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Abstract: This study looks at the worldwide behavior of a monkeypox epidemic model that includes the
impact of vaccination. A mathematical model is created to analyse the vaccine impact, assuming that
immunisation is administered to the susceptible population. The system’s dynamics are determined by the
fundamental reproduction number, Ry. When Ry < 1, the illness is expected to be eradicated, as evidenced
by the disease-free equilibrium’s global asymptotic stability. When R > 1, the illness continues and creates a
globally stable endemic equilibrium. Furthermore, we investigate the existence of traveling wave solutions,
demonstrating that (i) a minimal wave speed, designated as ¢* > 0, exists when Ry > 1; (ii) when Ry < 1,
no nontrivial traveling wave solution exists. Additionally, for wave speeds ¢ < c*, no nontrivial traveling
wave solution is found, whereas when ¢ > ¢*, the system admits a nontrivial traveling wave solution with
speed c. Numerical simulations are performed to further validate these theoretical results, confirming both
the stability of the equilibrium points and the traveling wave solutions.

Keywords: Monkeypox disease, vaccination; minimal wave speed; upper-lower solutions; basic
reproduction number.
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1. Introduction

n this context, the study of epidemic models is crucial for understanding the transmission and control
m of infectious diseases. Mathematical modeling provides insights into the underlying dynamics of
disease transmission and the effectiveness of various intervention strategies. The recent global emergence
of Monkeypox—a zoonotic disease caused by the Monkeypox virus—has heightened the demand for
comprehensive epidemic models that consider multiple factors influencing its spread. Multi-group models
have been developed in the literature and have been the subject of extensive research in recent years; see, for
instance, [1-5] and references therein.

One important aspect of these models is the impact of vaccination, which is essential for containing
disease spread. In this paper, we formulate and analyze a mathematical model that captures the global
behavior and traveling wave solutions of a Monkeypox epidemic [6-8], incorporating vaccination as a key
control strategy.

Traveling wave solutions are particularly significant as they represent the spatiotemporal spread of an
infectious disease [9], thereby enhancing the understanding of disease front propagation. By studying such
wave solutions, we can determine the speed and pattern of disease dissemination, identify critical thresholds
that may be vital for disease eradication, and evaluate the long-term effectiveness of vaccination programs.

This paper analyzes the conditions for the existence of traveling wave solutions, as well as the stability and
persistence of these waves. Within this framework, the model offers a robust approach to assess the potential
outcomes of vaccination strategies, providing valuable insights for public health planning and response efforts
against Monkeypox epidemics.

In light of the aforementioned issues, we present the following reaction-diffusion Monkeypox epidemic
model incorporating the effects of vaccination.
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Bla?fc,t) : aBoalX, :Bah a(xr )h(X, ) ,Baa a(x/ )a(x/ ) (: a(x, )/

Tof - thIu(xr t) + ,Bahsa(xr t)1h<x/ t) + ;Bausu(xr t)Iu (xrt) - (g + K)Ll(x, t)/

aRaa(tx,t) = myAR,(x,t) +xly(x,t) — ERy(x, ).

We make the assumption

(A):dp, da, Y, qn, Ga, my, and m, are positive.

with By is the transmission rate of the susceptible human by infected human. By, is the transmission
rate of the susceptible human by an infected animal. B, is the transmission rate of the susceptible animal by
infected human. B, is the transmission rate of the susceptible animal by an infected animal. p is the natural
mortality coefficient of the bovines. 7 is the recovering rate of the infected human. ¢ is the mortality coefficient
of the animal. A is the constant birth rate of the susceptible human. « is the vaccination rate. 6 is the return
rate to susceptible population and o) is the term of recovery. L represents the constant birth rate of susceptible
animal and « is the recovery rat of the animal population.

2. Preliminaries

2.1. Existence and uniqueness of the solution

The system (1) can be rewritten in the following abstract form

ax ()
TR f(X(1)),

with X(t) = (Sh/ Vi, I, Ry, Sa, 1, Rg), and

fi(X) A = BaSn(t)1a(t) — BrunSn(t) In(t) — (p + ) S (t) + Vi (2)

f2(X) aSp(t) — (p+o+0)Vy(t)

f3(X) BraSn(t)1a(t) + BunSn(t) In(t) — (p + ) In(t)
fX)=1] fuX) | = YIn(t) — pRy(t) + o Vi (t)

fS(X) A— ,Bahsa(t)lh(t) - ,Baasa(t)la(t) - ‘fsa(t)

f6(X) BanSa(t)In(t) + BaaSa(t)Ia(t) — (& +x)1a(t)

f7(X) xla(t) — ERa(t)

Notice that f; is of class C! Then it is locally Lipschitz with respect to the second variable, hence according
to the Cauchy Lipschitz theorem implies the existence and uniqueness of the solution. The positivity of the
solution follows form the standard results of dynamical systems theory. Therefore, the system (1) admits a
unique solution.

2.2. Positively invariant set
Next, we initial conditions (S;,(0), V;,(0), I,(0), R;(0), Sa(0), 1,(0), T.(0)) t € R’.. At first, we introduce

the following lemma.

Lemma 1. Suppose Q0 C R x C" is open,f; € C(Q,R), i = 1,2,3.n. If fi|y,—0Xt € Cj. > 0, Xy =
(%14, X1, X34..X1) T, i = 1,2,3...n.then Cy.,. is the invariant domain of the following equations:

dx;(t)
dt

= fl(t/ Xt)/ t> O/i = 1,2...7’[.
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Theorem 1. Each solution (S;(0), V;,(0), I,(0), R, (0), S4(0), 1(0), Rz (0)) of model (1) with the non-negative initial
conditions for all t > 0. Moreover, the following set

Q - {(Sh/Vh/Ih/Rh/Sh/Ih/Rh)/Sh 2 OIVh 2 OIIh 2 Oth 2 OIS{Z 2 O/Iu 2 OIRII 2 0/

Sh+Vh+Ih+Rh§% and Sa+Ia+Ru§?}/

is a positively invariant set.

Proof. Let X = (S, Vi, Iy Ry, So, Iy Re)T and £(X) = (£1(X), f2(X), f5(X), £2(X), f5(X), f5(X), f(X))T then
we can rewrite model (1) as:

X = fi(X)
Note that
d d a1,
ddi;qshzo =A+0V, >0, Tl _o=aS, >0, Tl o= BuSula >0,
R
B |g,c0 =Y+ 0V, >0, Bafg _o=A>0, |, o= BuSa(t),(t) >0
T IRi=0 = KLa() > 0.

The standard results of theory of differential equations implies that (1) has a unique positive solution. For
showing that the solution is globally defined, we sum up the three equations of (1), for each i = 1,2, to obtain

(Su(t) 4+ Viu(t) + Iy (t) + Ry () = A — pu(Sp(t) + Vi (t) + In(£) + Ry (1)),

and
(Sa(t) + I (t) + Ry(t)) = A —&(Sa(t) + Li(t) + Ry(t)),
then A
litmiuP(Sh(f) + Vi) 4+ In(t) + Ry (t)) < Pr
and

limsup(S,(t) + L(t) + Ra(t)) <

t——+oc0

Therefore, the solution is globally defined. Therefore,

limsup Sy (f) <
t—+oo

=|>

and

limsup S4(t) <
b0

SRS

Then it follows from Lemma 1 that () is invariant set. [

3. Global Behavior of the ODE System

In this section, we investigate the temporal behavior. Clearly, the R;, and R, —equations can be separated
from the system (1). Therefore, we focus on studying the following ODE system

Sp(t) = A= BuaSn(t)Ia(t) — BunSu(t) In(t) — (p + ) Sp(t) +0V4 (1),

Vé(t) = DCSh(t) — (74 + o0+ Q)Vh(t),

L) = BraSn(t)Ia(t) + BunSu(H)In(t) — (u+ 1) Iu(t), )
S;(t) = A- ﬁahsu )Ih(t) - ﬁaasa(t)la(t) - ésa(t)

(t ,
a(t) = BanSa(t)In(t) + BaaSa(t)La(t) — (C + ) La(t).
Next, we derive the following results. The BRN, Ry, associated to (2) is the spectral radius of 7, that is,

and we obtain that the basic reproduction number of system (2) at the disease-free equilibrium (52, V}E), 0, 52, 0),
denoted by Ry, can be expressed as

Ry =p(J)
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where
BinSh  BuaS)
(u+y)  (pt+7)

J =

sl Pus)

G+x)  (G+x)
and p(J) denotes the spectral radius of the matrix 7. The equilibrium points of the system (2) satisfies S; =
V, = Ij, = S} = I, = 0. In this case, we will show that (2) admits two equilibrium Eq = (S9, V}?,0, S9,0) which
corresponds to the Disease free equilibrium where

A

g0 A 0 aS) 4
¢

= ,Vzi
P u(pt o +0)+a(p+o) P (uto+6)

and SV =

The second equilibrium points satisfies the following system

A = PraSils = B Sy Ly — (p+a)Sj +6Vy,

aSy — (p+o+0)Vy,

BraSilz + BunSyly — (n+ )15, ®)
= A- ﬂahszlﬁ - ,BaaS:;I; - CS;,

0 = ﬁuhS;I;f +,8aaSZIZ{ — ((:-FK)IZ;.

Motivated by [10], we let the following assumption.

oo oo
|

Theorem 2. If Ry < 1, then the IFES, Eq = (52, VP?,O, 52,0), is global asymptotically stable, and if Ry > 1, then the
IFES is unstable, and (2) is uniformly persistent in Q), and admits a unique EES, E*, which is globally attractive. If
Ro > 1, E* is an arbitrary endemic equilibrium, then there exists a unique endemic equilibrium E* for the system (2),
and E* is globally asymptotically stable.

Proof. We let E = (Sy, Vj;, I, Sa, 1) be an arbitrary equilibrium, then, the Jacobian matrix of the system (2) at
E is given by

—Bhala — Bl — (4 + ) 6 —BinSn 0 —BraSn
bt —(u+0o+90) 0 0 0
JE= Bhala + Bunly 0 BrnSn — (1 +17) 0 BraSn
0 0 _.Buhsa _,BahIa - ,Baala - é’ _,Baasa
0 0 ,Bahsa ;Bahla + ,Baala ,Bausu - (C + K)

First, we show the stability of the disease free equilibrium Therefore, we start wit the local stability analysis.
By evaluating this Jacobian matrix at the disease-free equilibrium, we obtain

—(p+a) 0 —BnSy 0 —BhnaS)
o —(u+0o+0) 0 0 0
Jey = 0 0 BunSy— (m+7) 0 BhaS),
0 0 _ﬁahsg —C _,BMSS
0 0 ,Bahsg 0 ,B,MSS - (é + K)
We remark that1 = —¢ is a negative eigenvalue. Then, we have
—(p+a) 0 —BunS) —BnaS)
® —(u+0o+0) 0 0
Jen = 0 0 ) — s
BunSy — (1 +7) BnaSh,
0 0 :Bahsg ,Baasg - (C + K)

The corresponding characteristic equation is given by

PV = | (BinSY— (1 +6+7) — A) (BaaS0— (G +1) — 1) — ﬁmsﬁﬁahss] [(y FatA) (o84 A)—ab] =0,
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then, we have
(p+a+A)(p+oc+60+A)—af =0. 4)

Clearly, by the Dickarte sign rule wee get the equation (4) admits two negative eigenvalues. Then, we have

0 = (BunS)— (u+6+7)—A)(BaaSY — (E+x) = A) — BraS)BanSY
- A2 (ﬁhhsg )+ PaaS) — (Gt x>)1+ (B — (1 1) (BaaS® — (& +K)) — B S2BanS0.
®)

Therefore, the disease-free equilibrium Ej is locally asymptotically stable if the Routh-Hurwitz condition
are satisfy where Ry < 1 and unstable if Ry > 1. The following conditions are met:

a; >0,
ayax > 0.
Next, we turn our attention into the global stability of the Eg if Ry < 1. By the first and the third equations
of (2), and if we rewrite the system as follow

Sp(t) = A= BuaSu(t)La(t) — BunSn(t) I (t) — (p + ) Sy(t) + 0V (t),

Stlz(t) = A- ﬁuhsa(t)lh(t) - ,Bausa(t)la(t) - éSa(t),

Vi(t) = "‘Sh( ) — (74 +o+0)Vi(t), (6)
ay Z F;(S — (pi + 0 Ii(t),

where (i = 1,2) and if i = 1 represent the human compartment and i = 2 the animal compartment and
Fij(Si(t), I;(t)) = BijSi(t)1;(t). Then, motivated by [11, Proposition 3.1], [10, Theorem 2.1] and [12, Theorem
5.1]. From the well known Perron—Frobenius Theorem, 7 has a positive principal eigenvector w = (wy, w»)
withw; > 0,7 =1,2,and wp(J) = wJ . First, we start with the global stability of the IFES. Let the Lyapunov
function V;(t), with

H=3

ie 1.”1"’@1

Then we have

Therefore, we get

2 .
Vi) = ), ‘ZUI ‘[Fil(s(t)rll(t))+Fi2(si(t)r12(t))_(Vi"i‘Qi)Ii(t)}

=1 Mitai .

2 wi dFll(Sl/O) dPiZ(SirO) ) T
< Lt [P + TR i+ )10
= wlT10 - 10)] = ()~ e l()
< 0

~

ifand only if p(J) = Ro < 1. Here, I = diag(I;, ). If p(M) < 1, then V/ = Oifand only if I = 0. If p(J) =1,
hence V/ = 0 yields

2

ZV‘TQ‘ Fir (Si(t), i(t)) + Fio(Si(t sz @)
i=1 1" !

If at least for onei = 1,2,S; # 1 then




Open J. Math. Sci. 2024, 8, 185-207 190

2 2
Y ———|Fa(Si(t), i(t)) + Fo(Si(t), (1) | = Y wil;
= Mt o i=1

2 w; [dFa(S],0)

< X

L(t) +
= Hitoi dh i
= wJl=p(J)w=uwl,

—_

F(S?,0)

~—

which implies that (7) and only if I = O or S; = 1 for all i = 1,2. Provided that p(J) < 1. Clearly,
V! = 0 contains only the singleton {Ej}. Consequently, LaSalle’s Invariance Principle [13], implies the global
asymptotic stability of Eg for Ry < 1. Now, assume that Ry > 1, hence I; # 0, then we have

w.JIl=p(M)Lw >0,
and thus by continuity

i w; [dF(S?,0) () dF;(S?,0)
i—1 Hi + 0; dly ! dl

L(t) — (i +0)Li(t)| > 0.

In a neighborhood of Ej in Q). This ensures that E is unstable. The uniform persistence results, e.g. [14], and
a similar argument as in the proof of [15, Proposition 3.3] implies that the system (6) is uniformly persistent if
Rg > 1, which it can be deduced from the instability of Ey. Furthermore, by [16] we ensure that there exists at
least one EESS.

To show the uniqueness of the EESS, we will show its global stability, which it can imply that it is unique
using the uniqueness of the limit.

Now, we move to prove the second part of the theorem 2. We employ a Lyapunov function to obtain the
global stability of E* when ever exists. We consider the following function:

V() = Sph(gh) + Vih(gh) + Lih(g) + cSih(3e) + clzh(), ®)

where /1 is Volterra function i(x) = 1 —x —In(x) , x € RT, and the positive constant ¢ will be determined later.
Recall that the endemic equilibrium E, satisfies

A BraSiI; + BunSiI; + (u +a)S; — 0V,

(p+o+0)V; = aS;,

(m+7)I; = BuaSply + BunSp1, )
A = :BahS;I}j + BaaS;1; + ¢S5,

(C+x)1; = PBanSaly + PaaSsly-

The derivative of V (t) with respect to ¢, we obtain

Vi) = <1 _ %)s;a) + (1 - Vh%) V() + (1 - %)1{1@ + (1 - %)S;(t) + (1 _ If(t)>

Some simplifications and applied the equations of the system (9), gives

S*
V() = us; (1 - S;ﬂ)) (1 B SZ({))
+5ha521;‘<2+1”(t) S; SOLML L) | I I

S S Su(H)VvE
+l3/mSZI;<2— / —Sh(t)>+as;(3_ 10 h_Vh(f)>

IL(t).

— — +2-2
I;‘ Sh(t) S;:I;Ih(t) I;T Iﬂ(t) Ia(t) )
Sp(t) SZ Sy () SZVh(t) V};k

Vi(®)Sy S Va(t) | ViSa(t)  ViSu(t)
ViSu(t) — Su(t) Vi SiVi(t)  SpVi(t)

(s) (%5

+M¢(—1— +2—2)+c@+ﬁwmw;
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L

() i S(OLOE LB L B
ORI 2)

oParSa ’h( I +2‘sa<> STLO L L0

S GORICS)

+raSil (h< ’)- h(s;i*) -(° s*r)* ot )1 (%))

sousiti (4 (i) (%)) =i -4 (555) ()~ (57)
o (4 (gs) (i) () e sainsi(n(g (557
s (40 () (S (1)),

. SiI¥
if we take ¢ = ggz 5t then we get

. s s o (L s SAGIAGL;
v = i n(sly) n(4)) s () -n(sdy) -n(C5es
I(t Iy (t Si Sa(O)Iy(t)I5 t
—h(’}iﬂ) +h<’1%)) —h s,,(t)> _h<s(l),7(t)> B (
* T

+

S
n(t)
St
n(t)

h
k Tk S*
w1 (s5) (3
1AG % Vi (1)S;,
) o(3)) (32

* Sh Vi BhaSy 1 *) gk Sa Sa
% {h(shét)) +h( hvgt))] + Bg (& + Bual})S) ( h(sﬂ(t) _h( sf»,f)>)

* S*
vy = i (s ) -n(%

[ I

* Tk S
+ﬁhh5h1h(h(shft)) -

Sy Su(H)V,
@) h(s’* <’)> B

ﬂs * *
(Vg@ﬂ " ghhszz,* €+ Bul)s: -

=
W
=%
N
=
S
%)
=ln
’::“-K—
~_
+
=
N
<
SE
= —
=
7 N
0

o =
<
SE
E ~
—~—
\
* o)
=
=
S|
Sl
==
N——"

and equality holds if and only if S;,(t) = S}, Vi.(t) — V)7, In(t) = I, Sa(t) = S;, I(t) = I;. Which implies that
E* is globally attractive. O
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4. Existence and Non-existence of Traveling Wave Solution

In this section, we will always assume that Ry > 1. In this case, (2) have two equilibria Ey, E*. Our main
interest is to study the existence (resp. nonexistence) of a TWS of (2) that connects Ey, and E*. A TWS of (2) is
a particular solution of the form

(Si(2), Vi(2), I(2),84(2), Ia(2)), z=x+ct €R. (10)

Plugging (10) into (2) to obtain

cS(z) = diySy/(2) + A — BraSn(z)1a(z) — BrnSn(2) In(z) — ( + ) Sp(2z) + 0Vi(2),
Vi(z) = wVy/(z) +aSu(z) — (p+o+0)Vy(2),
chy(z) = hf;’[( z) + BraSu(2)1a(2) + BrnSn(2) In(z) — (u + 7) In(2), (11)
cSp(z) = daSy(z) + A — BanSa(2)In(2) — BaaSa(2)1a(z) — §Sal2),
cI'(z) = aquli(2z) + BanSa(2)In(2) + PaaSa(2)La(2) — (§+K)1u()
We can also write as follow
cSy(z) = diS;(z) + A — BuaSn(2)1a(z) — BunSn(2)In(z) — (4 + a)Sp(2) + Vi (2),
cSa(z) = daSy(2) + A~ BanSa(2)11(2) — BaaSa(2)1a(z) — ESa(2), 12)
cVi(z) = wV/(z) +aSu(z) — (p+o+0)Vy(2),
cli(z) = ql]'(z) + BinSi(z)In(z) + BiaSi(2)1a(z) — (i + 7i) li (2)-

Wherei = h,a, yy, =y, 4o = G, yp = ¥, v« = k and with the boundary conditions

(Su(2), Vi(2), In(2), Sa(2), In(2)) (—00) = (S, V}}, 0, 53, 0),

(S1(2), Vi(2), 14(2), Sa(2), I (2))(+0) = (L, Vi, I, S, 7). 13)

We intend to establish a positive solution of (11) that satisfies the boundary condition (13). The linearized
equations of the third and forth equation of (11) at Ej is as follows

chi(z) = by (2) + BraSn(2)1a(2) + BunSn(2) In(z) — (4 + 7) In(2),
cl'(z) = aquly(2) + BanSa(2)In(2) + BaaSa(2)1a(2) — (& + ) La(2).

Letting I;,(z) = wy exp™?, and I,(z) = w, exp’?, we get

cand = GuiwiA? + ByaShws + ByShwr — (4 + v)ws (14)
cnh = GawrA? + BapSdwr + BuaS9wr — (§ + K)ws.
Let
_ |9n 0 B— c 0 p— M + 0
A [0 qal ! lO cl’ 0 E+xl|’
and

BinS§)  BnaSh
g p—

ﬁath ﬁﬂﬂsg
Denote p(A,c) = A2A — AB — D + £. Then, the system (14) reduces to

as(i)-o

Let A’ = D'"1A,B' = D'"'Band F' = D'~ F, thus p(9, c) becomes

(—AN+BA+D) Pw=w (15)
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where w = (Z1>, mp(A,¢) = —quA? + A+ (u+ ), ma(A,¢) = —qaA% + cA + (& +«) and
2

ﬂath ﬂaaSQ
mq (tc) ma(A,c)

BunS) BaS)
(—A,l92 + B/l9+ 1)—1F/ — mh()\,c) mh(/\,c)

Let N(A,c) = (—A’A%2 + B'A + I)~'F/, then (1) becomes
N(A, c)w = w.

Let L(w, c) be the principal eigenvalue of N(w,c). Now, we solve m;(A,c¢) = 0 and m,;(A,c) = 0in A.
Clearly, mj,(0,¢) = (u+) > 0,ma(0,¢c) = ({ +x) > 0, my ,(+00,c) = —co and

omy(A,c)

9%my, (A, c)
N =c>0 ——5—

= —2q;, <0.
A0 dA?

We applied the same calculation in the m,(A,c). Therefore, there is always A" > 0 and A? > 0 satisfying
my, (A", ¢) = 0and m,(A%,c) = 0, forall c > 0. We let A, = min{c+\/cz+4qh(y+7) AVEEETNEES) } Ifc >0,

2qy, ’ 2q,
A €10, A¢), some calculations gives

ﬁhaso ﬁhhso :thso ,Baasg z 4,3}11150,Ba}152 %
L(8,c) = sza(A,o+ma<m’l>)+{<mh<mhc>mam,c)') *rnh(mc)hmam,@} } 16

Proposition 1. The three claims that follow are true:

(i) Acis increasing in ¢ € [0,+00), and lim;—, oo Ac = +00.
(i)) L(0,c) = Ry, Vc € [0, +00), L(A, c) is increasing in A € [0, Ag), and limy_,, L(A,c) = +oo, Ve > 0.
(iii) VA € (0,A ) “L(A,c) <O.

For the sake of proving this proposition (we refer Proposition 3.1 in [6]). Let

Alc) = /\g[lol?c)L(/\ ,¢) for ¢ >0.

Thus A(0) = Ry, lim¢_, 4 A(c) = 0and A(c ) is continuous and decreasing in ¢ € [0,00). When Ry > 1, thus
there is a constant ¢* > 0 verifying A(c*) = 1,A(c) > 1, Vc € [0,¢*) and A(c) < 1, Ve € (c*, o).

Let
{ [0, Ac+) L()\,c)zl}.

Hence, L(A*,¢*) =1,1(A*,c) < 1, Ve > ¢*. Denote
M(c) =sup{r € (0,A%) : L(A,c) =1,L(A,c) >1 VA" € (0,A)}.
As L(A*,¢) < 1,Vc > c*, the following results are satisfied

Proposition 2. If Ry > 1, then there is c* > 0, A* € (0, Ay+) satisfying

(i) L(A,¢) >1,V0 <c < c* VA € (0,A;), where A € [0, +00);
(i) L(A*,¢*) =1, L(A,c*) > 1when A € (0,A*), and L(A,c*) > 1 when A € (0,A+);
(iii) V¢ > c*, there is A1(c) € (0,A*) satisfies L(A1(c),c) = 1, L(A,c) > 1for A € (0,A1(c)), and L(A1(c) +
en(c),c) < 1 for some decreasing sequences {e,(c)} verifying lim, e €y = 0 and e, + A1(c) < 0%, Vn € N.
Particularly, A1(c) decreases in c € (c*,00).

As N (A, c) is irreducible nonnegative matrix for A € [0, A;), we obtain by applying the Perron—Frobenius
theorem.
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Proposition 3. Suppose that Ry > 1. When ¢ > c*, there exists positive unit vectors w(c) = (wi(c),wa(c))T and

¢"(c) = (£1(c), &3 ()" (n € N) verifying
N(A1(c),0)w(c) = w(c),
N(A(c) +en(c),c)E"(c) = L(A1(c) + €n(c),c)E"(c),n € N.

Now, let fix ¢ > ¢*. Suppose that A;(c),w(c) = (wi(c),wa(c))T, en(c), and ¢"(c) = (& (c), &5 (c))T(n
N) are mentioned in Propositions 2 and 3. Without loss of generality, we substitute w;(c),w(c) =

(wi(c), wa(e ))Trsn( ), and &"(c) = (&1(c),c5(c)"(n € N) for A, w = (wi,w2)", & and "(c) =
(&4(c),&4(c))T(n € N). Given thatL(l91+sn, ) < 1, Proposition 3 implies that

m

—my(A1, €)wr + + (ﬁha52w1 + ﬁhhsng) =0,
—mg (A, c)wo + (,Bahsgwl + ﬁausng) = 0,
and
—my (A +en, )8 <,Bha5 w1 + ﬁhhshwz) < 0,
—mmg(Ay + €, 0)C5 + (ﬁahsgwl + ﬁau82w2> < 0,
forany n € N.

Lemma 2. The vector function K(z) = (01(z),02(z))T with 0;(z) = w; exp''? satisfies

epi(z) = qup!(2) + BraSpp1(z) + BrunSyp2(z) — (n+7)p1(2),
cph(z) = qapy(z) + BanSap1(2) + BaaSap2(z) — (& + K)p2(2),

forany z € R.

5. Non-existence of Traveling Wave

5.1. Casel: Ry <1

In this subsection, we assume that Ry < 1, then we by the contradiction we prove the non-existence of
TWS for (2).

Theorem 3. Assume that Ry < 1. Thus, there exists no nonnegative bounded solution

(Si(z), Vi(2), In(z), Sa(z), 1a(2)), of (11) satisfying (13).

Proof. Assume that there is (S;,(z), Vi,(z), I(2), Sa(z), 1.(z)) that solves (11)-(13). Let (I)sup = sup,cp In(z)
and (I;)sup = sup,cp Ia(2z) . By (11)

cli(z) = qul}(2) + BnaS)(Ia)sup(2) + BunSp (In)sup(2) — (4 + 1) 1n(2),
cl'(z) = quly(z) + ,BahSS(Ih)Sttp(Z) + ﬁaasz)([u)sup(z) — (C+x)2(2).

The comparison principle implies that

(1) = aa((yre)) veer

by the definition of J and Ry in the section 2. Clearly, J is nonnegative and irreducible. The Perron-Frobenius
theorem ensures the existence of a vector P = (p1, p2)T € R?, p; > 0, po > 0, satisfies 7P = RoP. Noting that
there is a constant € > 0 large enough, that satisfy

(1) < ror,

(Ia sup
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(Ih)sup> < n((Ih)sup) n n
<J <eJ"P =¢€eRyP — 0,
<<1u)sup (I)sup) =€ A

for n — oo, that is a contradiction with I;;(z) > 0and [,(z) > 0,Vz € R. O

52. CaseIl: Rpg >1land 0 < ¢ < c*

The next theorem we show the case when (11) do not admits a TWS.

Theorem 4. Assume that Rg > 1 and 0 < ¢ < c*. Thus, (11) has no TWS of the form
(Si(z), Viy(2), In(z), Sa(z), La(2)) that satisfies (13).

Proof. We argue by contradiction. Fixing 0 < ¢ < ¢, and assume that there is a positive solution
(Si(2), Viy(2), In(z), Sa(z), Ia(2)) of (11) the verifies (13). By [? , Lemma 3.7] there exists po > 0 satisfying

sup [I;(§)e "% < +oo, |I5(§)e %[ < +oo
zeR

sup |I1,(z)e #*| < +oo, |I(z)e H*| < +oo,
zeR

sup |1/ (z)e H0%| < 400, |I/(z)e”H0%| < +oo.
zeR

Consider p1(z) := 1 — S;,(z). Then py(z) satisfies

cp1(z) = qupi (2) — (1 +7)p1(2) + BuaSn(2) 1a(2) + BinSu(2) In(2).-

By the inequality
193 Lo ((—eo0)) < 2\/HP1HL°°((—00,O])||P/1/||L°°((—oo,0])
and
im pa(z) =0,
we obtain that
Jim pi(z) =0. (17)

Furthermore, as p} (z) is bounded by Sj(z) for z € R and (17), we integrate the above inequality between
—ooand z, (z < 0), then there is a constant G > 0 that satisfy

Z

(H+7) / N p1(n)dn = —cpi(z) + qupi(2) + /joo BraSn(m)La (1) + BunSn (1) In(n)dn < G,z <0.

Let Z z
Ei@) = [ BuSinhin + [ BrSutnklndy

and .

Bi(z) = [u+1] [ _pilndn, vz <o,
Therefore, E1(z) < Cpet0?, ¥z € R, with Cpy > 0 is a constant. By p;(z), we obtain
qanp1(z) —cp1(z) = Bi(z) — E1(z), z<0.

Solving the last equation yields

p1(2) = Cueh + Leii® [ e Ey ) — By,
< Cpen” + qiheﬁz fZO e m'Ei(n)dy, z<0,
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where Cy; = p1(0). According to Eq(z) = O(e/0?) as z — —oo, it is obvious that p;(z) = O(eM0?) as z — —oo,
with p( = min{py, qih, q%} In the view of 0 < p;(z) < SY, one has

sup{pl(z)e_%z} < +o0.
zeR

Let p2(z) :=1— S4(2), z € R. Similarly, we have

sup{pa(z)e 7} < +eo.
zeR

Since that sup, . {I; (z)e 07} < +o0 and {I,(z)e #%} < +oo, we define the one-side Laplace transform
of Iy, I, by

0
T(A) = [ e M)z, i=1,2

Next, let A € Ry. As I(z) > 0, I,(z) > 0, Vz € R and Tj(+), T,(-) is increasing on R, either there
is a constant a; > p satisfies Tj(A) < +oo forall 0 < A < a;, withi = h,a and lim)_,,, o Ty(A) = +oo,
limy_,,,—0 Ta(A) = 400, or Ty (A) < 400, T;(A) < 400, VA > 0. Now, we let the two-sides Laplace transform
of I, and I, as

T@®) = [ ez i=12

Let ¢ € R4. As [;(z) is bounded in R and i = h, 4, then f0+°° e %I;(z)dz < 400 VA > 0. Hence, T;(A),
Ta(overlineA), and Ty (A), T,(A) have the same properties in A > 0, either there is a constant a;, > po, &z > Ho
satisfying 7j,(A) < +o00, Ta(A) < 400, VY0 < A < ap,, V0 < A < o, and limy 4, o T(A) = +o0, or Tj(A) < +o0
and and lim) ;o 72(A) = +00, or T;(A) < +o0, VA > 0.

First, we prove that there are &y, a; = +00, satisfying, 7;,(A) < +0,7,(A) < 400, VA > 0. We argue by
contradiction. Without loss of generality, let 0 < aj, < 400 and &; < +00 on the contrary. Then we have two
cases: (1) 0 < oy < +00; (2) o, = +00. For (1), let 0 < a; < &, < 400. In view of

quli (z) —clj(z2) = (u+Mh(2) = eBuSyn(z)) + BraSpla(2))
= Bun(1 = Sn(2))In(z) + Bra(1 — Su(2))La(2).

One has _ _
Ti(8) (quA?* — cA = (u+ 1) + BunS§) + Ta(A) BraS))
T e B (1 — Sy (2)) n(2)dz [T e By (1 — Sy(z)) Ia(2)dz.

T J-

(18)
Similarly, we have

Tn(A)(9aA? = cA = (k + &) + BanSy) + Ta(A)BaaSa

= j;° e*xzﬂuh((l — Sa(2)I(2))dz + fj;o e*XZﬁ,m(l — Sa(2))1,(2)dz. (19)

Since 0 < 1— S,(z) < 52, 0 < 1—S8,(z) < 8 forany z € R and sup, g {(1 — S(z))e #0*} < +oo,
sup, g {(1 — Sa(z))e #0*} < 400, we obtain that

o0 —
e M BunSu(z) I (2)dz < 400, VO € (0,4, + o),

—

—00

—+o00 —
/ e*’\leahSu(z)Ih(z)dz < 400, VO € (0,a+ po),

—00

+o0 —
/ ef)‘zﬁhash(z)lu (z)dz < +oo, VO € (0,aq + 1),

and +oo
| e BuSa(2)la(@)dz < +e0, V9 € (0, + o).

[e9)

In view of a, < &, letting A — a;, — 0in (19) that is a contradiction due to the fact that the first term tends
to oo and the other terms is bounded as A — «p, — 0. It follows that the case 0 < a;, < &z < 400 is not possible.
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For (2), that is, assume that 0 < aj, = a; = ag < +00. If one of inequalities

aneg — cag — (p + ) + BunSy = 0,

and
qglx% — g — (C/ K) + ,Baasg >0

holds, then letting A — aj, — 0in (18) or (19) yields a contradiction. If both inequalities

qneg — cag — (p+ ) + BunSy < 0

and
Gat3 — cag — (&%) + BaaSY < 0,
hold, then we rewrite (18) and (19) as
5 - hy(A)
Y Tn(A) Tn(A) my,(9,c) Y
A — — _ = h\Ys A
N(A.e) ( T.(%) ) ( () hld) € (0,),
mq(U,C

where Iy, (1) = [TZ e By((1 — La(2))1u(2) + Bu(1 = 1i(2)1u(2) + Ban (1 = 1(2))]a(2) + Bral(1 —
1,(2))I;(z)dz. Clearly, ap < i due to

qneg — cag — (p+ ) + BunSy < 0

and

Gatl — cag — (& + ) + BaaSY < 0.
(with N(A, ¢) and L(A, ¢) are defined in section 5). As 0 < ¢ < ¢*, and Ry > 1, then Proposition 2 ensures that
infyci0.40) p(A,c) > 1. As N(A,c) is positive matrix, then we need to prove either

Tu(A) Ta(A)
.thsg mh(/\zc) ,Bha 2mh(/\/ C)

> L(A,0)Tp(A), A € (0,a0),

is satisfied. Thus, for all A € (0, ap) there holds either

(L0 - 1T < )
(L(h,0) = DT < e (1)

Since infy ¢ (g 4] M1(A,€) > 0,ma(A,c) > 0, hy(A), ha(A) are well posed in [0, g + pipy), we let A — ag — 0
in (20) and (21) yields a contradiction due to lims_,, 7;(A) = oo, lims_,, Ta(A) = +oo. Consequently,
0 < a; =&y = ap = +o0 is also not possible. L, (A) < 400, Ly(A) < +00, V(A > 0). Therefore, we get

apl}l (z) — clj(z) — (u + 1) 1n(2) + BraSila(2) + BrnSiln(2)
= Bna((1 = Sn(2)1a(2)) + Bun (1 — Sp(2)) In(2) (22)
< BraSila(2)) + BrunSpIn(2)).

The same with I, — equation, V({ € R). Then we get

oo —Az oo —Az
/ e 0y (2) 20, (A\)dz + / e M1, (2)xa(A)dz < 0, (23)
where

xn(A) = —my (A, ¢) + B,
Xa(A) := —ma(—=A,0) + ﬁhasg.
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However, letting (A — 4o0) in (23), that is a contradiction with the boundedness of the solution
(limy ;o X0 (A) = +00) and (imj_, ;o Xa(A) = +00). O

6. Non Critical Traveling Wave

In this section, we suppose that Ry > 1 and ¢ > c*. The existence of a traveling wave solution is discussed
through the following subsections.

6.1. Upper-lower solution

For ¢ > ¢*, we build a pair of upper and lower solutions of (12) by an iteration procedure. In particular,
we build the Sj ;-component of the supper solution S}t , first, and then use that expression to build the
Vj,-component of the supper solution V;", and then use that expression to build the I ,-component of the
supper solution I (i = 1,2). The lower solution 5,4 for Spg-component is then produced by using I;f , In
turn.The same for V;". Lastly, we build the I; ,-component of the lower solution I, using S; . The concept
behind such a building is

Definition 1. (S} ,V,", L") and (S, ,V, ,I, ) stand for the pair of super- and sub-solutions of (11),
respectively, and satisfy the following inequalities:

—c(8)'(2) +dn(Sy)"(2) + L — ( + ) Sy (2) + 0V, (z) — BuSy () (2) — BraSyy (2 (2) <0, (24)
—c(8;,)(2) +dn(S,)"(2) + L = (n + @), (2) + 0V, (2) — By, (D)} (2) — PraS, (2) I (2) 20, (25)
—c(S7) () +da(5+)”( )+ A—887(2) = BanSa (2)1}, (2) — PaaSi (2)1; (2) <0, (26)

—c(S7)'(2) +da(S;)"(2) + A — 85, (2) +aS; (2) — BanSq (2)1, (2) — PaaS, (2) I (2) 20, (27)

( D) (2) = (V) (2) +aSy (z) = (p+0+0)V, () <0, (28)

(V) (2) =yn(V,)"(2) + a8, (z) = (p+ 0 +0)V, (2) 20, (29)

—(I;")(2) +qi(;")" (2) + BuS;" ()1} (2) + BiaS; (2) I (z — 1) — (i + 73) [ (z) <0, (30)
—c(I;7)'(2) +qi(1;7)"(2) + BuS; ()1, (2) + BiaS; (2) 1y (2) = (i +7i)I7 (z) =0, (31)

except for finite points of z € R.

In the remainder of this section, we assume that Ry > 1.
The following lemma illustrates the construction of the upper and lower solutions that satisfy (24)-(31).

Lemma 3. Suppose that Ry > 1, and ¢ > c*. Let

SH(z) =59, Vitz) =V, It = x; expM?

1 1

S = max{l - M; expPZ,O}, v, = max{l —K; exp‘*’Z,O}, I (z) = max{x;eM*(1 — J;e"?),0},
for some positive constants vy, J; and M; (i = h,a) that will be determined later, then (24)-(31) are satisfied.
Proof. The proof is achieved through the following points

(i): Clearly S (z) = S satisfies

—c(Sy)'(2) +dn(Sy)"(z) + A = (i +a)(S) (2) + 0V, (2) = BunS;" ()1, (2)) — BuaSy, (2)1 (2) <0,
—c(S7)"(2) +da(57)"(2) + A= &(S3)(2) — BanSa (2)1, (2)) — PaaSq (2)1; (2) <O

then, (24) and (26) are satisfied.
(ii): Clearly V,"(z) = V} satisfies

—c(V,")(2) = yn (V)" (2) +aS) (z) = (n+ o +0)Vf (z) <0,

then, (28) is satisfied.
(iii) Clearly, for z < zg, with zy = 0, we obtain I 1+ (z) = 0, Therefore, we have
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—e(IF ) (2) + il )" (2) + Ban(S} (2 = cT) )]} (2= e1) + BiaST (2= 1) (2= 1) — (i + 1)L (2) =,
For z > z(, we obtain IiJr (z) = x; exp)‘lz, we show that Il* fulfills (30). It is easy to check that

—c(I")(2) + qili(")"(2) + Bin (S (2) 1, (2)) + BiaS{" (D)L (2) = (i + 1)) ;" (2)
< —c(I1) (2) + qil i) (2) + BinS{ L (2) + BiaSP e (2) — (i + 1) I} (2)
= qiA2 exp™® + B SVky exp™Z 4B, SVkqa exp™MF — (i 4 i) K; exp™F —cx; exp™?
= expM? L(Ay,¢)
=0, (32)

by the definition of A; .
(iv) Choosing 0 < p < min {/\1, T } Suppose that z # 1ln »; -= 2z*, and we claim that 5;” satisfies

—c(8;)(2) +di(S;7)"(2) + Ai — (i + ) (5;7)(2) + 0V, (z) — BinS; (2)1, (2) — BiaS; (2) 1 (2) >
—c(57)(z) +da(S7)"(z) + A= +aS; (2) — Ban(Sq (2)1, (2)) — Baa(S; ()1 () 2

We will prove the first equation and the second equation is in the same way. To prove this claim, we first
suppose that z > z*, this implies that S; (z) = 0 in (z*, ), the inequality holds directly. If z < z*, we
have S (z) = 1 — M;e**. Then, we have B,/ (z) ;7 (z) < BiSYL' (z) and BipS; (2) I} (z) < SV (2).
Then, we have

—e(S;)(2) + dy(5;)(2) + A~ (+ ) (5;)(2) + 0V, (2) — Sy (21 (2) — By (D) (2)
> cMyp expf* —dyMyp? exp? + (i + a) My exp? — By Sp1i () — BraSpli (2)
= cM,p expP? —dj Myp? expP® +(p + a) My, expP? — B, Soxy, exp™? — By, Sk, exp’i

= expf* [MhP(C —dyp) + (4 + &) M; — By Shicy exp M1 =P — By, Shicy explhi )2 }

> expf* [MhP(C —dpp) + (p + &) My, — BiaSyicy — BrnSyika
> 0.

for My, sufficiently large, and 0 < p < min {/’\1, i } The claim is proved.

(v) The proof of Eq. (29) is similar with the Eq. (25).
(vi) Choosing 0 < 77 < min{A; — Ay, A1}, and J; > 0 sufficiently large. Then, we claim that I, (z) satisfies

—c(I;7)(2) + (1) (2) + Bin(S; (D)1 (2) + PiaS; (2)I (2) — (i +1i)I; (2) 20, (33)

with z # zp 1= %

We show this claim for two separated cases, that are, z > zp, and z < z, respectively. If z > zp, thus
I (z) = 0, which means that (33) is satisfied. If z < z;, we get I (z) = x;e"1%(1 — J;e"%). In this case, we

show that (33) holds for L sufficiently large, which it will be determined later. Notice that the inequality
(33) can be expressed as follows

BuStly @)+ PuSHli () = BuS; @)l (2) = PuSi(zla(2)
< —c(I7)'(2) + a1 (2) B8V, (2) + BiaSVy (2) — (i + )17 (2)
—Jir(AM + 17, 0)x; exp()‘1+’7)z .

Forall ¢ € (0, max{,BihS?, ,Bl-aS?}), BinSi and B;,S;(z) are a decreasing function on (0,00). As I is a
bounded function for z < z;, then there is 6y > 0 satisfies 0 < I;” < Jp for all z < z,. The boundedness of
I;” for z < zp, and the fact that B;;,S?, ;,S? > 0 implies the existence of ¢ > 0 small as necessary in such
a way the following inequality

BinS; > BuSY —& >0,
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and
BiaS; > BiS) — & >0,

hold for all 0 < I;” < . Using the fact that 0 < I;” < Jp, we obtain

BinSYI, (2) + BiaSY1, (2)

(PSPt )+ Bustls (2)— BuS; 1y ()~ BuS; I (=),
<ﬁlhsOI (2)+BiaS (2)—BinS; ﬁiasi+1]-(z))2

2

BinS; I, (z) — BiaS; 1y (2) — (BinS; I, (2) — & — BiaS; 1y (2) — €)

,<>].

BinS; I, (2) + BiaS; L (z) — BinSi (2)I,, (2) — BiaS; (2)I; (2) < (I, (2)) + (I; (2))*

IN

Then, we have

Therefore, to prove the inequality (33), it is sufficient to show that

(I, () + (I (2))* < =Jip(Ax + 17, )i exp M H7=, (34)
Noting that I;” < I, then we have (I; (z))? < ¢*Y1%. To ensure (34), we show that

M2 < —Tip(M 417, ¢)x; expM Tz (35)

As the two sides of the inequality (35) are bounded for all z < z5, and both tends to 0 as z — —oo, then
the inequality (35) holds for J; sufficiently large. The proof is completed.
O

6.2. Truncated problem

Next, for ¢ > c*, we let the truncated problem

Csh(z) = dy Sy (z) + A = BaSn(2)1a(2) — PunSn(2)In(2) — (u + @)Sy(2) +6Viy(z) z € [ = (=L1),
Vi(z) =ypV) (z) +aSy(z) = (p+ o +0)Vy(z) z€ I, = (=1,1),
th(Z) nly (2) + BraSn(2)1a(2) + BunSu(2) In(2) — (u+ 1) Iu(z) z € I = (=L1),
¢S, (Z = dﬂs”( ) +A- ﬁath<Z> (Z) - ﬁausu(z)lu(z> - ‘;[Su(z) ze Il = (_lrl)/
cl'(z) = qul (2) + BanSa(2) 1n(2) + PaaSa(2)1a(2) — (C + ) a(2), z € I = (=L1),
Si(z) = §;(2), Vu(z) =V}, (2), li(2) = I; (2), z€ R\ I,

where | > —z;. We define the following spaces

(36)

X =C(R) x C(R) and Y = CI(I;) x C}(I)).

The Schauder fixed point theorem will be utilized to demonstrate the existence of a pair of functions
(Si, Vi, I;) € X NY that fulfill (36). Firstly, we define

E={(Si, Vi 1) € X/S; <S;<S} V, <V, <V,[ and I <I; <I' in R}, (37)

that is a closed convex set X equipped with the norm [|(f1, f2)[lx = || fillc@r) + | f2llc(r)- Then, we let F : E —
E such that for all ((S;)o, (Vi)o, (Ii)o) € E,

F((Si)o, (Vi)o, (I)o) = (Si, Vi, L),
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with (S;, ;) € X NY that solves

¢S,(z) = dpS)/(z) + A — BaSu(z)(Ia)o(z) — BunSn(z) (In)o(2) — (p + ) Sp(z) +0(Vi)o(z) z € I; = (=1,1),
th(z) yn Vi (z) +aSy(z) — (p+o+0)Vi(z) z€ I = (=L1),
cl(z) = qul (2) + Bra(Sn)o(2) (Ia)o(2) + Bun(Sn)o(2) (In)o(z) — (n+ ) In(z) z € I = (=11),
cSa(z) = daS{{ (z) + A = BanSa(2) (In)o(2) — BaaSa(2)(Ia)o(z) — §Sa(z) z € I; = (=L1),
CI'(Z) Z%I"( )+[3ah(5a) (2)(In)o(2) + Baa(Sa)o(2)(I)o(z) — (E+x)La(z), z € I = (=1,1),
Si(z) = S; (2), Vu(z) =V, (2), Ii(z) = I; (2), z€ R\ L.

(38)
Any fixed point of F is the pair (S;,I;) € X N Y that fulfill (38). Here, we shall confirm that the F meets the
Schauder fixed point theorem’s conditions.

Lemma 4. For any ((Sy)o, (Sa)o, (Vi)o, (In)o(Ia)o) € E, there is a unique solution (Sy,Sa, Vi, In,1a) € X NY
fulfilling (36). Furthermore, (Sy, Sa, ViIy, o) € € withi =1,2.

Proof. As (38) is a system of decoupled inhomogeneous linear equations, then the existence and uniqueness
of solutions to the (38) can be obtained from Theorem 3.1 in Chapter 12 of [7]. Moreover, since —cS;Z(z) +

Sy (2) — BraSn(2) (Ia)o(2) — BunSn(2) (In)o(2) — (p + ) Su(2) +6(Vi)o(2) = —A < 0and —cS5;(z) +daS; (2) —
BanSa(z)(In)o(z) — BaaSa(z)(In)o(z) — Sa(z) < A < 0onl and S;(+l) = S; (£I) > 0, thus S > 0 on I; (by the
maximum principle). Similarly, we get I; > 0 over I;. Next, we prove that S;” < S; < S in I;. By the second
equation of (36) and (I;)o < L', we arrive at

—cS),(z) +dyS}(z) + A — BpaSu(z) (In)o(z) — BunSn(z) (In)o(z) — (4 + a)Sp(z) +6(Vi)o(z) < 0

and
—cS4(2) +daSq (2) = BanSa(2)(In)o(2) — PaaSa(z)(la)o(z) — ¢Sa(z) + A < 0.

Together with (1), we notice that (w,); = S, — S, verifies d(wy,){ (z) — c(wy,)}(z) — (4 + a + B L)} (z) +
Brald (2))(wn)1(z) + 0V, (z) < 0and (ws)1 = Sq — S, verifies da(wa){ (2) — c(wa)i(2) = (€ + Banly (2) +
Baali (2))(wq)1(z) < 0. In addition, from the third line of (36) and the fact S;(z;) > 0 and S; (z9) = 0, it is
known that (w;);(z) > 0 and (w;)1(I) = 0. Hence, the maximum principle gives (w;); > 0in (—/,zp), that
implies S~ < S . Together with S = 0in [z1,1), yields S;” < S in I;. Next, showing that S; < Sl-+ ,V, < V,:r in
I. Since (I;)o > I, it follows that

—c(Sn)'(2) +dn(S)" () + A = (p + a)Sp(z) — BunSn(2) In(2) — BraSn(2)la(z) +0Vi(z) > 0 in I,
and
—c(Sa)(2) +da(Sa)"(z) + A = §Sa(z) — BanSa(2)In(2) — BaaSa(z)la(z) = 0 in L.

Similarly with the equation of S, and S, we get V,(+l) < V;"(4l). Noting S;(£l) < S;'(+£l), then, by the
maximum principle yield 5; < Sj‘ in [;. Next, claiming that [, < [; <1 i+ in I;. Since

BinS; (2)I; (2) < Bin(Si)o(2)(In)o(2) < BinS{ (2)I; (2),
and
BiaS; (2)1; (2) < Bia(Si)o(2) (In)o(2) < BiaS; (2) 1 (2),
it follows that
qil{' (z) = cli(z) + BunS;" (2) I, (2) + BiaS; (2) I (2) — (pi + 7i)1i(2) <0
and
qil!' (z) — cli(z) + BinS; (2) I} (2) + BiaS; (2) I (2) — (i +7i)i(z) =0, z € I,.

Let (w;)2 = I; — I; . By the second equation of (36) and I;(z*) > 0, I; (z*) =0, we have (w;)2(z*) > 0, (w;)2(—1)
= 0. Also, both (33), and

qill' (z) — clj(z) + BinS; (2) I} (2) + BiaS; (2) 17 (2) — (i +7i)Li(z) <0,
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gives that
(wi)3(2) + c(wi)y(2) = (ui +7i) (wi)2(2) <0, z € (=1,22).

Therefore, the maximum principle ensures that (w;)2 > 0in (—I,z*), whichmeans I;” < [;in (—/,z). Together
with [;[7 =0 < [;in [z2,1), then I < Ijin I;. To prove [; < If on I}, welet I;(z) = «; exp/\1Z satisfies

qili' (z) — cIi(2) + B S (2)1n(2) + BiaS; (2)Ia(2) — (i + i) li(z) = 0 in 1.
Since Bi1,(Si)o(2) (In)o(2) < BinS;™ (2)In(2) and Bis(Si)o(2) (Ia)o(2) < BiaSi (2)1a(2), it follows that
qili' (z) — clj(2) BinS; (2) I, (2) + BiaS; (2) I} (2) — (pi +7i)1i(z) > 0 in I;.

Notice that I;(£l) < x; exp/\lz. The maximum principle implies I; < «; exp)le in [;. Further, as Il.+ (z) =
xiexpZ? in [z0,1), then I; < I in [zo,1). To show I; < L in (—1I,z], notice that I;(—I) < L'(—I) and
Ii(zo) < x;expM? = [ (zg). This result, (32),

qili’ (z) — cIj(2) + S (2) I (2) + BiaS;" (2) 15 (2) — (i + 7:)li(z) > 0
and the maximum principle, we obtain [; < I i+ in(—=1,z9]. O

Before starting on showing the existence of a fixed point, we consider an axillary result that will be helpful
in the proof of the existence of the fixed point, and the traveling wave solution. Letting the following problem

w'(z) — Aw'(z) + f(z)w(z) = h(z) (39)

with A is a positive constant, and f,h € C([a, b]), with [a, D] is an arbitrary interval of R. The following lemma
is the result of Lemma 3.1-3.3 in [8].

Lemma 5. Suppose that w € C([a,b]) N C?((a, b)) satisfies the differential equation (39) in (a,b) with the boundary
conditions w(a) = w(b) = 0. If
—C1 < f<0and |h| <Cy on [a,b],

for some constants C1,Cy > 0, then there exists a positive constant Cs, depending only on A, C1, and (b — a), such that

ol (o)) + 12 lc(ap)) < Cs-

Finally, it is possible to confirm that the mapping F is continuous and precompact by arguing as the
proofs of Lemma 4.4-4.5 in [8] and utilizing lemma 5. The fixed point ((S;);, (Vy):(;);) € X NY for F is
then determined by using the Schauder fixed point theorem. This pair satisfies (36) and S, < (S;); < Sf,
Vi, < (Vp) <V, and I < (Ij); < ()" on R. For the truncated problem (36), the existence result is as
follows, based on the description above.

Lemma 6. Thereis ((S;);, (Vi)1, (1I;)1) € X N Y satisfying (36). Moreover,
0<(8) < (S <(S)" =5, 0< (Vi) <V < (V)" =V and 0< I < (L) <I' <B

1

onR.
Lemma 7. Thereis ((S;);, (I;});) € X NY satisfying (12). Moreover,

0<(S) <SS <(S)T=1and 0<I7 < (L), <I"<B
on R.

6.3. Existence of traveling wave solution

In this step, we use the solution ((S;);, (Vi,);, (I;});) of (12) to show that (S}, V;", L"), and (S;,V, ,1,")
are the upper and lower solution of (12), respectively. Also, we will show that (S;, V}, ;) — (517*, Vi, IF) as
z — +oo by constructing a Lyapunov function with i = h, a. At first, we show that



Open J. Math. Sci. 2024, 8, 185-207 203

Lemma 8. The solution (S;, Vy,, I;) of the system (12) satisfies (S;, Vy,, I;) € & and is defined by (37). Moreover,
0<85 <82 0<V, <V, 0< I <xexph*
forallz € R.

Proof. Let {I,}, € Nbe an increasing sequence in (23, c0) such that /1 > max{—zy, |zo|} and I,, — 400, and let
((S)n, (Vi)n, (I)n) € X x Y, n € N, solving (12) with I = I, and 7 on R. For any N € N, we have

{(Si)n}nzN/ {(Vh)n}ner {(Ii)n}nZNr

are uniformly bounded in [—Iy, Iy], we can use Lemma 5 to ensure that

{Sutusn,  AVuteen,  {T)ntneN

are also uniformly bounded in [—Iy,Iy]. By (12), we have that (S;))/, (V,) and (I;)), can be written terms
of (S)n, (Vi)n, (I)n, (Si)h, (V)1 and (I;)},. This means that (S;)}/, (V},) and (I;)) are uniformly bounded in
[—In,In]. By a differentiation of the equations of (12), and utilizing the boundedness of (S;),(V},)r, (1)1,
(Si)ns (Vi)n(Ii)n, (Si)ns (Vi )s (Li)7, we can ensure that

{0S)u N AV n bz Ny LT3 buen, (S0 bnzns {(Vi)n bnen and {(1)y bazn

are uniformly bounded in [—Iy, Iy]. The Arzela-Ascoli theorem, and diagonal process ensure that there is a
subsequence {((S;)n;, (Vi)n;, (1i)n;) } of {((Si)n, (Vi)n, (Li)n)} satisfies

(Si)n; — (Si), (Si)n, — (Si)', (Si)u, — (S1)”,

Vi, — (Vi) (Vi) — (Vi) (Vi), — (Vi)

and
(I)n; — Ty (L), —> (L)', (L), — ()",

uniformly in any compact interval of R as n — oo, for some S;, Vj,, I; in CZ(R). the definitions of Sii, Vhi and
IijE implies that (S;, V), I;) — (S?, V}?,O) as z — —oo. Next, we claim that 0 < §; < S?, 0< V< V}? and
0 < I; < B; on R. We prove this result by contradiction, we let I;(Z;) = 0 for some Z, € R. Thus I;(}) = 0.
Hence I; = 0 (by the uniqueness), that is a contradiction with I; > I > 0 on (—00, z3). To show that S; < 1 on
R, assume by contradiction that S;(23) = S? for some Z3 € R. Then, S/(23) =0and 5/ (23) < 0and Vj(%5) = V)
for some Zg € R. Then, V}(Zg) = 0 and V}’(Zs) < 0.. Also a contradiction with the first and third equation of
(12) z = 23,z = Zg and . The proof is complete. O

Remark 1. The first and second equations of (11) and the boundary conditions (13) . We have already shown
that S;, I; are bounded for all z € R.

The next step is to show that S/, V], I/ are also bounded. This will be used to prove (S;, V, I;) —
(S5, Vi, I¥) as z — +co by using the Lyapunov-LaSalle Theorem. To prove the existence of non-critical
traveling wave, we need to prove that (Sy, Sa, Vi, Iy, In) — (S;,S;, Vi, I, 1;) as z — oo by applying the
Lyapunov-LaSalle Theorem. We define

.) € CY(R, (0,4+00)) x CL(R, (0, +0)),
>0, I,() >0, I,() >0
<M

Sn(-),Sa (), Vi (), In(.), Lo
E— Sh()>0 Sﬂ()>0 Vh

e
M >0, ||+ |

r\
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We construct the Lyapunov functional.
V(z) = c<s;h(5hs;>> + V(B + L (E) + Csih(34E) + crn(y2)
S *
_th;q(z) <1 — ’(f )> —d,S!(z) <1 — ()> thh( )(l — Vh( )> (40)
—th;l(z) (1 T Iz )> — qaly(z )(1 - IXZ))
with i(x) = x —1—In(x); x € RY, clearly h(x) > 0 for all x > 0. Then we claim the below lemma
Lemma 9. Let( A) be satisfied and (Sy,(.), Sa(.), Vi (1), I (.), I.(.)) be a positive solution of system (12) satisfying
S <SiE) <, (41)
v, < NV, (2)
Ii(z) < NI, (43)
and
L) | L)
h a
+ <N, 44
AEIRAE o

forany z € Rand i = h,a, where N is a positive constant. Then, there exists a constant m > 0 depending on N, such
that

-m < V(z) <400, VzeR.

Where the map V(z) is defined as a formula (40).

Moreover, the map V(z) is not increasing.
(Shl SIZI Vh/ Ih/ LZ) —

In particular,
(S5, S5, Vi, I, 17) uniformly as z — +o0. as the map V (z) is a constant.

Proof. The previous description has shown S;, and S, are bonded in C%(R). Via inequalities (41)-(44), we have

’ S* *
Viz) = (1W>(c5/() dhs;;(z))+(1 S(Z)>(CS’(2) dasg(z))+(1vhv(hz))(cv,;(z)
I *
@)+ (1= gl ) (i) =t ) + (1= i ) eli(e) = nalf ()
L2 (s N\ (s (5 : 042 ( P wmer( 5\
T\ G ) T S ) ~Yn ACH L e

wer (o)
a7 <1ﬂ(z)>'

By the proof of second part of Theorem 2, we obtain

. 5; Su(z - s; SuE LG
Vi(z) = V5h<—h<5h(z)> —h( n(2) >> + BraSp 1, { h(sh&)) _h( ggzzglh(zz)h)
S* I * Tk S’; 51 Z * S (Z)V*
() - (e )| usin ( () -n(%42)) -esin(325)
* Viy(2)S}; * 59; Vi(z BnaS;,1 *\ Q% Sa
_evhh<‘/}5h(;)) —(u+o)V; [h(sh(]z)> +h( "1’()” + g S;}q* (& + Baal?)S: < h(sa(z)
50(2) @2 st N e s\ e w <z>> 2
—h< i ))‘d’l i (sh<z>> — e (su(“z)) B (mz)) L (W))
2

h
L) I
—ga! %)) (W))
< 0.

Hence, V(z) <0,and V(z) = 0ifand only if S, = S}, S, = S;,Vj, = V', I, = I} and I, = I.
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Finally, we deduce that (Sj, Sq, Vi, I, I2) (o0) = (S;, S;, V)i, Iy, I ), We let the set D corresponding to (11)
as follows:

D = {(Sh,Sa,Vh,Ih,Ig)|O<Sh<52, 0<8 <8, 0<V, <V, 0<I, <L}, 0<I, <I,

—L1Si(z) < Si(z) < LySi(z), LaVi(z) < Vj(z) < LaVy(z), —Lsli(z) < I/(z) < LGL-(Z).}.

Then, Lemma 9 implies that D is is positively invariant for (12), for all z > 0. Remember that L has a
non-positive orbital derivative along ¥(z). Furthermore, L is clearly continuous and bounded below on D.
This, and the Lyapunov-LaSalle Theorem indicates that ¥(z) — (S7,S;,I;,1I;) as z — oo, and as a result,
(Sh,Sa, Vi, I, 1a) — (S5, S5, Vi, If, 1) as z — +o0. This concludes the proof. [

It worth noting that Lemma 8 implies that the solution of (12) satisfies S;” < §; < Sl.+, and ;7 <
I < Ii+, and (Sy, Sa, Vi, Iy, 1) — (S(l), Sg, V,?, 0,0) as z — —oo. By Lemma 9, we have (S;,Sq, Vi, I, L) —
(55,85, Vi, I, 17) as z — +oo. Therefore, we deduce that the system (11) admits a unique positive solution
that satisfies the boundary conditions (13), which is the TWS of the system (11).

7. Numerical Simulation

In this section, we investigate the model (2) numerically to determine the effect of the vaccination of the
humans on the temporal behavior of the Monkeypox disease. In this simulation, we will focus only of the
infected classes which have a direct effect on the evolution of the disease. In this figure, we consider the
following set of parameters

u=001,a =0.02,0 =0.01;,0 = 0.03;y = 0.05;¢ = 0.03;x = 0.02;

and the initial data
S5,(0)=5,V, =2, 5,(0) =4, I,(0) =3, ,(0) =1,

and for the right hand figure, we consider that g;, = 0.02; 8, = 0.01, B;;, = 0.3, Bsa = 0.04. In this case, we
get Rg > 1. However, for B, = 0.002; B, = 0.001, B, = 0.03, B4z = 0.004 Then, we obtain Ry < 1.

15 ¢

4l S Sh(t) -Susceptible human
S (1) -Susceptible human V, (1) - Vaccinated human
V(1) - Vaccinated human ol 1,0 - Infected human

3 I () - Infected human S, (1) - Susceptible animal
S, (- Susceptible animal 1,0 - Infected animl

2 I, (t) - Infected animal

5
1
0 : : 0 : . . .
0 50 100 150 200 0 20 40 60 80 100

Time Time

Figure 1. The global stability results for the system (2)
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1 -
\alpha = 0
\alpha = 0.1
0.8 \alpha = 1
\alpha = 10

Ih(t) - Infected human

0 10 20 30 40 50
Time

Figure 2. The impact of « on the final size of the populations

"non

In this figure, we look at how vaccination rates affect the sick human population. As the "«" parameter
grows, the vulnerable human population falls quicker owing to increased vaccination rates. A higher "a" value
implies a more successful immunisation measure, limiting transmission of illness.

"n.on

The graphic shows the development of the infected human population over time (Ij,(t)). As "a" grows,
the infected population drops faster. Overall, raising the "a" parameter stringent vaccination policy, which can
assist minimise the spread of the virus by lowering the number of vulnerable and infected humans over time.
Now, we focusing on the traveling wave solutions of system (11), we perform some numerical simulations.

We also, consider the following initial conditions

32 ifx e [0,50], 23 ifx € [0,50],
= V =
(Su)o(x) { 0.9 ifx € [50,100], (Vio(x) { 1 ifx e [50,100],

{0 ifxelo,50], [ 4 ifxeo,50],
(o) = { 001 ifxe [50,100, (o0 = { 9 ifx € [50,100],

(Ia)o(x) = { 0.6 if x € [50,100(,

35 10 24 0025 07

0
0 20 4 60 80 100 0 2 40 60 8 100 0 20 4 60 8 100 0 2 4 6 8 100 0 20 4 60 8 100
Positon (x) Position (x) Positon (x) Positon (x) Positon (x)

Figure 3. Cross section curves of solutions of the model (11) for different time values, which ensures the
existence of a TWS with A = 0.5, A = 0.01, By, = 0,02, By, = 0,04, By, = 0.02, Bas = 0.03, p = 0.01,
v =0.01, x = 0.05, « = 0.05, 6 = 0.01 and ¢ = 0.01.
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