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Abstract: In this paper, we interested in Wilker inequalities. We provide finer bounds than known previous.
Moreover, bounds are obtained for the following trigonometric function

. x\ 2n+2
an(x) = (Sm(x))2 <1 2 (27)2x ) G

X 1—(%)? x
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1. Introduction

sin x tan x

F or0 < x < /2, we know
<1l< ,
x x

or equivalently

X
<1< — .
tanx sin x

Exploiting these inequalities to the aim to provide other similar Wilker proposed open problems [1]. One of

them is
sin x 2 tanx
+ > 2.
x X

Moreover, Wilker asked about the largest constant ¢ such that

siny\? tanx 3
p + < > 2+ cx’tanx.

These problems was solved by Sumner et al., [2] who proved in addition

8 3
<2+Ex tan x.

16 5 sinx\?  tanx
24+ —xtanx <
T

As we may remark these constants % and % are the limits at 0 and 7t/2 of the function

NGO i

x3 tan x

Chen and Cheung [3] proved that this function decreases and provided

2+%+@tan < (smx>2+tanx 2+8x3+<)6 x° tan x

45 315 45 ’
+%+@ 104x7 tanx < (sinx>2+ tan x <2+87x3+£x5 <12>8 7 tan x
45 315 4725 45 315 '

Moreover, all these constants are the best possible constants.
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Later in using a natural approach Mortici [4] gave improvements of that inequalities and produced the
following for 0 < x < 71/2;

2 1 %_g - sin(x) 2+tan(x)<2+ 1 %
cosx \ 45 105 x x cosx \ 45 )~

Malesevic et al., [5] further refined the above inequality for 0 < x < 7w/2and n € IN:

1 2n+1 : 2 1 2n
Z (*1)kaX2k < (sm(x)) + tan(x) <24 Z(*l)kaXZk,
cosx /= x x cosx /=

(—9+3%+2—40k—32k? )
where Dy = A(2k+2)!

On the other hand, Wu and Srivastava [[6], Lemma 3] proved the following dual inequality for 0 < x <
w/2;

XV Ly gex<T
sin(x) tan(x) ’ 2

Mortici [4] improved that result;
ET S SR
sin(x) tan(x) 45’

( xx))2+ x _ 2sin(x) | tan(x)

sin( tan(x) x x

MalesSevic et al., [5] further improved the above result for 0 < x < 7t/2 and n € IN:

| By | (2k —2)22%F 2

(sinxu))zﬂ R Ral Y

Theorem 1. ([5], Theorem 4 p.9) For 0 < x < 7;

i)

1 /8x* 4x6 19x8  37x10 sin(x)\? tan(x) 1 /8x* 4x6 198
— ==t =~ = | < + <2+ — -+ .
cosx \ 45 105 4725 133650 X X cosx \ 45 105 =~ 4725

ii)

1 %_g+19x8_ 37x10 N 283x12 B 3503x14
cosx \ 45 105 ' 4725 133650 @ 20638800 6810604000

sin(x)\?  tan(x) 1 /8x% 4x6  19x®  37x10  283x12
< + P <2+

x cosx \ 45 105 " 4725 133650 | 20638800

Theorem 2. ([5], Theorem 5 p.11) For 0 < x < 7;

i)

2x%  8x® X 2 X 2x4 2 2 s
24+ 2 y R MR (el U (N SRR LI LT, )
T toags < <sin(x)> T <2t R < Ty 360>x

ii)

p 2 B 28 x N
45 945 1575 sin(x) tan(x)
6

<2+£+87xé+(2) _2+£2_l4_i x8
45 945 4 360 7560 )
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iii)

2+E+S—X6+ 2 +16x10 < . 2+ :
45 945 1575 93555 sin(x) tan(x)
2t 8x6 248 2.4 2 ot m® 8
X O Ao o, T T 10
<ot 45 + 945 + 1575 +&) ( + 4 360 7560 201600) *

In this paper, we aim to refine the inequalities from Theorems 1 and 2.

2. The first Wilker inequality
The first Wilker inequality [1];

(sin(x))2 . tan(x) -y re (Olg)

X X

was intensively studied by many authors, see for example, [7-14].
Mortici [4] and Malesevic et al., [5] proved

8 4 8 1 sin(x)\?  tan(x) 8x*
2+<45x 105x><cosx)<( y ) T P B )

The following result provides bounds permitting to refine some previous ones;

Theorem 3. For 0 < x < 71/2, the following inequalities holds for 1 < m <mnand p < n;

=] 22k+1 m 2 | B |
1— 2k_ 2k 2k+ ﬂk 2k—2
( k:; 1 71—2]{(22k ) k:zl (zk) Z
22k 22k

(2+Z )3sz Py 22k+1<22k—z>xzk>

et 7-[2k(22k _ 1)

- (sin(x))2 n tan(x)
x

X

. 22+l L w2 By | ok, & koko
< (1= e — S N S akx?k=
k:%l 71—2k(22k _ 1) + Z (Zk)! + Z

P 2% (2% —2) | By | o 20\ 1
><<2+k21 20! X +2(n> =R )

ln(lfﬁ)

In2

where By, are the Bernoulli numbers and p =2+ = 0.6491... is the Alzer constant.

Proof. First we may write obviously

(sinx(x)>2 (1 N sinzéx)) _ (sin}fx))z N tanx(x).

Lemma 1. For 0 < x < 72, the following inequalities holds for any integer m > 5;

. 2 o0 2k+1
sin(x) B 2 2%k | By | 2K k. 2k—2
(57) <= & ™ B e e

k=m+1
a 22k+1 2k | Boy | sin(x) 2
1_ 2k _ 2k | 2k 4 k2 < > .
k:;:ﬂ 2k (22k — 2) k; (2Kk)! 2 X
Lemma 2. For 0 < x < 7t/2, consider the function
6 x8

2 3 X
= - t
f(x) = (sinx)” — x’ cotx — = + —
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then f(x) can be expressed as power series

with
(_1)k+1 22k-1 92k-2

B (_1)k+l
2K 2k—2) ('BZHH (2k—1)k>’

where By are the Bernoulli numbers. Moreover, the coefficients ay, k > 5 are all positive:

22572 1By o

= T2k -2

+

12 L 10
> 255150” ° 15436575’ 7 8300667375 "

Proof. The following series expansions can be found in [15-17]

1 & 2k|sz| (21

tx = —
cotx = — ; , x € (0,m),
and -
> 2 T
s 2 k+1 2k
- 1 , 0, 7).
sin® x k;( ) 20! ~———x x € ( 2)
1 1 1 8 206
: 2 3 6 10 12 14
— t — — - -
(sinx)" — x” cotx (15x o55% T og3" T agr7s” T 91216155
139 46 10861 14 438628 " ”
T e38512875" 488462349375 | 104896477400625° T C (+2))-

To prove the positivity of the coefficients a;, k even we will use the following inequality for Bernoulli
numbers established by D’aniello [18]:

2(2K)!
R 1)

2(2k)!

<| B <7.
‘ Zk‘ (22k—2)

For any odd value of k, we have

92k-2 _1)k+1 > B 92k-2

%= 2k —2)! <|32k2| T 2k-k

1
B <|B2k2|+(2k—1)k> > 0.

Consider the even case, then
22 k-2

-1
v e (Bl )

By definition of Bernoulli numbers

n—1 1 p
Su(p)= Y k¥ = —— PH) pepp i1k,
()= L pﬂkgo(k ) By

Then for k even

o 2%k2 1 22k=2 (2k — 2)! 1
%= 2k—2)! (B2“| a (2k1)k) ~ 2k —2)! <n2k—2(22k—22) - (2k1)k) '

and

ap <

22k=2 2(2k —2)! 1
2k —2)! <n2k—2(22k—2—1) B (2k—1)k)'
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Therefore
_ 2(2k—2)!
22k zm N (_1)k+1 22k71 P 22k72 ‘sz72| N (_1)k+1 22k71
2k —2)! (2k)! KT T2k —2)! (2k)!
_ 2(2k—2)!
< 22k ZWM . (_1)k+1 92k—1
(2k—2)! (2k)! !
and

22k—1 -1 k+1 22k_1
Z (27‘(2k—2 (22k—2 _ 1) + ( )(Zk)! ) x2k < f(x)

k>5

Thus it implies the left hand, since for any integer n > 5, we have

3 5
, x x ) _
cosx <cosx+sinx (== ——— ) +sinx Y a3
15 945 g
SKsn
3 5
x x
<cosx+sinx ( — — —— | +sinx Z akx2k73
15 945 A
SKS00

_ [sinx 3
= " .

(sinx)? — x® cotx = (sinx)? — x° 1. i Mka—l
x = (2k)!

2, 226 | By |
— (cin )2 _ 12 2k | 2k+2
= (sinx)” — x° + 221 26! x

© 92 k+1 x2 k+2

— 52 s
X +§n2k(22k72)'

< (sinx)?

In the other hand we know that for k > 1;

2k\* 4
(2k)! > V4rk (e) e 2T,

It implies
2(2k — 2)! 2\/4n( (2222035 23 1
(7‘[2"2(22"2—1) (2k—1 > n2k 2 22" 2-1) C(2k-1)k
- 2 47T(k Zk 2)2’(72 B 1
(22— 2—1) (2k—1)k
- 2 47'[(]( 2];[82)2](72 B 1
22k 2 k—-1)k

<z1 [ame(k— 1)("771)% 2_ M) .

Thanks to Maple, we may easily verify that the last expression is non negative as soon as k > 6. This means
that a; are non negative. [J

By this Lemma, we deduce

flx) _ <Sin(x)>2_ xox Y g2

x2 X
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where -
22k—2 (71) +
%= 2k —2) ('BZ"—2| Ik
Thus for any integer n > 5
; 2 4 6 x4
sin(x) X x k ,2k—2 k2k—2
>\ — z > o=
( . ) = xcotx + 1= 945+k>25ax xcotx+15 945+2a ,
since coefficients a; > 0.
Therefore, since by [[17], p.145], for x € (0, 1),
x 3 45 945 7
_ 1 i 2% | By | 21
x = (26)!
n—1 ~2k 2k
_1 ¥ 2 \sz!xzkl 22 |B?k|x2k71,
x = (20! = (2k)!
and by [18]
2(2k)! 2(2k)!
————— <| By |< 7. 1
72k (22 — 1) | Box | 222k —7) @
Then we deduce the inequalities
. 22 e 1 2| By | ake1 _ o 2N g
Y X <c0tx—7+27 Y
ki1 2k (22k — 2) (2k)! ) 2k (22 — 1)
Notice that Alzer [19] provides a further result,
2(2k)! 221 (2k)! 22k+1(2k)!
#<|B2k|< (26)! (2) , )
7-[2k(22k _ 1) n2k(22k _ 2/5) 7-[2k(22k _ 2)
In(1-5) . . . .
where f = —57— = 0.6491... is the best possible constant in the sense that it can not be replaced

respectively by any bigger and smaller constant in the double inequality.
We then obtain better inequalities for cotx,

.- =% 22k | sz | 21
kZ;H 77T2k(22k_2/5)x < cotx— 2 s Z
=n

On the other hand, it follows by the same way for any integer m > 5,

. 2 oo 2k+1 2k
sin(x) 2 2%k 27 | By | 2K k22
SN gy 2 kY Z :
( X > g (22— n° =R =y

k=m+
implies

0 22k+1

22k | By | sin(x) \ 2
o 2k 2 | 2k ky2k=2
! Zank(sz_zﬁ)x kzzl e & T Z“ ( x ) '

k=m+

Let us consider now expansions trigonometric functions with power series. We will use the Taylor expansions
of sin(x),

3 5 7 2k—1 :
. x> x x -1 X k sinfx o
o4 1 T (e
in(x) =¥ =gt 5~y t et VT gy T e
where 0 < 6 < 1.
It is easy to remark that
x> xt x® sinx x> xt o xf x8
e T g B

3t 517! X 3t 5 719
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for 0 < x < 7. We then deduce bounds for (Si%)Z,

2p 92k+1 inx\2 2ptl 92k+1
_1)k+1 x2k=2 (S ) < 1)kl y2k=2
k;( ) (2k)! X k; (=1) (2k)!
On the other hand, we know that [[17] p.145]
1 x 720 1 & (2% —-2) [ By | o1
sinx  x +6+%+ x+k; (2k)!

We then derive the following inequalities for any n > 1.
Lemma 3. For 0 < x < 71/2, the following inequalities holds for any integer p > 1,

P 2222 —2) | By | o1 Lok —2) o

24 X+ ——— X
L @ L, )
2x
1
< sin 2x
4 22k(22k o 2) ‘ sz | 2x 2p+2 1
<2+ 2 () —_—
L o w) 1o
Indeed, by [[17] p.146] one has
2x = 22k(22k 2) | By | 2 2%(2% —2) | By | 2%
1+ = >2+
sin2x ; 2k)! k_Zl (2k)!
Then it follows by (1)
2 i 2% (2% —2) | By | 24 i 21 (22K — 2)x2k
= (2k)! kept 7'[2"(22k -1)
2x
sin 2x
P 22k 22k B
< 2+ Z ) ‘ 2k | 2k +2 Z
) k= p+1
P 22k 22k B 2 2p+2 1
:2+2 ( ‘ 2k’2k+2(x> TACE
= (2k)! T - (&)
We may also prove the following frame
1— ()2 Zok—1\rm sin2x 1 — (&)2

Finally, we get a lower bound for the product

k=m+1 k=1

. 2 0 2k+1
sin(x) 2x 2 2%k | By | 2 k22
( x > (1 + sin2x> ~ (1 - L | T2k (2% — 2ﬁ)x B Z T (2K + Z “

22k 22](

(2 + Z o)1 x4+
= ‘Pm,n,p(x)-

k=p+

2) | Bog | ok no (22 —2) o
1 7-[2k (22k _ 1)
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The upper bound is
. 2 ) 2k+1 2k
sm(x)) ( 2x ) 2 2k 27 [ By | 2k k 2k—2
—" A 1+ — <|1- X — +) ax
< X sin 2x k:§+1 k(22 — 1) k; (2k)! 2
P 2% (22k _2) | By | 2\ 1
(s (Y1
< kzzl (2k)! T 1— (&)

= ‘Pm,p(x)-

Thus the following inequalities hold for 0 < x < 71/2 and for integers1 <m; 3 <n; 1 <p <mn,

. 2
Py (X) < (sm(x)) N tanx(x) < Py ().

X

Theorem 3 is then proved. O

Let 0 < x < 71/2. By Theorem 3 we are able to precise the lower bound of the Wilker inequality in putting
different values of n, p.

Example 1. Taking n = 3 and p = m = 2, we have

8xt (sin(x))2 n tan(x).

2.2
P42 T . .

Then we find again a result of [7] since

4 6 8xt 4 4
1 8x* 4x = — 108 8x

cosx\ 45 105 12458 45

Example 2. Takingn =4 and p = m = 3, we find

8xt  16x° sin(x)\? = tan(x)
= 2 .
9342 +45+35<< x >+ X

Example 3. Taking n = 5and p = m = 3, we have

2y 8x* N 16x° n 1048 < sin(x) N tan(x)
353 = 45 ' 315 ' 4725 X x

Example 4. Taking n = 6 and p = m = 5, we have

565 =2+ ——

8xt 16x6 104x®  592x10 sin(x) 2+tan(x)
45 315 4725 66825 x

This permits to find again Theorem 1(i) [[8], p.9]. Indeed, since (see Lemma 4 below) for 0 < x < 77/2,

Co2r 4 8 100 ' 121 14l

we then deduce

8x*  16x% 104x® 592410 8 4 19 37
> x4 o x6 + x8 _ xlO
45 105 4725 133650

(cos x) (45+ 315 4725 | 66825 N

Example 5. Taking n = 7 and p = m = 4, we obtain

2+8i 16x0  104x®  592x10  152912x12 sin(x) 2+tan(x)
Para = 45 " 315 ' 4725 ' 66825 ' 42567525 X x
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By the same way, using again the lower bound of cos x, we find a result of [[8], p.10],

(cosx) (2+ 8x* N 16x° N 104x8 N 592x10 N 152912x12
45 ' 315 ' 4725 ' 66825 = 42567525
8 4

B4 4 ¢ 19 g 37 o 23 g, 3503 g
457 105 4725 133650 20638800 6810804000

In the sequel we will find upper and lower bounds of Wilker inequalities which appear to be finer than known
previous. Consider at first;

Lemma 4. For 0 < x < 71/2, the following inequalities holds for any integer p > 1,

2p 92k+1 : 2 2p+1 2k+1
k+1 2%-2 sin x k+12 2%—2
LD <( x > < L DT g

k=1 k=1

g k1 oo 27 k1o
-1 Xt < cosx < -1 xt.

L D LD

Let us consider expansions trigonometric functions with power series. We will use the Taylor expansions
of sin x, cos x,

3 5 7 2k—1 :
x XX 1 X  osinfx  5pig
—x— (DR ()
siny=x—grt g g Tt U g Y O eyt
2 4 6 2k
X X X X ki1 cosOx oo
=1 4 - (-1 —k 2
cosx=l-grt gtttV gt
where 0 < 6 < 1.
It is easy to remark that
1_£2+£4 £6<Siﬂ<1_x72+x74 x6+£8
3t 517 x 3t 51 79

for 0 < x < Z. We then deduce bounds for (%)2 Cos X,

2p 92k+1 : 2 2p+l 92k+1
Z(_l)k+1 (22 (Slnx> < 2 (_1)k+1 22

= (2k)! x = (2k)!
2pf:l(—l)k L < cosx < % L x%
= (2k) = 2k

By Lemma 3, we then derive the following which improves Theorem 3.

Theorem 4. For 0 < x < 71/2 the following inequalities holds for any g > 1,1 < p <,

2q 2k— p 2k _ n 2k+1(92k _
(Z(l)k+12(2k) ) < ; (2 )) | Box | 2y 27'[2k(§ik—1§) x2k>

k=1 k=p+
_ (sin(x) )2 | tan(x)

X X
29+1 92k—1 P o2k 22k 2) | By | 2\ 2P 2 1
< _q)kt1 2k 2k+2( ) )
<k_21( ) @0 ) ( ; 2k)! n 1- (&)

where By are the Bernoulli numbers.



Open ]. Math. Sci. 2023, 7, 19-34

Corollary 5. For 0 < x < 71/2 the following inequalities holds for any n,p, 1<p <mn,

sin(x) P 22k<z2k 2) By | o, 2(3)" o 1 (a\*
(5 > (“E T (F) 2,_212"—1(71)
<sm(x)>2 n tan(x)

X X
in(x P, 9222 _2) | B 2 (Z)H
<<s ] )> ( ; ))’ 2k|xzkJr 1(()7?)2>,

where By are the Bernoulli numbers.

Corollary 5 means that the following inequalities hold:

(sinx(x)> <2+ 5 22k(22k(2k)) | Bax | 2% ZZ 2}{1_1 (Zx) )

< gn(x)

2 4 22k 22k_2 B
> (HZ ( (Zk)3| 2k|x2k>

The function g,(x) is growing as n increasing. We have

X

(x) = <smx(x))2 (1 : (73){ ) tar; < gn(x) < limtnsoogn(x) = (sinx>2+ tanx.

X

Moreover, we may compute the limit when x tends to (7)™,

2(3+4n)
T2

7

lim, 5 gu(x) =

and
2(3 +4n —24n% 4+ 24n+33+2 712
on(x) — ( p ): 33 (r—2x)+ ...

Let 0 < x < 7r/2. Then we have following examples;
Example 6. Taking n = 3 and p = 2, we find

8x* sinx\?  tanx sinx ' 2 2(2;3‘)8
2+45<83(X)< x > +— —< < ) (1_(3()2

2306x'0  2x%  16x°  8xt  _l6x®  8xf
467775 63 ' 315 ' 45 315 45 7

Example 7. Taking n =4 and p = 3, we find

. . 1\ 10
- % . % < galx) = (s1n(x)>2+ tan(x) <sm(x)>2 ( 2 (%z)x )

X X X 1— (?)2

6123212 B 868x10 N 1048 N 16x° N g Lo 1048 N 16x° N g 42
30405375 66825 = 4725 ' 315 = 45 4725 © 315 = 45 ‘
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Example 8. Taking n = 5 and p = 3, we obtain

8x* 16x6 104x8 sin(x)\? tan(x) sin(x) ) 2 2(24)12

gy o o, 1087 _ _ :
%5 T 315 T ams < 85w ( x ) T ( x ) 1 (zp
16x6  8x*

315 +E+2

1566172x1*  480604x'2  592x10  104x8
1915538625 91216125 66825 '« 4725 |
592x10 N 10428 N 16x° N 8x* ey

66825 = 4725 ' 315 ' 45

We then improve by another way Theorem 1(i) ([[8], p.9]), since by Lemma 3

8 o 16 6 104 o 50 g\ o B 4 19
557 T35 "5t T eeszs Y 105" st
8 16 o, 104 5 59 0 15912
<45 T35 Tt et T asennt ) W)

4 1 7 2
B4 46 19, 3 83

. 10
1555 T 105° "5t T 1336507 T 20638800
Example 9. Taking n = 6 and p = 3, we obtain

12

8x*  16x®  104x8 592

sin(x)\?  tan(x) sin(x)\? [ 2 (2 )14
2+45+35+4725+66825x10<g6(x):( x)+ x_< x)(

T
x x x 1— (2%)2

161934166x1°  123992x14  152912x12  592x10 10448 16x° 8x*

_ 2 40
183462349375 58046625 | 42567525 66825 | 4725 | 315 | 45 T
152912x12 592410 104x®  16x®  8x*

12567525 | 66825 4725 T 315 T 45 T2

The last estimate improves Theorem 1(ii) ( [[8], p.10]).

3. Second Wilker inequality

Wu and Srivastava [[14], Lemma 3] proved the following dual inequality for 0 < x < 71/2 also called
second Wilker inequality

R L S P

sin(x) tan(x) ’ 2
Mortici [4] improved it and gave,

ET S S

sin(x) tan(x) 45"

('xx))2+ x _ 2sin(x) | tan(x)

sin( tan(x) x x

Malesevic et al., [[5], Theorem 5] gave an improvement of that and provided the following bounds for 0 < x <
7t/2 and any integer m > 2

(2k — 2)22k | Bok | ok ¥ \? X
o Z 2k)! s (sin(x)) + tan(x)

(2k —2)2% | B 21\ 2"
<2+Z )2k2k+<7:>

It seems that Theorem 6 below improves that result.

(2k — 222k|B |
LA 2+Z Ll (7y; )
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Theorem 6. For 0 < x < 71/2 and any p > 1, the following inequalities hold:
1)k (2x)% P\ (2k —1)2% | By | 2y — 122 o
<1+ L(- 2k +1)! ) ( Z (2K)! ; n2k 2 1)
()
sin(x) tan(x)
2pt1 4 0 2k+1
1)k (22)* (2k —1)2% | By | ok (2k = 1)27 5
(H L Y iy ) (HE (2K tL ) )

In(1-%) .
—77— = 0.6491... is the Alzer constant.

where By are the Bernoulli numbers and =2+

Proof. Recall the following series expansions which can be found in [17] or [16].

1 & 2% |Bx| sz| (21 sinx = k3
cotx = — ; ’ 7_2_1)m'
Then we derive ok
( x )2: zdcotx: Z (2k —1)2 \sz\xzk.
sin x dx —1 (2k)!

Notice that

2 sin 2
(sinx(x)> * tan(x B (smx) ( x)
00 1)22k | B 22k 1.2k
= <1+k21 ()Zk).| = 2k> <1+Z k(2k+1)!>'

By Taylor expansions, we may deduce

%(—1)" x2k sin x 231( " X2k
= (2k+1) x Prr (2k+1)

On the other hand, writing

i (2k —1)2% | By |2k _ i (2k —1)2% | By |x2k+ = (2k —1)2% | By |2

(2k)! = (2k)! kgt (2k)!
Combining with inequalities (2),
2(2k)! | By |< 22k+1(2k)! - 22k+1(2k)!
2k (22K — 1) 0™ k(2K 9By T k(22 — )

It follows for 0 < x < 7r/2 and any p > 1,

x \ x 2 (2x)% (2k —1)2% | By | 2 (2k —1)22+1
(sin(x)) T an() ~ <1+,£(1)k(2k+1)!> (HZ Gor ny 7@{ o5

k=1

=p+
as well as
( > )2+ * <1 +2§1(_1)k(2x7)2k 1+ i (2 —1)2% | By | o 5 (2 DR
sin(x) tan(x) = (2k +1)! = (2k)! iy 2k (22 — 2P)
2p+1 2k p 2k oo 2k+1
B k (Zx) (2k—1)2 | By | 2 2k )2 2%
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Corollary 7. For 0 < x < 71/2 and any n > p > 1, the following inequalities hold:

2x) % P (2k—1)22% | B 1o (2k —1)22k+1
apn(x <1+2 k2(k+)1 >< Z ()Zk).| ey (712"(22’2 1) x2k>

k=p+1
2 2p+1 2k 2k
X X K (2x)% (2k —1)2°° | By | ok
1 1
< (sin(x)) *an) <t )=(1+ Z 2k+1)! ) ( +k:21 (20! ¥
) (£)2p+2 A2 (7)211-1-2 X \2
+—" [(1—2;7) — +2p+1} -5—2”72 [(1—2;7) — +2p+1} .
- (%) (1 ()7 (z2)
Proof. Let us consider the function 1
1oz x> 1.
For 1 < x this function can be majored as;
Lemma 5. For 1 < x, the following inequality holds:
2-2
T S < (142577).
Indeed, consider the difference
1 1 22 2x
2(x) = gy < (14277

Its derivative is
217241 (2) (1-4.21°21 4 2 (21-2%)%)

de(x) 5 21-2%1n (2)
(=1 421-2x)

dx (1—21-2x)?

+42172%n(2) =2

The study suggest us that this function is non positive for x # 1.Itis such that a(1) = 0, limy e a(x) =0
and increases between 1 and oo. Thus, we get for 1 < x, 1_2% <(1+ 422 ).
By Lemma 5 we have for any k > 1;

(2k —1)22k+1 1 X\ 2k
Rk ) T k=i (%)

2k
< — -2k (X
2(2k —1)(1 +42 )(n)
X\ 2k ¥ \ 2k
—2(2k—1) (;) +8(2k—1) (E) .
We then deduce the sum, since 0 < x < 71/2,

X (2k —1)2%+1 & x \ 2k x |2k

St < 22k—=1) (=) +8(2k—1) (==
k=p1 2k (22 — 2) k:%l (71’) (27()
2(%)2p+2

T - (2)%

Replacing in Theorem 6, we get Corollary 7. [

[(1 —2p) (%)2 rop 1} o

Let 0 < x < 7r/2, we have following examples. We will use Maple.
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Example 10. Taking n = 3 and p = 2, one obtains

2x*  8xb
a2,3():2+g+%
2+ X
sin(x) tan(x)
< by(x)
— 2_%4_%_% 1+x72+x74+§x76
B 3 15 315 3 15 8 7
2xt 85 4
<2+i+ x8.

5 a1
The last expression is lower than

IS (PSR B
15 b x360)%

2

since (% — ) - 8 (2+ % - %) ~ —0.003697. Then, this case is finer than Theorem 2(i).

Example 11. Taking n = 4 and p = 3, one obtains

a (9()*2—1—E+8—X6+27x8
34V TS5 T 945 T 1575

<@§my+m%>

(2 2x2 2yt 4x6>< x2 2

35 715 315 3 715 189 6 (2 — 2)?
116 x872 — 3410 x8 " x8
476 (x2 — 4 72> b (—x2+m2) =32 78 + 8x2nd
2 8 34 455
he 2 a8 6 455 8\ .8
<Et Y Tog " +< 14175 16 " >x

The last expression is lower than

since —% + 41%5 8 — 275—86 (—2 + 0 — 30— %ZO) ~ —0.0012804. This case is also finer than Theorem 2(ii).

Example 12. Taking n = 5 and p = 4, one obtains (details omitted)

a3 4(x) —2—1-%—}—8—3(6—&—723(8 +716X10
34\ = 45 " 945 ' 1575 ' 93555

< (silnyzx))2 + tanx(x)
< b3(x)

2 8 2 4 2313
oL 2,4, S 6 8 . ~10 10
SetEY Tos Y s +< w871 et © )"

The last expression is lower than

4 360 7560 201600

24+ T+ ot

2x% 8x6 248 (3)10 o > ot nd 8 10
45 945 1575 T !
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since ( 18711 + 2313) (—2 + O — 5 — e — 20’{200> —0.00007469. This case is also finer than Theorem
2(iii).

4. Concluding remarks

1. Examples 1-5 and Examples 6-9 above suggest us that Corollary 7 is finer than Theorem 4 of [5].

Therefore, we may ask if the following is valid for 0 < x < 7r/2 and n > 2:

(i)
n . 6
: Zil(*l)kax”‘ < &(x) = <sm(x))2 (1 — 12 (2?2 ) n tan(x)

cosx =, x

Recall that for n > 2,

; x\2n+2 .
2(x) < gu(x) = <Sm(x)>2 (1 2 (27)2)( > n tan(x) < (sm(x))2 n tan(x)'

X 1— (F)Z X X X
(ii)
2041 2 P o2k (2k 2(2" ez 2%
1% kry L2k (sin(X)) 2222 —2) | By | o ? ( )
2+ —1)"Dyx=* < 2+ + -2 ,
cos x k:zz( )" D x k:Zl (2k)! 1—(Z)2 Z Zk—l
and
(iii)
; 2 P n2k(~2k 2x\ 21+2 o
sin(x) 2222 = 2) | By | ok, 2(5) 1 kry L2k
m——— 2 s 2 —1)*Dpx™,
( x ) < +k; (2k)! o 1— (&) < +cosxk;2( )" Dix
where Dy — —9+3%+2—40k—32k2)

42k+2)!

Examples 10-12 suggest us that Corollary 7 is finer than Theorem 5 of [5] and we may naturally ask if
more generally the following inequality

m—1 2 2 2 2n 2 m—1 2 _24k
<2+Z|sz| k )4 x2k+<;) 7222|B2k|((2kk>' ) (g)Zk ’

k=2

holds for any m > 2, where

2p+1 2k 4 _ 2k
(14 Y (—1)F (2x) )(1+Z(2k 127 | By | |

(2k +1)! = (2K)!
Y\ 2p+2 x \2p+2
e OB e GO R
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