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1. Introduction

F ractional calculus provides significant flexibility in modeling systems with memory effects, where the
current state depends not only on the immediate past but also on a more extended history. This

feature is particularly advantageous for systems exhibiting long-range interactions or substantial spatial
correlations, as fractional-order derivatives and integrals offer a robust theoretical framework for explaining
these non-local processes. Applications of fractional calculus are diverse, including signal processing, where
fractional methods are effective in analyzing signals with long-range correlations or fractal-like characteristics,
and electrochemistry, where it is employed to interpret impedance spectroscopy results and understand
electrochemical processes such as charge transport in batteries and supercapacitors. Fractional differentiation
and integration operators enhance signal processing and analysis by facilitating the extraction of valuable
information, while broader uses span across various fields as noted in [1-5]. The study of fractional integral
inequalities is a dynamic and evolving field, bridging classical analysis with modern mathematical techniques
and uncovering new inequalities and applications that deepen our understanding of complex systems.
Generalized convex mappings further extend the classical notion of convexity to broader contexts, enabling a
wider range of functions to be classified as convex by relaxing certain conditions, incorporating more general
forms of convex combinations, or introducing new parameters, as discussed in [6-10].

Assume ¢ : (3 C R — R be a convex function defined over the interval (). Then, the following double
inequality holds true:

e1+f1 1 f1 %(el) +g(f1)
g( . )gfl_el/elg(e)degz. (1)
This inequality has made significant contributions to mathematics in the areas of number theory and complex
analysis, among many others. It is developed using various integral operators and generalized convex
mappings in applications involving special means, probability density functions, numerical integration rules,
etc. As a matter of fact, there are several notions for fractional integral operators (see refs. [11-14]). In
addition to adding new parameters, one can generalize these fractional integrals and find inequalities such
as Ostrowski, Griiss, Minkowski, Hermite-Hadamard, etc (see refs. [15-17]). Tariq et al. [18] provide a
complete analysis of (H-H) type inequality involving several types of fractional integrals and demonstrate some
applications using numerical calculations. Mohammed, Sarikaya and Baleanu [19] established the concept of
incomplete gamma functions and studied the double inequality by using tempered fractional approach for
convex mappings. Wang et al. [20] used two different forms of generalized convex mappings and generated
numerous new bounds. Chu et al. [21] developed (H-H) inequality by using the notion of s-convex mappings
via Hilfer integrals. Qi et al. [22] employed several types of exponential convex mappings to construct
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Hermite-Hadamard'’s inequality with applications. Yildiz et al. [23] investigate the (H-H) inequalities for
t-fractional integrals with the help of Green function. In [24], authors established various new inequalities
for exponential s-convex mappings, utilizing Caputo fractional integrals, with several interesting applications.
In [25], the authors established the double inequality for s-convex functions in the second sense using the
fractional integral operator. In [26], authors built a weighted double inequality whose second derivative was
harmonic convex by using a Atangana-Baleanu integral operators. Sahoo et al. [27] developed a midpoint type
fractional integral identity by combining various others well-known inequalities whose first-order derivative
is convex. Afzal et al. [28,29] used h-Godunova-Levin functions with two different types of integral operators
to establish various new integral bounds for (H-H) and its product forms with applications to special means.
We refer to the following for some other recent developed outcomes related to these results (see refs. [30-34]).
Our study has the following characteristics that distinguish it from previous findings in the literature:

» Using different types of classical and fractional operators Afzal et al. [35-38] studied Godunova-Levin
mappings and their associated inequalities in different perspectives of order relations with applications
while this is the first time that we have utilized Atangana-Baleanu fractional integral operators with this
class of generalized convex mappings to achieve desired results.

e Furthermore, for h-Godunova-Levin functions, it is innovative to create several new bounds of the (H-H)
inequality by using other well-known inequalities such as Minkowski, Holder and Young.

¢ Given that some of our results are based on classical Holder’s inequality, where exponent functions
behave as constants, we left with an open problem: Would specific results hold if exponents are replaced
from constants to variable?

This article is designed as follows. In Section 2, we will cover crucial ideas related to fractional calculus,
including fundamental definitions and results. In Section 3, we develop our major findings. In Section 4, we
discuss some of applications related to our main discoveries. In Section 5, we explore and conclude our key
findings, provide some future recommendations, and leave an open question about variable exponent spaces.

2. Preliminaries

We provide some well-known definitions and facts in this part that can be utilized to bolster the paper’s
main conclusions.

Definition 1 (see [29]). Let ¥4 : M C R — R defined on convex set 9M; then, ¥ is said to be convex if
9(Ze1+ (1-2f1) < 79 (e1) + (1 - 2)9(f1),
holds for all e1,f; € M C Rand Z € [0, 1].

Definition 2 (see [29]). Consider h and ¢ be non-negative mappings such thath: (0,1) - Rand ¥ : M C R —
R; then, ¢ is said to be h-convex if

G (Ze1+ (1— 2f1) <h(2)9(e1) + h(1 — 2)9(f1),
holds for all eq,f; € M CRand 2 € (0,1).

Definition 3 (see [29]). Consider h and ¢ be non-negative mappings such thath: (0,1) - Rand ¢ : M C R —
R; then, ¢ is said to be h-Godunova-Levin if

E?(el) g(fl)
9 1—9£) < ;
(De1+ (1 —92f1) < h(2) +h(1—9)
holds for all eq,f; € M CRand 2 € (0,1).
Remark 1. e Ifh(9) = %, then Definition 3 leads to s-convex functions in the second sense [39].

e If h(Z) = 1, then Definition 3 leads to p-functions [40].
o If11(2) = 2°,hy(2) = 1, then Definition 3 leads to s-Godunova-Levin functions [41].

According to reference [42], the left and right sides of Atangana-Baleanu fractional order integral
operators are as follows:
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; -7 ¥ ¢ e
g (6)) = W?ﬁ(t)—kw/ﬁ 9(D)(s - 2) "1 dg,

B (g()) = = L a(t) + @(XW)

where e; < f1,7 € (0,1],T(¥) = fooo t”~le~* dt is the Gamma function, Q(¥) > 0 such that Q(0) =
Q1) =1, Q)| =1, and Ba = Ba(p,q) = [y ¥P (1 — #)3" 1 d7 is the incomplete beta integral. Since
our findings are also presented in terms of special functions, we recall the very well known Gamma and Beta

/:1 9(2)(7—+) 142,

functions, respectively:

r(v) :/ et "lat,
0

oy Yy L'(1)I(7)
9 ¥ :/ 211 )2 gy = = VR) .
B(*, %) ; ( ) T 1 %) 1,7 >

Another enhanced variation of Holder’s inequality has applications in a variety of mathematical
analytical fields.

Theorem 1 (see [43]). Let 1 < q. Assume & and Y are two mappings defined over [e1,f1] and |¥/|, |9 ||R|2 are
integrable over [eq, f1], then

[Miaoms < ([ wons) ([ @)

Theorem 2 (see [43]). (Young’s inequality). Consider p, q be positive real numbers satisfying % + % =1 Theniff, g
are nonnegative real numbers,
q
fg < < — —I— &
p q’

and equality holds iff £P = g9.

In [44], authors established new generalized inequalities for convexity utilizing a new identity, which is
shown in the Lemma below.

Lemma 1 (see [44]). Let ¢4 : M° C R — R is a differentiable mapping over M°. If 4" € L[eq, £1], then one has

M (7, 01, £1) ;leu (Wﬁ%)%((%—m—l)eﬁ(mnﬁﬂ

t 4
! /flg(”f/)d“//
f1—e1 Jeg
=1 ¢ 1 _ )
_ fq 2e1 {/ (1- 2@)%’ (@({’W)el—i-‘ﬁfl +(1-2) (e —l)es + (N+ 1)f1> d_@} .
= 22 o ¢ ¢

holds.
In [45], the authors introduced new inequalities that target s-convexity by using Lemma 1.

Theorem 3. Let 4 : MM C R — R is a differentiable mapping on IM°, where eq,f; € IM°, with eq < f1. If |4’V is
s-convex on [eq, f1] for some q > 1, then one has

£-1 » :
f1 —eg 1 : ! :
f1)| <
Me (7, e1,£1)| < Y 262 <p—|—1> <S+1>

N=0
1
y Hg, ((E—m)ﬁﬁ —|—‘th1> q+ ‘g, <(E—‘n— 1)61 + (‘ﬁ—i— 1)f1> q:| El
t ¢
1 1 _
holds, where > + 1= 1.
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The following lemma will be utilized throughout the key conclusions of the proof:

Lemma 2 (see [46]). Let eq < f1,eq1,f1 € RT,9 : RT — RT isa differentiable. If 4" € L[eq, f1], for each ¥ € (0,1],
then one has
T | -~ 1  (fi—e)” ! f1+eq
f1 —eq |: If1+e1 {g(el)} + f1+e1 Ifl {g(f1>}:| (fl _ el)@(%) [g(E‘l) + g(fl)] 27/,1@(7/)1—(7/)% 2
(f1—e)” !

~ 27 + DQUII(T) [ @) 9" (@er+ (1= 9)t0) +9" (981 + (1~ D)er)] a2,

Voo
wherew” (9) = { 1

3. Main Results

This section aims to develop our major findings including the Hermite-Hadamard inequality in its
weighted and product versions, using the h-Godunova-Levin function.

Theorem4. Leth: (0,1) — R" andh ( ) #0,and ¢ : R" — R" is h-Godunova-Levin mapping, e1,f1 € RT,e1 <

f1and X : [e1, f1] — RT is symmetric about “Zi Then

" g%)% <f1 ere1> [ABIY (R(f1)} + AT {R(er)}] — h (%)g (fl +el> =L [Nen) + N ()

2 2 ) Q)
+ 577 4 0N (en) + 9 (BR8] < 0L (N (6} +401f { (@M (en)) o
V(- el)y/ 1 v_1 1 1
Bt [gle + (1) x [ 97 [ s | Rt + (1= S)enas
+ G e en) + (N (),
where ¥ € (0,1].
Proof. As¥ € SGX(h, [e1, f1],R"), we have
@ (fl +e1> < : 1) G(Ze1+(1— D)) +9(261+ (1 — D)er)]. 3)
2
Multiplying above inequality with h (%) 27 7IR(2f1 + (1 — Z)eq), and integrating the desired inequality on

(0,1), we have

fi1+e
h<2>g< 1 1)/ 27 IR(f1 + (1 — D)er)d2
g/o 2" VG (Der + (1 — D)fy) + (k1 + (1— D)er)|N(Z1 + (1 — D)eq)d 2.

Letu = 2f1 + (1 — 2)e, then the above inequality becomes

(i) fl—e1 (flerﬂ)/efl(u—el)"1N(u)du
<—

(fl o el) |:/:1 (u - el)"//_lg(fl +e; — u)N(u)du + A:I (u — 61)1/_1g(u)N(u)du .
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Let v = f; + e; — u, then we have X(f; + e; — v) = X(v), it follows that

(2 mmar? (37) [ e s

/efl(f1 — ) g (v)R(v)dv + /:1 (u— el)'V—lg(u)N(u)du] .

v €1

< —
T (f1—e1)”

Multiplying above inequality with % and add 2 IEa) 7-[%(e1) +%(f1)] on both sides, we have

1 v fi+e f1 B 1—v
h (2) @(y)r(q//)g ( 1 . 1) /ﬂ (u—eq)” R(u)du+ W[g(el)t\t(el) + 9 (£1)R(f1)]
£, [
SQ(”Va)I/F(”V) Ul th _")Vflg(vm(")d”/el (u—e1)” "% (u)R(u)du
1-v

T

[%(el)N(el) + %(fl)N(fl)]

From this, it can be follows as

n(3)7 (O5) o veen)

h (z)g (“; "1) @’)N(el) + @’)[%(elm(el) LG (E)R(E)] @)

<ABIL{(9N(f1)} +ABTL {(9R(eq)}

Similarly, multiplying h (%) 27 ~1X(Zeq + (1 — 2)f1) on both sides of (3) and integrate, we get

f1+e
h<2>54< 1 1)/ 27 (Zer + (1 — 2)£1)d2
< /0 27 VG (Per1+ (1 - D)) +9(Z61+ (1 — 2)er) N (Zeq + (1 — 2)f1)d 2.

Letu = Ze1 + (1 — 2)f;, then the above inequality becomes

h(2)— fiten) (Mg 7 IRw)du
2)(f e1 2 /el
< -

[/ (f1 — u)yilg(u)z‘z(u)du =+ /efl (f1 — u)ryflg(fl +e1 — u)N(u)du} .

(f1 - e1)

Let v = f; + e; — u, then we have X(f; + e; — v) = X(v), it follows that

(2 mmar? (37) GRS

1 f N s -
=) Ue (f—w)” 154(11)?‘(11)0111+/e1 (v—e1)” 1%(V)N(v)dv].

1

Multiplying above inequality with Q((f}/)ie(l);/ and add (&—Z) [¢(e1) + ¥ (f1)] on both sides, we get

1 v fi+e fi y_ 1—v
h (2> Q("//)F(“//)g< ! 5 1)/e (f —u)” 1N(u)du+W[g(el)N(GﬁJrg(fl)N(fl)]

v €1

=) [/: (f1 =) Y (@R (w)du+ [ :1 (v —e1)” 1 (v)N(v)dv

—_ [%(el)N(el) —|—g(f1)N(f1)]
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From this, it can be follows that

) (;)g <f1;e1> BT {N(f1)} —h (;)g <f1+2el) ﬂN(fl) + ﬂ[%(el)N(el) +9(f1)R(f1)]

Q(7)
<& T A@R(F)} +APIE (@R (en) ).

©)

Adding (4) and (5), we can get the first inequality in (2). Now again taking into account Definition 3, we have

G(Zer + (1— 2)fy) gf((;l)) + hiul)@),
G( D1+ (1— D)ey) gf((fgj)) + hz(fl)@),
adding the above two inequalities yields that
G(Per + (1 — D)fy) + 9 (Pfs + (1— D)ey) < {h(lg) + h(li@)] [ (e1) + 4 (£1)].

Multiplying aforementioned inequality with 27 ~1R(2f; + (1 — 2)e;) and integrating, we have

/Ol .@7/71 [%(.@el + (1 — @)f]) —|—§§(@f1 + (1 — .@)el)]N(.@ﬁ + (1 — @)el)d.@

1 1
h2) T hd- 2)

< [%(e1) +9(f1)] ./01 971 [ } N(2f1 + (1 — P)e1)d2.

Let v = f; + e; — u, then we have X(f; + e; — v) = R(v), it follows

(fllel)V {/efl (f1 —v)" 19 (V)R (v)dv + /ejl (u— el)Vlg(u)N(u)du]

1 1
h2) T ha-2)

< [Y(e1) +9(f1)] /01 7k [ } N(2f1 + (1 — 2)eq)d2.

Multiplying above inequality with % and add (&—% [ (e1) +9(f1)], we have

ST L = e+ [ e

1
Q(7)
< Y (f1—e1)”
- QMIr(»)

X /01 7k [h(lg) + h(li%] N(Z2f1 4 (1 — P)eq)d2
1—¥

4 Iea] (% (e1)N(e1) + 9 (£1)R(f1)],

4 (e1)R(eq) + ¥ (f1)R(f1)]

[ (e1) + 9 (£1)]

thatis

7/(f1 — el)y/
QMI(¥)

x/olg“m {h(;) +h(11@) R(Zf1 + (1— D)ey)d
1-7

+ W [%(el)N(eﬂ +g(f1)N(f1)] :

This completes the proof. [

ST {(9N(f1)} + P {(9N(er)} < (9 (e1) + % (f1)]
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Remark 2. If h(2) = 1, then Theorem 4 leads towards p-convex mappings:

f<f1+e1) (4817 (R (1)} + AB1L {R(e1)}] — 2% (ﬁ;el)@?[mel)”(fﬁ]
-|-M[%(elm(el)—l—g(ﬂm(ﬂ)]

<G {@R(E)} +AP1E {(9R(en)}

_W[g(el>+g(f1)] <[ @‘V—1N(9f1+(1@)el)d%M[éﬁ(eﬂmel)+g(f1)N(f1>]-

Theorem 5. Let h : (0,1) — R™ where h (%) #0,and 4 : Rt — R" is h-Godunova-Levin mapping, eq,f1 €
RT,e1 < f1. If 4 € L|ey, f1), then the following double inequalities are obtained as follows:

1\ (fi—e1)” fi+eq 1y
" (2> @(7/)1—‘("//)% ( 2 ) + @(7/) [g(el) -I-g(fl)]

SéBIfl {9(f1)} +A8If1{g er)} (6)
G (e1) +9(f1) Y (f1—eq)” T, 1 1
<|“e 1H1‘““ o 7 e )

where ¥ € (0,1).

Proof. As¥ € SGX(h, [e1,f1],R™), we have

@ <V1 + 1

)<

letvy = Ze1+ (1 — 2)f1, 1p = Zf1 + (1 — 2)ey, the above inequality becomes

[ (1) +9(v2)],

h (i) ¢ (f”zl) < [#(Ter + (1 - P)fa) + 9(7f1 + (1 - D)e)]. @

Multiplying with 2”Vin (7) and integrate over interval (0,1), we have

TSR PR e—
2
/ 9GPy + (1 )el)d@},

that is

h(3) /¢ 1 1
g/z)g( 1;‘*1) g/o @V_lg(@e1+(1—@)f1)d@+/0 27 \9(28, + (1 — D)ey)dD.

Multiplying the above inequality with % and add 2 Q( ] L[4 (e1) +9(f1)], we get

—e)” e -
() (532) e

_ Yool
”f/(fl el) / @1/71g(9f1 + (1 — _@)el)d.@ +

1-v
e [ (e1) +9(£1)].

Q(7)
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Leta = Ze1 + (1 — 2)f1 and Q = 211 + (1 — Z)eq respectively, we have

(f1 —e1)” fi1+e 1-v
n(3) e (o) o L e 4950 < 45T 160} + O 9 e,

so the initial inequality of (6) holds. For second part consider Definition 3, we have

9 (eq)
h(2)

9 (f1)

Tha-a)

G (%e1+(1—2)f1) <

Multiplying above inequality with 2” ~1, and integrate over (0,1), we have

1 97-149 1 97-149
+9(f) | . 8)

/1 279 (De1+ (1 — 2)£,)d2 < 4(e )/
0 1 1 > 1 o h(1—2)

o h(2)

Multiplying both sides of (8) by % and add (7/) ¢ (f1) on both sides, we get

wfl 79 (Ter+ (1- D))z + L) < L—e)” [g(e1>/1 27149
) Jo ) 0

eI Q(7) Q)T (¥ h(2) o)
19" g | 1-7
+§¢(f1)/0 h(1@)] gy )

Let a = Ze1 + (1 — 2)f;, then the above inequality becomes

AB-v Y (f1—eq)” 197 -1dg g7 dg| 1-v

e1 If1{g(f1)} SW [g(el)/(.) W +g(f1) 0 h(l—_@) + Q(A//)g(fl) (10)
Again by Definition 3, we have

, Y(e1) _9(f1)
%(Qel—i— (1—.@)f1) < h(@) + h(l 7@)

Multiplying aforementioned inequality with 2”1, and integrating, we have

= QU MTEZ)

o v ¥-1 _
<7/(f1 1) l (f1) /01 @h(@c)i@ +%9(eq) /01 h@u _d@_@;] ! A//g(el)-

Let v = 2f1 + (1 — 2)e; as a dummy variable, then the above inequality becomes

A8 o)) T [%(fo [ L A7 gty [ 282 ] P ey an

QI (¥ h(2) o h(1—-2)] Q)
Adding (10) and (11), we can get that the second inequality of (6). This finishes the proof. [

Remark 3. If h(2) = 1, then Theorem 5 eads towards p-convex mappings:

(fl_el)(y/ f1+eq 1—-v7 AB-Y By

WICAINCAM ( 2 ) + gy ¢ (o) +9(0)] < ST {9 (R} + 0T {9 (o)} N
< {Wg(h)} — v+ M
- Q(7) I(7)

Theorem 6. Let h: (0,1) — R™ such that h (%) #0,and 4 : RT™ — R" be a h-Godunova-Levin, e1,f; € RT,eq <
f1. Ifg// € L[el, fl] Then
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where ¥ € (0,

1 |asg
f1—e

1

~ (f1—e)Q(Y)
(fl _ el)"//fl

€+ {Y(e1)} +4

- (+1)Q
1].

(ML)

Proof. Firstly, from Lemma 2, one has

1 fasyy
f1—e

f1+ 1

1

(- el)@(”f/)

fl—el

[g(eﬂ +9(f1)] —

2(v +1)Q

e [ts

[¢(e1) +9(f1)] -

[19" (e1)|+|9" (£1)]] x

. u@%anﬂ

(f1 —eq

)“I/—l

@)+, uﬁ%&nﬂ

(fl _el)“//—l

27 1Q(/)T
% 911/+1 |:
0

fi+er
s (27%)

(7)

1
h(7)

2771Q(7)I(7)
(19" (Ze1+ (1 -

As |9"]| is h-Godunova-Levin function, we have

f1+er
s (%)

NE)|+9" (2f1 +

O

Remark 4.

T DUV

1 AB- Y
ﬁ_el[ e
I N

(f1 —e1)Q(7)

(f1—e1)’~

Y(e1) +9(f1)] —

1

=207 + DT (P)

9" (e1)]

{g@ﬂ}+é€1€&ﬂn»}

(fl _ e1>“1/71

h(1— 2)

271Q(V)E(7)

+

9" (1)

<f1 +eq

2

><{A%@y+lvﬁxgy|

19" (f1)]

L h(2)
//(fl)

9" (e1)]

T 947

h(2)
19" (f1)]

+

h(1— 2)

]d@
9" (e1)|

:(V+U@WONV)
%" (e1)]

L h(2)

9" (f1)]

'+M1—@Jd@}

x{/j@”“[

h(2)

+

h(1—2)
4" (e1)|

}d@

+/O% gV p{i/;g;)'

(fl_el)‘// 1

f1—eq
1

1 {ABI/

 (f1—e)Q(¥)

(%)"//+1

yL

I fi+eq

+

|g// e] ‘_1__'%/

(9 (e1) +9(f1)] —

(f1 —eq

h(l—@)]d@}

/ g7 [

(f1 —eq

h(1 -

|
7)

)

]d@

1

(1-

{g@ﬂ}+£ﬁqhdgﬁﬂﬂ

)7/71

h(1—2)

(i) If h(2) = 1, then Theorem 6 leads towards p-convex mappings:

a2,

P)e)|]d2.

da.

T+ +2) QUNI(Y)

271Q()r(r

“ (

)”I/—l
[ () [+]#" (£2)1]-

2

f1+e1>

(13)
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Theorem 7. Leth: (0,1) — R™ such that h (%) #0,and 4 : R™ — RT be a h-Godunova-Levin, eq,f1 € RT,eq <
f1. Ifg,/ € L[e1, fl] Then

1

AB
f1 . |: If1+e1 {g el)} + f1+el Ifl {g(fl)}]

1 (f1 —eq)” ! f1+e
& —enam) Y 0] - e ? ( B )

1
(f1—e1)” (%)VPHP p

1
T (r+)QMT(Y) | Yptpt+1

[ )] w

=1.

[19" (ex)|+]9" (£1)]]

where ¥V € (0,1],113 + Cll

Proof. Considering Lemma 2 and Holder’s inequality for result (13), we have

1

e | T (7060} i T 9 (8))
1— € 2 2

1 (f1 —eq)” 1 fi1+e
~Em—eya) )+ )] - 2“’—11@( ) ( E 1)

< z(%(i:;el (/ W ( |Pd@) [(/ 9" (Zeq + (1— 9 )fl)qd@)

+ </01|%”(@f1 +(1- @)eﬂﬁd@)ﬂ . (15)

1

As |9"|% be h-Godunova and Levin function, then

1

_— {Aslfﬁel {9 (e1)} +{;§el 1/ {%(fl)}]

1 (f1 —eq)” 1 f1+e
& —ena) Y@ 0] - g ? ( B )

1
(f1—e1)” (%)VNQP p

—(V+1)Q (7/1"17/) Yp+p+1
[ (e ) )

oL (56" ka5«

Then, we apply the fact that

} |

for0 < ey <1,uj,up, - - ,ug > 0,vy, vy, ,vg > 0.So0,0ne has the following inequality:

1

e [ (e} + 45, T (1))
1— €1

1 (fi—e)” ! (fite
- W[g(eﬂ +g(f1)] - 21/_11(@(71/)1*(7/)% ( : 2 1)
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(fl_el)“V ) ( (%)%pﬂp);
~(+1)QUMIT(Y) | Yp+p+1

1 g// e q % 1 g”f q é

’ K/o e er) '+ ([ vaogre)
1| (£4)]4 q 1 |g//(e )lq %
(1) ([ eer)
V4

7) 1—
¥ p+2p :
 (f1—e) 1 (%) " ,
_(7/+11)Q(17/)r(7/) Vp+pL1 [19" (e1)|+]9" (f1)]]

([ee) (L s

Q=

The finishes the proof. [

Remark 5. If h(2) = 1, then Theorem 7 leads towards p-convex mappings:

e [ Then (e} + 5, T (9 (1))
1 (fl — 81)7/71 fi+e
~ G —enar e Y] - g ? ( 2 )
V41
(fl - el)y/il (§> [|§4”(e1)|q+‘gﬂ(f1)|q] %, (16)

=+ )QUNIT(Y) ¥ +2

Theorem 8. Let h: (0,1) — R™ such that h (%) #0,and 4 : RT™ — R™ be a h-Godunova-Levin, e1,f; € RT,eq <
f1. Ifg” S L[e1, fl] Then

1
1 {ABI"@% {G(e))} +4 fﬁel 17 {%( fl)}]

f1 — e
1 (f1 —eq)” ! fi1+e
"G —enapy) e TE)] - z“fll@&)rmg( B 1)
q-p 1_%
(f1—e1)” ™ (%) (V/H)(F) (a—1)

1
- (r+)QMNI() | (P +1)(a-p)+a-1

1
5 97PPd9 /% 97 Pﬂ’d@] . (17)
0

X (19" (ex) |2+ (£1)]) V} “h@) b wa-2)
where ¥ € (0,1].

Proof. Considering the Holder’s inequality and inequality (13), we have

e i T LR AT

f1 — €1
1 (f1—ep)” ! f1+er) (f —ep)” !
~ & —enam) 0] - 5 ogero (*32) - 55 0
/ DT (D) (97 (Zer + (1= D)) |[+19” (781 + (1 = D)er) |47

1-1
s ([roie)
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[(/ W’ (2)[P|%" (Zer + (1—@)f1)|qo@>°l
(/ W (2)[P|9" (96 + (1 @)e1)|qd@>é].

Since |¢"|4 is h-Godunova and Levin function, then

b o e + 42, 7 6]

f1 —eq
_ 1 (f1—eq)” ! @ <f1+el) _ (& —eq)/ !
(f1 —e1)Q(¥) 27-1Q(M)T(¥) 2 2(7 +1)Q(MNT(¥)

1 v P ’7/ B 1" "
x/ W (2)°T [ (2)|5 |9 (@e1+(1— DV |+ (61 + (1 — D)er)|]d2

<l @itag) K/ W P e
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[%(e1) +9(£1)] -

, ap 1-1
et (7 oyal [ 2777
37+ 00U | 7T Da@—p ra—1 " [ gy

1
N / 2)/?+?d9 () /% 77Pdy /1 (1—2)"rtPdg ) | °
(@ o h(1-92) 1 h(1—2)
3 7/P+Pd@ (1 _ @)’Vp—&-pd@ 3 9VPrd g
" 2 " q /2
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+/ i “I/p+pd@ 1 ) (£ e1)7/—1 <%)(7+1)(3_}1)> (q—1) a
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1
1 1 q
1| r2 97PtPdg 2 9’PPdg |
" q " q
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Remark 6. If h(Z) = 1, then Theorem 8 leads towards p-convex mappings:
1
e [T (e} + 15, T (9 (0))

f1 —eq
1 (fl — el)qf/*l f1+eq
~ & —eyao) e W) - oo ? < 2 )

r+1)(2) T N
(et [ () (a-1) () ) eyt
= (7/+11)@E7/)r(7/) ((7/+1)(qp)+q1 “\Fprprn| [ IR

Theorem 9. Let h: (0,1) — R™ such that h (%) #0,and 4 : RT™ — R" be a h-Godunova-Levin, e1,f; € RT,eq <
f1. Ifg// S L[el, fl] Then

1
f1 —eq |:AB z* {g(el)}+ f1+ Ifl {g(fl)}]
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1 (f1 —eq)” 1 f1+e
- W[%(el) +9(f1)] — zv/le(yl/)r(y/)g ( . 2 1)

(fl_el)’Vfl { (%>7/p+p—1
)| (

—2(v+1)QMNI(V Yp+p+1)p

e e @) [[ (555 + g ) 42}

where ¥ € (0,1].

Proof. Considering Holder’s inequality and result (13), related to Young’s inequality: AB < %aP + éq, we

obtain

f, i ) [AB Ifﬁel {9 (e1)} + fﬁel Ig, {g(fl)}]
! (fr —ey)” ! f1+eq
i W[‘%l) +o(6) - g (1)
(fr—e
—2(7/4:1 % [ / W (2)[Pd2

(/ 9" (Peq + (1 — )f1)|qd9+/ 9" (P61 + (1— )e1)|qd@>}

As |9"|4is h-Godunova and Levin, then

1

e [T e} + 4,1 (0 (0))
1— €1 2 2

1 (f] — el)ﬂyil f1+eq
BRI AR R T a7 mg( 2 )
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The proof is completed. [

Remark 7. If h(2) = 1, then Theorem 9 leads towards p-convex mappings:

# [AB Zﬂl {9 (e1)} + 4 f1+e1 If1 {g(fl)}]

fl — €1
1 (f1 — 61)7/71 f1+ep
~ (f1—e1)Q(Y) [9(ex) +9(81)] - 27/—1Q(7/)F(7/)g < 2 )

(f1—e)” ! ®)""
1— €1 7 "
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Theorem 10. Let h : (0,1) C R — Rand & : [e1, 1] — R be positive function with 0 < e; < f1 and [h(2)]? €
L1(0,1],% € Ly[e1, f1]. If|¥’| be a h-Godunova-Levin mapping on [e1, f1], then

et Ton a
Ll e | (1) @ 11—22|| , [ (E=N)ey + Nk

N=0
q 1
d@)

d2

L11=29| |, [ (E=N—1)e; + (N +1)f;
0 h(i—2) ’g ( C )

holds, where 1 < p and % + é =1

Proof. As q > 1and consider Lemma 1, then we have
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q 1
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As |%’|* is h-Godunova and Levin function, we have
M, 0, £1) < Y D1 ['1-27laz a [z (s (R :
14 s €1, 11 _mzo 2%2 0 0 h(@) e
1
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-1 1 -3 / 11 a
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/01 &1_2?) ‘%,< (e— ‘ﬁ—l)elé—i—(‘ﬁ—i—l)fl)

O

Corollary 11. If we apply h(2) = & in Theorem 10, one has

= of—e t—N)eq + Nf
(o1, 80)| = - S ([ (SN
=0 £2(2)*" 4 z

T ’g, ((e-m - 1)e1E+ (N + 1)f1>

q>31

which appeared in [44].
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Corollary 12. If we apply h(2) = % in Theorem 10, one has

< 1 s %
et \ B4 1)(s12)  (s+1)(s +2))

x Hg/ (Mﬁm> n ‘g/ ((?—%—1)e1+(ﬂ+1)f1> q]é,

¢ ¢
Theorem 13. Let h : (0,1) C R — Rand & : [ey, f1] — R be positive function with 0 < ey < f1 and [h(2)]? €
L1(0,1],% € Li[eq, f1]. If |¥'| is an h-Godunova-Levin mapping on [eq, f1], then the following inequality
£-1 f1 —e

1
1 P

£)] < _—
|Me(Z, eq, 1)|_m§=0 T (1+p>

(f e (=222

h(1i_@) ‘g, ((E—‘ﬁ—l)e;—i—(‘ﬁ—i—l)fl)

-1 fl e
1M (Y, e1,£1)| < Z

which appeared in [45].

+

i)

holds, where = + = = 1.

1,1
qa P

Proof. Suppose 1 < p. Considering Lemma 1 and the Holder inequality, then we have
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e-1 3
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Since |¢’|% is h-Godunova and Levin function, then
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(f e (=22

1

it

+

T 1 7 ‘g’ ((E—‘ﬁ - 1)e1E-|— M+ 1)f1>

O
Remark 8. If we apply h(Z) = 2° in Theorem 13, one has Theorem 6 in [45].

4. Applications to Special Means

In this section, we describe some special means that can be used to interpret our main results described
above. Let e1, f1 €R,

1. The arithmetic mean:

f
A= A(el,fl) = elT—’_l,el,fl Z 0.
2. The harmonic mean: e f
€111
H=H(ey,f) = ——, eq,f; >0.
(e1,f1) et fr 1,11
3. The logarithmic mean:
if e = f]

€1,
L =L(ey,f) = { Mivd ey, f1 > 0.

lnfl—ln er’ if €1 7& fl’
4. The p-logarithmic mean:

€1, if €] — f1

Lp = Lp(elr f]) = p+1_ o pti .
pemiey) s e #

p € R\{—1,0},eq1,£; > 0.

g =

Proposition 1. Let e1,f1 €R,0 < eq <fy,andi € N,i > 2. Then

:;_1 %A <((e—fﬁ)e; +‘)“(f1>m, <(e—m— 1)e1e+ (M+ 1)f1>m> ety

a2

=0

N (/01 wd@) <(Em1)e1g+ (m+1)f1)(m—l)q>‘|é'

Proof. The proof of this result is follows from Theorem 10 with 4 (%) = 9™, 2 € [e1,f1],i € N,i > 2. O

Proposition 2. Let e1,f1 €R,0 < eq < f1,and i € N, i > 2. Then, the following

*il 1, (((E—‘ﬁ)el—i-‘ﬁfl)m, ((E—‘ﬂ—l)e1+ (‘ﬂ+1)f1>“‘> La(ewfr)

91=0 ¢ ¢

f1—e1 1 Il’
2—7 p+1

) (e ) sy

holds, forall 1 < q.

(g~

HM'

Proof. The proof of this result follows from Theorem 13 with 4(2) = 2™, 7 € [e1,f1],i € N,i > 2. [
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5. Conclusion

There has been considerable research into integral inequalities associated with different types of fractional
operators. As we demonstrate in this note, we use h-Godunova-Levin mappings to develop different
products forms of famous double inequality. In applications, we relate our newly developed results with
special functions and special means. These results are the first to be developed for this generalized class of
Godunova-Levin functions in the context of Atangana-Baleanu fractional operators, and we believe that this
innovative concept will be used in the future in various other aspects.

6. Future recommendation

Variable Lebesgue spaces are a generalization of classical Lebesgue spaces in which the constant exponent
p is replaced with variable exponent function p(-). In the last few decades, many well known mathematical
inequalities and classical results have been extended to the setting of variable exponent function spaces. In
addition to these inequalities, the Holders inequality has also been extended to different variable exponent
spaces. In variable exponent Lebesgue spaces, Holder inequality can be defined as follows:

Theorem 14 (see [47]). Given 9 and p(-) € P(M), for all 4 € LPO)(9M) and X € 1P O)(9M), 4, N € L1 (M) and
| 19(2N(2)1a2 < kI Iy N,

1 1
K=|———+1)[xon.
P- P+

where

[} + HXfmooHoo + HXfml Hoo :

Remark 9. The final three terms in the definition of X are all equal to either 0 or 1, and at least one of them
needs to be 1. So, if p(-) is not constant, 1 < K < 4.

As some notions are not explicitly defined here, please see page 27 of the book in the reference
[47]. Moreover, there is a very recent work by Afzal et al. [48], in which authors extend the standard
Hermite-Hadamard inequality by using the classical integral operator in variable exponent spaces, so we
recommend readers extend the result below to the setup of variable exponent spaces for fractional integral
operators.

1

e ABIZﬁ {“(e1)} + ééellz{g(fﬁ}}
1— €1 ) 2

1 (f1—eq)” ! fi +e
e @ 0 - g ? ( B 1)

7P +2p() \ BT
o (fi—e (§>
—(r+neONI() | 7p() +p() +1

J0E) (i)

where ¥ € (0,1],% + ﬁ =1.
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