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1. Introduction and Preliminaries

enstock and J. Kurzweil independently introduced, in the late 1950s, a Riemann-type integral widely
H known as the Henstock-Kurzweil integral to overcome the deficiencies of the Lebesgue integral. It
is well established that the Henstock integral generalizes both the Riemann and Lebesgue integrals. While
the Lebesgue integral is considerably more complex than the Riemann integral, the Henstock integral is more
powerful and simpler than the Wiener, Lebesgue, and Feynman integrals [1-15]. Furthermore, the Henstock
integral has been shown to be equivalent to the Perron and Denjoy integrals, which recover a continuous
function from its derivative.

In 2000, Wu and Gong [14] introduced the notion of Henstock (H) integrals for interval-valued functions
and fuzzy number-valued functions, obtaining several properties. Two years earlier, Lim et al. [11] introduced
the concept of Henstock-Stieltjes integrals for real-valued functions, which generalized the Henstock (H)
integral, and established their properties.

Yoon [15] introduced the interval-valued Henstock-Stieltjes integral and investigated some of its
properties. In 2016, Paxton [13] introduced the notion of Sequential Henstock (SH) integrals for real-valued
functions as a generalization of the Henstock (H) integral and obtained several properties of this integral.
Hamid and Elmuiz [2] presented the concept of Henstock-Stieltjes integrals for interval-valued functions and
fuzzy number-valued functions, and established various properties of these integrals.

In this paper, we introduce the concept of Sequential Henstock-Stieltjes (SHS) integrals for interval-valued
functions and discuss some properties of this integral.

We let R denote the set of real numbers, F(X) as a function, F~, the left endpoint, F* as right endpoint,
{6n(x)}5°_4, as set of gauge functions, P, as set of partitions of subintervals of a compact interval [a, b], X, as
non empty interval in R and < as much more smaller.

A gauge on [a,]] is a positive real-valued function ¢ : [a,b] — R*. This gauge is d-fine if [u;_1,u;] C
[t; — O(t;), t; + (t;)] while a sequence of tagged partition P, of [a,b] is a finite collection of ordered pairs P, =

{(u(izy, wi,) b, i where [u;_q1,u;] € [a,b], ui—1y, <ti, Swuy,anda=ug <uy <..<um, =b.

Definition 1. ([13]) A function F : [a,b] — R is said to be Henstock integrable on [a, b], denoted by F € H]a, 1],
with Henstock integral «, written as

« = (H) /W] F(x) dx,

provided that for every € > 0, there exists a gauge function (x) > 0 on [a, b] such that for any J(x)-fine tagged
partition P = {(u;_1,u;), t;}!_; of [a, b], the following inequality holds:

<é&.

Y F(t) (o — 1) —
i=1
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Definition 2. ([11]) Let g : [4,b] — R be a non-decreasing function. A real-valued function F : [a,b] — Ris
Henstock-Stieltjes integrable on [a, b], denoted by F € HS[a, b], with Henstock-Stieltjes integral a, written as

—(H Fde,
w ()W] g

provided that for every € > 0, there exists a gauge function é(x) > 0 on [a, b] such that for any J(x)-fine tagged
partition P = {(u;_1,u;), t;}I_; of [a, b], the following inequality holds:

< &

iF(n) (g (us) — g 1)] — &

Definition 3. ([13]) A function F : [a,b] — R is Sequential Henstock integrable on [a, b], denoted by F € SHa, b],
with Sequential Henstock integral «, written as

& = (SH) / F(x) dx,
[a,b]
provided that for every ¢ > 0, there exists a sequence of gauge functions {J, (x)}{>_; such that for each n € N,
whenever P, = {(u(;_1),, i,), i, iy is @ 6, (x)-fine tagged partition of [a, b], the following inequality holds:

My

Y F(t,) (i, —uioy),) —a

i=1

< &

Definition 4. ([12,15]) Let
Ig = {I =[I",I"] | Iis a closed and bounded interval on the real line R}.

For X,Y € Iy, define the following operations and relations:

(i) Order: X <Yifandonlyif Y~ < X~ and X+ <Y™.
(ii) Addition: X+Y = Zifandonlyif Z= =X~ +Y and Z" = X" +Y*.
(ili) Multiplication: X -Y ={x-y | x € X,y € Y}, where
(X-Y) =min{X Y, X Y", X"y, XTy"}

and
(X- Y)Jr = max{X’Y’,X’Y*,X*Y’,X*Y*}.

The metric distance between intervals X and Y is defined by
d(X,Y) =max (|X~ =Y |, [XT = Y*|).

Definition 5. ([2]) An interval-valued function F : [a,b] — Iy is Henstock integrable on [a, b], denoted by F €
IH|[a, b], with Henstock integral Iy € Iy, written as

Io = (IH) /[ab] F,

provided that for every ¢ > 0, there exists a gauge function §(x) > 0 on [a,b] such that for any J(x)-fine
Henstock tagged partition P = {(u;_1,u;),t;}}_; of [a, b], the following inequality holds:

d (i F(t;) (ui — uil)110> <e
i

Definition 6. ([2]) Let g : [4,b] — R be a non-decreasing function. An interval-valued function F : [a,b] — Iy
is Henstock-Stieltjes integrable on [a, b] with respect to g, denoted by F € IHS|a,b], with Henstock-Stieltjes
integral Iy € Ig, written as

Ip = (IHS) /[a , Fis.
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provided that for every ¢ > 0, there exists a gauge function §(x) > 0 on [a,b] such that for any J(x)-fine
Henstock tagged partition P = {(u;_1,u;),t;}}_; of [a, b], the following inequality holds:

d (éP(ti) (g (ui) 8(”1‘1)]/10) <e

Definition 7. Let g : [2,b] — R be a non-decreasing function. An interval-valued function F : [a,b] — Ig
is Sequential Henstock-Stieltjes integrable on [a, b] with respect to g, denoted by F € ISHS|a, b], with Sequential
Henstock-Stieltjes integral Iy € Iy, written as

Ip = (ISHS) /[a , Fis

provided that for every £ > 0, there exists a sequence of gauge functions {d, (x)};>_; such that for each n € N,
My

whenever P, = {(u(;_1),, 1), ti, }j— is a 6, (x)-fine Henstock tagged partition of [a, b], the following inequality
holds:

d <iF(fin) {g(uin) —8(11(1‘71)”)] Jo) <e.

Remark 1. If g is the identity function, the Sequential Henstock-Stieltjes integral reduces to the definition of
the Interval Sequential Henstock integral as presented in [14].

2. Main Results

We examine some of the properties of the interval Sequential Henstock integral.
Theorem 1. Let g : [a,b] — R be non decreasing function. If F € ISHS|a, b], then there exists a unique integral value.

Proof. Suppose the integral is not unique and let I; = (ISHS) f[ op Fand I = (ISHS) f[ o4 F such that

I} # I. Lete > 0 then there exists a {6} (x)}%°_; and {62 (x)}*°_, such that for each 6} (x)-fine tagged partitions
P} of [a, b] and for any 62 (x)-fine tagged partitions P? of [a, b], we have

mueN

d( ; F(t;,)(g(us,) — g(u—1y,)), h) <

7

N[ ™

and

myeN e

d( ; F(ti,)(g(ui,) — g(uii—y,)) L) < >

We define a positive function d,(x) on [a,b] by 6, (x) = min{6}(x),5%(x)}. Let P, be any d,(x)-fine tagged
partition of [a, b]. Then, we have

muy €N mpy €N
d(h, L) = d( ; F(t;,)(g(ui,) — g(u(i—1y,), 1) + ; F(ti,)(g(ui,) — g(u—1),)) )
muy €N mu €N
< d( Z; F(t;,)(8(ui,) — g(ugi—1),), 1)) +d( Z; F(t;,)(8(ui,) — g(ugi-1),)) 2)
S 1:8 B
< E + E = €.

So for all € > 0, there exists a 6, (x) > 0 as above, then[; = I,. O

Theorem 2. Let g : [a,b] — R be non decreasing function. Then F € ISHS|a, b] if and only if F~,F* € SHS|a, b]
and

ISHS Fdg = [(SHS F~dg, (SHS Ftd
(1sHS) [ Fdg=|(sHS) [ Fdg (sHS) [ Fidg
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Proof. Let F € ISHS[a, b], from Definition 7 there exists a unique interval number Iy = [I;, I;| in the property,
then for any & > 0, there exists a {6,,(x)}%" ;, n > p on [a,b] € R such that for any J,(x)-fine partition P,, we
have

d( ), F(ti,)(g(ui,) = 8(u-1),)) lo) <e.

Observe that

myeN

d( ; F(ti,)(g(ui,) — g(ui-1),)) lo)

myeN my €N

= max(| ; F=(t,)(8(ui,) = 8(ui1),)) = Iy || ; F7(t,) (8 (ui,) — 8(ui-1),) — Ig)1)-

Since u;, — U1y, >0, for1 < i, < my, then it follows that

muyEN

| Y F(t,)(g(um,) —g(uin),)) —Io | <e
i=1

mpyEN

| ; F~(t,) (8 (i) — g(ugiy),) = Ig)| <&

for every 6, (x)-tagged partitions P, = {(u(;_1),,4i,), i, } ;=4 - Thus, we obtain F*, F~ € SHS[a, b],

I7 = (SHS F~d
0 ( )./[a,b] 8
and

It = (SHS Ftdg.
§=(sHs) [ Frig

Conversely, let F~ € SH[a,b]. Then there exist a unique f; € R such that for any ¢ > 0, there exists a

{6L(x)}_,, such that
mpy €N

| ; F= (i, )(8(ui,) = g(uii),)) = 1l <&

whenever P} is a 6} (x)-fine tagged partition of [a, b].
Also, Let F* € SHS|a,b]. Then there exist a unique B, € R such that ¢ > 0, there exists a {62 (x)}*

n=1s
such that
my €N

| ; F7(t,)(8(ui,) — 8(ugio1),) — B2)| <&

whenever P2 is a 62 (x)-fine tagged partitions of [a, b].
Let B = [B1, Ba). If F~ < F¥, then B; < By. We define 5,(x) = min(d}(x),02(x)) and Iy = [B1, Bo], then if
P, isa d,(x) — fine tagged partition of [a, b], we have

(), F(ti,)(g(ui,) — g(u-1),)) B) <e.

Hence, F : [a,b] — Iy is Sequential Henstock integrable with respect to g on [a, b]. This completes the proof. [

Theorem 3. IfF,G € ISHS[a,b] and vy, € R. Then vF + {G € ISHS|a, b] and

ISHS F G)dg = y(ISHS Fd ISHS Gde.
( )/[a,b](v +EG)dg = 1( >/W] g+ >/W,] g
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Proof. If F,G € ISHS[a,b], then [F~,F"]and [G~, G| € SHS|a, b] by Theorem 2.2. Hence, yF~ +¢G~,yF~ +
GG, yFt + &G, oF* + &G+ € SHS[a, b).
Casel.If y > 0and ¢ > 0, then

(SHS) /[alb](yF%—(jG)’dg — (SHS) /[a,h](yFnLgG*)dg
- 7(5H5)/[alb] F’dg—i—é‘(SHS)/[u/b] G-dg
- 'y((ISHS)/[u’b] Fdg)~ —i—C((ISHS)/[a,b] Gdg)~
- ('y(ISHS)/[u,h] ng+g(15H5)/[a,h} Gdg)~.

Case2.If y < 0and ¢ > 0, then

e + +
(SHS) [ (YF+EC)dg = (SHS) [ (4F" +G")dg
_ + +
- V(SHS)/[Q,HF dg—i—C(SHS)/[alb] G. dg
— —+ +
— 4((ISHS) ./[a,b] Fdg)* + &((ISHS) ./[ﬂ,b] Gdg)

- ('y(ISHS)/[ah] ng+g(15H5)/[ah] Gdg)~.

Case3.If y >0and ¢ <0 (or y < 0and ¢ > 0), then

(ISHS) /[ah]wﬂgc)*dg (SHS) / (YF~ +&G*)dg

[a,b]
= SHS Fd SHS G*td
v(sHS) [ Fdg+i(sHs) [ Glag
= ISHS Fdg)~™ ISHS Gdg)*
7((SHS) [ Fdg)” +E((IsHS) | Gdg)

- ('y(ISHS)/ ng+C(ISHS)/ Gdg)~.
[a,b] [a,b]
Similarly, for the three cases above, we have
(ISHS) / (YF +&G)*dg = (y(ISHS) / Fdg + &(ISHS) / Gdg)*.

[a,0] [a,b] [a,b]

Hence, by Theorem 2, vF, G € ISHS[a, b] and
(ISHS) / (vF + £G)dg = v(ISHS) / Fdg + E(ISHS) / Gdg.
[a,b] [a,b] [a,b]

This completes the proof. [

Theorem 4. Let g : [a,b] — R be non decreasing function. Let F,G € ISHS[a, b] and F(x) < G(x) nearly everywhere
on [a,b), then

<
(ISHS) /[a,b] Fdg < (ISHS) /W] Gdg

Proof. Let F(x) < G(x) nearly everywhere on [a,b] and F,G € ISHS|a,b], then F~,F* € SHS[a,b] and
,G~,G" € SHS[a,b) with F~ < F*,and G~ < G nearly everywhere on [a, b].

(SHS)/

[ F (g < (sHS) / G~ (x)dg

[a,b]
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and

SHS Ftdg < (SHS Gt (x)dg.
(sHS) [ Fldg < (sHS) [ G (x)ig

Hence by Theorem 2, we have

(ISHS)/

| F(xdg < (1HS) / G(x)dg.

[a,b]
This completes the proof. [

Theorem 5. Let F,G € ISHS|a, b] and d(F, K) is Sequential Henstock Stieltjes(SHS) integrable on [a, b, then
d((ISHS Fdg, (ISHS Gdg) < (SHS d(F,G)dg.
(1sHs) [ Fdg (1sHS) [ Gdg) < (sHS) [ d(F,G)dg
Proof. By metric definition, we have
d((ISHS Fdg, (ISHS Gd
(1sHS) [ Fdg, (1SHS) [ Gag)
= SHS Fdg)™ — ((SH Gdg)~|,|((SHS Fdg)* — ((SHS Gdg)*t
max(|(SHS) [ Fdg) —((SH) [ Gdg) |I((SHS) [ Fdg)" —((sHS) [  Gig)" )
—max(|(SHS) [ (F~ =G )dgl,|(SHS) [ (F"~G")dg)

[a,b] [a,b]

<max(SHS) [ |(E"~G")ldg, (sHS) [ |(F* ~G")ldg)

[a,b]
<(sHS) | | max(|(F" = G7)L|(F" ~ G*))dg
<(SHS) /[a , A(E.C)dg:

This completes the proof. [

Theorem 6. Let F € ISHS|a,c] and F € ISHS|c, b, then F € ISHS|a, b] and

b c b
(ISHS)/ ng:(ISHS)/ ng+(ISHS)/ Fdg.
a a Cc

Proof. If f € ISHS[a,c]) and f € ISHS|c, b]) then by Theorem 2, f~, f* € SHS[a,c]) and f~, f* € SHS|c, b]).
Hence, f~, f* € SHS[a,b]) and

SHS) /jf‘dg — (SHS) /ucf‘dg+(SHS) /be_dg
- ((ISHS)/:fdg—l—(ISHS)/bedg).

Similarly,

(SHS) /bfmg - (SHS)/Cf+dg+(5H5) /bﬁdg
- ((ISHS)/Cfdg+(ISHS)/bfdg)+.

Hence by Theorem 2, f € ap-ISHS|a, b] and

(ISHS) /bfdg: (ISHS) /Cfdg+(ISHS)/bfdg.
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