X (2 1) | By 2*F
(sinx)? — x3 cot x — 5 + 015 < (sinx Lilbk 2X (15 - 945> <1+ y 2 20!

2 2n+5 n—1 2 2n—2k
<;> - Z <;> ¥ 3 ginx
k=1

sznx

+
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where
p — 2@k =12k +1)(2%71 —1) | By | +(-1)"
k= (2k +1)! ‘

Moreover, all the coefficients by are non negative for k > 2.

Indeed, since [[11], p.145]

R , (22k71 _1> | By 1251
sinx7§+¥ (2k)!

this Lemma may be deduced from Lemma 1.5 in writing

4 6 4 6 (1 = (221 —1) Byt

(24!

Now, we will proceed as above, we will use Taylor’s approximation for this function to provide bounds

for (%)3 — cos x. By Lemma 3 we derive

Theorem 2. For 0 < x < 71/2 the following inequalities hold

n
(sinx)? ) by ox? 2 <
k=1

2 2n+5  n—1 2 2n—2k
[(n) Y (2) ] 2 (sin x)?
k=1

p — 2@k =1) 2k +1)(2%71 —1) | By | +(-1)"
k= (2k +1)! ’

(sinx)3

n—1
N2 2%k—2
5 —cosx < (sinx) k; by x™ 7+

where

By are the Bernoulli numbers.

2.3. Bounds of Adamovic-Mitrinovic inequalities

By Theorem 1 we are able to improve the left hand inequality 3. Indeed, one has the following

. 3 3 2
Cos X — (sn;x) < —sinx Py(x) < -z (1 - ) sin (x) = — sin xP5(x)

where P, (x),n > 5 is the n-polynomial

92k—2 (71)k+1
Pn(x) = Z akak—Z = Z ((Zk—Z)' ((k) (Zk— 1)+ | Bk > ka_z‘

5<k<n 5<k<n

Turn to statement 1. In [[4], Theorem 1] the authors proved for 0 < x < /2

15 1890 37800

~15 T 1890 ~ 37800 | 831600

xt 23x6 418 (sinx>3 xt 23x6 418 53410
< COSX —

The authors used the following frame

2n . ' sin x 3 2n+1 ' '
Z(—l) A(k)x2 < Ccosx — ( ) < Z (1) A(k)x2 ,
k=2 x k=2
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_ 3%+3_32k3_96k2—88k—27
where A(k) = PTeTay] .

By increasing the degree n of P,(x) in 1, one can improve the precision so that the left bound obtained is
better than the one provided by [4].

In this case, taking n = 7 is enough to prove statement 1

P(x)—x—s 1_x72+x74+£ sin x
A 63 ' 189 ' 31185 '

recall that we have for x € (0, 77/2)

N A SN A
6 120 5040 6 120 5040 = 362880°

Then we obtain thanks to Maple

63 + 189 + 31185

15 + 1890 37800 ' 831600 ' 15

xt 23y 418 53x10 X3 ( x? x* 8x6 ) .
sin x

>_x74_'_23x6_41x8_i_53x10 +xj 1_x72+x74+ 8x0 . x73+x75_ x7 _
15 ' 1890 37800 = 831600 = 15 63 ' 189 ' 31185 6 120 5040/
47x12 N 19x14 xo x12 (=705 -171x% + 8x%)
157172400 © 261954000 294698250 2357586000

It is easy to see that the last expression is non negative for 0 < x < 77/2.
Then for x € (0, 7r/2) the following inequalities hold

15 71890 ~ 37800 T 831600

sin x 3
cosx — .
X

Thus, for the left hand our estimate appears to be finer than that provided by [4]. However, this is not the case
for the right hand. indeed, we may verify that the expression is non positive

xt 23x0 41x8 53x10 x3 x2 x4 8x°
> T — + —+

=% i 31185)51” -

_x3 sin x i x° sin x _ x7 sin x _ (16384 16 32 2 sinxt
15 945 2835 4 283574 46777572
xt 2346 N 418 -0
15 1890 = 37800 ’
which means that the following holds for 0 < x < 71/2
_ xXPsinx N ¥siny  x"sinx (16384 16 32 Psiny <
15 945 2835 14 283574 46777572
¥ooos® At (sing 3
15 1890 37800 X '

Other examples We interest here in the right part on the inequality. By the Taylor approximation we get
the bound [[11], p.145]

4 6 8 2n+1 2k+1,.2k
x 2x X k125 x

2 X & X _ _ X
<Y -t s et ;( 1) o

(sin x]?
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Then Theorem 2 implies
2 >2n+5 n—1 ) 2n—2k )
- - 2 bk+2 () X " <
( T k=1 &

3 3 n—1
(sinx)” _ cosx < (sinx)? [2 b2 ¢
k=1

3
4 6 n—1 2n+5  n-—1 2n—2k
2 X2 2k—2 2 2 21
Xt =+ - —.. b X + - - b — X .
( 3t ) [Z; k42 (71 Z; k2
k=1 k=1
Putting n = 4 one gets thanks to Maple
(sinx)? cosy < s N 28x0 (11 L2088 152 167 s s N 23x0 4148
x3 15 ' 1890 28350 = mll 94574 2835072 15 ' 1890 37800
: 11 2048 152 167 4168
smce — (*28350 T T g5 28350712) + a5 = —0.0032400 < 0.
Putting n = 5 one gets
(sinx)3 Ccosx < I N 23x6 4148 29 8192 608 334 479 410~
x3 15 ' 1890 37800 ' \ 113400 m13 ' 94576 ' 1417574 ' 62370072
ot N 23x6  41x% 53«10
15 ' 1890 37800 ' 831600
since 29 8192 608 334 479 53
- T - = —0.0016403 < 0.
<113400 70 94576 T 1417578 6237007r2> 831600 <

Thus Theorem 2 provides a finer bound than the one given by [4].

Remark 2. By the same way we may improve another bound of [4]: for 0 < x < 71/2

couy (SnX) ot L2041 530 7a677a
15 1890 37800 831600 27243216000
We must then use in Theorem 1 the polynomial P,(x) with a degree of order n = 9 to get a better estimate.

74677512 989y 14
b | >
10897286400

N 98914
10897286400°

N 5310 7467712
831600 27243216000

2 (o2 st w68))  (a 2a a1
95 96525 15 " 1890 37800

Using Maple consider

20620

x 3 x5 x/ x2 x 8xt
= |\ Y =+ =5 1-—=(1-% - % — -
6 120 5040 3 495 96525

26 41:8 sad0 72 osoxld )
831600 27243216000 ' 10897286400 ) —

@

15 T 1890 37800

12 1492014 10716 10008 12 (1351350 + 156754527 — 1134724 + 32966 ) .
5443200 ~ 70053084000 | 12770257500 229864635000 7355668320000 e

That means for 0 < x < 71/2 the following hold

x~m”‘3<fx—31nxlf’i21Ji2f§i1206x6 <
cos X 15° 63 3 495 96525

989x14

53x10 74677 x12 N
10897286400

831600 27243216000

__ff_+>23x6 - 418 N
15 ' 1890 37800

More generally, all the examples studied above naturally suggest that we may expect that

A conjecture

the following inequalities hold
: 3 6 o3 8 &i n 2n+1

_ (sinx _ xPsinx | x®sinx . 2k—3 ok ok

cos x ( p ) < ——g5 t g5 sin¥ kzzsakx < kzzz( 1) A(k)x*,

3243 _32k3 — 96k% — 88k — 27

(_1)k+1
>’ Alk) = 4(2k + 3)!

M= Qk—a!(w”2“+ak—nk

where
22 k—2
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We may also expect (following Theorem 2 that
(sinx)3

n—1
8 T eosx < (sinx)? Y bigox®* 24

k=1

2 2n+5  n-—1 7 2n—2k 2n
() =Y b () ' (sinx)? < — Y (—1)FA (k)%
T k=1 T k=2

hold.

Other refinements

We may prove the following frame which also improves the one of Mortici

—L6+ i - i < (Sinx)3—cosx—x—3sinx
945 1890 19800 x3 15
x® x8 x10 2903x12
<-_+

945 ' 1890 19800 * 1135134000 <

The following are stronger

S N 113210 5293x12 - (sinx)?
5670 ' 1247400 486486000 X3

—x—as'mx 1—x—2cosx < - x + 113x 2 <0
15 63 5670 = 1247400

— COsS X

For a <1 we have

3 7

(sinx)” x_x3s'1nx+x551nx_ax sin x
O 15 945 2835

> 1 P 13 SR S o7 S x2>0
2835 2835 311850 17010 243243000 340200

For a = 1 we have

(sinx)? 1 5. 1 5. 7
—COSX — ——X smx+—x simnx — X SIx
x3 15 945 2835
8x10 2x12 31x14 x16 43789x18

>0

- 467775 3378375 1915538625 + 724990500  1039447879470000

In particular
8 xl(] 2x12
167775 3378375

0.

3. Huygens inequality

Notice that we have an equivalence between inequalities

sin x

cos x < (?)3 — 1< (ﬁ

t
)2 ﬂ, O<x<m/2.

X

By using the arithmetic-geometric mean inequality, Baricz and Sandor have pointed out that this
inequality implies
tan x

2sinx tanx sin x

. + >3 and ( )24+ > 2

forO< x < /2.
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The following inequality which is due to Huygens

2sinx tanx
_l’_

. >3, x € (0, ) (if) (10)
is a consequence of (1.1).
Mortici [2] showed
" 3x4 B 3x° 2sinx n tan x <3 3x4
20cosx  140cosx X X 20 cos x

which improves 9. Neuman-Sandor [5] proved the following

2sinx tanx 2x X
_l’_

> — + > 3.
X X sin x tanx

Cheng and Paris proved (Theorem 3.4 (3.23) of [6])

3 1, 4\ 3 2sinx  tanx
B4 (24 t .
(30 * 280" T 336007 ) ¥ BNV S x

The following result improves the one of Mortici [[2],p.]

Theorem 3. For 0 < x < 71/2 the following inequalities holds

2sin x n tanx _ sinx 1, 5 61 277 ¢

il oAy 2o 6 211

x x v BFa Y Y gt
a4 3xt 3
20cosx  140cos x
Proof. Notice that for 0 < x < 7/2 we have the expansion [[11] p.140]
1 Exx ok L o, 5 4, 61 4

— =1 =142+ >t x4,
cos x +,§1(2k)!x tor gt Tt

where Ej; are Euler numbers. Then we have obviously the left hand of inequalities since

1 1 5 61
T2+ —at — 204 .
cosx ~ T2 T Tt Tt
Write
2sinx . tanx _ sin x <2+ 1 ) _ sin x <2+ Z E2k'x2k> >
x x x oS X x =1 (2K)!
sin x 1, 5 4, 61 o 27728
O

We need the lemma

Lemma 5. For 0 < x < 71/2 the following trigonometric inequality holds

e < (125 a) (1-23)

Indeed, the Euler numbers verify the following frame, [12] [AS, p.805]

4k+1 E2k 4k+1
5 < .
T n+1(1 + 3—2n—1) (Zk)! 2n+1
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We then deduce .
=1+ Z <1+ Z S
Cos x = k) r2ntl
2 1
k>1 T

On the other hand, recall that for 0 < x < /2

3 5 7

x— = + 21 Csinx
6 120 5040 ’
Therefore, thanks to Maple we can estimate the difference
sin x xj N 5L 61x° N 2778\ ., 3t N 3x6 -
X 2 24 120 144 20cosx ~ 140cosx

17x72+x747 x® 3+x72+5i+61x +277Jc8 B
6 120 5040 2 24 120 144

(e 2 (-2 we) (23) -
x4

{ 1_ £+ x0 3+x2+5i+61x6+277x8 (1_21)_
6 120 5040 2 24 120 144

x 3x 3x X X x\ 1
1-2= ——+—)(1-2=+4=5)|[{1-2=) =
3( 71)+< 20+140>( 7TjL n2>}( n)
277 xP 277 L4 4817 x3 L 4817 gp 191363 x 191363 L0
362880 71 725760 151200 7 = 302400 302400 71 604800

7421 x° 7421 8 359 3 ; 359 o 3%° x\ 1
= 4 _= a0 2 (1
2016 7 @ 4032 % ( + )x T 5 ( ) >0

360r 3572 720 57
forO0 < x < 7m/2.

The right inequality of Theorem 3 is then proved.

Turn now to statement 2

2sinx tan x 3 471 6 3 87 1 10 -1
x T x >3+(20x 120" t 220" o0 ) (0¥

Theorem 4. For 0 < x < 71/2 the following inequalities hold

251nx+tanx 3+£2+5i+61x6+277x8
x 24 120 144

3 4 3 6 3 8 1 10 -1
3+ (20 10" T 220" “1oso0* ) (Cos¥)

Proof. Write the difference

h(x) =

sinx <3 x2  5xt 61x® 277x8>_ _(3x4 3x6 38 x10> 1

X 2 o0 T 0t 1 20 140 T 2240 T 19800 ) cosx’



Open J. Math. Sci. 2023, 7, 299-320

312
By Lemma 5

implies

+ x7 a4 x2 N 5x4 N 61x° N 277x8
120 5040 2 24 120 144

3x%  3x0 3x8 x10 X x x\ 1
(= = = ) (1-22 442 ) (1-22) =
( 20 140 + 2240 19800) ( T + 772) ( 71)
2 4 7 2 8
X X X X 5x%  61x°  277x
1-—4+-——-———1](1-2= —_— 4 — -
K 6 " 120 5040) (1-23) (3+ 2 T 21 P20 T )
X 3xt  3x 3x8 x10 X X x\ 1
1-2 - = - — — 1-2=—+4— 1-2= =
3 ( n) < 20 140 * 2240 19800) ( T * 712) } ( )

7T
50521 50521 a7 50521 4
91445760007 4572288000772 18289152000
115679 115679 s 115679 o, 42329 42329\ 3
- Dy - +
2177280007 108864000772 435456000 15552007 ' 77760072

42329 g5, < 12072211 1097657) 12072211 4

B 12072211 4, (18539 7421 \ o
3110400 199584007t 90720072 39916800 50407 ' 100872

18539 N 359 N 481 7. 359 6 L 3x
10080 * 3607 | 25272 720~ " 5x
0.0000006391 x'7 — 0.0000027623 x'® + 0.00006146 x> — 0.00026565 x4 —

0.0031484 x'3 4+ 0.013609 x'? + 0.06995 x'!1 — 0.30243 x1° — 0.42497 x° +

1.8392 x8 — 0.12404 x” + 0.49861 x° + 0.060792 x> > 0.
O

That means the following inequalities hold and implying statement 2

+7

2s1nx+tanx>sinx 3+7+i 61 6+277 8\ 1
x x 2 24 120 144

3 4 3 6, 3 8 1 10 -1
3+(20x 10" T2t 1wt ) (€Y

Theorem 5. For 0 < x < 71/2 the following inequalities holds

2sinx = tanx S sin x (3+1x2+2x +ﬂ 6+277 8) 2x x
X X X 2 24 120 144 sinx tanx

> 3.

Proof. We need this lemma

Lemma 6. Consider the function

e 5 61 4, 277 S
g(x) = (sinx)? <3+1/2x +24x + 120 —1—144 ) 2x° — x“cosx
defined for 0 < x < 71/2.

Then g(x) is non negative in this interval.
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. 2 4
Indeed , since cosx <1— % + 4 —

6
> &1+ then we have

3 2 2
x 1 5 1 - X 5 4, 61 277 ¢
g(x)>(x 6 T120" 5040") (3+2+24x+120x+144x

1 1 1
) 2 .2 1— = 2 - 4 - 6
xXT—x < 2x +24x 720x >

374501 1, 76129 4, 761 5 2
604800 © T 13200° T 1es0” T13% >0

15
This implies that % > 0. Or equivalently
sin x 1, 5 4 61 (o 277 2x X
x O T T T ™) (Ginx Tanx) 7

This completes the proof.
O

Theorem 6. For 0 < x < 71/2 the following inequalities holds

25inx+tanx Sinx(3+1x2+2x4+ﬂx6+ﬂx8)>
X X X 2 24 120 144
3 1 » 4y.3
— + — t .
3+ (30 280° T 3800" ¥ X
Theorem 6 implies obviously statement 4.
Proof. For 0 < x < 71/2 recall that
B AT U R R
6 120 5040 9! 11! 6 120 5040 9!/
xr  xt x2 xt a0
1—7+E<COSX<1—7+E—E

Therefore since Cols - > 14 % we have the inequality thanks to Maple

SLE PO SNn SIS 77550 DY (Y (R <.l JE U B
x 2 24 120 144 20 280 33600 a
sin2x () N x? N 5x4 N 61x° N 277x8 3 cosx 3 N x? N 234 Psinx

2x 2 24 120 144 20 280 33600 0S X

1 2x747x3+47x5787x7+4x97 8x11 3+x:Jrngéersz8 B
2x 3 15 315 ' 2835 155925 2
5

24 T 120 144
3+3—"27<3+x—2+ 2 >x3<x7ﬁ+x—fi+7xg )z
2 20 ' 280 ' 33600 6 ' 120 5040 ' 362880
277 s, 108154933 o 6306127 iy 1048466449

5613300 80472268800 261954000 4191264000
24287083 19 97187 N 151 N ¥t “o
19958400 60480 360 8

Theorem 5 is then proved. O
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4. Wilker inequality
The following inequality

(sin(x)>2 . tan(x) -y e (O,g)

X X

due to Wilker [13] was intensively studied by many authors, e.g, [14-16]
Mortici [4] proved

8 4+ 8 1 sin(x)\? tan(x) 8x4
2 — — 2 — .
+ (45 ST ) (cosx) < ( x Ty <t 45 cos(x)

Theorem 7. For 0 < x < 71/2 the following inequalities holds for 1 <m <mnand p <n

= 22kl 2% 2% | By | 2k ky2k—2
<1 - X k(% )" T Z TR - Za X

k=m+1 k=1

<2+ y 2% (2% — )) EAR 22k+1(22k—2)x2k> - (sinx(x)>2+ tan(x) _

+ -
! 7-[2k(22k — 1) X

= 22+ 2% |sz\ 2 k. 2k—2
(1— )y )" +Z +Z“ x

k=m+1

22k( 22k 2) | By | 20\ 1
2 x4 — .
( + 2 ) + ( T > 1— (Zx)z

where By are the Bernoulli numbers.

Proof. Remark at first we may write obviously

(sinx(x)>2 < - Sinzéx)) _ (sinx(x)>2 N tar;(x)'

Lemma 7. For0 < x < 71/2 the following inequalities holds for any integer m > 5

. 2 0o 2k+1
sin(x) 2 \sz| 2 Kk 2k—2
( P ) <1- 2 2k (22K _ x +2 +2“ ’
k1

i 22k+1 | BZk | sin(x) \ 2
1_ . 2k ky2k=2 )
k:§+1 R (22 Z + Z a .

By Lemma 1 and Theorem 1 we may deduce that
. 2
flx) <sm(x)> N

x2 X

where
22 k-2

( 1)k+1
= k=2 ('BZ" 2+ o2 )k)'

ag

Thus for any integer n > 5

. 2 4 x4
Sl“(x) X k. 2k—2 k 2k 2
B 2 > —I—— + E
( ) xcotx—|— 9 5 +k>5a X xcotx 9 5 ax
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since coefficients ay > 0.
Therefore since by [[9], p.]

1 ox 20 & 2% | By | ok
tr=—- - - - ) T K%
o= LT3 T B w5 k; 2t o ¥eon)
and by [D’Agnello]
2(2k)! 2(2k)!
——— <| By |< IR (02k )’ 11
72k (22k 1) | By | 2k (22 —2) (1)

Then we deduce the inequalities

o =22 2%k \B2k| 2%k—1 =22
——x“" " < cotx — — X < _ X .
k:;l k(2% - 2) + Z Z (2 1)

It follows for any integer m > 5

. 2 o0 2k+1
sin(x) B 2 2%k 22 | By | 2 k. 2k—2
( x ) <i- L ) Z T ¢ Za ’

k=m-+1 k=1
o 22k+1 2k | By | sin(x)\?
1_ y2k _ 2k X2 4 akx2=2 < > )
k:§+l n2k(22k — 2) k; (2k)! Z X

Let us consider now expansions trigonometric functions with power series. We will use the Taylor expansions of
sin(x),

XX X k x2k-1 sin fx
: N ror 1 -1+ 1k _°HYA 2k+1
sn(x) =x—gr+ gyt OV gy T O ey
where 0 < 0 < 1. It is easy to remark that
3t 517 x 3t 5 79

for 0 < x < Z. We then deduce bounds for (%)2

2p . 2 2p+l

Z 122k+ 2 e _ (smx) < pz (_1)k+1 92k+1 2

(2k)! x = (2k)!
On the other hand, we know that
1 1 x 72 1, & (2% 2) | By | 2k-1.
snx _x 6 360 x+k:21 (2k)!
We then derive the following inequalities for any n > 1
O

Lemma 8. For 0 < x < 71/2 the following inequalities holds for any integer p > 1

14 22k 22]{ B n 22k+1 22k ) 2

Z ( )|2k|2k+2 ( )x2k 14 =%~

= 2k)! et | k(22 —1) sin2x

P 22k(22k ) | By | 2% 2p+2 1
2+ e (Z)
5 o @y
Indeed,
S 22k (22]( 22k (22]( ) ‘ sz |x2k

B

—2+2

sin 2x (2k)!
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Then D’Agnolo inequalities (..)

i 2% 22k ) | Bar | 2k, y 224 (2% — 2) 2k 2x
= ey (2% 1) sin 2x
2+i22k(22k 2) | Baie| o Z 22k 2
k=1 (2Kk)! k=p+1 2k
2+i22k(22k—2)|sz|xzk+2<2x)2p+2 1
k=1 (2K)! 1— (&)
We may also prove the following frame
2n+2
2(% noo1 2\ 2 2
(”)2”*22 k (x) <1 x2 < 2x\2°
1-(%) = sin2x 11— (%)

Finally, we get a lower bound for the product

. 2 0 2k+1
sin(x) 2x 2 |B2k| 2k k. 2k—2
< p» > (1 + sin2x> > <1 Y (2% = Z + Z ax X

k=m+1

<2+ p 22k(22k —2) | By |x2k n 22k+1(22k —2) 2k>
k

20! + k(% 1) "

=1 k=p+1

The upper bound is

. 2 ) 2k+1 m o2k
sin(x) 2x 2 2% |BZk| 2 k. 2k—2
( x > (1+sin2x> < (1 L nZk(ZZk—l)x +k:21 (2k —|—Za

k=m+1
2%k (92k _ 2p+2
by y 22 )B2k|2k+2(2x> 1 '
k n 1-
Theorem 7 is then proved.

2
(2k)! (22
Examples Let 0 < x < /2. By Theorem 7 we are able to precise the lower bound of the Huygens
inequality in putting different values of #, p.
- Taking n = 3 and p = 2 we find again a result of [2]

8t (sin(x)>2 | tan(x)

™=

1

242
+45 X X

- Taking n = 4 and p = 3 we find again

8x*  16x° (sin(x))2 n tan(x)‘

2435 T35 <\ T

- Taking n = 5 and p = 3 we have

2 8i n 16x° n 104x8 sin(x) ) 2 n tan(x)
45 315 4725 x x

- Taking n = 6 and p = 4 we have

2t Si n 16x° n 104x8 L 592x10 < sin(x) n tan(x)
45 315 4725 66825 x

This permits to find again statement 5 a result of [[4], p.9]. indeed, since (see lemma 9 below) for 0 < x < 71/2

cosx>1—£2+£4 xf6+x78_@+&_ﬁ
2141 6! 8 100 121 14!
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we then deduce
19 4 37 10

8x*  16x° 104x®  592x10 o8 a4 e S N
45 105 4725 133650

(cos x) (2+ 25 315 T a5 Tt eesas

Taking n = 7 and p = 4 we obtain

2+87354+16x6+104x8 592x10  152912x12 sin(x) 2+tan(x)
45 ' 315 ' 4725 ' 66825 = 42567525 x

By the same way, using again the lower of cos x we find a result of [4, p.10]
(cosx) (24 8x* N 16x° N 104x8 N 592x10 N 152912x'2
45 ~ 315 = 4725 @ 66825 = 42567525

9 g 7 o, 2 g, 30,
20638800 6810804000 =

8 Xt — Sl X6+ x° —
45 105 4725 133650

Etc...
In the sequel we will find upper and lower bounds of Huygens inequalities which appear to be finer than

known previous. Consider at first

Lemma9. For0 < x < 71/2 the following inequalities holds for any integer p > 1

2p 92k+1 inx\2 2pt1 92k+1
_1)k+1 2k—2 S _1)k+1 2k=2

= (2k)! =
gas k1 ook 2 k1 o
-1 X < cosx < -1 X
k:Z:1 ( ) (Zk)! k:X:1< ) (Zk)!

Let us consider expansions trigonometric functions with power series. We will use the Taylor expansions

of sinx, cos x

3,5 .7 2k—1 :
. x  x x -1 X k sinfx o
SV I G S P o
sinx=x—grt g~ T U gy Y ey
x> xt o xf 1k ke1 COsOx
=1-—90 = 4 . -1 -1 +1 Yo UA 2k+2
cosx ata a T e T OV
where 0 < 6 < 1. Itis easy to remark that
. x> xt ¥ sinx . x> xt o xb 48
BRI TR T

for 0 < x < . We then deduce bounds for (%)2 Cos X

2p 92k+1 sinxy\2 2rt1 92k+1
(—1)k+1 22 ( ) < (—1)k+1 (22
X o > L @K1
gas k1 ook 44 k1o
-1) X <cosx <y (—1 x.
5 3V

We then derive the following which improves Theorem 7
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Theorem 8. For 0 < x < 71/2 the following inequalities holds forany g > 1,1 <p <n

2 _
Zq:(_l)kHZZk 1x2k,2 w (24 f 22%K(2% —2) | By \xzk n i 22k 22k — 2) ok
20! L L )

- <sin(x))2 L tan(x)

be X
29+1 22k—1 P 22k<22k _ 2) | B | 2y 2p+2 1
_1\k+1 2k—2 2% | ok 2x 1
<k_21( D o >><<2+k_21 2 x +2<n> )

where Boy are the Bernoulli numbers.
Corollary 1. For 0 < x < 7t/2 the following inequalities holds for any n,p, 1<p<n

sin(x) \ 2 P, 2222k _2) | By | 2(Z) a1 o\
( x ) X<2+kz T x2k+1(2x>z‘222k_1(n> <

=1

(sin(x))z N tan(x) _

X

sin(x) ) b 022 —2) | By | 5 2(2)"
< p ) X (24—]; & 2 : '

where By are the Bernoulli numbers.

Corollary 1 means that the following inequalities hold

(smx(x)) (HZzzk(zzk 2k))Iszl 2% 222"1—1 (2x> ><

. x\2n+2
on(x) = (sm(x))2 (1 2 (%) > N tan(x) -

X 1_(%)2 X

(sin}fx))Z y <2+ kzi; sz(z2k(;kz)? | By |x2k> B (sinx(x)>2+ tar;(x)_

1

The function g,(x) is growing as n increasing. We have

(smx(x)>2 (1 1_(7?}){)) tar; )<gn(x)<<sizx>2+ta2x.

Moreover, we may compute the limit when x tends to 7

2(5+4n)

limx%%gﬂ(x) = 2

Examples Let0 < x < 71/2. - Taking n = 3 and p = 2 we find

8x4 sinx\? tanx sinx\? [ 2(& s
24 =< + - 5 <
45 X X X 1— (&)

2306x10_g+16x +8i+2 16x° +8x4+2
467775 63 = 315 = 45 315 ' 45 :
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- Taking n = 4 and p = 3 we find

8x*  16x° sin(x)\?  tan(x) sin(x)\? [ 2 (&
24> _ n
+45+315<< x )+ x ( x > () <
T
61232x'2  868x'° N 104x® N 16x° N 8 t2< 104x® N 16x° N 8x* 42
30405375 66825 = 4725 @ 315 ' 45 4725 " 315 T 45 T

Taking n = 5 and p = 3 we obtain

2y 8x* n 16x° n 104x8 - sin(x)\? N tan(x)  (sin(x) 2(2(& 12 g
45 315 4725 X X X

1566172x14 B 48060412 N 592410 N 1048 N 16x° N % 42
1915538625 91216125 = 66825 = 4725 ' 315 ' 45

592410 N 1048 N 16x° N ﬁ 42
66825 ' 4725 ' 315 @ 45 :

We then improve statement 5 ([4, p.9]) since by Lemma 9

8 , 16 . 104 4 592 8 , 4 . 19 4
(45x Tast Tumt teesst )W <5 1Y T st

— X —— x°+

8 Tt 16 x6 4 102 s ﬂxlo ﬂxu cos (x) >
45 315 4725 66825 42567525

Bua_ 4 6 1 s 37 a0, 283 1

Y 1057 T a725" T 133650 ' 20638800
Taking n = 6 and p = 3 we obtain

8x*  16x®  104x® 592 o  (sin(x)\? tan(x) [sin(x)\? [ 2(Z&

+ + + < + - <
45 ' 315 4725 66825 x x x
161934166x16 B 12399214 N 152912x12 N 592410 N 104x8 N 16x°  8x*
488462349375 58046625 = 42567525 = 66825 = 4725 ' 315 = 45

152912x12  592x10 104x% 166 N 8x* +2
42567525 = 66825 = 4725 = 315 = 45
The last estimate improves ([4, p.10]).

Etc...

Wu and Srivastava [15, Lemma 3] proved the following dual inequality

(

X X T
2, 0 < =
sin(x) + tan(x) = SY<3

Mortici [4] proved

X | x 2x4
>24 —.
sin(x)) + tan(x) + 45

(

x x 2sin(x) | tan(x)

tan(x) T x

2
Gy T

Mortici refined a result of Neuman and Sandor [5, Theorem 2.3], who showed

sin(x

3x T
- + cosx > 4, O<x< —
sin x 2
establishing that
3x 4 x®

X
PRI
sinx T COS¥ At 30 o0
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