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Abstract: In this paper, we proved that solutions (p, J) exist for the 1-dimensional wave equation on [—7t, 7].
When (p,]) is extended to a smooth solution (p,]) of the continuity equation on a vanishing annulus
Ann(1,€) containing the unit circle S!, a corresponding causal solution (p, T’E, B) to Maxwell’s equations
can be obtained from Jefimenko’s equations. The power radiated in a time cycle from any sphere S(r) with

r>0is O (%), which ensure that no power is radiated at infinity over a cycle.
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1. Introduction

T his paper is divided into three parts. In the first part, in Lemma 1, we prove a simple result showing
that we can produce a pair of solutions (¥, ]) to the 1-dimensional wave equation on the circle with
given initial conditions ¥ and aa—‘f |0 such that %—‘f + g—i = 0. This last equation allows us, in the second part, in

Lemma 6, to extend the pair (¥, J) to a smooth pair (p, J) satisfying the continuity equation % +v./=0in
three dimensions, which restricts to the pair (¥, ]) on the unit circle but may not satisfy the three-dimensional
wave equation, see [8]. We also prove some results about possible flows on the unit circle that satisfy the
continuity equation. Some good references for fluid dynamics arguments are [1] and [4]. In the third part,
we use a result from [8] to construct a solution (p, ], E, B) to Maxwell’s equations from the pair (p, D), using
Jefimenko’s equations, which is referred to as the causal solution in [2]. In Lemma 8, we calculate the
power radiated P(r,t) over the sphere S(r) of radius r for a fundamental solution p! = cos(mx) cos(mt),
J' = sin(mx) sin(mt) to the wave equation on the circle and note that it does not satisfy the no radiating
condition, in the sense that limr — coP(r,t) = 0, even when averaged over a cycle (f,t + %) The calculation
does not involve any approximations. However, in Lemma 12, we find that we can satisfy the no radiation
t+ 2

condition over a cycle, rh_>nolo tf P(r,t)dt = 0, by taking a linear combination of fundamental solutions, setting
three of the parameters to be equal, and reversing the sign of the fourth. This result relies on Poynting’s
theorem and the fact that the mechanical energy of a charge and current configuration restricted to a circle
can be computed over any ball B(r) with r > 1. However, there are still some issues with computing the
mechanical energy, which we hope can be resolved accurately in [13].

The result is interesting because the Larmor formula, see [3], predicts that the power radiated at infinity
2.2
BT, is non-zero unless the particle travels in a straight line. However, for

a collection of particles, we obtain effective cancellation when averaged over a cycle. Rutherford also used

by an accelerating charge, P =

Larmor’s result to suggest that the electrons in an atomic orbit couldn’t orbit the nucleus in circular or elliptical
orbits as they would lose energy and spiral into the nucleus. The result in the paper suggests, however, that
there are atomic configurations of charge and current that retain energy over a cycle and, therefore, wouldn’t
collapse as Rutherford predicted.

We show that we can generalize the results of the paper to the 1-dimensional wave equation with velocity
c. Analogously, in the paper [8], we proved that for any initial conditions py, % |o, there exist solutions (p, J) to
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the three-dimensional wave equations with velocity ¢, a connecting relation with velocity c, and the continuity
equation;
%0 = 0,0?] =0,
87 —
V(o) + %5 =0, (1)
a p—
ar+ V=0,

where [1? denotes the d’Alembertian operator, we show that there exist fields {Es, Bs} in every inertial frame
S, with div(Es x Bs) = 0,and (ps, |, Es, Bs) solutions to Maxwell’s equations for the transformed charge and
current (ps, Jg). In particular, the power radiated P(r,t) over any sphere S(r) is identically zero, without
averaging, and irrespective of the inertial frame. This seems to be a stronger type of radiation than that
considered in this paper and would probably have to be generated over a sphere using a cavity magnetron,
rather than a circular antenna.

In the paper [9], we proved that an atomic system that satisfies the no radiating condition and is in
thermal equilibrium must also satisfy the Egs. (1). However, we have not yet shown the converse, i.e., that
there is an atomic system that satisfies the Eqs. (1) and is in thermal equilibrium. Nevertheless, the results
of this paper, together with ongoing work in [12] and [13], yield a method for finding the appropriate initial
conditions. The interested reader can look at Lemma 15 for more details, and [5] for more information on the
idea of thermal equilibrium, a concept, along with pressure equilibrium, which is important in chemistry.

In the final part of the paper, we define the notion of classically non-radiating in a cycle, and use
Rutherford’s idea of radiating systems losing energy, to show that, in any inertial frame, the main system
considered in this paper is classically non-radiating. The proof uses the notion of thermal equilibrium.

2. The wave equation on a circle

We will use standard notation throughout this paper. Specifically, we let C®([—, 7]), C(R), and C*(R)
have their conventional meanings. We define T to be the rectangular region [—7, 71} x R and T to be its
interior (—7, ) X R. We then define the function spaces C(T) and S(T) as follows:

e C(T) consists of functions G that are continuous on T and have continuous partial derivatives G; with

respect to the time variable t € R.
e S(T) consists of functions G in C(T) that have smooth partial derivatives G; with respect to t and are

smooth in the interior T°.

These function spaces will play an important role in our analysis of the wave equation.

Definition 1. For any real {¥, ¥, ¥1} C C*([—, t]), we define the Fourier coefficients, for m € Z by;

7T

FO)m) = 5 [ Fo(x)emax,

—7T
1 s

m = 5 /‘Yo(x) cos(mx)dx,
—7T
1 71:

by = oy / Yo(x)sin(mx)dx,
“n
1 s

an, = 7 /‘I’l(x) cos(mx)dx,
-7
1 Vs

b, = 7 /‘Y1(x) sin(mx)dx.
—T7T

Lemma 1. For any real {¥o,¥1} C C®([—m, 7|), there exists a unique real ¥ € S(T) solving the rescaled wave
equation;
e

a2 oz 0
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with ¥(0,x) = Yo(x), and 3£ (0,x) = ¥1(x) for x € [—7, 7). Moreover, using the terminology of Definition 1, ¥ is
given explicitly by the series;

ao+tag+2 Y apcos(mx)cos(mt) +2 Y by sin(mx) cos(mt)
meZ<g meZo
/ b/
+2 ) Im cos(mx)sin(mt) +2 Y =" sin(mx)sin(mt).
meZ<g m meZ<g

If'¥ € S(T) denotes such a solution, with related charge density p(x,t) = Y(x,t) and current J(x,t) =
X
I —%’;dx, then {p, ]} satisfy the continuity equation, 3 T3 a] =0.

-7
7T
In particular if P(t) = [ p(x,t)dx, then P(t) = P(0) is constant. Moreover, when ¥y and ¥1 are symmetric,
-7
we have the additional relation; { = —g—x and | also satisfies the wave equation with | € S(T), and with {p, ] } given
explicitly by;

/
p(x,t) =ag+apt+2 Y aycos(mx)cos(mt)+2 ) a—m cos(mx) sin(mt),
meZ>0 mez>0 M

/
J(x,t) = —ajm — apx + 2 Z Ay sin(mx) sin(mt) — 2 Z —m in(mx) cos(mt).
meZ>0 mez>0 M

Proof. For the first part, suppose there exists ¥ € S(T) satisfying the hypotheses, then taking Fourier
coefficients of the equation, for m € Z, and using integration by parts, we have that;

2 2 2 m
‘7:(%:_?);}) (m) = %—l—mzi’:(‘ﬂ(mﬂ =0.

Solving the resulting ODE'’s for m # 0, we have that;

F(¥)(m, t) = Ape™ + Bue ™ = (A + By) cos(mt) +i(Ay — By) sin(mt),
F(¥)(0,t) = A+ Bt,

where (Ay + By) = F(¥)(m,0) = F(¥o)(m), (imAy — imBy) = F(3E)(m,0) = F(¥1)(m), A = F(¥0)(0),
B = F(¥1)(0). It follows that;

{]—'(‘I’)(m,t) = F(¥)(m,0) cos(mt) + f(wfn)(m) sin(mt), (m #0) )

F(¥)(0,1) = F(¥0)(0) + F(¥1)(0)t.
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By the inversion theorem, ¥ is unique, and, using the fact that ¥ is real, symmetry properties of the Fourier
coefficients {ay, by, a,,, b, } and (2);

Y F(¥)(m, t)e™"

mez

= F(Y¥0)(0) + F(¥1)(0)t+ Y (F(¥)(m,0)cos(mt)
meZ

Y(x,t)

+ sin(mt))(cos(mx) + isin(mx))

F(¥1)(m)

= ao+apt+ Y ((am — iby)cos(mt)(cos(mx) 4 isin(mx))
meZg

"y
+ ) <amzm) sin(mt))(cos(mx) + isin(mx))
mEZ#) m
= ag+agt+ Y. amcos(mx)cos(mt)+ Y by sin(mx)cos(mt)
mGZ#O mEZ#O
ay, : by . .
+ ) %cos(mx) sin(mt) + ) ﬁsm(mx) sin(mt)
)’HEZ#O mEZ#O

= ap+agt+2 Y aycos(mx)cos(mt)+2 Y by sin(mx)cos(mt)
meZ< meZg
/

+2 ) %cos(mx)sin(mt)+2 ) b—msin(mx)sin(mt)

meZ<g m meZ<g

as required. It is easily checked that the above series also defines ¥ € S(T) with the required properties,
settling the existence question.

For the second part, {p, ]} satisfy the continuity equation, by the definition of | and the fundamental
theorem of calculus. By inspection of the series for ¥, it is clear that | € S(T). Moreover;

7T 7T
dp © 9]
/ _ oL _ _9 — T(—77) — —
P(t) = / 2 (x, )dx / = (x,t)dx = J (=) = ] () =0,
-7 -7
so that P(t) = P(0) is constant. Differentiating under the integral sign, using the fact that p satisfies the wave
equation, and using the fundamental theorem of calculus again, we have;

X
9] 9%p %0 _dp | dp
3 = ) Tadt= / 2P "o T ax

—7T

If ¥y and ¥; are symmetric, we have the above coefficients {by,, b;,} are zero, and expands as a series in
sin(mx). It follows that;
9p

]  dp
o d

=0 ET

-7
so that, combined with the continuity equation, and the fact that the partial derivatives commutes, we obtain
that;

Pl Pp _ Pp P

92~ 9xdot  otdx  ox2’
Moreover, a simple calculation, using the definition of | shows that;

/
p(x,t) =ag+apt+2 Y aycos(mx)cos(mt)+2 Y Im cos(mx) sin(mt),
mezZ>0 mezZ>0

/
J(x,t) = —agm —apx +2 Y apsin(mx)sin(mt) —2 Y —’” in(mx) cos(mt).
meZ>0 mez>0 M
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O

Remark 1. Observe that in the case of the wave equation, the solutions are bounded backwards in time, that
is there exists a constant C;, such that [¥(x, t')| < Ct, forall ¢ < t. This is an important consideration when we
come to discuss the radiation condition behind Jefimenko’s equations.

3. Extending Charge and Current

Lemma 2. Let {¥,]} be as in Lemma 1, and S(1) C z = 0 be the circle of radius 1, centred at (0,0,0) then, if p
is defined on S(1) by p(1,0,t) = Y (0,t), for 6 € [—m, ), t € R, and | is any smooth extension to the annulus
Ann(1,€),0 < € < 1, of K, defined on S(1) by K(1,6,t) = J(6,t)(—sin(6),cos(0),0), t € R, then {p, ]} satisfy the
continuity equation % +div(]) = 00n S(1) x R.

Proof. Using Lemma 1, it is sufficient to prove that, for —m <0 < 7,t € R;

div(])| 004 = I'(6,1). ®3)

Omitting the t for ease of notation, and letting | = (J()), we have that;

div(—](6) sin(6), ] (6) cos(0),0) = %(—J(f)) sin(6)) + ;y(f(@) cos(6)).
We have;
d . J dsin(6)
52 (~16)sin6)) = - ( FLsin6) +16) 251 )
=— (]’(G)gz sin(0) + ](G)SZ) , asr =1 and sin(f) = % =y
:(]’(9)sm(9)gz , sg—zzo
= —(J'(0)sin(6) —y) = J'(0) sin(0)y,
_ 20 = -
as = tan ! (%) and Fr Ty = x2+yy2 = —y, with r=1
Similarly;
d (9] dcos(0)
52 10)cos(6)) = (51 cos(o) +10) 251 )
= (I/(g)gzcos(ﬂ) +](9)g;> , asr =1 and cos(f) = ; =x
p a0 ox
= (] (9)(:05(9)@ , as@—o
= (J'(8) cos(8)x) = J'(6) cos()x
_ 0 1 .
as§ = tan~! (%) anda—— 1+(%)2 = xZ—T— 5 =X, with r =1.

It follows that;
div(—J(0) sin(8), J(0) cos(8),0) = J'(8) sin(8)y + J' (8) cos(8)x = J'(8)(sin?(8) + cos(9)) = J'(6),
as x = rcos(f) = cos(6), x = rsin(f) = sin(f), whenr =1. O

Lemma 3. Let D(1) be the closed punctured disc, with radius 1, and let p on D (1) be constant, then any smooth circular
flow, with velocity v(r) = %r)é J(r,t) = w(r)(—sin(0), cos(0)) satisfies the continuity equation.

Conversely, any smooth circular flow, {p, ] }, independent of time, satisfying the continuity equation, requires the
density to depend only on r, with an equivalent flow {1, ]}, obtained with constant density 1, by changing the velocity
from v to pv, where | = pv.
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Proof. We have that g—’; =0,and

d(—w(r)sin()) n d(w(r) cos(0))

dio(]) = ox ay
= —aa—i] sin(0) — waSiar;(Q) + ?;: cos(6) + wacc;;(ﬂ)
= —w’(r)g—: sin(0) — wa s1ar;(6) + w'(r);; cos () + wa C(;;(B)
_ —w’(r)% sin(6) — w(r)(— sin;(@) cos(6)) L w’(r)% cos(6) — w(r) (sin(()):os(@))
w(r)(—sin(0) cos(0)) (sin(0) cos(H))

= —w/(r)cos(f)sin(f) — +w'(r) sin(0) cos(8 — w(r)

r r

with x = rcos(8), y = rsin(8),(}).
Conversely, suppose that div(]) = 0, with J(r,0,t) = p(r,0)(—sin(), cos(#)). Then

=0

d(—p(r,0)sin(f))  9(o(r,0)cos(8))  dp . _ 9sin(f) | dp dcos(0)
ox + oy - ox sin(6) x dy cos(0) +p Yy
__(9por dpad\ . _( —sin(#) cos(8) dp or  dp a0 —sin(6) cos(0)
= (8rax+898x) sin(#) p(r + 5@—1-%@ cos(0) +p — )
using footnote 2, % = _Si;l ©), % = COS}&- Therefore
(0 a0\ (oo 9pa0
dio(]) = (ar ay a0 ay> cos(9) <E)r ox T a0ax ) SO
It follows that 3 30 360 3 30 30
(T = 2PY 9p v _ 9P X in(e) — P
div(]) = 3 7 cos(6) + 36 3y cos(0) P sin(0) 30 o5 (0)

with y = rsin(f) and x = r cos(0), using footnote 1 again; g—; = % = cos(0), g—; = 4 =sin(0). Hence

dio(]) = (% sin@) o) + S50 ) - (ap sin®) cos(6) + a"“nz(g)) ~ 570

ar d0 r ar a0 r

Ifr £0, % =0, s0 p is independent of 6. [

Lemma 4. Let {\Y, ]} be as in Lemma 2, with Y non constant and independent of time, then any extension {p, ]} of

{Y¥,]} to Ann(1,€), 0 < e < 1 which satisfies the continuity equation is not a circular flow.

Proof. By Lemma 3, any circular flow satisfying the continuity equation on Ann(1,¢) has a density p,

depending only on r. In particular, p[s(q) is constant, contradicting the hypothesis.
O

Lemma 5. Determination of flows for density independent of time Suppose that p(6,r) is smooth and independent of

time on the annulus, defined by;

Ann(1,€,6) ={(0,r): —m <0< ml—e<r<1+4d},

1 or %Zx _ X _ x oJr __ 22y _ y

1
We use §; = = =39y = = = L withr = (x> +y?)2, and with 6 = tan™!(¥);
Tz @z T eyt eyt !
-y 1 _ -y _ -y __ —rsin(f) __  —sin(h) M 1 1 X x _ rcos(f) _ cos(f) 9sin(f) __ (9)
XTI+(%)2 - @y T 7T 72 - r 7 9y §1+<¥)2 2+92) 2 = 72 - r ox = cos
—cos(f)sin(f) dcos(f) __ : 99 __ —sin(6)cos(f
©in(0) 253(0) _ _ gin(g) 8 — =sinlO)os)

20

20

ox
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with smooth [ (0, r), satisfying the continuity equation, and

70,7) = (J1(6,7), 12(6,7)) = w1 (6, 7) + w2 (6, 7).

Then for a given € > 0,1 — e < rog < 1+ &, smooth boundary condition ge on S(1 — €), and smooth wy on Ann(1,€,6),

Ty
we obtain that rowy(ro,0p) = w + - 1 / awZ dr and, fore = & = 0, on the D(0,1), smooth w, on
1 €

0
D(0,1), with lir%f% ' = lir% awZ for all {61,0,} C [—m, 7). with we obtain that, for ry # 0; wy(rg,0p) =
r—

1o
rl = an dr and w1 (0,0) = —w,(0,0) with wy continuous.
0

Proof. Suppose that p(6,r) is smooth and independent of time on the annulus, defined by
Ann(1l,e,0) ={(0,r): —m <0< ml—-6<r<l+e},

with smooth J(6, r), satisfying the continuity equation, and J(8,7) = (J1(6,7), J2(6,7)) = w1 (6, 7)7 + w2(9,r)§,
where 7 = (cos(8),sin(#)) and 8 = (— sin(8), cos(f)). It follows that

J(0,7) = wi(6,7)(cos(8),sin(0)) + wo(6,r)(—sin(h),cos(0))
= (wy cos(8) — wy sin(0), wq sin(6) + w, cos(H)).

Using the hypotheses, that div(]) = % = 0, we have that

i  dw d(cos(0)) dwy . d(sin(h))
W - ox cos(0) + W—— T A sin(0) — wy B
_ dw . -y dwy . —
= 50 cos(0) +wy — sm(@)r—2 i sin(0) — wy c:os(9)r—2
_ owy sin(0)y  owsp . cos(0)y
= 5y cos(6) + wy 2 S sin(0) + o
dh _ oJw d(sin(0))  dwa d(cos(0))
3~ oy sin(0) + wliay + 3y cos(6) + wziay
_ odwg x  dwy . x
= 3y sin(0) + wy cos(G)r—2 + By cos(0) + wy — sin(H) 2
_ odwy owy sin(0)x
3y sin(0) + wq cos(0) 5 + 3y cos(60) 2
Therefore wy ~ W,
div(]) = grad(w:) .7+ 7(09 flip(7)) + grad(wz) . 0 + T(We - flip(7)), €

where 79 = (sin(0),cos(0)), Wy = (cos(8), —sin(0)), and flip(¥) = (y,x). We find {a, B} such that af +
Br = Bg. This is equivalent to finding {a, 8} such that Mg0,5 = Dg, where (Mg)12 = (Mp)z1 = cos(f) and
(Mg)1,1 = —(Mp)22 = —sin(6) and T, 5 = («, B). We have,

1
— sin?(0) — cos?(6)

Upp =M, 1g = 90y = —(sin — Cos , —2sin(0) cos = (cos ,Sin ,
=M, N in*(6 %(0), —2sin(0) cos (0 26), sin(20
where (N9)1,2 = (NG)Z,I = — COS(G) and (Nﬂ)l,l = _(NB)Z,Z = sm(()) )

It follows that @ = cos(26), B = sin(26). Similarly, we find {«, 8} such that af + pr = Wy. Again, this is
equivalent to finding {«, 8} such that My, 5 = Wy. We have

1

—?(8) —co(6) Nywg = —(2sin(8) cos(8), — cos?(8) + sin?(0)) = (— sin(28), cos(26)).

—_ _17
voc,ﬁ = MG Wy =
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It follows that « = sin(26), B = cos(26). Substituting in (4), we obtain

div (J) = grad (wy) .7+ 5 (cos (20)8+sin (26)7) . flip (7)
grad (wy) .0+ % (— sin (20) 8 + cos (20) 7) . flip (F)
= (grad (w)) + % Flip (F) sin (20) + @ flip (7)cos (20)) .7

+ (grad (wn) - % flip (7)sin (26) + 3 3 flip (7) cos (26) ) .. )
We have that 7 = 77 and determine {a, 8} such that flip(7) = af + B7. Similarly to the above, we obtain
Uap = —(r sin2(9) — rcosz(G), —2rsin(0) cos(0)) = (rcos(26),rsin(20)) = (r cos(20),rsin(26)),
so thata = fcos(ZG), B = rsin(20), and flip(7) = rcos(20)§ + rsin(20)7. Substituting into (5), and using the

fact that {7, 0} are orthonormal, we obtain

div(]) = (gmd (w1) + (w1 Si:; (26) + 22 C(;; (29)) (rcos (20)8 + rsin (29)r)> .7

wy sin (20)  wq cos (20)

+(gmd<wz)+<_ T —— )(rcos(ze)é+rsin(ze)r)>.

0,

= grad (wy).7+ <(w1 sin (23)2) rsin (20) n (wy cos (23)2) rsin (29)>
+grad (wp) e <(w1 cos (23)2) rcos(20)  (wasin (29r)2) rcos (20)> . ©)

Writing grad(w;) = ar + ,8§ and grad(w;) = 7 + 60 with o = grad(w) .7 and 6 = grad(wy) . 0, we obtain

from (6) and div(J) = 0 that
—w1 —w1

atd=——=——. @)
We have that 5 5
2 wl w1
a = grad(wy) .7 = 5 os(6) + By sin(0),
5 = grad(ws) -8 = 2% _ sin(9) + 22 cos(6) ®)
-8 27T ox oy '

20 96 or or

We have, using the calculations for {57, ay’ o y

} from the previous lemma, and the chain rule;

aaTI — 3% *51;1(9) + aa% cos(),

o — g cosll) 4 B sin(0), ©)
% _ aa% *51;1(9) + % cos(6),

aa%z duwp cosll) | 3wz gin ()

It follows from (8) and (9) that

- (5’;‘;3?(9) + aa“;lcos(e)) cos(8) + (ae - Brsm(e)) sin(6),

_ (Owy —sin(f) = dws . owy .
o= <89 . + o cos(0)> —sin(0) + <69 . + arsm(f))) cos(6).

Simplifying and substituting into (7), we obtain awl + 1% — U and rearranging rawl +w; = — %2 Fixing

6p and multiplying by p(6y, r), we obtain

dwe‘) 0 aw2
pr,00)r =1+ p(r, G0} = —p(r,00) 52
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Letting
s(r,80) = p(r,00)r, (10)

we have that [s(r, 8y)w. (r,60)])" = s'(r, 00)wy + sw)(r,6p) so, equating coefficients, we require
s'(r,00) = p(r,60). (11)

Using (10),(11), and, assuming p(r,0y) # 0, we obtain S(réo) _ 1 In(s(r,6p)) = In(r) +d(6y) and, taking

s(r,00) 7
exponentials; s(r,0p) = A(6y)r where A(6p) = e4(%);

(A0 @ (1,60))' = —p(r,60) 522,

where p(r,6p) = A(6p). Integrating, and using the fundamental theorem of calculus, we obtain

0

dw, %0
[AGo)ran (r 0L = [ —A(00) 52 dr.
1—€
Case 1; Fora givene,d > 0,and 1 — e < rg < 146, we obtain
) 90
rowy (ro,00) — (1 —€)w (1 —¢€,600) = / —% dr,
1—€

so free to choose a smooth w, on Ann(e,d,1) and a smooth boundary condition for w; on S'(1 — €), to obtain
w1.
Case 2; Letting € = 1,6 = 0, and, assuming wj is defined at (0,0), we must have that, for ry > 0;

! dw,
row (ro, o) = /_T; dr.
0

A [
By L'Hopital’s rule, the fact that 7(0) = 0, a(0) = 0, where a(r) = [ — % ’dr’, and the Fundamental Theorem

0
of Calculus, a’(0) = — aa% (0,0), we have that
o
1 dw, % a'(0) ow, %
lim — [ ——= dr= =——= (0
ro0 T 0/ F R (1) a0 (O
0 o
so defining w1 (0,0) = —w,(0,0) generates a continuous solution, provided lim —aa% ' = lim —aa% ?, for all
r—0 r—0

{61,0,} C [—m, ), this is true if w, is analytic in (x,y),(?). O

Remark 2. It follows we are free to choose a smooth w, on Ann(e, 1) and a smooth boundary condition for w,
on S'(1 — ¢€), to obtain w;, so we are free to choose a smooth w, on D(0, 1), to obtain a smooth wy .

Lemma 6. Given {¥,]} as in Lemma 1, 0 < € < 1 and notation as in Lemma 2, there exists a smooth pair (p1,])
supported on Ann(1,€) x (—¢,€), such that (pq,]) satisfies the continuity equation in R®> x R and P1lsixioy = P

Jlstxqoy = K.
2 In this case, we can write; wy,(x,y) = L wém’n) (0,0) %, so that wy(r,0) = L wém’") (0,0) w
m,n=0 o m,n=0 o
T L) m, n © r m, . n
Th li 10 9 — i 10 (m,n) rcos(9)" rsin(0) _ (m,n) li 1 [ rcos(8)"rsin(6) _
en ,li;% (r .({ w2 (1’, )> VLI}& (r g m,nZ:OWZ (O’O) m!n! m,nZ:()wz (O’ O) rli;% r g m!in!
> wgm’") (0,0) (W) = wy, (0,0) for all §, using the fundamental theorem of calculus again. For the general case,

m,n=0

r=0
we need to check higher derivatives and use the product rule.
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1
T =12
Proof. Let D.(r) = ¢ ' & ,ifr € (1—¢,1+¢) and @c(r) = 0 otherwise, r > 0, then @, is smooth
!

on R~ and supported on (1 —€,1+¢€). Let P1.(z) = e 1_§ ,if z € (—€,€) and P1.(z) = 0 otherwise,
z € R, then @, is smooth on R and supported on (—¢,€). Define (p1,]) on R? x R by p1(r,0,t) =
Dc(r)0(1,0,t) = Pe(r)¥(0,t) forr > 0,0 € [—7,7),t € R, p1(0,0,t) =0,t € R ,J(r,0,t) = c(r)K(1,6,t) =
Dc(r)](6,t)(—sin(6, cos(6,0), forr > 0,0 € [—7, ), t € R, J(0,0,t) =0,t € R.

Then, using Lemma 2 and the facts that, for any given r > 0, ®c(r)¥(6,t) and P(r)] (6, ) satisfy the
conditions of Lemma 1, we have that (py, J) satisfy the continuity equation on R? x R.

Now define (p1,]) on R x R by
p1(7,0,2,t) = @1 (2)01(7,0,1),
forr>0,6 € [-m,m),ze R,tER,
01(0,0,z,t) =0, ze R, teR,

J(r,0,z,t) = ®1(2)](r,6,1),
forr>0,0 € [—m,m),ze€ R,tER

J(0,0,z,t) =0, z€R, t€R.

Clearly, (p1,]) is supported on Ann(1,€) x (—¢,€), and if | = (j1,j2,j3), we have that j3(x,y,z,t) = 0, so that
%3 =0and

- 0j1 O
We have that, for any z € R, (®1(z)p1(r,0,t), ®1(2)](r,0,t)) satisfies the continuity equation on R? x R, so
combining the result with (12), we obtain that (o1, ]) satisfies the continuity equation on R®* x R. [

(12)

r—1 2

_ (=
Remark 3. If we require the pair (pj, J) to be real analytic, we can replace @ (r) by @ an(r) =€ & ,ifr >0,
2

and @1 ¢ by P1 ¢ 0n(z) = 6_52, if z € R, in the proof, leaving (p1,]) to be undefined at (0,0,z,¢), forz € R,
t>0.

4. The No Radiation Condition

We consider the charge density p on S(1), defined as in Lemma 2, with corresponding current K, which we
also denote by ], coming from the wave equation, so that {p, ] } satisfy the continuity equation 3—‘; +div(]) =0
on S(1), for small extensions of {p, J}. In [8], it was shown that one then obtain an electromagnetic solution
(p, ], E, B), satisfying Maxwell’s equations, given by the Jefimenko Equations;

L rle@ ). et T L o Ho [ (GADINRIGAD] e
E(r,t)—4n60 /[ 2 T+ s 2 dt’, B(r,t)—47_[. 2 + . x tdt’, (13)
where vt = |7 — 7\, T = ;:g‘, tr = t— 2, 7’ is the measure with respect to the integrand variable 7. We

determine the conditions on {p, J} for which the no radiation condition holds, that is; lin, . P(r) = 0 where
P(r)= [ (E x B).dS(r) and {E, B} are these (causal) fields, see [2].

$3(r)
Lemma 7. Let (p,]) be solutions to the three dimensional wave equations with velocity c, the connecting relation, with
velocity c, and the continuity equation

(14)
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where (12 denotes the d’ Alembertian operator. Then for any solutions (E, B), such that (p, ], E, B) satisfy Maxwell’s
equations, in particular for the causal solutions (E, B) given by Jefimenko’s equation, we have that;

DZE == 6, DZE =V,
and, the same result holds for the transformed current and charge, (ps, J5), in every inertial frame S.

Proof. By the proof in [8], we can find a pair (E, B) in the base frame, with (1’E = 0, and B = 0, (13), such that
(p, ], E, B) satisfy Maxwell’s equations. If (E/, E’) is any pair such that (p, ], E, E’) satisfy Maxwell’s equations,
then, taking the difference, (0,0, E — EB- EI) is a vacuum solution to Maxwell’s equations, so that, see [2];

O2E-E)=0, [O*B-B)=0.

From (13), we obtain that;
[(PE'=0, OB =0,

as well. The last claim follows from the above proof and the results in [§]. [

Remark 4. We conjecture that: For any {p, ]} satisfying the conditions from Lemma 7, and corresponding
causal {E, B} from Jefimenko’s equations, that {E, B} satisfies the no radiation condition iff {E + Eo, B + By}
satisfies the no radiation condition, for certain corresponding pairs {Eo, By }, satisfying Maxwell’s equations in
vacuum. This is still work in progress, see [10].

In this case, as B = 0, we may obtain for the causal fields (E/,EI) from Lemma 7, that they satisfy the no
radiation condition, and the same is true in every inertial frame S.

Lemma 8. Keeping the order in (13) and writing;

E(7,t) = E1(7,t) + Ex(7,t) + E3(F,t),  B(7,t) = B1(%,t) + Ba(7, t).

we have that
lim P(r) = lim / (Ea x By + E3 x By).dS(r).

r—00 r—
S(r)
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Proof. We have that E x B = (E; + E; + E3) X (By + By). A simple calculation shows that, as ¢ > 1, that for
7| > 1,7 € S3(r);

Jmax, (Ipl (7t =) [JI(s"t = 1))
Eq x Bylr // Iy
| 1 1|T,t 1671—260 7_1)4 (P
st st
" ,f?,’gl(Ip\(r A=t t = 1))
2
= AT o — :
0 (r—1)
o " ,}I}gl(\;ﬂl(r’ = t)[J|(5, 1))
Ey x By| < p
| 1 X 2| = 167'[260 (1’71)3 de (P
o P =) TIE = )
s 4 167'[260 (1,71)3 ’
oy AUl ]I )
<
|Ex X By| < 167%¢ (r—1)3 d6dg

max (P17, = t)[]1(7, ¢ = 1))
< 472 Ho sest

- 167‘[260 (r—1)° ’
max ([7|(,t = t)[J|(5, t = £))
B3 x By| < 10 TAeES d0d¢
~ 1672¢ (r—1)°
max (17— )71~ )
< 4210 §'est
- 167‘[260 (r—1)°

It follows that, for r > 1;

max / (Ey x By).dS(r), / (E; x Ba).d5(r), / (E2 x By).d5(r)), / (Es x By).dS(r)

3(r) $3(r) $3(r) $3(r)

— max / (Ey x By)7idS(r)], | / (Ey x Ba)7idS(r)), | / (E x By)7idS(r)|, | / (Es x By).fidS(r)

3(r) S3(r) S3(r) S3(r)
<max( [ [Erx BOlS()L, [ |(EvxBo)ldS(r), [ |(B2x Bu)lds(r), [ |(Fsx By)lds(r)])
S3(r) S3(r) S3(r) S3(r)
< / (max(|E; x B1|(7, 1), |E1 x Ba|(7, 1), |Ea x B1|(7, 1), |E5 x Bi|(7, 1)))dS(r)

$3(r)
Area(5(53(r))) M T =l T s (=l
< am? BRI I max (191 (7t —1) [T £ )L 1|5 £~ ) 5= 1)L (7 £ 1)
X [Tt = 1), [TF, = NIt = 1))
47r? T (= — == =t
:4772(7,_1)316];7%50 s/esl(|p|( A=t)JE = t)] pl(F = t)J(E t = t)], [p(F, t — t)]

X TGt = )|, [T#, t = t)|T(E, t = 1))])
=C(r,t—t),

with rll)rgo C(r,t —t,) = 0, for t € R, given the assumption that lim;, o ma>1<(|p|, 1ol 171, Nlxt < D, with
xes
D € R, see Remark 1.
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It follows that, fort € R,

lim P(r,t) = lim [ (E x B)(7,t).dS(r) = lim / (Ey X By + E3 x By)(7,t).dS(r),

=500 r—voo et
$3(r) S3(r)

as required. O

Lemma 9. Let p(x,t) = cos(mx)cos(mt), J(x,t) = sin(mx) sin(mt), form € Z >0, x € [—m,m), t € R, with
corresponding p(0,t) and J(6,t) = J(0)(—sin(),cos(0),0) with 0 € [—m, 7). Let E,y and By, be the causal fields
determined by Jefimenko’s equations, then, if m is even;

P(r,t) =pym? [_ sin® (mt) cos” (m(rz—i—1)Z> — cos?(mt) sin® (mM>

c c

+2sin(mt) cos(mt) sin (m(rztl)%> cos (m(72+1)%>]

c

ad ad s 1 (_1)wm2w+1

<) X Y -z

s 1
w=0 w'=0 s<m,s,odd,s <m,s'odd (ZZU + 1)!(7’2 —+ 1)w+2

/ /
5/2,1 cn (*1)?0 me +1 r2w+2w/+5C 40 1
2w + DI+ 1) s r)

and, if m is odd

P(r,t) =pym? [ cos® (mt) cos’ <WM> — sin? (mt) sin? (mM>

c c
241)2 24 1)3
—2sin(mt) cos(mt) sin (m(rt)> cos (m(rt)
0o 00 51 (_1)wm2w o1
% ()2 o (- T
H;O wZ::o s<m,s,odd,s' <m,s’ ,odd ’ (2w)!(r2 + 1)w
m (_1)w’m2w’ 2w-+2w' +3 1
X Cs/ mr dw,w/’s/s//m —+ O ; .

Proof. Since, we have that
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where 7 = (x,y,z), ' = (cos(f,sin(6),0), 7—1' = (x —cos(f),y —sin(8),z), v=[7—1|= (2 +y*>+2>+

1 — 2xcos(#) — 2y sin(8 ))% = (P2 4+1—2xcos(h) — 2ysin(h))2, T = (7;7) = (x—cos(6) y—sin(9).2) ;
(x2+y242z2+1—2x cos(0) —2y sin(0)) 2

4

0(6,t) = —mcos(m0) sin(mt),

= - 1 7 —m cos (m0) sin (mt;) B o
B (1) = 47tegC / (r2+1—2xcos (8) —2ysin (6)) (x = cos (6) ,y —sin (6),,2) d6
s
B 1 —m cos (mf) sin (m (t — £)) )
= Sreoc (21 1) / (1 - 2xcos((9)2—7iy)sin(9)> (x —cos (0),y —sin(0),z)do
-7 re+

7T

_47160c(1r2—|—1)/_mcos<me)sm (m (t—Z))(x—cos(@),y—sin(@),z)dG—l—O(rlz>

7T

= 471600(1r2+1) / —m cos (m@) [sin (mt) cos (m£> — cos (mt) sin (m%)} (x,y,2)d8+ O <r12>
—m sin (mt) m cos (mt)

] /cos (mf) sin (mg) (x,y,2)do

dmege (r2 +1
-7

] /ﬂcos (m0) cos (mg) (x,y,z)d6 +

" dmege (P + 1
-7

e

Observe that, using Taylor expansions;

1

2 1 2
cos (m~) = cos ) xcos 6) +ysin (6) +0 !
( c r?+1 r

1

cos( 2+1 2) mxcos )+mysin((—))>
1
2

(r2+1)2

( . [ mxcos (0) 4+ mysin (0) 1
o (mc) o < (12 +1)2 ) o (T)
s () = sin (m<+1> reos(0) :t{smw))) (1)

(1+
c
1
2.1 1)2 :
_ sin m(r + cos [ X cOS (9)—|—m¥sm (9))
(1’2+1)7

)
c
+ cos (m (r2+1) ) sin (mxcos (6) —|—m]1/sin(9)> L0 (1) /
¢ (r2+1)2 r

NI—=
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so that;

(r2+l)%

—msin (mt) cos | m-— n .
E, (7 t) = Treoc (7 1) / cos (mf) cos <mx cos (6) + mly = (9)> (x,y,z)do
0 o (r2+1)2
1
2
msin (mt) sin <m(r 4;1)?
+

mx cos (8) + my sin (6)

4mege (2 + 1) ) /cos (m8) sin<

= ) (x,y,z)d6
(r2+1)2
s 4
m cos (mt) sin <m<r tl)2> - ©
mx cos ( +mysm 0
+ /COS x,Y,z)do
4rtege (r2 +1) A ( (12 +1)2 ) (3.2)
2 1
m cos (mt) cos (m(r tl)2> . 0 ]
+ > /cos (mxcos( +mysm( )> (x,y,2)d0 + O (12)
4mege (r* + 1) A r2+1 r
(15)
We have that
cos (mf) =

Re ((cos (0) +isin (0))") = ) (=1)2 C" cos™™

mxcos (8) +mysin(8)\ & (—=1)“m? (xcos (8) + ysin (8))*
“ ( (r2 + 1)% > B wZ::O (2w)! (r2 + 1)“’
_ 2 (_1)w me 2w

CZw 2w— Ve
w=0 (Zw) (r2 + 1 “ Z

°(0)sin’ (),

05 (6)  sin® (6)

sin (mxcos (9)+mysin(9)> _ i (=1)® m2@+1 (x cos (8) + ysin (0))*
(24 1) w0 Q2w+ 1)! (2 +1)¥F2

B Z (_1)10 m2w+1 2w+1

C2w+1x2w+17v COSZerlfv ( )yv sin® (9)

1 (4 7

w=0 (Zw + 1)! (1’2 + 1)w+7 v=0

so that;

1
2 2
—m sin (mt) cos (m(rtl)> .
Ey (7,t) =
2(7t) 4repe (r? +1) Lo L

_1)%(:’” (_1)10 m2w 2w

(zw)l (72 _|_ 1)20 Z()Cl%wxzw_vyv ('x’y/z)
. o=

- msin (mt) sin (m(rztl)%>
X / cos™ % () sin® (0) cos® " (6) sin” () dO +
<) ) :

w=0s<m,s,even

4repe (r? +1)
. 1) 2wt 2w+1 B
(71) 5 C;n ( ) — Cz2;w+1x2w+1 vyv (x,y,Z)
w=0s<m,s,even (Zw —+ 1)! (}’2 + 1) 2 p=0
1
2 2
. m cos (mt) sin (m(r tl) )
X / cos™ % () sin® (0) cos® 177 (9) sin” (0) d6 + Treoe (251
-7
0o s _1\w 2w
X 2 (_1)§ cm ( 1) m
w=

0s<m,s,even

i 1 L ()
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n m cos (mt) cos (m (YZH)% )
X / cos™ 5 (6) sin® (0) cos?® 7 (6) sin” (§) d6 +

drtege (r2 + 1)

-7

- 5 om (_1)wm2w+l ! 2w+1,2w+1-0v, v
), ), (F1EG — ), G Yy (x,y,2)
w=0s<m,s,even (2w+1)[(r2+1) p—

T

m—s s .5 2w+1—v ) 1

x [ cos™™*(0)sin® (0) cos (0)sin” (6)df + O 2

—7T

We recall the result that;

T
18!
I = /cos”‘(()) sinf (0)d6 = rlp!
-7

= , fora>0,82>0,aandpeven,
2L (U

If =0, otherwise.

Applying the result in this case, we obtain; if m is even, then;

—msin (mt) cos (m(rztl)z>

S O
E, (7,t) = —Nzcm 2 /2 &
(7 5) drtege (12 +1) wZ::OSSm;ven (=1)* & Qw)! (r2+1)"
2w w2
XY, G (0 y,2) Bl s
v=0,v,even
1
2 2
m cos (mt) sin m@
+ Y (cpier CDTm
4rtegc (1’2 + 1) w=0s<m,s,even ’ (Zw)! <r2 + 1)w
2w 1
« Z ngxzw—vyv (x,y,2) I;;imfsfv +0 (12) , (16)
v=0,v,even
if m is odd, then;
(r2+1)%
msin (mt) sin | m-—
(7.1) Yy (—pign(Z0Tmn
Ez r,t) = —
4megc (1’2 +1) w=0s<m,s,even | (2w + 1)! (7’2 + 1)10.;_%
2w+1 01 21
x oy, CGETIETI (y,z) DAY L
v=0,v,even
1
2 2
m cos (mt) cos m@
YOy (cpior (DT
+ _
4rege (17 +1) w=0s<m,seven i Qw+1)! (r2+ 1)w+%
2w+1 ) 12 1 1
% Z CUZU+ X w4+ *vyv (x,ylz) I;;;il_i_m_s_v —+ O <r2> . (17)
v=0,v,even
We have that
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7T

E3(7,t) = ! 5 / m sin (1m6) cos (mt,) - (—sin (0),cos (0),0)d6
47eoc” J (42 41— 2xcos (6) — 2y sin ()2
_ 6) x
= L msm mo) cos (m (¢ - Cl)) —sin (6),cos (6),0) do
471'50(;2( 2 4 _ 2xcos(f)—2ysin(f ))7
(1241)
:_—1 / m sin (m0) cos ( (t - E)) (—sin (0),cos (8),0)do + O <12>
4rtepc? (r2 +1)2 ¢ r
—_—1 / m sin (m0) [cos (mt) cos ( t) + sin (mt) sin (mz)] (—sin(#),cos (8),0)do
4rtegc? (r2 +1)2 ¢ ¢
1
+o(%)
—m cos (mt) T v .
= /sm(mG)cos (mf) (—sin(0),cos (0),0)do
4rtepc? (r2 +1)2 7, ¢
in (mt) [ 1
M / sin (m@) sin (mE> (—sin(0),cos (0),0)d6 + O (2>
4repc? (1> +1)2 7, ¢ r
1
—m cos (m )cos( m (r2+1) 2) m
= S / sin (m@) cos <mx cos (0) + my sin (9)> (—sin (), cos (6),0)do
4repc? (12 +1)2 e (r24+1)2
1
m cos (mt) sin (m (r?+1) 2) n
+ i /sm ) sin <mxcos —i—my sin (6)> (—sin(6),cos (8),0)do
4repc? (12 +1)2 e r24+1)2
1
m sin (mt) sin <m (r+1) 2) 7r
- ; / sin (m0) cos (mx cos (6) + mly sin (9)> (—sin(6),cos (0),0)do
dmtegc? (r2 +1)2 e (r2+1)2
1
m sin (mt) cos (m (r2+1) 2) n
- T / sin (m@) sin <mx cos (6) + my sin (6)> (—sin(6),cos (8),0)do
4rtepc? (r2+1)2 e (r2+1)2
1
ro(1) "
r
We have that
sin (m6) = Im ((cos (9) +isin ())") = )| (—1)% Cl" cos™~* (0) sin® (9),
s<m,sodd
so that
> 1
—m cos (mt) cos mw
E; (7,1) Y. (—1)7t on_(ZD)Tm
3\nt)= - A Nt W
47T€0C2 (1’2 + 1)% w=0s<m,s,odd ’ (Zw)! (7’2 + 1)w
2w i
x Y C2w 2wy / (—sin (), cos () ,0) cos™* (8) sin® (8) cos* 7 () sin” () dO
v=0 -

1
. r241)2
m cos (mt) sin (m(c)> -

1 1
4rtegc? (r2 +1)2 w=0s<m,s,0dd Qw+1)! (12 +1)""2

s—1 -1 wm2w+l
. (1)
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7T

2w+1
X C2wtly2wtl-o o / (—sin (8),cos (8),0) cos™* (§) sin® (#) cos>* 177 () sin” (8) d6
v=0 “n
N
msin (mt) sin mw
00 s—1 (_1)w m2w
— (_1) > cm_ /7
3 * Qw)! (r2+1)"
4rtegc? (r2 +1)2 w=0s<m,s,0dd

7T

2w
X Z ngxm*”yv / (—sin (0),cos (6),0) cos™ % (8) sin® (0) cog?W—? (0) sin” (6) df
v=0 o

1
2,1)2
m sin (mt) cos (m(r tl) ) .

s—1 (_1)w m2w+1
N 1 Y, Y (pnrcy wtl
47‘[6062 (1’2 + 1) 2 w=0s<m,s,odd (Zw + 1)! (1’2 + 1) 2
2w+1 T 1
x Y crurlywtlooe / (—sin (8),cos (8),0) cos™* () sin® (8) cos> 177 () sin” (§) d6 + O (2) .
v=0 ' r
It follows that; for m even
2 1 %
m cos (mt) sin m@
_ 00 s (_1)w m2w+1
Es(7,t) = + T (-1) 7 G w1
4tepc? (r2 +1)2 w=0s<m,s,0dd Qw+1)(r2+1)""2
2w+1 w1 2wl 1 2w+1 o] 2wt
ol 2 va+ Xt 7vyv15$-si-Jlr+m—v—s’ 2 va+ Xt 7valgzj;jr2+m7v7s’0
v=0,v,even v=0,v,0dd
1
2 2
msin (mt) cos | m (v tl)
0o -1 (_1)w m2w+1
N 1 (_1) ’ C;" w41
47(€0C2 (1’2 + 1) 2 w=0s<m,s,odd (Zw + 1)! (1’2 + 1) 2
2w+1 w1 2wl 1 2w+1 i1 Dt
o 2 va+ X “r 7vyvlgaf—s|flr+m—v—s’ 2 va+ * ot 7vyvlgufi2+m*v*5’0
v=0,v,even v=0,v,0dd
1
‘o0 (2) , (19)
r

and for m odd;

1
2 2
—m cos (mt) cos m@
B, (7,1) DD D e
37 = — —~ 7
4regc? (7’2 + 1)% w=0s<m,s,0dd ’ (2w)! (72 + 1)w
2 2
X | — f: C2wx2wfvyv Jots+1 f: C2wx2w70yv Jots 0
oCoeven v 2w+m—v—s’ o 4 2w+1+m—ov—s’
1
2 2
m sin (mt) sin m@
y Oy (e S
4regc? (r2 + 1)% w=0s<m,s,0dd T w)! (2 +1)¢
2 2
X | — Zw: Q2w y2w—v v jots+1 i C2w 5 2w—0, v [0+s 0
i v Y bwrm—o—ss = v Y b i1em—o—sr
v=0,v,even 0=0,0,0

10 (:Z) . (20)
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We have that;

By(rt) =40 [ [j(r/’tr)

4 ct

] x tdt’ (—sin () ,cos (8),0) x (x —cos (8),y —sin (6),z)

= cos (0) z,sin (0) z, — sin (0) (y — sin (8) — cos (0) (x —cos (9))),

7T

N m sin (m@) cos (mt;)
By (7 t) = o / (r2+1—2xcos (0) —

47c
—7T

2ysin (9))

x (cos (0) z,sin (9) z, —sin (0) (y —sin (0) — cos (0) (x — cos (6)))) df

msm (m@) cos tf L ) . 1
= r2 ). T 2]5111(9) 3)) (cos (0) z,sin (0) z, —sin (0) y — cos () x) d6 + O (72)
(r2+1)

7T

m / msin (mf) cos ( (t - £>) (cos (0) z,sin (0) z, —sin (6) y — cos (8) x) d6 + O (;)

_ Hom cos (mt) T
C Ame(r2+1)
-7

pom sin (mt)
4re (r2+1)
—7T

1
tom cos (mt) cos (m (r?+1) 2) 7r

/ sin (m0) cos (m%) (cos (0) z,sin (0) z, —sin (0) y — cos (6) x) dO

/ﬂ sin (m@) sin (mg) (cos (8) z,sin (8) z, —sin () y — cos (6) x) d6 + O (,,12)

47 (r2 +1)

mx cos (6) + my sin (6) )
(12 +1)2

/ sin (mf) cos (

—7T

X (cos (6) z,sin (0) z, —sin (0) y — cos (0) x) dO

 omeos (mi)sin (m (1)) - <m (6) + mysin <e>>

4re (r2+1)

1
e (r2+1)2

x (cos () z,sin (0) z, —sin (8) y — cos (0) x) d6

+

pom sin (mt) sin <m (r?+1) %> T

4re (12 +1)

mx cos (8) + my sin (6))

/ sin (m0) cos < = 1)%

—7T

x (cos () z,sin (0) z, —sin (8) y — cos (0) x) d

pom sin (mt) cos (m (r?+1) %> 71_

. . [ mxcos (0) + mysin ()
* 4re (r2 4+1) [T sin (m6) sin ( (12 + 1)% )
X (cos (0) z,sin (0) z, —sin (8) y — cos (0) x) df + O (:2)
pom cos (mt) cos (m (,24;1)7 > . . (1) e
B 4re (r2 +1) WZ 0s< Eodd(_l) i Qw)! (2 +1)"

2w
x Y CHoxBoToyp / (zcos (6
=0

),zsin (0), —ysin (6) — xcos (0))

x cos™ % (6) sin® (#) cos?® 7 (0) sin® (0) d6
1
z

pom cos (mt) sin (m( 1) )

1 (_1)10 m2w+l

4re (r2+1)

Y Y (nTa

1
w=0s<m,s,odd (2w+1)!(1’2+1)w+7
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7T

2w+1
x Y sz,“’“xzw“_”y”/(zcos (8),zsin (0), —ysin (6) — x cos (0))
v=0 “n

x cos™ % (0) sin® (#) cos® 177 () sin” (0) dO

1
pom sin (mt) sin (m(rztl)z>

4rte (r2+1)

[ 5 _1\w 2w

* * Qw)! (r2+1)"

w=0s<m,s,odd
T

2w
X Z sz,wxzw*vyv / (zcos (0),zsin (8), —ysin (6) — xcos (9))
v=0 g
x cos™ 5 (6) sin® (#) cos*® 7 (8) sin® (0) d6
1
2

pom sin (mf) cos (m(fztl)>

4re (r2 +1)

ol s _1\@ 2w+l
Y (- m

+
w=0s<m,s,odd (Zw + 1)! (7’2 + 1)w+%

2w+1 T

% C2wtl, 2w t1-v / (zcos (0),zsin (8), —ysin (6) — x cos (9))

v=0 n

x cos™ 5 (8) sin® (#) cos?® 177 (§) sin” (8) d8 + O (:2) . (21)

It follows that; for m even;

. r2+1 %
) pom cos (mt) sin (m(t)> - L (—1)% m2e+l
By (7, 1) = — Y Y (hTG

5 1
4rte (7 + 1) w=0s<m,s,odd (2w + 1)! (72 + 1)w+2

2w+2+m—v—s’ 2w+1+m—v—s

2w+l 2w+1
% Z C5w+1x2w+lfvyvzls+v Z C%w+1x2w+170yvzls+v+1
v=0,v,0dd v=0,v,even

2w+1, 2w+1—v, 041 ys+ov+1 2w+1, 2w+2—v, v 15+0
- Z G X y 12w+l+mfvfs - Z G X y 12w+2+m—v—s
v=0,v,even v=0,0,0dd

N
Mo sin (mt) cos <m (r tl) i ) -
4re (12 4+1)

2w+1 2w+1 )

s—1 -1 w_2w+1
(- er U
w=0s<m,s,odd (Zw + 1)! (1’2 + 1)w+§

+

2w+2+m—v—s’ 2w+14+m—v—s

2w+1 2w+1
> Z C{Z}w+1x2w+lfvyvzls+v Z C72}w+1x2w+170yvzls+v+1
v=0,v,0dd v=0,0,even

2w+1+m—v—s 2w—+2+m—v—s 1,7
v=0,v,even v=0,v,0dd

2w+1 2w+1 1
_ Z ng+1x2w+17vyv+1ls+v+l _ Z C12}w+1x2w+270yv15+v +0 ( ) ,
(22)
and for m odd;

pom cos (mt) cos (m(rztl)z> . © 2w
B (7,t) = YOy (T U

4re (72 + 1) w=0s<m,s,odd (ZZU)! (72 + 1)w

2w+1+m—v—s’ 2w+m—v—s
v=0,v,0dd v=0,v,even

2w 2w
% < Z C%waw—vvaIs-i-v Z Cz%wxmu—vyvzls-i-v-i-l

2w 2w
2w 2w—v,,0+1 s+v+1 2w, 2w+1—v_ v ys+v
- Z CU X Y 1220+m—v—s_ Z CU x y 12w+l+mfvfs
v=0,v,even v=0,v,0dd
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216
1
. . (r241)2
po sin (mt) sin | m-——— . © 2wl
; (-7 ep L
2 s w
4mc (r + 1) w=0s<m,s,odd (Zw)! (72 + 1)
& 2w .2 & 2w .2 1
W 20—V, U 7S+0 W 20—V, U, 7S+0+
X Z C%x Y ZI2w+1+m_U_sr Z Gy x y ZIZw+m7vfs
v=0,v,0dd v=0,v,even
& 2w .2 1 1 & 2w, 2w+1 1
w,2w—v, 0+1 s+ou+ w 2w+1—v, v s+v
- Z Cyx y 12w+mfvfs - 2 Cox y 12w+1+m—v—s +0 (7,2) : (23)
v=0,v,even v=0,v,0dd

We now compute the Poynting vectors E; x B, and E3 x B; in the cases when m is even and m is odd. If m is
even, by (15) and (16) we have that;

1 1
_ _ _ 2.11)2 21 1)2
Eye = E;,e + E%,e = —amsin (mt) cos mw I' + am cos (mt) sin m% T,
T o o .
where o = m and T = _{T cos (m0) cos (W (x,1,2)d0. If m is even, by (21) and (22);

1 1
2 2 2 2
_ _ _ +1 +1 1
By, = By, + By, = —pmcos (mt) sin m% I’ + B sin (mt) cos m% r/+o(rz)'

7T .
where p = % andI" = [ sin(mf)sin <mxcos(9)+mymn(9)

7 > (cos (0) z,sin (0) z, —sin (0) y — cos (6) x) d6.
—7 (r241)2
It follows that;
= = =1 5l = sl = =2 =252 1
EZ,E X BZ,E :EZ,E X BZ,E + EZ,E X BZ,E —+ EZ,E X B2,€ —+ EZ,E X BZ,E —+ @) (1’3>

1 1
2 2 2 2
re+1 r+1
—=aBm? sin (mt) cos (mt) sin m% cos m# rx1’

1 1
2 2 2 2
re+1 re+1
— apm? cos? (mt) sin? mi( +1) T x I — afm? sin® (mt) cos? 7( +1)

m rxI
c
1 1
24 1)2 2.11)2
+ apm? sin (mt) cos (mt) sin m@ cos mw IxI’'+0 (;)
2 1 % 2 1 %
=aBm?|[— sin? (mt) cos? mw — cos? (mt) sin® m@
241 % 21 %
r r 1
+ 2sin (mt) cos (mt) sin m# cos m# JITxI"+0 (,3) )
Similarly, by (18) and (19);
2 1 % 2 1 %
— — — r r 1
E3, = E;ls,e + Eée = 7ym cos (mt) sin m# I — ymsin (mt) cos m% "+o0 (72) ,
T .
where v = % and I” = [ sin(mf)sin (W) (—sin(6),cos(),0) db. If m is even, it
4megc?(r2+1)2 g (r241)2
follows that;

= = =1 =l w2 sl =l 52 =2 =2 1
Eze x By :ES,e X B2,e + E3,e x BZ,e + E3,e X B2,e + E3,e X BZ,e +0 <7‘3>
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1
2 1)2
= — Bym? cos? (mt) sin® (m(rﬂ " =<1

c
241 % 241 %
+ Bym? sin (mt) cos (mt) sin (m(rj:)) cos (m(r—ic_)) " =<1
241 % 241 %
+ Bym? sin (mt) cos (mt) sin (m(rj:)) cos (m(r—ic_)) " =<1
2 1 %
— Bym? sin® (mt) cos? (m(rt)) I"xT'+0 (:3)
(r2+1)% (r2+1)%
=PBrym?[— sin? (mt) cos? e — cos? (mt) sin’ e

NI—=
NI

(r*+1)

+ 2sin (mt) cos (mt) sin (mc) cos (m<r2—|c_1)> " xT"+0 (1/13) ,

If m is odd, by (15) and (17) we have that;

1 1
_ — _ 1 r211)2 2 4+1)2
Ezp = E;/o + Eio +0 (rz) = amsin (mt) sin (m(c)> I + am cos (mt) cos (m(c)) r”,

7T .
where I = [ cos(m) sin (W) (x,1,2)d6. If m is odd, by (21) and (23);
—7T (T -i-l)7

—_

1 1
— — _ 1 r2+1 2 72+1 2
By, = B;,o +B§,0+O <r2) = Bm cos (mt) cos (m(c)) [ + Bmsin (mt) sin (m(c)) I'"+0 (}2) ,

T .
where I = [ sin(m#) cos (W) (cos(8)z,sin(0)z, — sin(0)y — cos(0)x)d6. It follows that;
—7T (T 4’1)7

T 1
EZ,o X BZ,O :E;,o X B;,o + Ei,o X B;,o + E%,o X Bg,o + E%,o X Bi,o +0 ( )

5
241 % 211 %
re+ e+
=aBm? sin (mt) cos (mt) sin (m(c)) cos (m(c)) " <o
241 %
e+
+ aBm? cos? (mt) cos? (m(c>) " <"
241 %
re+
+ aBm? sin® (mt) sin® (m(c)) " <"
241 % 211 %
e+ e+ 1
+ aBm? sin (mt) cos (mt) sin (m(c)) cos (m(c)> " x1"+0 (ﬂ)
241 % 241 %
-+ e+
= apm?[cos? (mt) cos? (m(c)) + sin? (mt) sin? (m(c))

Nl—
N

2+1 241
+ 2sin (mt) cos (mt) sin (m(rt)) cos (m“JZ))}r”’ xT" +0 (:3) )
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Similarly, by (18) and (20);

1 1
2 2 2 2
— = — re+1 r-+1 1
Es, = E;IO + E%/O = —ymcos (mt) cos m% """ — ymsin (mt) sin m% " +0 (ﬂ) ,

s .
where I’ = [ sin(mf) cos (W) (—sin(6),cos(0),0)do. If m is odd, it follows that;
—7T (7’ +1)7

= 5 w5l w2 5l = =2 =2 =2 1
E3o X Bao =E3, X Byo + E35 X Byy +E3p X By + E35 X By, + O <r3>

1
2 1)2
:7ﬁ,ymzcosz (mt) C082 m(r t ) """ s "
241 % 211 %
e+ 4+
— Bym? sin (mt) cos (mt) sin m% cos m(% " < "
21 % 211 %
+ re+
— Bym?sin (mt) cos (mt) sin mu cos m(i) | RIS

c

2

l
2)

1
’ r+12)
1

+1)2

1
— Bym? sin® (mt) sin " %< 1" + 0 ( )

2 ()’

=Bym?|— cos? (mt) cos —sin? (mt) sin® [ m .

1
2 1)2 1
— 2sin (mt) cos (mt) sin m% cos m# """ % T" 40 (ﬁ) .

We compute I' x I'". By (16) and (22), we have that;

© s (_1)w m2w 2w w2
I'= E E (_1)2 C?m Z vax wfvyv (x/y, Z) 12w+m—s—v,s+v/

w=0s<m,s,even v=0,v,even

o) s—1 (71)w m2w+1

r-y Y (pTe

w=0s<m,s,odd (Zw + 1)! (1’2 + 1)w+—
( 2w+1 2w+1

2w+1, 2w+1—v, 0 75+0 2w+1,2w+1—-v, v_ 75+v+1
Z CU X y ZIZw+2+m v—s’ Z CU X Y ZIZw+1+m v—s
v=0,0v,0dd v=0,v,even

2w+l+m—v—s Y bhwto4m—v—s

2w+1 2w+1
_ Z C5w+1x2w+1—vyv+l Is+v+1 Z C2w+1 2w+2—0v vls+v ,
v=0,0,even v=0,v,0dd

so that;

0 . _1)© 2w J1 1 W’m2w’+1
rer=y Yy ¥ (nier Byt (D

w=0w'=0s<m,s,even,s' <m,s' odd (Zw)! (,,2 + 1) (Zw’ + 1)! (1’2 + 1>w’+%

20,2 +1 2w 2 1 2 2 1— 2 1
w ~2w' + w+2w' +1—v—v' | v+0' +2 15+v s'+0'+
- Z C C Y 12w+m 5— UI2w’+1+m o' —s!

v=0,v,even,v’'=0,v’ even

2w,2w' +1

2w ~2w' 41 2w+2w +2—v—0' v+v'+1 1540 s 40’
C C Y 12w+m 5— 012w/+2 m—v'—

v=0,v,even,v'=0,v' ,0dd

2w,2w’' +1

2w ~2w' 41 2w+2w +1—v—0' v+v’ 2 s+v s/ 40/ 41
C C y 12w+m s— UIZw '+1—m—0v'—s'’

v=0,v,even,v'=0,v' even
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2020741 2w ~2uw' +1 ., 2w+2w' 42 / /41 1
w w + wH2w +2—v—v  v+v +1 15+0 s 40/ +
+ Z Cv Cv/ X y IZzu+m—s UIZZU/+l+m v —s/
v=0,v,even,v’'=0,v' even
2w, 2w’ +1 oo 2l 1 D0t 20 43 ,
w w + w42w' +3—v—0v' v+v' 1s+v s 40!
+ Z CU Cv’ X Y IZerm s— vIZw ! +2+m—v'—s'
v=0,v,even,v’'=0,v' ,0dd
20w+ 2w 2w/ +1 , 2w+ 2w +1— 2
w ~2w' + w2w' +1—v—0' v+’ $+0v s’ +o'
+ Z C; C Y 12w+m s— vIZw’+2+m [
0v=0,v,even,v'=0,0' ,0odd
2w, 2w’ +1 ) ool 1 w020 42 , ol
w 2w+ w2w' +2—v—0v' v+0' _ 1s+o s +0u'+
=+ Z GGy T x Y 2l s UIZZU’+l+me’7S’
v=0,v,even,v'=0,0' even
2w,2w’ +1 20 241 2241 1
w ~2w' + w+2w' +1—v—v' v+0'+ s+v s/ +o/
_ C C y 12w+m 5— vIZw’+2+m o'—s' | (24)
v=0,0,even,v’=0,0' ,odd
By (19), we have that;
ad s—1 —1)¥ 2w+l
I e :
W+ 5
w=0s<m,s,odd (Zw + 1)! (7‘2 + 1) 2
2w+1 w1 2wl 1 2w+1 o] 2wt
_ w+ w+1—v, v o+s+ w+ w+1—v, 0 70+s
x Z Cv X y 12w+1+m v—s’ Z CU X y 2w+2+m7075’0
v=0,v,even v=0,v,0dd
It follows that;
! /
ad ad s—1 *1 w m2w+1 s'—1 —1 w me +1
rxr = Yy Y (nTo Gy G
w=0w'=0s<m,s,odd,s' <m,s' odd (2w+1)! (1’2+1) 2 (2w’—|—1)!(r2+1) 2
2w+1 2w 41
C2w+1C2w’+1x2w+2w’+2—v—v’ o+0'+1 5o s '+o'+1
4 / y 2w+2+m—s—ov 2w +14+m—v' —s’

= Ovoddv =0,v' even

2w+1,2w' +1 ot ] ! 1 020 43 ,
w+ w'+ w+2w' +3—v—0' v+ s+o s'+o
- Cv Cv’ X y 12w+2+m 5— vIZw '+2—m—v'—s'’
0v=0,v,0dd,v'=0,v' ,0dd
2w+1,2w' +1
_ C2w+lC2w +1 2w+2w +2—v—0' v+0’ +1Is+v+l I8 "+v'+1
Y 2w—+1+m—s—v 2w’ +1+m—v'—s’

v=0,v,even, v’ =0,v even

2w+1,2w' +1
C2w+1c2w +1 2w+2w +3—v—0' v+0 Is+v+1 Is o'
2w+14+m—s—v 2w/ +24+m—v’' —s'’

y

v=0,v,even,v’'=0,v’ ,0dd

2w+1,2w' +1
i C2w+1c2w’+1x2w+2w’+2—v—v’ v+’ Z[5+otl s'+o'+1
. ‘o v o Yy 2w+ 14m—s—0 2w +14+m—v'—
v=0,v,even,v'=0,v' even
R = 2w+1 2w’ +1 , 2w+2w' +2 ! ! 1
_ w+ w'+ wH2w' +2—v—v  v+0v _ 75+0+ s+
Cv Cv’ x Yy 12w+1++m 5— UIZw ' +2+m—v'— (25)

v=0,v,0dd,v'=0,v' ,0dd

We now compute the flux of the Poynting vectors over the sphere S(r). We have that x = rsin(¢) cos(6),
y = rsin(¢) sin(6), z = r cos(¢) with coordinates 0 < ¢ < 7mand —71 < 6 < 7. We have that;

1 X 19 = (rcos(¢) cos(8),rcos(¢)sin(0), —rsin(¢)) x (—rsin(¢) sin(0), 7 sin(¢) cos(#),0)
12(sin?(¢) cos(6), sin?(¢) sin(8), sin(¢) cos(¢p),

so that;
dS = 71dS = r?(sin?(¢) cos(6), sin?(¢) sin(8), sin(¢) cos(¢) )dpd6,

and

/(rxr) ds5 = O/

S(r)

(r X F/) | (rsin(¢) cos(8),r sin(¢p) sin(6),r cos(¢)) * r (sin2 ((P) COS(G)/ sin’ ((P) sin(()), Sin((P) COS((P)de(P'

d—x
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Applying this to (24) gives;

[ (rxT).d5 =

5(r)

Y Lpyien (Ut (D)
Z Z Z ( 1)2 Cg (2w)!(1’2+1)W( 1) s’ (2w’+1)!(7’2+1)w,+%

w=0w'=0s<m,s,even,s’ <m,s’ ,odd

2w,2w’ +1 ) ) 1 1
_ w ~2w' + s+v s'+o'+
X Z C C 2w+m 5— UIZw ' +1+m—o' —

v=0,v,even,v’'=0,v’ even
T
% / / 20420/ +5 220 +5 () cos2W+2w' +2—0—/ 6) in?+o' +2 (6) d6d¢p
0

2w, 2w’ +1
2w ~2w'+1 s+v s/ +o
C C 2w+m —s— vIZw’+2 m—uv'—s’
v=0,v,even,v'=0,0 ,odd

T
% / / r2w+2w/+5 Sin2w+2w’+5 (4,) C052w+2w’+3—v—v/ (9) Sinv+v'+1 (9) d9d47
0 -7

2w, 2w’ +1
2w ~2w' +1 7540 s/ 40/ 41
C C 12w+m—s ’012w/+1 —m—v'—
v=0,v,even,v’'=0,v’ even

s
< / / r2w+2w’+5 sin2w+2w’+3 COSZ ((P) Cos2w+2w’+27070’ (9) sianrv’ (9) d9d4)
0 —m

2w, 2w’ +1
2w ~2w’ +1 s+v s'+0'+1
+ C C 2w+mfs UIZw’+1+m o' —s!
v=0,v,even,v'=0,0' even

T 7T
% / / 20205 5 2w-20+5 () cos2W+2w +2—v—/ 0) §inv+?+2 (6) d6d¢
0 —m

2w,2w’ +1 N
w ~2w' + s+v s'+o'
+ Z C C 2w+m 5— vI 2w +2+m—v'—s'
v=0,0,even,v'=0,0' ,odd

T
' / . / / ) . /
% / / r2w+2w +5 Sln2w+2w +5 ((P) COSZZU+2w +3—v—70 (9) Slnv—HJ +1 (9) d9d47
0 —m
2w,2w' +1 o2 1
w w +1ys+v s 40/
+ 2 Cv C 12w+m s5— UI2w ' +2+m—v' —s’
v=0,v,even,v’'=0,v' ,0dd
T

« / / r2w+2w'+5 Sin2w+2w’+3 (47) cos2 (‘P) C082w+2w'+17v7v’ (9) sianrv’Jrl (9) d@d(l)
0 —m

2w, 2w’ +1
2w ~2w' +1 s+v s’ +0'+1
=+ Z C C 2w+mfs UIZw’+1+m o' —s'
v=0,v,even,v'=0,0' even

T
% / / r2w+2w/+5 Sin2w+2w’+3 (47) cos? (4)) Cos2w+2w/+2—v—v’ (9) Sinv-ﬁ-v/ (9) d@d(])
0 -n
2w,2w' +1
C2wc2w +1 s+v Is '+

2w+m —s—0 2w +24+m—v'—s’
v=0,v,even,v’'=0,v',0dd

T 7T
x//r2w+2wl+5 sin2wt2w'+3 (¢) cos? (¢) cogw 2w +1-v—7' (49)sin”+”,Jrl (0)dbde | . (26)

0 —m

An inspection of (26) shows that the terms 1 and 4, 2 and 5, 3 and 7, and 6 and 8 cancel. This proves that;

/(r x T').dS = 0.
S(r)
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Applying the same method to (25), we have that;

/
W 4, 2w+1 J1 (71)?4/ m2w’+1

= e s—1 -1)
/ (I xI').ds=Y Y Y (-1)z ! ( - (-1) 7 CY T
Skr) w=0w'=0s<m,s,odd,s' <m,s' odd (2w—|—1)! (r2+1)zu+§ ’ (2w’+1)! (r2—|—])w+7
2w+1,2w' +1 o] 1 .
w+ 15+ +v'+
C C ’ ;wiZer s— vlsw 3]rl+m o —
v=0,v,0dd,v'=0,0 even

T
/ . / / ] . /
% / / r2w+2w +5 Sln2w+2w +5 (‘P) C052w+2w +3—0v—0 (9) Slnvﬂ) +1 (9) d@d(j)
0 —m
2w+1,2w'+1
_ C2w+lc2w +1ps+v Is’+v’
2w+2+m s—0 2w +2—m—v'—s'
0v=0,0,0dd,v'=0,0 ,odd
T
/ . / U P . /
% / / r2w+2w +5 Sln2w+2w +5 (¢) Cos2w+2w +4—0v—70 (9) Slnv-HJ (9) d9d¢)
0 -7
2w+1,2w' +1

2w41 ~2w' +1 rs+v+1 s/ 40/ 41
C C 12w+1+m s— vIZzu/+1+m [
v=0,v,even,v’'=0,v’ even

T
! . / / ) . /
% / / r2w+2w +5 SInZer2w +5 ((P) C052w+2w +2—v—70 (9) SIHU+U +2 (9) d@d(P
0 —m
2w+1,2w' +1
_ C2w+lC2w +1 s+v+1 I8 '+’
2w+1+m s—v 2w +24m—v'—s'
v=0,v,even,v'=0,0 ,0dd
T
/ . / / ) . /
% / / pROF2HS 2020 () (0g20 20 +3-0=0 () o'+ (9 dadg
0 —7m
2w+1,2w' +1

C2w+1C2w +1 s+v+1 Is "+o'+1
- ) 2w+1+m s—v 2w +1+m—v'—s'
v=0,v,even,v’=0,v' even

T
’ . / VA, SR . ’
% / / r2w+2w +5 Sln2w+2w +3 (¢) COS2 ((P) COSZw—i—Zw +2—0v—0 (9) Slnv+v (9) deQD
0 —m
2w+1,.2w' +1
C2w+1 CZw’+1 [stotl Is’+v’
v 2w~+1++m—s—v 2w’ +2+m—v' —s'

v=0,v,0dd,v'=0,0' ,0odd

T
/ . / NN, SR . /
% / / r2w+2w +5 Sln2w+2w +3 (‘P) COSZ (‘P) COSZerZw +2—0v-0v (9) sin?t? (6) decp (27)
0 —m
. . S . i he  f .
Using the notation I again, and letting [, = ——7— = [ sin”(¢)d¢ for v odd, we obtain that;
0
© o0 W, 2w0+1
s—1 —1)%m
(I xT1").dS = Z Z ). (-1)zCr (=1)
§ 1(+2 erl
S(r) W=00'=0 s<m,s,0dd,5' <m,s' 0dd Qw+1)!(r?+1)7"2
’_ _ w' 2w’+1
% (_1)521 m ( 1) r2w+2w/+5
(2w +1)!(r2 + 1)¥'+
2w+1,2w' +1
% | — C2w+1 CZZU +1 o I8 +0'+1 IU+'U +1 ]
2w+2+m75 02w +1+m—v' —s' 2w-2w +3—v—0v' ) 20+2w' +5
v=0,v,0dd,v'=0,v' even
2w+1,2w' +1
_ C2w+1C2w +1 s+v I8 /+o Iv+v I
2w+2+m $—0" 20/ +2—m—v' —s'  2w-+2w' +4—v—v' ) 2w+2w' +5

v=0,v,0dd,v'=0,v ,odd

2w+12w' +1
C2w+1c2w +1 s+v+l Is '+0'+1 IU+U +2 J
‘. Lwi14m—s—o 2w +14-m—v' —s' w420 +2—v—o' J2w+2w' +5
v=0,v,even,v’=0,v' even
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2w+1,2w' 41
_ C2w+1 C2w’+l psto+l Is’—',—v’ Iv+v’+1 ]
‘ o v o' 2w+14-m—s—v" 2w +2+m—v' —s' " 2w+2w' +3—v—v' J2w+2w' +5
v=0,v,even,v’=0,v’ ,0d
2w+1,2w' +1
. C2w+1C2w’+l [stotl IS’+U’+1 I?Hrvl (] -7 )
. v v 2w-+1+m—s—v" 2w +14+m—v' —s' 2w 2w +2—v—v' \J2w+2w'+3 T J2w+2w'+5
v=0,v,even,v'=0,v' even
2w+1,2w' +1
_ C2w+1 2w/ +1 s+o+1 s+ o+’ (J —7J )
v o' 2w-+1++m—s—v 2w +2+m—v' —s' “2w+2w +2—v—0v' \J 2w+2w' +3 2w+2w'+5

v=0,v,0dd,v'=0,v ,odd

&0 s—1

(_1)wm2w+1

(-1)F ey

w'=0s<m,s,odd,s'<m,s' ,odd
(_1)w’m2w’+l

(2w +1)!1(r2 +1)¥'*2

(e )
=L
w=0

-1 2w 2w +5
2C",1 rw+w+

X s

(1)

where we have abbreviated the term in brackets to ¢;, ;s ¢/

(2w +1)!(r2 + 1)¥+2

Cw,w 5,8 mr

< 0. We compute I'"”” x """, By (17) and (23);

" oo 5 (_1)10 m+l 2edl 2w+1, 2w+1 +
_ 5 ~m w w+1—0v, 0 s+v
= Z Z (_1)2CS w+1 Z CU X Y (x,y,z) 12w+1+m—s—v
w=0s<m,s,even (Zw + 1)! (7’2 + 1) 2 9=0,v,even
and
) 51 (_1)70 m2w
l—v//// — Z (_l)T Cm
o) (2 1)
w=0s<m,s,odd :
2w 2w
o D S PN S e I e
v=0,v,0dd v=0,v,even
& 2w .2 1 1 & 2w, 2w+1
_ Z vax wfvvar Is+v+ _ Z C2wy w—+ 7vyvls+v
2w+m—v—s 4 w+14+m—v—s | 7
v=0,v,even v=0,v,0dd
so that;
/ /
0 s -1 wm2w+l o1 -1 w me
r/// % I—-Il// — 2 Z (_1)2 an ( ) +1 _1) Vi Cgi,i ( ) —
w=0w'=0s<m,s,even,s' <m,s’ odd (ZZU + 1)! (7’2 + 1)20 2 (Zw/)! <r2 + 1)
2w {120 2w+1 2w 2w+2w +1 ! ! 42 s+ 4o +1
w w' 2w42w' +1—v—0" v+0'4+2 7s+0v s'+v
o 0 o0 Cv Cv/ X y 12w+1+m7571112w’+m—v’—s’
v=0,v,even,v'=0,v' even
2w+1,2w’
. C2w+1 2w’ | 2w+2w' +2—0v-v' o+0'+1 s+0v s+
‘ i v 4 Y 2w+14+m—s—v 2w +14+m—ov' —s’
v=0,v,even,v’'=0,v',0
210! Qw41 ~2w | 2w-+2w' +1 ! oto 275+ "ol +1
w W' 2w+2w' +1—v—0' v+v s+v s'+v
- . o (& Cy/ X Y Z 12w+1+m757v12w’+m—v/—s”
v=0,v,even,v’'=0,v' even
2012w Qw41 2w | 2w-+2w +2 4 /41 o' +1
w w wH+2w +2—v—v v+0v +1 y5+0 s'+0 4+
+ - ) Cv Cv’ X Y 12w+1+m—s—‘012w’+m70’7s/
v=0,v,even,v’=0,v' even
2w+l’2w/ 2 12w .2 2w'+3 ’ ’ Iy
w+ w w+2W +3—v—0", ,0+0" 15+0 s' 40
+ 0 . ddcv Cv’ X 12w+1+m—s—vIZw’+l+m7v’7s’
v=0,v,even,v’'=0,v’ 0
2w L2’ 2w+1 2w 2w-+2w' +1 ! 2 ! o
w+ w w+2w +1—-v—0v" 0+ s+0v s 40
+ 0 . ddcv Cv/ X y z 12w+1+m—s—UIZw’+1+m7z;’fs”
v=0,v,even,v’'=0,v 0
2L’ Qw41 ~2w | 2w-+2uw +2 / / "o +1
w+ w' 2w+2w +2—v—0" v+0 _ 75+0 s +0' +
+ 0 o Cv Cv’ X Y ZIZw+1+mfsvaZw’+m—v’—s’
v=0,v,even,v’'=0,0 even
2w 120 2w+1 20\ 2w+2w' +1—0—v' o+0/+1, s+ "+o!
w W' 2w+2w' +1—v—0' | v+v s+v s'+ov
- CU CU’ X Y ZIZerlerfsfvIZzu’+1+m—v’—s’ (28)

v=0,v,even,v’'=0,v',0dd
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Integrating (28), we obtain;

/

5(r)

_ 0 s —1)¥ 2w+l s'—1 -1 @ 2w
(7 xT") . d5 =Y 3 Y (i GUm o EN M
s 2 w+3 s N (r2 w
w=0 w'=0s<m,s,even,s' <m,s' ,odd (Zw + 1)! (l’ + 1) 2 (Zw ) (1’ + 1)
2w+1,2w’ " I
+ + +0'+
2 E va Cv;w I;w—zi-l—&-m—s—vlgw’imfv/fs’

=0,v,even,v’'=0,v' even

v

7T
% / 2020 +5 20020 +5 ) o222/ +2—0v—0' 6) in?+o'+2 (6) d6d¢p
-7

S~

2w+1,2w’ , L,
2w+1~2w' 754-v s +v
Cv Cv’ 12w+l+mfsfvIZw’+1+m—v’—s’
v=0,v,even,v'=0,0 ,odd

T
" / . / e S . /
% / / 72w+2w +5 Sll,12w+2w +5 (¢> C052w+2w +3—v—v (9) Slnv+v +1 (9) dedgb
0 —m
2w+1,2w'
. Z Cc2w+1 C2w’ sto 5o+l
4 v w+1+m—s—o 2w +m—v' —s’
v=0,v,even,v’'=0,v' even

T
/ . / U, S . /
% / / r2w+2w +5 Sln2w+2w +3 C052 ((P) COSZw+2w +2—v—0 (9) 51nv+v (9) d9d¢
0 —m
2w+1,2w' o] 20 el
w—+ w' 75+0 s 40+
+ Cv Cv’ 12w+1+m—5—012w’+m70’7s’
v=0,v,even,v'=0,0' even
T
/ . / / ) . /
% / / PROT2ES G200 () (0g20 20 +2-00 () 00 +2 (9 dadgp
0 —m
2w+1,2w’ e L,
w—+ w' 78+0 s +v
+ Z Cv Cv’ 12w+l+m757012w’+1+m—v’—s’
v=0,0,even,v’=0,0' ,odd

T
% / / r2w+2w’+5 Sin2w+2w’+5 ((P) C082w+2w’+3—v—v’ (9) sinv+v’+1 (9) dedgb
0 —m
2w+1,2w’ o] ~2a L,
+ o 2/ 00 odd va+ Cv’w I;;—Z:-l-i-m—s—v@ujgzljtmfv’fs’
v=0,v,even,v'=0,v',0
T
< / / r2w+2w’+5 Sin2w+2w’+3 ((P) cos2 (‘P) C052w+2w’+1707v’ (0) Sianrv’Jrl (9) d6dg
0 —m
2o 2w+l 02w s+o [ +0'+1
" v:O,v,even%:O,v/,even ° o et m s 2w m ol =d!
T
% / / F20+20'+5 i dw+2w'+3 (¢) cos2 (¢) cog2w+2w'+2—v—2 (0) sin?t?’ (0) dode
0 —m
2w+1,2w'
- Z C5w+1CzZJ’ZU,I;$il+mfsfvlz;:;3jl+m—v/—s/
v=0,v,even,v’'=0,v’ ,0dd

o
« / / r2w+2w’+5 Sin2w+2w’+3 (¢) C052 (4)) C082w+2w’+1—v—v’ (9) Sinv+v’+1 (9) d@dgb
0 —m

(29)

An inspection of (29) shows that the terms 1 and 4, 2 and 5, 3 and 7, and 6 and 8 cancel again. This proves that;

/ (I % T"") .S = 0.
st
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By (20), we have that;

mn__ o 1\ St ~m (_1)wm2w
M= L DS G

w=0s<m,s,odd

2w 2w
o 2w, 2w—v, v 70+s+1 2w, 2w—v,,0 70+S
X Z Cv X y 12w+mfvfs’ Z CU x y IZw-i—l—i—m—v—s’O
v=0,v,even v=0,0,0dd
It follows that;
o oo W oy, 200 ’ w' 2w
11 "o =1 (=1)%m 1 (=1)“m
X = Z 2 2 (=12 C (zw)l(rZ_i_l)w(_l) 7 Gy (2w")! (12 + 1)@’
w=0w'=0s<m,s,odd,s' <m,s' ,odd : :

2w,2w' 2 2w 2 2w / 111 I 1o +1

w~2w', 2w+2w' —o—v' 0+0 +1 75+0v s +0u'+
X | = Cv Cv’ X Y 12w+1+m757012w’+m—v’—5’

— / — /
v=0,v,0dd,v'=0,v' even

2w,2w’ ’ 111 / / !
2w 2w 2w2w' +1-v—v' v+0' 15+0 s +v
Cv CU’ X 12w+1+mfsfvIZw’-i—l—m—v’—s”

Y
v=0,0,0dd,v'=0,0 ,0dd

200,20 2w ~2w'  2w+2w —v—v' v4+0'+1 7s+ov+1 s+ +1
- 0 Z/ 00 G Cv’ X ¥ 12w+m—s—012w/+m—v/—s/
v=0,v,even,v’' =0, even

2w,2w'’
v40' [stot+l Is’+v’

2w ~2w'  2w+2w' +1—v—1v
Cv Cv’ X 2w+m—s—ov 2w +14+m—ov' —s'’

y

v=0,v,even,v’'=0,v' ,0dd

202w 2w ~2w' . 2w42w —v—v' | v+0'  ps+v+1 s'+0'+1
(€= Cv’ X y ZIZqurmfsvaZw’ijfv’fs’
v=0,v,even,v’'=0,v' even
20020 2w ~2w' . 2w4-2w —v—o' . v+’ ys4v s'+o
- ) Cv Cv/ X ¥ ZIZzu+1+m—s—vIZw’+1+mfv’fs’ (30)
v=0,0,0dd,v'=0,v' ,odd

Integrating (30), we get that;

1 e v v o1 (_1)wm2w S’Tfl m (—1)w,m2w/
/(r xT").dS=Y Y y (DT e T i e

s(r) w=0w'=0s<m,s,odd,s' <m,s' ,odd

2w,2w'’ , L,
2w ~2w' 75+0v s'+v'+1
- Z CU Cv’ 12w+1+m757012w’+m—v’—s’
=0,v,0dd,v'=0,v ,even

% / / r2w+2w’+3 Sin2w+2w’+3 (4)) COSZw+2w’+1—v—v/ (9) sinv+v’+1(9)d9d¢
0

—7T

2w,2w'

o 2w ~2w' 15+v s/ +o'
dZ i G Cv’ 12w+1+mfsfvIZw’Jrlfmfv/fs/
v=0,v,0dd,v'=0,v',0

T
/ . ’ VA, TP | . /
% / / r2w+2w +3 Sln2w+2w +3<(P) C082w+2w +2—v—v (9) Slnv+v (9)(166147
0 —m
202 2w 2w’ 1 4o’ +1
w ~2w' 7s+v+ s'+v'+
- 2 CU Cv’ 12w+m757012w’+m7v’7s’
v=0,v,even, v’ =0,v’ even
T
/ . ! I ) . !
% / / r2w+2w +3 Sln2w+2w +3 ((,b) Cos2w+2w U—70' (9) Slnv+v +2(9)d9d¢
0 —7m
2w,2w’ N ) L
w 2w 7s+v+ s'+v
- Z Cv Cv’ 12w+m—s—vIZzu’+1+m—v’—s’
v=0,v,even,v’'=0,v',0dd
T

% / / r2w+2w’+3 Sin2w+2w’+3 ((P) COSZzu+2w'+1—v—v’ (9) sinv+v,+1(9)d9d§b

0 —m
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2w, 2w’ ) . .
_ w s+v+ s'+o'+
Z C C 2w+m s— 012w ' +m—v'—s’
v=0,v,even,v’'=0,v' even
T
/ . / ] . /
% / / r2w+2w +3 s1nZer2w +1 (¢) COSZ (¢) COSZerZw v—0 (9) 51nv+v (B)df)dcp
0 —m
2w, 2w’ )
_ w s+v s'+o'
C C 2w+1+m s— vIZw’+1+m o' —s’

v=0,v,0dd,v'=0,0' ,0dd
7T
T

% / / r2w+2w’+3 sin2w+2w’+1 (47) cos? (4)) COSZerZw/fva’ (9) Sianrv/(O)de(P
O —

0 W, 200 w' 2w
_ Z (_1)% m (=D)%m 1)5/7’1 m (=1)%m r2w+2w/+3
- 2 s / 2 w'
w=0w'=0s<m,s,odd,s'<m,s’,odd (Zw) (7’ + 1) (Zw )!(7 + 1)
2w, 2w’ ) ) 1
- w ~2w' s+v S +'U + v+0'+1
X Z & C 2w+l+m s— UI 2w +m—v'— I w+2w/+1—v—v/]2w+2w’+3
v=0,v,0dd,v'=0,v' even
2w, 2w’ ) ) ,
_ w ~2w' s+v s/ +o U+
Z C C IZw-l—l-i—m s— UIZw ' +1—m—v' —s’ 2w+2w/+27070’]2w+2w,+3
v=0,v,0dd,v'=0,0' ,0odd
220! 2 1 1 2
_ w s+v+ s'+0'+ v+0'+
Z C C 2w+m s5— UIZ’LU ' +m—v' —s’ 12w+2w —v— y/]2w+2w’+3
v=0,v,even,v’'=0,v' even
2w, 2w’ ) . .
w s+v+ s'+0/ v+0'+
- C C 2w+m s— UIZw’+1+m v — I 2w+2w' +1—v—v' ]2w+2w’+3
v=0,v,even,v'=0,0 ,0dd
2w,2w'’ ) . .
w s+v+ s'+o'+ v+’
o Z < C 2w+m s— vIZw +m—v'— 12w+2w’ v—v’(]2w+2w/+1 o ]2w+2w/+3)

v=0,v,even,v'=0,v' even
2w,2w’ ,
2w ~2w' 7540 s/ +o' v+0'
G Lutiom—s—ol w’+1+m—v’—s’l 2w+2w' —v—7/ (Jowt2w/+1 = J2w+2u/+3)

v=0,0,0dd,v'=0,0' ,0dd
00 ( -1 ) mew

"L niBed VT o

0s<m,s,odd,s'<m,s’ ,odd

—_

;_\
~—

o,
N‘

X cmurzwqusd /
S w)!(r2+ 1) w,w' 5,8 s

where again we have denoted the term in brackets by d;, ; 5 & - We conclude that, if m is even;

P(rt) = / (Ese x Ba,) . dS + / (Ese x Ba).dS
s(r) s(r)

NGEE

:/ apm? | —sin? (mt) cos? m — cos? (mt)sin® [ m c

5(r)

+2sin (mt) cos (mt) sin | m~——— c

)=
( r+17

1

r—f—l2
1
2

=

2 1 5 1
+/ pym? | —sin® (mt) cos® m(rt)) — cos? (mt) sin m@
S(r)

1 1
2 2 2 2
+1 +1 1 <
+2sin (mt) cos (mt) sin m% cos m% I"xT'+0 <r3) -dS

1 1
2 2 2 2
re+1 r~+1
=Bym? | —sin® (mt) cos? m7< c ) — cos? (mt) sin? mi( : )

rx1’ +o(r13) .dsS

@)
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1 1
2 2 2 2
r“+1 r“+1

+2sin (mt) cos (mt) sin m(% cos m%

oS 00 51 (71)wm2w+1
x Y ) ) (-1)z cr —
w=0w'=0s<m,s,odd,s' <m,s' ,odd (2w+1)!(r2+1) 2

-1 " (_1) me’Jrl

/ 1
X (—1) 2 7’2w+2w +5Cw,w’,s,s’,m -+ O (1’) .

s/

Q2w + 1)1 (12 + 1)V 2
Similarly, if m is odd, we obtain that;
P(T,t)_ / (EZOXBZO) ds + / E30><B20) ds
5(r) 5(r)

= / (E3,0 X BZ,O) .d§
5(r)

:,B’sz [— cos? (mt) cos? (m 2+1 2) — sin? sm2 (m(rztl)z)
—2sin (mt) cos (mt) sin (m i) 2) ( r +1)2>]

o X -1 -1
e S S S = o M ER
w=0w'=0 sgm,s,odd,s’gm,s’,odd (Zw) (72 + 1)
x CM (_1)w m* r2w+2w’+3d a4 0 1 )
s (Zw’)! (1’2 +1>wl w,w' s, m r

O

Remark 5. The previous result shows that a single standing wave radiates, oscillating with time ¢ and radius
r. We look for a cancellation by considering the other charge/current possibilities which satisfy the wave
equation. This is the subject of the next theorem.

Definition 2. We let p! = cos(mx)cos(mt), J' = sin(mx)sin(mt), p?> = cos(mx)sin(mt), J> =
—sin(mx) cos(mt), p> = sin(mx)cos(mt), ] = —cos(mx)sin(mt) and p* = sin(mx)sin(mt), J* =
cos(mx) cos(mt) so that the corresponding pairs (p;, J;), for 1 < i < 4, satisfy the continuity equation, and
satisfy the prescription of Lemma 1. We let E]i and Bé, for1 <i < 4,2 < k < 3 be the corresponding causal

fields.

Lemma 10. For m even, we have that; f (E’2 X B]z) .dS = 0for1 <i < j<4. Moreover;
S(r)

1 1
r?+1)2 (r? (rP+1)*
E} = [ ym cos (mt) sin m% — ymsin (mt) cos
2 1 % 1 %
e+ R
B} = | —Bm cos (mt) sin m% + Bm sin (mt) cos ) ,
2 1 % 1 %
e+ —l—
E2 = [ ymsin (mt) sin m% + ym cos (mt) cos )
2 1 % 1 %
e+ r +
B2 = — | Bmsin (mt)sin m% + Bm cos (mt) cos ) ,
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1 1
24 1)2 241)2
E3 = | —ymcos (mt)sin (m(rt)) + ymsin (mt) cos (m(rt) ) A,
211 % 241 %
B3 = [ Bm cos (mt) sin (m(rt)> — Bm sin (mt) cos (m(rt)> N,
241 % 241 %
Ej = | —ymsin (mt)sin (m(rj:)) — ym cos (mt) cos (m(rt) ) A,
211 % 241 %
B3 = | Bmsin (mt) sin (m(r—ic_)) + Bm cos (mt) cos (m<rt)> N,
where
fi )
I’ = /sm (m0) sin <mx cos (9) —i—my sin ( ) cos (0) z,sin (0) z, —sin (6) y — cos (0) x) 46,
“n (r+1)2
7T
I = /sm (m0) sin (mxcos (%) —|—mys1n ) —sin (), cos (6),0) df,
“r (r +
T
A = /Cos (mf) sin <mxcos( +mysm ) cos (0) z,sin (0) z, —sin (6) y — cos (0) x) d6,
S (r +
f 0
A = /cos (m@) sin (mxcos( )—l—mysm > (—sin (), cos (0),0) db.
n (12 +1)?

Proof. It is easy to see, replacing summations over even indices, with odd indices, and vice versa, following
the proof of the previous lemma, and assuming m is even, that EJ c(r,m,t)I, E3 d(r,m,t)T,

T .
ES = e(r,mt)A, E3 = f(r,mt)A where I = [ cos(mf)cos (W) (x,y,2)d0 and A =
—7T
7T .
| sin(m8) cos (W) (x,y,2)d0 and {c,d,e, f} are parameters not depending on 6, x,y or z. A
- (r*+1)2

similar argument works for I” and A’ as in the statement of the lemma. It is therefore sufficient to check that
J @TxT).dS= [ (TxA).dS= [ (AxT").dS= [(AxA).dS=0
5(r) 5(r) 5(r) 5(r)
The first case was checked in the previous lemma. The remaining cases follow from the first case, by
replacing even with odd summations in both v and s when replacing T by A, and, similarly, for the pair I”
and A’ in " and s’. For the remainder of the lemma, carefully follow the calculation in the previous result, the

details are left to the reader. [

Lemma 11. For m even, we have that

E3
E
E3
E
E}

E
E3
E

X B
X B
X B
X B
X B
X B
X B
X B
X B
X B

x B2

1
2

2
2

1
2

2
2

3
2

3
2

3
2

4
2

1
2

2
2

2

=CI"xr,
— I xT,
G X T,
G X T,
— A" X N,
—CoA" x A,
—C3A" x A,
—C3A" X N,
A" xT,
A" T,
— CA" T,
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Ej x Bl = G3A" x T,
EIx B3 = —CiI" x A,
E}x By = —CI”" x A,
E} x Bf = GT” x &,
E? x B = GI'" x A

where
241 : 211 2 241 3
r+ e+ r+
Cy =pym?* | — cos? (mt) sin’ m% + 2 sin (mt) cos (mt) sin m% cos m%
241 %
e+
— sin? (mt) cos? m% ,
241 % 241 % 211 %
A+ e+ r? 4+
Cp =pym® | —sin® (mt) sin® m(% — 2sin (mt) cos (mt) sin m% cos m(%
211 %
r2+
— cos? (mt) cos? m(% ,
2 2 (72"‘1)% ) (r2+1)%
Csz =Bym” | cos (mt) sin (mt) sin e — sin (mt) cos (mt) cos me——
241 % 241 % 241 % 21 %
e+ e+ e+ e+
— sin? (mt) sin m% cos m% + cos? (mt) sin mi( . ) cos mi( . )

Proof. The proof is a simple calculation, using the result of the previous lemma.
O

Lemma 12. There exists a family (p, ]) satisfying the continuity equation, with corresponding (p, | ) satisfying the wave

equation, such that for the solution (p, J, E, B) satisfying Maxwell’s equations, obtained from Jefimenko’s equations, for
t 7 t o
anyr >0, [ P(r,t)dt =O(L), where [ P(r,t)dtis the power radiated in a cycle, from a sphere S(r) of radius r. In
t t

particularly, we have that

t+ o

limy—soo / P(r,t)dt =0

t
so the no radiation condition holds over a cycle. The family is obtained by setting any three of {ay,a;,a3,a4} C R to be
equal, with the fourth having the reverse sign, and letting p = a1p1 + axpz + asp3 + asps, | = a1J1 +azjo +azJ3 +
yre

Proof. We consider linear combinations aip1 + ax02 + a3p3 + a4ps and ayJ1 + aJo + azJ3 + a4Js , where
{a1,a3,a3,a4} are real scalars. Let {E,, comp, Bmcomp} denote the resulting fields obtained from Jefimenko’s
equations. We have, by linearity, that Ej ,, comp = 2?21 Eé, E3 mcomp = 2?21 Eé, By im,comb = Z?‘Zl Bé and
computing the power radiated through a sphere of radius 7, using lemmas 10 and 11;

— 1
p (V/ t) = / (Em,comb X Bm,comb) .dS+0 <r>
5(r)

— 1
/ ((EZ,m,comb =+ E3,m,comb) X BZ,m,comb) .dS+0 (1’)
5(r)

_ — 1
= / (EZ,m,comb X BZ,m,comb) .dS+ / (E3,m,c0mb X B2,m,comb) .dS+0 (1”)
S(r) 5(r)
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_ iaiaj/(EéxB£>.d5+iaiaj / (ngBg).dHoC)

VL sy s
4
= Z a;a; / E3><B]> dS+O< )
ij=1 s(r)
= (a%Cl +a5Cy — 2a1a2C3> / (I xT') .dS + (a%Cl +a3Cy — 2a3a4C3) / (A" x A").dS
S(r) 5(r)
+ (—ﬂlﬂg,cl — 612614(:2 + (612613 + 611614) C3) / (AN X F’) .ds
5(r)
— 1
+ (—a1a3C1 — a2a4Cy + (a1a4 + azaz) Cs) / (F” X A/) dS+0 (7’)
5(r)

We note the identities

C

— sin” (mt) cos® (m(rz—i—cl)2> ) + pym? ( sin? (mt) sin® (m(rz—i_cl)z)

C+C = pym? ( cos? (mt) sin? (m(rztl)z) + 2sin (mt) cos (mt) sin (m(;’2+1)2) cos (m(r

C

= —pym’

c c

—2sin (mt) cos (mt) sin (mW) cos (m(rZJrl)%) — cos” (mt) cos (m(rz il 1)%

and;

c

C—C = Bym? (— cos? (mt) sin® (m c

— sin® (mt) cos” (m(rz—'—cl)%>) — pym® (— sin? (mt) sin’ (m(rz—i-cl);)

c c

— 2sin (mt) cos (mt) sin (m(2+1)2) cos (m(rz_H)Z) — cos® (mt) cos® (m(rZ—f—l)

1
2 1 2

= —Bym? (cos(th)sm ( )
1

)

NI—=
N——
\_/

+4sin (mt) cos (mt) sin ( (2 +1)° ) ( r+ (+1)*? ) — cos (2mt) cos? (m (~ "C' 1)? ) )

= pym? (COS (2mt) ( S( r +1 ) — sin (2mt) sin <2m(z+cl)2)
I t+ X !
/ Cadt = / (,B'ym2 (cos (mt) sin (mt) sin? (mrtl))
t

— sin (mt) cos (mt) cos® (WW) — sin” (mt) sin (m(rz+1>

c c

N|—
N————
0
o
I
RS
3

—
=
)
o |+
—_
SN—
NI—

) + 2sin (mt) cos (mt) sin (m(rhrl)z> cos (mwl)z
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+ cos? (mt) sin (m(rztl)%) cos (m(rztl)%> )) dt

e o [sin@mt) ., [ (r+ 1)% sin(2mt) o [ (P + 1)%
= / Bym —, sin® | m p - 5 cos™ | m=———

+ cos (2mt) sin (m(rz—i_cl)z) cos (mM) )) dt

=0

50 we can obtain a convenient simplification by requiring that;

(i) a% = a%,
(ii) a% = ui,
(iii) arap = —azay,
(iv) a1a3 = —azay,
(V) araz = —dajay.

The last 2 conditions give that a; = %@’14 (a3 #0), araz = —%ﬁ”‘*a[}, a3 = aj (a3 # 0), and a3 = %;“4

(a2 #0), a; — %12”4 = —apay, a3 = a5 (ag #0), which are conditions (i) and (ii). Conversely, if a1 = a; and

as = —ay or a; = —ap and a3 = a4, then conditions (i),(ii),(iv),(v) are satisfied. Substituting into condition (iii),
we then require that; a% = a%, which we can achieve if; a1 = a3 or a; = —a3z. We then obtain that;

P(r,t) = — a2ym? / (I x T') . dS — adpym? / (A" x A"} +dS — 2a12,C3 / (I" x T — A" x A} . d5
() () ()

— aya3Bym? cos (2mt) (cos <2m(1’2+1)2)) — sin (2mt) sin (Zm(rz—i_cl)z) / (A" xT").dS
S

c
()

1 1
2.1 1)2 2.11)2 .
— ayazBym? cos (2mt) (cos <2m(r+)>) — sin (2mt) sin (me) (I'" x A").dS
5(r)

c c
1
+o(3).
r
If we integrate through a period of 7, we obtain that;
b+
/ P(r,t)dt = —a3pym® / (I" X T + A" x A') .dS + O <1)
t S(r)
_ —na%ﬁ'ym / (r// < T' + A" x A/) .dS+0 <1> ,
5(r)

as
t+ o t+ 2 t+
/cos(2mt)dt: /sin(th)dt: / Cadt = 0.
t t t

By Poynting’s Theorem, we have that;

AW d 1, 1., 1
= 0”/2(6015 +B)dB(r) D).
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Integrating this expression over a period of T and using periodicity, from Jefimenko’s equations that
E(7t+ %) =—E(7t),and B (7,t + ) = —B (7, t), we obtain that;

i

(e D) wr= [ (e k) mois s 3 L)L e

B(r)

= Hloml%ﬂ’rm / (I xT"+ A" x A").dS+0O <r> :
5(r)

It follows that, for r > 0;
3
- 1 t, 1)?
/(r”xr’+A”xA’).d5: / (72 (T X T/ A x &)} dB () — 27 mz)eo(r ) +0(r),
S(r) B(r)

agm

where c(t,m) = W(t+ Z) — W(t), the difference in mechanical energy of the charge/current distribution
confined to a vanishing annulus containing Sl is independent of r > 1, as contained in B(r), A). Letting
f(x,y,z) = (V. (" xT"+ A” x A")), we obtain that;

NI

/de (t,m) (P +1)" +0(),
where d(t,m) is independent of r. Dividing by 73, we obtain that;

lim /de(r) — d(t,m) + O (1)

Taking a power series expansion of f in the variables {x, y, z} and integrating term by term, we can see that f
must be constant. Using the volume of the ball B(r) as 47? , we must have that f = d(t,m) = c(t,m) = 0. It
follows, letting r — oo, that the mechanical energy of the matter wave doesn’t vary over a cycle and moreover

tm g
that the power radiated [ P(r,t)dt over a ball B(r) and a cycleis O(1), for any r > 0, and le [ P(r,t)dt =
r—00 t

t
0. O

Lemma 13. The results of Lemma 1 and Lemma 12 hold for the wave equation with velocity c;

oY 19¥Y

a2 2ol (32)

with the time cycle 7. replaced by -

Proof. The first result is clear. If we denote a solution ¥, to (32) by ¥(x,ct), and let Jyer = cJ(x,ct), with
corresponding {pnew, Jew }, then in the Jefimenko equations, we get that;

]new :|
7
C

EZ,new(x/ t) = CEZ [Pnew/

E3 new — C EZ |:Pnew; ]ng’w:| ’

EZ,mzw = CZEZ [Pnew/ ]ngw:| .

3 This idea relies on an argument in [2], that the work done on a charge gis F.dl = q(E + 7 x B) .vdt = qE.7 = E.]dt, and can be

summed over any B(r) with r > 1, as ] is vanishing outside S!. The idea that that ] can be represented as 07 is pursued in [13].
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Again, we obtain that

/ (EZ,new X §2,new) .dS = C3 / (EZ X EZ) [Pnewl ]ncew] dS = 0,
5(r) S(r)

and;

/ (E?),new X E2,new) .dS=c* / (EZ% X §2) {Pnewr ]néfw] .dS,
5(r) S(r)

so that, following Lemma 8;

Pnew(r, t) +O (1) _ C4P(1’,f) [Pnewl ]new:| +O (r>

We then obtain, for the linear combination in Lemma 12 that;

P (1,t) =c* | —a2Bym? / (I X T') . dS — a2ym? / (A" x A') .dS — 2a1a,C} / (I" x T' — A" x A') .d5S
S(r) S(r) S(r)

1 1
2.11)2 24 1)2 i
— aya3Bym? cos (2mct) (cos (Zm“p)) — sin (2mct) sin (Zm(i’—ic_)) / (A" xT").dS
S

()

2 q)? 2, q)?
—ayazfym? cos (2mct) (cos <2m(rtl) — sin (2mct) sin 2m@ (I'" x A").dS
5(r)

+0(3),

where C = C3(ct). If we integrate through a period of -, we obtain that;

mc’
t+ 2L
" 2 2C47T — 1
/ PP (1, ) dt = —adpym?S / (I" x T’ + A" x A') .dS + O (r>
5(r)
— 1
= —S3mradBym / (I" xT"+ A" x A") .dS+ O (r) :
5(r)
t+ n71TC

Now we can repeat the argument to obtain the same result, that rle | P (r,t)dt = 0.

t
O

Lemma 14. Let pg = a and Jo = b be constants, with {a,b} C R, then for the corresponding (po, Jo) as in the paper,
we have that ap 0 + /.. Jg = 0. If {Eo, By} are the corresponding causal fields, they satisfy the no radiation condition,
and, if (o, ]) is the solution given either in Lemmas 12 or 13, with {Eq, By } the corresponding causal fields, then they also
satisfy the no radiation condition over a cycle, with the corresponding (p + po, | + Jo) satisfying the continuity equation.

Proof. We clearly have that ap !4 g ah = 0, so that when we extend Jo to S' by J,(1,0) =
Jo(0)(—sin(6), cos(0),0), for —m < 0 < 7'( we have for the further extension (pg, Jy) on Ann(1,€) x (—¢,¢€),
using Lemma 6, that &2 a 2 + 7. Jp = 0. Using Lemma 8, we have that;

lim P(I”) = rll)n(}o (EO,Q X EO,Z + E(],g X Eolz)dg(l’),

r—co
S(r)
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but as gy = 0 and 70 =0, we have that Egp = Eg3 = By, = 0, so that rle P(r) = 0 and {Eo, By} satisfy the no

(P+P0) + 3(1;-]0)
X

radiating condition. Again, we have that = 0, with the same remark on the extension, so that

%—i—v. (J+Jo) = 0. We have that E; = E—i—fg and By = B + By, so that;

lim P (7’) = lim (E1 X Bl) dS( )

r—00 r—00

2
~

=
=

= lim [ ((E+Eo) x (B+Bo))dS(r)

r—00

%)
—~

=
=

—lim | [ ExB)dS()+ [ (EoxBo)dS(r)+ [ (ExBo)dS(r)+ [ (FoxB)dS(r)

r—oo .
S(r) 5(r) 5(r) 5(r)

— lim /(Fxﬁo)dg(r)+ / (Eo x B) dS (r)

r—0c0
S(r) 5(r)
:ll_)m EZXBOZ dS +/ E3><B()2 dS()
r—o00
S(r) S(r)

+lim | [ (FoaxBa)dS () + [ (BoaxB)dS (1)
() ()
= O,

as required. [

Definition 3. If (p, ]) satisfy the continuity equation, let;

T(x,t)z’ﬁx:g, i o(T ) £0,
() = lim 1@”)) / ‘]Ey’;‘dy, it p(%t) =0,

B(x,r)

We say that (p,]) are in electromagnetic thermal equilibrium at time ¢, if T(%,t) is constant on R® and in
electromagnetic thermal equilibrium if T(%, t) is constant on R® x R~.

Remark 6. The definition is motivated by Boltzmann’s definition of temperature for ideal gases as %ilz, see
[12], where |7?| is the mean square velocity of the particles making up the configuration, m is the molecular
mass and k is Boltzmann’s constant, and by the formula | = pg, see [2] and [13]. A local definition of
temperature is given in [12], when the particles are moving with different velocities. In the electromagnetic
case, if p > 0, a natural definition of local average speed would be;

[ @10, +)|dB(y)
B(%,r)

r—=0 [ @ t)dB(7)
B(x,r)

J 1@ )1dB(y)

B(%,r)

mmf ) 7(y,1)|dB(y) -
= lim ’ — = |
=0 mmf ] o 1)dB(G)  |p(%1)

7
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and a similar calculation works for the local average squared velocity;

S
Vi (%, t) — m

We then establish electromagnetic thermal equilibrium when V; or V, is constant, and similarly for the
generalization T.

Lemma 15. If we set ay = —ay, ap = a3, then the system defined by (p,]), for the linear combination p = Y*_, o,
J= 22‘1:1 Ji, from Definition 2, is in electromagnetic thermal equilibrium. In particularly, the configurations from Lemma
12 are in electromagnetic thermal equilibrium for all t > 0.

Proof. We have that;

Tl = ok

a1 sin(mx) sin(mt) — ap sin(mx) cos(mt) — ap cos(mx) sin(mt) — ay cos(mx) cos(mt)
aq cos(mx) cos(mt) + ap cos(mx) sin(mt) + ap sin(mx) cos(mt) — ay sin(mx) sin(mt)
=|-1

:1,

=aq

where a = |(—sin(6),cos(6),0)| = 1, when p(X, t) # 0, so that, using Lemma 6, for any configuration (p, J),
satisfying the continuity equation and extending (p, J), we have T(X, t)|q1 = 1. O

Definition 4. We say that a configuration (p, ], E, B) is classically radiating in a cycle, if for sufficiently large
r € R, there exists a sequence of times {t; : i € Z} such that, for t € (¢;,t;11);

/B o div(E5 % Bs)dB = fi:1(t)

for some continuous function f; ;1 on [t;, 1], with f;;i11(t;) = fiit1(tiz1) = 0and | f:f“ fiiv1(t)dt| > e >0,
with ftt"'“ fii+1(t)dt of the same sign.

Lemma 16. If we set ay = —ay, ay = ag, then the system defined by (p, ]), for the linear combination p = Z;L:l o',
4
] = Y. J', from Definition 2, has the property that it is classically non-radiating in a cycle, see [9], in all inertial frames,
i=1
with respect to the causal solution (E, B), provided by Jefimenko’s equations.
Proof. Suppose that there exists a frame Sz with the property that the transformed fields (Ez, Bz) is classically

radiating in a cycle. We can therefore assume that there exists a sequence of times {t; : i € Z}, such that for
sufficiently large r € R0, we have that;

/B o div(Ey x By)dB = fi;41(t),

for some continuous function f; ;11 on [t;, ti11], i € Z, with f;;11(t;) = fiir1(tiz1) = 0and | ftt,"“ fiivrdt] > €,
i € Z. By Poynting’s Theorem, we have that;

d o
% /B(ﬁ,r)(umem + Llem)dB - /B(a,r) dn)(E? X 5)113 = _fi,i+1(t)/

in the period (t,t;11), so that, by the fundamental theorem of calculus;

g tiv1
L e+ em)Bluy = [ (s - sem)aBly = = [ ira ()t
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It follows that, if |, :f“ fiiv1(t)dt >0, [, (,7) (mech + ttem )dB would decrease. Without loss of generality we can
assume this as we can consider a time reversal;

(—p5(X, to — 1), J5(X, to — t), —E5(X, to — ), Bs(X, to — 1)),

which satisfies Maxwell’s equations with the flux reversed. Then as Y.z [, ttf'“ fiiv1(H)dt = oo and
I3 ) (Uecn + Uem )dB is finite, we can assume that that there exists s, € R, with 1,00 By = O either for
t > sy, or fort < —s;, (%). AS Uy, is finite, and the property (*) can be made uniform in r, for r sufficiently
large, we can assume no charge flows to infinity. Then, we can assume, if i, = 0 in B(0, r), that el n 70

and as local kinetic energy of the charge is zero, that the local speed || is zero, so that “E = |w| — 0. In
particularly the components ];)—; — 0. By the transformation laws back to the base frame, assuming, without
loss of generality, that 7 = (v,0,0), we have that;

- T = T . . . j,v j,v j,v

7 _ 70 (Js,)| +70907) + 5,1 | _ | (Yol + Y0VPv j2,00J3,0)] _ |(7U;T+%’v’ ;T’;T” N 707 —
v ]5 4 ‘,v v A/U

ol |70 (p5 + 52| Yopo + L2 | 7o + L2250 |70l

However, this contradicts Lemma 15 unless v = 1. We can then obtain the result by a limiting argument to
exclude this special case. [

Remark 7. If thermal equilibrium held in all transformed frames, then one can probably adapt the argument
of [9], replacing the classically non-radiating condition with the classically non-radiating in a cycle condition,
to show that the above configuration (p, J) would satisfy a global wave equation in R*. As this is clearly not
the case in the base frame, thermal equilibrium cannot hold in all transformed frames. The above argument
suggests that if a particle radiates in a cycle in some inertial frame, then it must eventually travel with constant
velocity T in the base frame, so that in the transformed frame Sy, it is stationary, developing an observation
made by Rutherford.
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