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the structural constants to provide the desired classification results. These results further enable us to
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dimension 3. These results are useful for understanding related algebraic structures and present a substantial
advancement.
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1. Introduction

B iHom-associative algebra is a type of algebraic structure useful in studying various areas of mathematics
including category theory, representation theory, and Hom-algebra structures. The motivation to study

BiHom-associative algebra lies in its applications across many domains of mathematics. Although the history
of BiHom-associative algebra is not very new it was first introduced in [1], where the main goal was to
create a BiHom-associative bialgebra using Hom-associative algebras. A BiHom-associative algebra (A, µ, α, β)

consists of a vector space, a multiplication, and two linear commuting maps called twist maps or structural
maps satisfying the following identity

µ(α(x), µ(y, z)) = µ(µ(x, y), β(z)) for all x, y, z ∈ A. (1)

It may be viewed as a deformation of an associative algebra, in which the associativity condition is twisted
by the linear maps α and β in a certain way such that when α = id and β = id, the BiHom-associative algebras
degenerate to exactly associative algebras. Later on, this subject was further developed through various
research studies. In [2], BiHom-Novikov algebra and quadratic BiHom-Novikov algebras were explored
using commutative BiHom-algebra. BiHom-algebra equipped with the skew-symmetric Lie bracket and Jacobi
identity yields BiHom-Lie algebra, which can also be constructed from BiHom-associative algebras, and the
classifications of simple multiplicative BiHom-Lie algebra were given in [3]. The BiHom-algebra structure is
an extension of Hom-algebra mainly studied in [4–12]. If both structure maps of BiHom-associative algebra
are the same, i.e., α = β, we get a Hom-associative algebra structure. Moreover, representation, derivation
central extension, and deformation of BiHom-Lie algebra are introduced in [13]. Many other researchers have
made prominent contributions in this field which can be seen in [14–18].

Since the 19th century, the classification of algebraic structure has been a very hot topic and studied
in various contexts. In [19–21], the classification of associative algebra, Hom-associative algebra, and Hopf
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algebra have been provided. In the past classification problems of various algebraic structures were only
performed manually, which required a lot of manpower, and mostly little mistakes resulted in false results.
Sometimes, it becomes challenging to handle the computations with many equations. To avoid this situation,
we are interested in computing our calculations by using a computer program, as we have used it in our other
research see in [21–24]. With careful use of computer programs, the results obtained are more precise and easy
to handle.
The Hopf algebra is also one of the famous and powerful mathematical objects involving multiplication,
comultiplication, unit, counit, and antipode maps. Specifically for associative algebra context: suppose that
(A, m, u) is an associative algebra with multiplication m : A × A → A and unit element u : K → A. And
(C, ∆, ϵ) is a coassociative coalgebra with comultiplication ∆ : C → C ×C and counit ϵ : C → K, where K is the
base field. Then there exists a compatibility condition between A and C. This compatibility condition forms
(A, C) a bialgebra,

• The compatibility between multiplication and comultiplication is given by:

(m × idC) ◦ (idA × ∆) ◦ ∆ = m ◦ ∆, (idC × m) ◦ (∆ × idA) ◦ ∆ = m ◦ ∆. (2)

• The compatibility between unit and counit is given by :

(u × idC) ◦ ∆ = idC = (idC × ϵ) ◦ ∆. (3)

The above equations show that the pairs (m, ∆) and (u, ϵ) work in a well-defined way. Hence, A and C together
form a bialgebra, that further extends to Hopf algebra with a notion of antipode. More detail on bialgebra and
Hopf algebra can be found in [1,25–27].

In this paper, we attempt to combine the above three topics, i.e., BiHom-associative algebra, Hopf
algebra, and classification of algebras. We first presented a detailed description of BiHom-associative algebra.
In particular, we discussed multiplicative, non-multiplicative, unital, and non-unital BiHom-associative
algebra. We then provided the complete classification of algebraic varieties of BiHom-associative algebra and
classified multiplicative and unital multiplicative BiHom-associative algebras up to dimension 3. Let A be
an n-dimensional K-linear space and {e1, e2, · · · , en} be a basis of A. A BiHom-algebra structure on A with
product µ is determined by n3 structure constants Ck

ij, in particular µ(ei, ej) = ∑n
k=1 Ck

ijek. Moreover, α, β are

given by 2n2 structure constants aij and bij, such that α(ei) =
n
∑

j=1
ajiej and β(ej) =

n
∑

k=1
bkjek. If we impose

the conditions of BiHom-associativity and unity on the algebraic structure, we obtain a sub-variety denoted
as Hn (or Hun) which exists within kn3+2n2

. Base changes in A result in the natural transport of GLn(k)
structure action on Hn. Thus the isomorphism classes of n-dimensional BiHom-algebras are in one-to-one
correspondence with the orbits of the action of GLn(k) on Hn (rep. Hun). Furthermore, we introduced the
dual concept of BiHom-associative algebra, which yields BiHom-coassociative algebra. BiHom-associative
and BiHom-coassociative algebra with a compatibility condition form a BiHom-bialgebra. We present the
class of non-isomorphic BiHom-bialgebras of dimensions 2 and 3. We introduced the antipode structure for
the BiHom-bialgebra, which significantly yields 2 and 3 dimensional Hopf algebra. This paper is organized as
follows:

In §2, we give the basics about BiHom-associative algebras and provide some new properties.
Moreover, we discuss unital BiHom-associative algebras. §3 is dedicated to describing algebraic varieties
of BiHom-associative algebras and providing classifications, up to isomorphism, of 2− and 3-dimensional
BiHom-associative algebras. In §4, we study BiHom-bialgebra and BiHom-Hopf algebra.

Bialgebra and Hopf algebra are important mathematical structures that arise in representation theory,
algebraic geometry, mathematical physics, and other areas of mathematics. These structure encodes the
concept of a noncommutative or quantum version of a symmetric algebra and arises naturally in problems
in quantum mechanics and gauge theory. Overall our study about the classification of bialgebra and Hopf
algebra provides deep insights into the nature of algebraic structures and their related structures in geometry
and physics.
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2. Structure of BiHom-associative algebras

Let K be an algebraically closed field of characteristic 0 and A be a linear space over K. By a
BiHom-algebra, we refer to a 4-tuple (A, µ, α, β), where µ : A × A → A is a bilinear map (multiplication)
and α and β are structural maps, also known as twist maps of A.

Definition 1. [9] A BiHom-associative algebra is a 4-tuple (A, µ, α, β) consisting of a linear space A, a bilinear
map µ : A × A → A and two linear space homomorphism α, β : A → A satisfying the following equations:

α ◦ β =β ◦ α.

µ(α(x), µ(y, z)) =µ(µ(x, y), β(z)). (4)

For all x, y, z ∈ A.

Moreover, if we have

α(µ(x, y)) = µ(α(x), α(y)) and β(µ(x, y)) = µ(β(x), β(y)), (5)

we call (A, µ, α, β) a multiplicative BiHom-associative algebra. Throughout the paper, we deal with the
multiplicative BiHom-associative algebra, but for simplicity, we call it a BiHom-associative algebra. We denote
the set of all BiHom-associative algebras by H. In the language of Hopf algebras, the multiplication of a
BiHom-associative algebra over A consists of a linear map µ : A ⊗ A → A, and condition (4) can be written as

µ(α(x)⊗ µ(y ⊗ z)) = µ(µ(x ⊗ y)⊗ β(z)). (6)

Definition 2. [1] Let (A, µA, αA, βA) and (B, µB, αB, βB) are two BiHom-associative algebras. A linear map
φ : A → B is called a morphism of the BiHom-associative algebras if the following identities hold

φ ◦ µA = µB ◦ (φ ⊗ φ), αB ◦ φ = φ ◦ αA and βB ◦ φ = φ ◦ βA. (7)

In particular, BiHom-associative algebras (A, µA, αA, βA) and (B, µB, αB, βB) are isomorphic, if φ is also
bijective.

2.1. Non-multiplicative BiHom-associative algebra

In this subsection, we present some properties of the non-multiplicative BiHom-associative algebra’s
structure.

Proposition 1 ([12]). Let (A, µ, α, β) be a BiHom-associative algebra and γ : A → A be a BiHom-associative algebra
morphism. Then (A, γµ, γα, γβ) is a BiHom-associative algebra.

Proof. To show (A, γµ, γα, γβ) is a BiHom-associative algebra under the multiplication γµ, assume that

γµ(γα(x), γµ(y, z)) = γµγ(α(x), µ(y, z))

= γ2µ(α(x), µ(y, z))

= γ2µ(µ(x, y), β(z))

= γµ(γµ(x, y), γβ(z)).

Above identitity is proved by considering γ is a homomorphism and (A, µA, αA, βA) is a
BiHom-associative algebra.

Proposition 2. Let (A, µ, α, β) be an n-dimensional BiHom-associative algebra and ϕ : A → A be an invertible linear
map. Then there is an isomorphism with an n-dimensional BiHom-associative algebra (A, µ′, ΛαΛ−1, ΛβΛ−1) where
µ′ = Λ ◦ µ ◦ (Λ−1 ⊗Λ−1). Furthermore, if

{
Ck

ij

}
are the structure constants of µ with respect to the basis {e1, . . . , en},

then µ′ has the same structure constants with respect to the basis {Λ(e1), . . . , Λ(en)}.
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Proof. We prove for any invertible linear map Λ : A → A, the quardruple (A, µ′, ΛαΛ−1, ΛβΛ−1) is a
BiHom-associative algebra.

µ′(µ′(x, y), ΛβΛ−1(z)) = Λµ(Λ−1 ⊗ Λ−1)(Λµ(Λ−1 ⊗ Λ−1)(x, y), ΛβΛ−1(z))

= Λµ(µ(Λ−1(x), Λ−1(y)), βΛ−1(z))

= Λµ(αΛ−1(x), µ(Λ−1(y), Λ−1(z)))

= Λµ(Λ−1 ⊗ Λ−1)(Λ ⊗ Λ)(αΛ−1(x), µ(Λ−1 ⊗ Λ−1)(y, z)))

= Λµ(Λ−1 ⊗ Λ−1)(ΛαΛ−1(x), Λµ(Λ−1 ⊗ Λ−1)(y, z)))

= µ′(ΛαΛ−1(x), µ′(y, z)).

So (A, µ′, ΛαΛ−1, ΛβΛ−1) is a BiHom-associative algebra. It is also multiplicative.
Indeed, for α, we have

ΛαΛ−1µ′(x, y) = ΛαΛ−1Λµ(Λ−1 ⊗ Λ−1)(x, y)

= Λαµ(Λ−1 ⊗ Λ−1)(x, y)

= Λµ(αΛ−1(x), αΛ−1(y))

= Λµ(Λ−1 ⊗ Λ−1)(Λ ⊗ Λ)(αΛ−1(x), αΛ−1(y))

= µ′(ΛαΛ−1(x), ΛαΛ−1(y)).

For β, we have

ΛβΛ−1µ′(x, y) = ΛβΛ−1Λµ(Λ−1 ⊗ Λ−1)(x, y)

= Λβµ(Λ−1 ⊗ Λ−1)(x, y)

= Λµ(βΛ−1(x), βΛ−1(y))

= Λµ(Λ−1 ⊗ Λ−1)(Λ ⊗ Λ)(βΛ−1(x), βΛ−1(y))

= µ′(ΛβΛ−1(x), ΛβΛ−1(y)).

Therefore Λ : (A, µ, α, β) → (A, µ′, ΛαΛ−1, ΛβΛ−1) is a BiHom-associative algebras morphism. Since

Λ ◦ µ′ = Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1) ◦ (Λ ⊗ Λ) = µ′ ◦ (Λ ⊗ Λ),

and
(ΛαΛ−1) ◦ Λ = Λ ◦ α and (ΛβΛ−1) ◦ Λ = Λ ◦ β,

it is easy to see that {Λ(ei), · · · , Λ(en)} is a set of basis for A. For i, j = 1, · · · , n, we have

µ′(Λ(ei), Λ(ej)) = Λµ(Λ−1(ei), Λ−1(ej)) = Λµ(ei, ej) =
n

∑
k=1

Ck
ijΛ(ek).

It completes the proof.

Remark 1. A BiHom-associative algebra (A, µ, α, β) is isomorphic to an associative algebra if and only if α =

β = id. Indeed, Λ ◦ α ◦ Λ−1 = Λ ◦ β ◦ Λ−1 = id is equivalent to α = β = id.

Remark 2. Proposition 2 is useful for the classification of BiHom-associative algebras. Indeed, we need to
consider the class of morphisms that are conjugate. Representations of these classes are given by Jordan forms
of the matrix. Any n × n matrix over K is equivalent up to basis change to Jordan’s canonical form. That is
why, we choose Λ such that the matrix of ΛαΛ−1 = γ and λ = ΛβΛ−1, where γ and λ are Jordan canonical
forms.

Hence, to obtain the classification, we consider only Jordan forms for the structure map of
BiHom-associative algebras.
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Proposition 3. Let (A, µ, α, β) be a BiHom-associative algebra over K. Let (A, µ′, ΛαΛ−1, ΛβΛ−1) be its isomorphic
BiHom-associative algebra described in Proposition 2. If ψ is an automorphism of (A, µ, α, β), then ΛψΛ−1 is an
automorphism of (A, µ, ΛαΛ−1, ΛβΛ−1).

Proof. Note that γ = ΛαΛ−1. We have

ΛψΛ−1γ = ΛψΛ−1ΛαΛ−1 = ΛψαΛ−1 = ΛαψΛ−1 = ΛαΛ−1ΛψΛ−1 = γΛψΛ−1.

For β, we consider λ = ΛβΛ−1, we have

ΛψΛ−1λ = ΛψΛ−1ΛβΛ−1 = ΛψβΛ−1 = ΛβψΛ−1 = ΛβΛ−1ΛψΛ−1 = λΛψΛ−1.

For any x, y ∈ A,

ΛψΛ−1µ′(Λ(x), Λ(y)) = ΛψΛ−1Λµ(x, y) = Λψµ(x, y) = Λµ(ψ(x), ψ(y))

= µ′(Λψ(x), Λψ(y)) = µ′(ΛψΛ−1(Λ(x)), ΛψΛ−1(Λ(y))).

By Definition, ΛψΛ−1 is an automorphism of (A, µ′, ΛαΛ−1, ΛβΛ−1).

Proposition 4. Given two BiHom-associative algebras (A, µA, αA, βA) and (B, µB, αB, βB) over field K, there is a
BiHom-associative algebra (A ⊕ B, µA⊕B, αA + αB, βA + βB), where µA⊕B gien by the usual multiplication ((a +

b), (a′ + b′)) = (a, a′) + (b, b′).
µA⊕B(−,−) : (A ⊕ B)× (A ⊕ B) → (A ⊕ B) is given by

µA⊕B(a + b, a′ + b′) = (µA(a, a′), µB(b, b′)), ∀ a, a′ ∈ A, ∀ b, b′ ∈ B,

and the linear map (αA + αB, βA + βB) : A ⊕ B → A ⊕ B is given by

(αA + αB, βA + βB)(a, b) = ((αA + βA)(a), (αB + βB)(b)) ∀a ∈ A, b ∈ B.

Proof. For any a, a′, a′′ ∈ A, b, b′, b′′ ∈ B, by direct computation, we get

µA⊕B((αA + βA, αB + βB)(a, b),µA⊕B(a′ + b′, a′′ + b′′))

= µA⊕B(((αA + βA)a, (αB + βB)b), (µA(a′, a′′), µB(b′, b′′)))

= (µA(((αA + βA)a), µA(a′, a′′)), µB((αB + βB)b, µB(b′, b′′)))

= (µA(µA(a, a′), (αA + βA)a′′), µB(µB(b, b′), (α + β)b′′))

= (µA⊕B(µA⊕B(a + b, a′ + b′), (αA + βA, αB + βB)(a′′, b′′))).

This ends the proof.

Proposition 5. Let (A, µA, αA, βA) and (B, µB, , αB, βB) be two BiHom-associative algebras. Then, there exists a
BiHom-associative algebra structure on A ⊕ B with the bilinear map ∗ : (A ⊕ B)⊗2 → A ⊕ B given by

µ((a1 + b2), (a2 + b2)) := µA(a1, a2) + µB(b2, b2),

and the linear maps α = αA + αB, β = βA + βB : A ⊕ B → A ⊕ B given by

(αA + αB)(a + b) := αA(a) + αB(b), (βA + βB)(a + b) := βA(a) + βB(b), ∀(a, b) ∈ A × B.

Moreover, if Λ : A → B is a linear map. Then,

Λ : (A, µA, αA, βA) → (B, µB, αB, βB),

is a morphism if and only if its graph ΓΛ = {(x, Λ(x)), x ∈ A} is a BiHom-subalgebra of (A ⊕ B, ∗, α, β).
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Proof. The proof of the first part comes from a direct computation, so we omit it. Now, let us suppose that
Λ : (A, µA, αA, βA) → (B, µB, αB, βB) is a morphism of BiHom-associative algebras. Then

µ((u + Λ(u)), (v + Λ(v))) = (µA(u, v) + µB(Λ(u), Λ(v))) = µA(u, v) + µA(Λ((u, v)).

Thus the graph ΓΛ is closed under the operation µ.
Furthermore, since Λ ◦ αA = αB ◦ Λ, and Λ ◦ βA = βB ◦ Λ, we have

(αA ⊕ αB)(u, Λ(u)) = (αA(u), αB ◦ Λ(u)) = (αA(u), Λ ◦ αA(u)),

and
(βA ⊕ βB)(u, Λ(u)) = (βA(u), βB ◦ Λ(u)) = (βA(u), Λ ◦ βA(u)).

Which implie that ΓΛ is closed αA ⊕ αB and βA ⊕ βB. Thus, ΓΛ is a BiHom-subalgebra of (A ⊕ B, µ, α, β).
Conversely, if the graph ΓΛ ⊂ A ⊕ B is a BiHom-subalgebra of (A ⊕ B, µ, α, β) then we

µ((u + Λ(u)), (v + Λ(v))) = µA(u, v) + µB(Λ(u), Λ(v)) ∈ ΓΛ.

Furthermore, (αA ⊕ αB)(ΓΛ) ⊂ ΓΛ, (βA ⊕ βB)(ΓΛ) ⊂ ΓΛ, implies

(αA ⊕ αB)(u, Λ(u)) = (αA(u), αB ◦ Λ(u)) ∈ ΓΛ, (βA ⊕ βB)(u, Λ(u)) = (βA(u), βB ◦ ξ(u)) ∈ ΓΛ,

which is equivalent to the condition αB ◦ Λ(u) = Λ ◦ αA(u), i.e. αB ◦ Λ = Λ ◦ αA. Similary, βB ◦ Λ = Λ ◦ βA.
Therefore, Λ is a morphism of BiHom-associative algebras.

2.2. Unital BiHom-associative algebra

In this section, we discuss unital BiHom-associative algebra. We denote by Hun the set of n-dimensional
unital BiHom-associative algebras.

Definition 3. A BiHom-associative algebra (A, µ, α, β) is called unital if there exists an element 1 ∈ A such
that µ(x, 1) = α(x) and µ(1, x) = β(x) for all x ∈ A.

A morphism of unital BiHom-associative algebras ϕ : A −→ B is called unital if ϕ(1A) = 1B.

Proposition 6. Let (A, µ, α, β) be a BiHom-associative algebra. We set Ã = span(A, 1) the vector space generated
by elements of A and 1. Assume µ(x, 1) = α(x), µ(1, x) = β(x), α(1) = 1 and β(1) = 1, for all x ∈ A. Then
(Ã, µ, α, β, 1) is a unital BiHom-associative algebra.

Proof. It is straightforward to check the BiHom-associativity. For example

µ(µ(x, y), β(1)) = µ(µ(x, y), 1) = α(µ(x, y)) = µ(α(x), α(y)) = µ(α(x), µ(y, 1)).

This completes the proof.

Remark 3. Some unital BiHom-associative cannot be obtained as an extension of a non-unital
BiHom-associative algebra.

Remark 4. Let (A, µ, α, β, 1) be an n-dimensional unital BiHom-associative algebra and Λ : A → A be an
invertible linear map such that Λ(1) = 1. Then it is isomorphic to a n-dimensional BiHom-associative algebra
(A, µ′, ΛαΛ−1, ΛβΛ−1, 1) where µ′ = Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1). Moreover, if

{
Ck

ij

}
are the structure constants of µ

with respect to the basis {e1, . . . , en} with e1 = 1 being the unit, then µ′ has the same structure constants with
respect to the basis {Λ(e1), . . . , Λ(en)} with 1 the unit element. Indeed, we use Proposition 2 and Definition 3.
The unit has been preserved since

µ′(x, e1) = Λ ◦ µ(Λ−1(x), Λ−1(e1)) = Λ ◦ α ◦ Λ−1(x),
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and
µ′(e1, x) = Λ ◦ µ(Λ−1(e1), Λ−1(x)) = Λ ◦ β ◦ Λ−1(x).

Proposition 7. Let (A, µA, αA, βA, 1A) and (B, µB, αB, βB, 1B) are two unital BiHom-associative algebras with
ϕ(1A) = 1B. Suppose there exists a BiHom-associative algebra morphism ϕ : A → B. If (A, µ′

A = αA ◦ βA ◦ µA, 1′A)
is a morphism of (A, µA, αA, βA, 1A) then there exists an untwist of (B, µB, αB, βB, 1B) such that

ϕ : (A, µ′
A, 1′A) → (B, µ′

B, 1′B),

is an algebra morphism.

Proof. Because ϕ is a homomorphism from (A, µA, αA, βA, 1A) to (B, µB, αB, βB, 1B). Then by

αB ◦ ϕ = ϕ ◦ αA and βB ◦ ϕ = ϕ ◦ βA,

we have
µB(ϕ(x), ϕ(1A)) = µB(ϕ(x), 1B) = αB ◦ ϕ(x),

and
µB(ϕ(1A), ϕ(x)) = µB(1B, ϕ(x)) = βB ◦ ϕ(x),

for all x ∈ A. Additionally, we possess

ϕ ◦ µA(x, 1A) = ϕ ◦ αA(x) and ϕ ◦ µA(1A, x) = ϕ ◦ βA(x).

By Proposition 6, we can see that (B, µB, 1B) is also an associative algebra. Furthermore

µ′
B(ϕ(x), ϕ(1A)) = µ′

B(ϕ(x), 1B)

= ϕ ◦ α′A ◦ ϕ(x)

= ϕ ◦ αA ◦ µA(x, 1A)

= αB ◦ ϕ ◦ µA(x, 1A)

= αB ◦ µB(ϕ(x), 1B)

and

µ′
B(ϕ(1A), ϕ(x)) = µ′

B(1B, ϕ(x))

= ϕ ◦ β′
A ◦ ϕ(x)

= ϕ ◦ αA ◦ µA(1A, x)

= βB ◦ ϕ ◦ µA(1A, x)

= βB ◦ µB(1B, ϕ(x)).

This completes the proof.

3. Classifications of algebraic varieties of BiHom-associative algebra

In this section, we deal with algebraic varieties of BiHom-associative algebras with a fixed dimension.
A BiHom-associative algebra is identified with its structure constants concerning a fixed basis. Their set
corresponds to an algebraic variety where the ideals are generated by polynomials corresponding to the
BiHom-associativity condition.

3.1. Algebraic varieties Hn and their action of linear group

Let A be a n-dimensional K-linear space and {e1, · · · , en} be the basis of A. A BiHom-algebra structure
on A with product µ and a structure map α and β is determined by n3 structure constants Ck

ij where µ(ei, ej) =
n
∑

k=1
Ck

ijek and by 2n2 structure constants aji and bkj, where α(ei) =
n
∑

j=1
ajiej and β(ej) =

n
∑

k=1
bkjek. If we require
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this algebra structure to be BiHom-associative, then this limits the set of structure constants (Ck
ij, aij, bjk) to a

cubic sub-variety of the affine algebraic variety Kn3+2n2
defined by the following polynomial equations system

:
By using the above definition of ψ and basis multiplication of BiHom-associative algebra, we get the

following equations of structure constants :

n

∑
p=1

(bpiaqp − apibqp) = 0, (8)

n

∑
l=1

n

∑
m=1

(aliCm
jkC

s
lm − bmkC l

ijCs
lm) = 0, (9)

n

∑
p=1

aspC p
ij −

n

∑
p=1

n

∑
q=1

apiaqjCs
pq = 0, (10)

n

∑
p=1

brpC p
jk −

n

∑
p=1

n

∑
q=1

bpjbqkCr
pq = 0. (11)

Moreover, if µ is commutative, we have Ck
ij = Ck

ji, i, j, k = 1, · · · , n. The first set of equations corresponds
to the BiHom-associative condition µ(α(ei), µ(ej, ek)) = µ(µ(ei, ej), β(ek)) and the second set to multiplicativity
condition α ◦ µ(ei, ej) = µ(α(ei), α(ej)) and β ◦ µ(ej, ek) = µ(β(ej), β(ek)). We denote by Hn the set of all
n-dimensional multiplicative BiHom-associative algebras.

The group GLn(K) acts on the algebraic varieties of BiHom-structures by the so-called transport of
structure action defined as follows. Let A = (A, µ, α, β) be a n-dimensional BiHom-associative algebra defined
by multiplication µ and a linear map α and β. Given Λ ∈ GLn(K), the action Λ · A transports the structure,

Θ : GLn(K)×Hn −→ Hn

(Λ, (A, µ, α, β)) 7−→ (A, Λ−1 ◦ µ ◦ (Λ ⊗ Λ), Λ ◦ α ◦ Λ−1, Λ ◦ β ◦ Λ−1)

defined for x, y ∈ A by
Λ · µ(x, y) =Λ−1µ(Λ(x), Λ(y)),

Λ · α(x) =Λ−1α(Λ(x)),

Λ · β(x) =Λ−1β(Λ(x)).

The conjugate class is given by

Θ(Λ, (A, µ, α, β)) = (A, Λ−1 ◦ µ ◦ (Λ ⊗ Λ), Λ ◦ α ◦ Λ−1, Λ ◦ β ◦ Λ−1)),

for Λ ∈ GLn(K).
The orbit of a BiHom-associative algebra A of BHasn is given by

ϑ(A) =
{

A′ = Λ · A, Λ ∈ GLn(K)
}

.

The orbits are in 1-1 correspondence with the isomorphism classes of n-dimensional BiHom-associative
algebras. The stabilizer is

Stab((A, µ, α, β)) =
{

Λ ∈ GLn(K)|(Λ−1 ◦ µ ◦ (Λ ⊗ Λ) = µ and Λ ◦ α = α ◦ Λ and Λ ◦ β = β ◦ Λ
}

.

Let Λ(ei) =
n
∑

j=1
λijej ∈ GLn(K) and Λ−1(ei) =

n
∑

j=1
γijej. Then we can describe the action of GLn(K) on

BHasn as follows.

Λ · (Ck
ij, λij) = (

n

∑
l,p,q=1

γlkCl
pqλijλjq,

n

∑
k,l=1

γkjγlkλil) = (C̃k
ij, λ̃ij).
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We characterize the properties of structure constants, that determine whether two BiHom-associative
algebras are in the same orbit (or isomorphic). Let (A, µA, αA, βA) and (B, µB, αB, βB) be to n-dimensional
BiHom-associative algebras. They are isomorphic if there exists φ ∈ GLn(K) such that

Λ ◦ µA = µB(Λ ⊗ Λ), αB ◦ Λ = Λ ◦ αA and βB ◦ Λ = Λ ◦ βA. (12)

Remark 5. Conditions (12) are equivalent to µA = Λ−1 ◦ µB ◦ Λ ⊗ Λ, αA = Λ−1 ◦ αB ◦ Λ and
βA = Λ−1 ◦ βB ◦ Λ.

Proposition 8. The transport of structure action on Hn is well defined.

Proof. First, we check that this action is well-defined. Let µ′ = Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1) and σ′ = Λ ◦ σ ◦ Λ−1. To
To demonstrate that the action given by Λ · (µ, σ) = (µ′, σ′) is well-defined, it is sufficient to prove that for any
(µ, σ) which satisfies certain equations and σ(1) = 1, then the pair (µ′, σ′) also satisfies the same conditions.
Additionally, since Λ ∈ GLn(K), then Λ1 = 1 and Λ−11 = 1 too.

σ(1) = (Λ ◦ Λ−1)(1)

= Λ(σ(Λ−1(1))

= Λ(σ(1))

= Λ(1)

= 1.

σ′ ◦ σ′ = (Λ ◦ σ ◦ Λ−1) ◦ (Λ ◦ σΛ−1)

= Λ ◦ σ ◦ σ ◦ Λ−1

= Λ ◦ id ◦ Λ−1

= Λ ◦ Λ−1

= id.

µ′(1 ⊗ ei) = (Λ ◦ µ(Λ−1 ⊗ Λ−1))(1 ⊗ ei)

= (Λ ◦ µ)(Λ−11 ⊗ Λ−1ei)

= Λ(µ(1 ⊗ Λ−1ei))

= Λ(Λ−1ei)

= ei.

µ′(ei ⊗ 1) = (Λ ◦ µ(Λ−1 ⊗ Λ−1))(ei ⊗ 1)

= (Λ ◦ µ)(Λ−11 ⊗ Λ−1e1)

= Λ(µ(ei ⊗ Λ−11))

= Λ(Λ−1ei)

= ei.

µ′(µ′ ⊗ id) = (Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1) ◦ ((Λ ◦ µ(Λ−1 ⊗ Λ−1))⊗ id)

= Λ ◦ µ ◦ ((Λ−1 ◦ Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1))⊗ (Λ−1 ◦ id))

= Λ ◦ µ ◦ ((µ ◦ (Λ−1 ⊗ Λ−1))⊗ (id ◦ Λ−1))

= Λ ◦ µ ◦ (µ ⊗ id) ◦ (Λ−1 ⊗ Λ−1 ⊗ Λ−1)

= Λ ◦ µ ◦ (id ⊗ µ) ◦ (Λ−1 ⊗ Λ−1 ⊗ Λ−1)
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= Λ ◦ µ ◦ (Λ−1 ⊗ (µ(Λ−1 ⊗ Λ−1)))

= Λ ◦ µ ◦ (Λ−1 ⊗ (Λ−1 ◦ Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1)))

= Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1) ◦ (id ⊗ (Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1)))

= µ′(id ⊗ µ′).

µ′ ◦ (σ′ ⊗ σ′) = Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1) ◦ ((Λ ◦ σ ◦ Λ−1)⊗ (Λ ◦ σ ◦ Λ−1))

= Λ ◦ µ ◦ ((Λ−1 ◦ Λ ◦ σ ◦ Λ−1)⊗ (Λ−1 ⊗ Λ ◦ σ ◦ Λ−1))

= Λ ◦ µ ◦ ((σ ◦ Λ−1)⊗ (σ ◦ Λ−1))

= Λ ◦ µ ◦ (σ ⊗ σ) ◦ (Λ−1 ⊗ Λ−1)

= Λ ◦ σ ◦ µ ◦ (Λ−1 ⊗ Λ−1)

= σ′ ◦ Λ ◦ µ ◦ (Λ−1 ⊗ Λ−1)

= σ′ ◦ µ′.

This shows that the action is well-defined. Finally, we show that this is indeed an action of GLn(K) on
Hn. Note, In the n × n identity matrix of the group GLn(K).

In(µ, σ) = (I−1
n ◦ (In ⊗ In), I−1

n ◦ σ ◦ In)

= Λ ◦ σ ◦ σ ◦ Λ−1

= (In ◦ µ ◦ (In ⊗ In), In ◦ σ ◦ In)

= (µ, σ).

Let Γ, ∆ ∈ GLn(K),

Γ · (∆ · (µ, σ)) = Γ · (∆−1 ◦ µ ◦ (∆ ⊗ ∆), ∆−1 ◦ σ ◦ ∆)
= (Γ · (∆−1 ◦ µ ◦ (∆ ⊗ ∆)) ◦ (Γ−1 ⊗ Γ−1), Γ ◦ (∆−1 ◦ σ ◦ ∆) ◦ Γ−1)

= (Γ ◦ Λµ ◦ (Λ ⊗ Λ) ◦ (Γ−1 ⊗ Γ−1), (Γ ◦ ∆−1 ◦ σ ◦ ∆ ◦ Γ−1))

= (Γ ◦ Λ−1 ◦ µ ◦ ((∆ ◦ Λ−1)⊗ (∆ ◦ Λ)), (Γ ◦ ∆−1 ◦ σ ◦ ∆ ◦ Γ))
= ((Γ ◦ Λ)−1 ◦ µ ◦ ((Γ ◦ ∆◦)⊗ (Γ ◦ Λ),⊗(∆ ◦ Λ)), (Γ ◦ Λ) ◦ σ ◦ (Γ ◦ Λ)−1)

= ((Γ ◦ Λ) · (µ, σ)).

This completes the proof.

Theorem 1. Any 2-dimensional real BiHom-associative algebra is either associative or isomorphic to one of the following
pairwise non-isomorphic BiHom-associative algebras :

Algebras Multiplications Morphisms α, β.

H1
2

e1 · e1 = e1,
e1 · e2 = e1,

e2 · e1 = e1,
e2 · e2 = e1,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H2
2

e1 · e1 = e1,
e1 · e2 = e2,

e2 · e1 = e2,
e2 · e2 = e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H3
2

e1 · e1 = e1 + e2,
e1 · e2 = e2,

e2 · e1 = e2,
α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H4
2

e1 · e1 = e1,
e1 · e2 = e2,

e2 · e1 = e2,
e2 · e2 = e1,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H5
2

e1 · e1 = e1,
e1 · e2 = e1,

e2 · e1 = e2,
e2 · e2 = e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H6
2

e1 · e1 = ae1 + e2,
e1 · e2 = e1,

e2 · e1 = be1,
e2 · e2 = e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H7
2

e1 · e1 = −e1,
e1 · e1 = e2,

e2 · e1 = e2,
e2 · e1 = e1,

α(e1) = e1,
α(e2) = −e2,

β(e1) = e1,
β(e2) = −e2.
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H8
2

e1 · e1 = e1,
e1 · e2 = e2,

e2 · e1 = e1,
e2 · e1 = e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H9
2

e1 · e1 = e1,
e1 · e2 = e1,

e2 · e1 = e1,
e2 · e2 = e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

H10
2

e1 · e1 = 1
b e1,

e1 · e2 = e2,
e2 · e1 = e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

Proof. Let A be a two-dimensional vector space. To determine a BiHom-associative algebra structure on A,
we consider that A′ = (H, ·, α, β) with the multiplication operation ” · ” is a BiHom-associative algebra given
by the following relation

e1 · e1 = a1e1 + a2e2,
e1 · e2 = a3e1 + a4e2,
e2 · e1 = a5e1 + a6e2,
e2 · e2 = a7e1 + a8e2,

α(e1) = x1e1 + x2e2,
α(e2) = x3e1 + x4e2,

β(e1) = y1e1 + y2e2,
β(e2) = y3e1 + y4e2.

By verifying BiHom-associative algebra axioms, we get several constraints for the coefficients ai, xj, yj,
where 1 ≤ i ≤ 8 and 1 ≤ j ≤ 4.
We obtain a2 = a4 = a6 = a8 = 0, a1 = a3 = a5 = a7 = 1, x2 = x3 = y2 = y3 = 0 and x1 = x4 = y1 = y4 =

1. Hence, A′ = (H, ·, α, β) is isomorphic to H1
2, given by

e1 · e1 = e1,
e1 · e2 = e1,

e2 · e1 = e1,
e2 · e2 = e1,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

The other BiHom-associative algebras of the list in Theorem 1 can be obtained through minor
modifications of the observation above.

Theorem 2. Any 2-dimensional unital BiHom-associative algebra is either associative or isomorphic to one of the
following pairwise non-isomorphic BiHom-associative algebras :

Algebras Multiplications Morphisms α, β.

Hu1
2

e1 · e1 = ae1,
e1 · e2 = be2,

e2 · e1 = ce2,
e2 · e2 = de1 + f e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

Hu2
2

e1 · e1 = e1,
e1 · e2 = be2,

e2 · e1 = ce2,
α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

Hu3
2

e1 · e1 = e1,
e1 · e2 = −e2,

e2 · e1 = −e2,
e2 · e2 = e1,

α(e1) = e1,
α(e2) = −e2,

β(e1) = e1,
β(e2) = −e2.

Hu4
2

e1 · e1 = e1,
e1 · e2 = e2,

e2 · e1 = e2,
e2 · e2 = e1,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.

Proof. Let B be a two-dimensional vector space. To determine a unital BiHom-associative algebra structure
on B, we consider that B′ = (Hu, ·, α, β) with the multiplication operation ” · ” is a unital BiHom-associative
algebra given by the following relation

e1 · e1 = b1e1 + b2e2,
e1 · e2 = b3e1 + b4e2,
e2 · e1 = b5e1 + b6e2,
e2 · e2 = b7e1 + b8e2,

α(e1) = y1e1 + y2e2,
α(e2) = y3e1 + y4e2,

β(e1) = z1e1 + z2e2,
β(e2) = z3e1 + z4e2.

By verifying unital BiHom-associative algebra axioms, we get several constraints for the coefficients
bi, yj, zj, where 1 ≤ i ≤ 8 and 1 ≤ j ≤ 4.

We obtain b2 = b3 = b5 = 0, b1 = a, b4 = b, b7 = d, b8 = f , y2 = y3 = z2 = z3 = 0 and
y1 = y4 = z1 = z4 = 1. Hence, B′ = (Hu, ·, α, β) is isomorphic to Hu1

2, given by

e1 · e1 = ae1,
e1 · e2 = be1,

e2 · e1 = ce1,
e2 · e2 = de1 + f e2,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e2.
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The other unital BiHom-associative algebras of the list in Theorem 2 can be obtained through minor
modifications of the observation above.

Theorem 3. Any 3-dimensional BiHom-associative algebra is either associative or isomorphic to one of the following
pairwise non-isomorphic BiHom-associative algebras :

Algebras Multiplications Morphisms α, β.

H1
3

e1 · e1 = e1 + e3,
e1 · e2 = e2,
e1 · e3 = e2,

e2 · e1 = e3,
e2 · e2 = e3,
e3 · e3 = e3,

α(e2) = e2,
β(e1) = e1,
β(e2) = e2

H2
3

e1 · e1 = e1,
e1 · e2 = e2,
e1 · e3 = e2,
e2 · e1 = e3,

e2 · e2 = e3,
e3 · e2 = e1,
e3 · e3 = e3,

α(e2) = e2,
β(e1) = e1,

β(e1) = e1,
β(e3) = e3.

H3
3

e1 · e1 = e1 + e2,
e1 · e2 = e1 + e2,
e2 · e1 = e2 + e3,

e3 · e2 = e1 + e2,
e3 · e3 = e1 + e3,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e3) = e3.

H4
3

e1 · e2 = e1 + e2,
e1 · e3 = e1 + e2,
e2 · e1 = e2 + e3,

e2 · e2 = e1 + e2,
e3 · e2 = e1 + e2,
e3 · e3 = e1 + e3

α(e1) = e1,
β(e1) = e1,
β(e3) = e3.

H5
3

e1 · e2 = e1 − e2,
e2 · e1 = ae1 + e3,
e2 · e3 = e1 + e2,

e3 · e2 = e1 + be2

e3 · e3 = ce1 + e3,

α(e1) = e1,
α(e2) = e2,
β(e2) = e1.

H6
3

e1 · e1 = e1,
e1 · e2 = e1,
e1 · e3 = e3,
e2 · e1 = e2,

e2 · e2 = e2,
e2 · e3 = e3,
e3 · e1 = e3,
e3 · e3 = e3,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3,

β(e1) = e1,
β(e2) = e1

H7
3

e1 · e1 = e1,
e1 · e2 = −e3,
e2 · e2 = e2,

e3 · e1 = −e3,
e3 · e3 = e1,

α(e1) = e1,
α(e3) = e3,

β(e2) = e2,
β(e3) = e3

H8
3

e1 · e1 = e1,
e1 · e2 = e2,
e2 · e2 = e2,

e3 · e2 = e3,
e3 · e3 = e3,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e1 + e2,
β(e3) = e3.

H9
3

e1 · e3 = e1 − e2,
e2 · e3 = e1 − e2,

e3 · e1 = e1 − e2,
e3 · e3 = e1 − e2,

α(e1) = e1,
α(e2) = e1 + e2,
α(e3) = e2 + e3.

β(e2) = e1,
β(e3) = e2.

H10
3

e1 · e2 = e1 + e3,
e2 · e1 = e2 + e3,

e2 · e2 = e2 + e3,
e3 · e3 = e2 + e3,

α(e2) = e1,
α(e3) = e2,

β(e2) = e1,
β(e3) = e2.

H11
3

e1 · e1 = e1 + e2,
e2 · e2 = e1 + e2,

e2 · e3 = e2 + e3,
e3 · e3 = e2 + e3,

α(e2) = e1,
α(e3) = e2,

β(e2) = e1,
β(e3) = e2.

H12
3

e1 · e3 = e1 + e2,
e2 · e2 = e1 + e2,
e2 · e3 = e1 − e2,

e3 · e2 = e1 − e2,
e3 · e3 = e1 − e2,

α(e1) = −e1,
α(e2) = e1 − e2,
α(e3) = e2 − e3.

β(e2) = e1,
β(e3) = e2.

H13
3

e1 · e3 = e1 − e2,
e2 · e1 = e1 − e2,
e2 · e2 = e1 + e2,

e2 · e3 = e1 + e2,
e3 · e2 = e1 + e2,
e3 · e3 = e1 − e2,

α(e1) = e1,
α(e2) = −e2,

β(e2) = e2,
β(e3) = e3.

H14
3

e1 · e3 = e1 − e2,
e2 · e3 = e1 − e2,
e3 · e1 = e1 − e2,

e3 · e2 = e1 − e2,
e3 · e3 = e1 − e2,

α(e1) = e1,
α(e2) = e1,

β(e1) = e1,
β(e2) = e1,
β(e3) = e2.

H15
3

e1 · e2 = e3,
e1 · e3 = e1 + e2,
e2 · e2 = e2 + e3,

e2 · e3 = e2 + e3,
e3 · e1 = e1 + e2,
e3 · e3 = e1,

α(e2) = e2,
α(e3) = e3,

β(e1) = e1,
β(e2) = e2,
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Algebras Multiplications Morphisms α, β.

H16
3

e1 · e3 = e2 + e3,
e2 · e1 = e2 + e3,

e2 · e2 = e2 − e3,
e3 · e3 = e2 − e3,

α(e1) = −e1,
α(e2) = −e2,

β(e1) = e1,
β(e3) = e3.

Proof. We give the proof of one case. Suppose that BiHom-associative algebra B = (H, ·, α, β) has the
following multiplication table :

e1 · e1 = e1 + e3,
e1 · e2 = e2,
e1 · e3 = e2,

e2 · e1 = e3,
e2 · e2 = e3,
e3 · e3 = e3,

α(e2) = e2,
β(e1) = e1,
β(e2) = e2.

Now let us define C = (H, ·, α, )
¯

by the multiplication table :

e1 · e1 = a1e1 + a2e2 + a3e3,
e1 · e2 = a4e1 + a5e2 + a6e3,
e1 · e3 = a7e1 + a8e2 + a9e3,
e2 · e1 = b1e1 + b2e2 + b3e3,
e2 · e2 = b4e1 + b5e2 + b6e3,
e2 · e3 = b7e1 + b8e2 + b9e3,
e3 · e1 = c1e1 + c2e2 + c3e3,
e3 · e2 = c4e1 + c5e2 + c6e3,
e3 · e3 = c7e1 + c8e2 + c9e3,

α(e1) = x1e1 + x2e2 + x3e3,
α(e2) = x4e1 + x5e2 + x6e3,
α(e3) = x7e1 + x8e2 + x9e3,
β(e1) = y1e1 + y2e2 + y3e3,
β(e2) = y4e1 + y5e2 + y6e3,
β(e3) = y7e1 + y8e2 + y9e3,

where ai, bi, ci, xi, yi and zi are unknowns (i = 1, 2, ..., 9). Verifying the BiHom-associative algebras axioms, we
get the following constraints for the structure :

a2 = a4 = a6 = a7 = a9 = 0,
b1 = b2 = b4 = b5 = b7 = b8 = b9 = 0,
c1 = c2 = c3 = c4 = c5 = c6 = c7 = c8 = 0,
a1 = a3 = a5 = a8 = 1 = b1 = b6 = b9 = c1 = 1.

x1 = x2 = x3 = x4 = x6 = x7 = x8 = x9 = 0,
y2 = y3 = y4 = y6 = y7 = y8 = y9 = 0,
x1 = y1 = y5 = 1.

This is equivelant to BiHom-assossiative algebra H1
3. Similar observations can be applied to other

cases.

Theorem 4. Any 3-dimensional unital BiHom-associative algebra is either associative or isomorphic to one of the
following pairwise non-isomorphic BiHom-associative algebras :

Algebras Multiplications Morphisms α, β.

Hu1
3

e1 · e1 = e1,
e1 · e2 = e2,
e2 · e1 = e2,

e2 · e2 = −e1,
e3 · e3 = −e3,

α(e1) = e1,
α(e2) = e2,

β(e1) = −e1,
β(e2) = e1 − e2.

Hu2
3

e1 · e1 = e1,
e1 · e2 = e1,
e2 · e1 = e1,
e2 · e1 = e2,

e2 · e3 = e1 − e2,
e3 · e1 = e3,
e3 · e2 = e3,
e3 · e3 = e1 − e2,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3,

β(e1) = e1,
β(e2) = e1.

Hu3
3

e1 · e1 = e1,
e1 · e2 = e1,
e2 · e1 = e2,

e2 · e2 = e2,
e3 · e1 = e3,
e3 · e2 = e3,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3

β(e1) = e1,
β(e2) = e1.

Hu4
3

e1 · e1 = e1,
e1 · e2 = e1,
e2 · e1 = e2,

e2 · e2 = e2,
e3 · e1 = e3,
e3 · e2 = e3,

α(e1) = e1,
α(e2) = e2,

β(e1) = e1,
β(e2) = e1.

Hu5
3

e1 · e1 = e1,
e1 · e2 = e1 − e2,

e2 · e1 = e2,
e3 · e1 = e3,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3,

β(e1) = −e1,
β(e2) = e1 − e2.
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Algebras Multiplications Morphisms α, β.

Hu6
3

e1 · e1 = e1,
e1 · e2 = e1,
e2 · e1 = e2,
e2 · e2 = e2,

e2 · e3 = e1 − e2,
e3 · e1 = e3,
e3 · e2 = e3,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3,

β(e1) = e1,
β(e2) = e1.

Hu7
3

e1 · e1 = e1,
e1 · e2 = e1,
e2 · e1 = e2,

e2 · e2 = e2 + e3,
e3 · e1 = e3,
e3 · e2 = e3,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3,

β(e1) = e1,
β(e2) = e1.

Hu8
3

e1 · e1 = e1,
e1 · e2 = e1 − e2,
e2 · e1 = e2,

e3 · e1 = e3,
e3 · e2 = e3,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3

β(e1) = −e1,
β(e2) = e1 − e2.

Hu9
3

e1 · e1 = e1,
e2 · e2 = e3,
e2 · e3 = e3,

e3 · e3 = e3,
e3 · e3 = e2 + e3,

α(e1) = e1, β(e1) = e1.

Hu10
3

e1 · e1 = e1,
e1 · e2 = e2,
e1 · e3 = e3,
e2 · e1 = e2,

e2 · e3 = e2,
e3 · e1 = e3,
e3 · e3 = e3,

α(e1) = e1,
α(e2) = e2,
α(e3) = e3,

β(e1) = e1,
β(e2) = e2,
β(e3) = e3.

Hu11
3

e1 · e1 = e1,
e1 · e2 = −e2,

e2 · e3 = e3,
e3 · e3 = −e3,

α(e1) = e1,
α(e2) = e2,

β(e2) = −e2.

Hu12
3

e1 · e1 = e1,
e1 · e3 = e3,

e2 · e2 = e2,
e3 · e2 = e2,

α(e1) = e1,
β(e1) = e1,
β(e3) = e3.

Hu13
3

e1 · e1 = e1,
e1 · e2 = e2,

e2 · e3 = e3,
e3 · e3 = e3,

α(e1) = e1,
β(e1) = e1,
β(e2) = e2.

Hu14
3

e1 · e1 = e1,
e2 · e2 = e2,

e2 · e3 = e2,
e3 · e1 = e3,

α(e1) = e1,
α(e3) = e3,

β(e1) = e1.

Proof. We give the proof of one case. Suppose that unital BiHom-associative algebra D = (Hu, ·, α, β) has the
following multiplication table :

e1 · e1 = e1,
e1 · e2 = e2,
e2 · e1 = e2,

e2 · e2 = −e1,
e3 · e3 = −e3,

α(e1) = e1,
α(e2) = e2,

β(e1) = −e1,
β(e2) = e1 − e2.

Now let us define D = (Hu, ·, α, )
¯

by the multiplication table :

e1 · e1 = a1e1 + a2e2 + a3e3,
e1 · e2 = a4e1 + a5e2 + a6e3,
e1 · e3 = a7e1 + a8e2 + a9e3,
e2 · e1 = b1e1 + b2e2 + b3e3,
e2 · e2 = b4e1 + b5e2 + b6e3,
e2 · e3 = b7e1 + b8e2 + b9e3,
e3 · e1 = c1e1 + c2e2 + c3e3,
e3 · e2 = c4e1 + c5e2 + c6e3,
e3 · e3 = c7e1 + c8e2 + c9e3,

α(e1) = x1e1 + x2e2 + x3e3,
α(e2) = x4e1 + x5e2 + x6e3,
α(e3) = x7e1 + x8e2 + x9e3,
β(e1) = y1e1 + y2e2 + y3e3,
β(e2) = y4e1 + y5e2 + y6e3,
β(e3) = y7e1 + y8e2 + y9e3,

where ai, bi, ci, xi, yi and zi are unknowns (i = 1, 2, ..., 9). Verifying the unital BiHom-associative algebras
axioms, we get the following constraints for the structure:

a2 = a3 = a4 = a6 = a7 = a8 = a9 = 0,
b1 = b3 = b5 = b6 = b7 = b8 = b9 = 0,
c1 = c2 = c3 = c4 = c5 = c6 = c7 = c8 = 0,
a1 = a5 = a5 = b2 = 1, b4 = c9 = −1.

x2 = x3 = x3 = x4 = x6 = x7 = x8 = x9 = 0,
y2 = y3 = y4 = y6 = y7 = y8 = y9 = 0,
x1 = x5 = y1 = 1, x1 = y5 = −1.

This is equivelant to unital BiHom-assossiative algebra Hu1
3. Similar observations can be applied to other

cases.
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4. BiHom-coassociative coalgebras and BiHom-bialgebras

In this Section, we show that for a fixed dimension n, the set of BiHom-bialgebras is endowed with a
structure of an algebraic variety and a natural structure transport action which describes the set of isomorphic
BiHom-algebras. Solving such systems of polynomial equations leads to the classification of such structures.
We shall now introduce the dual concept to BiHom-associative algebras:

Definition 4. A BiHom-coassociative coalgebra is 4-tuple (A, ∆, ψ, ω) in which A is a linear space, ψ, ω : A −→
A and ∆ : A −→ A ⊗ A are linear maps, such that

ψ ◦ ω = ω ◦ ψ, (ψ ⊗ ψ) ◦ ∆ = ∆ ◦ ψ, (ω ⊗ ω) ◦ ∆ = ∆ ◦ ω, (∆ ⊗ ψ) ◦ ∆ = (ω ⊗ ∆) ◦ ∆. (13)

We call ψ and ω (in this order) the structure maps of A.
Let V be an n-dimensional vector space over K. Fixing a basis {ei}i={1,...,n} of V, a multiplication µ (resp.

linear maps α, β, ψ, ω and a comultiplication ∆) is identified with its n3, 2n2 structure constants Ck
ij ∈ K

(resp. aji, bji, ξ ji, Djk
i and γji) where µ(ei ⊗ ej) =

n
∑

k=1
Ck

ijek, α(ei) =
n
∑

j=1
ajiej, β(ei) =

n
∑

j=1
bjiej, ψ(ei) =

n
∑

j=1
ξ jiej,

ω(ei) = ∑n
j=1 γjiej and ∆(ei) =

n
∑

j,k=1
Djk

i ej ⊗ ek. The counit ε is identified with its n structure constants ζi. We

assume that e1 is the unit.
A family

{
(Ck

ij, aji, bji, ξ ji, γji, Djk
i ), . . . , i, j, k ∈ {1, . . . , n}

}
represents a BiHom-coassociative coalgebra if

the underlying family satisfies the appropriate conditions which translate to the following polynomial
equations: 

n
∑

j=1
(γjiξkj − ξ jiγkj) = 0, ∀ i, k ∈ {1, . . . , n} ,

n
∑

j=1

n
∑

k=1
Djk

i ξpjξqk −
n
∑

j=1
ξ jiD

qp
j = 0, ∀ i, p, q ∈ {1, . . . , n} ,

n
∑

j=1

n
∑

k=1
Djk

i γpjγqk −
n
∑

j=1
γjiD

pq
j = 0, ∀ i, p, q ∈ {1, . . . , n} ,

n
∑

j=1

n
∑

k=1
(Djk

i ξpjD
qr
k − Djk

i Dpq
j γrk) = 0, ∀ i, p, q, r ∈ {1, . . . , n} .

(14)

A morphism f : (A, ∆A, ψA, ωA) −→ (B, ∆B, ψB, ωB) of BiHom-coassociative coalgebras is a linear map
f : A −→ B such that ψB ◦ f = f ◦ ψA, ωB ◦ f = f ◦ ωA and ( f ⊗ f ) ◦ ∆A = ∆B ◦ f .

n
∑

j=1
(djiξkj − ξ jidkj) = 0, ∀ i, k ∈ {1, . . . , n} ,

n
∑

j=1
(djiγkj − γjidkj) = 0, ∀ i, k ∈ {1, . . . , n} ,

n
∑

j=1

n
∑

k=1
Djk

i dpjdqk −
n
∑

j=1
djiD

qp
j = 0, ∀ i, p, q ∈ {1, . . . , n} .

(15)

A BiHom-coassociative coalgebra (A, ∆, ψ, ω) is called counital if there exists a linear map ε : A → K
(called a counit) such that

ε ◦ ψ = ε, ε ◦ ω = ε, (idA ⊗ ε) ◦ ∆ = ω and (ε ⊗ idA) ◦ ∆ = ψ. (16)

In structure constant form , we can write it as

n

∑
j=1

ξ jiζ j = ζi,
n

∑
j=1

γjiζ j = ζi,
n

∑
j=1

n

∑
k=1

Djk
i ζk =

n

∑
j=1

γji,
n

∑
j=1

n

∑
k=1

Djk
i ζ j =

n

∑
k=1

ξki.

A morphism of counital BiHom-coassociative coalgebras f : A −→ B is called counital if f = εA, where
εA and εB are the counits of A and B, respectively.
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Definition 5. A BiHom-bialgebra is a 7-tuple (H, µ, ∆, α, β, ψ, ω), with the property that (H, µ, α, β) is a
BiHom-associative algebra, (H, ∆, ψ, ω) is a BiHom-coassociative coalgebra and the following relations are
satisfied, for h, h′ ∈ H :

∆(hh′) = h1h′1 ⊗ h2h′2, α ◦ ψ = ψ ◦ α, α ◦ ω = ω ◦ α,

β ◦ ψ = ψ ◦ β, β ◦ ω = ω ◦ β, (α ⊗ α) ◦ ∆ = ∆ ◦ α,

(β ⊗ β) ◦ ∆ = ∆ ◦ β, ψ(hh′) = ψ(h)ψ(h′), ω(hh′) = ω(h)ω(h′).

(17)



n
∑

k=1
Ck

i,jD
pq
k −

n
∑

r=1

n
∑

s=1

n
∑

u=1

n
∑

v=1
Drs

i Duv
j C p

ruC
q
sv = 0, ∀ i, j, p, q ∈ {1, . . . , n} ,

n
∑

j=1
(ξ jiakj − ajiξkj) = 0, ∀ i, k ∈ {1, . . . , n} ,

n
∑

j=1
(γjiakj − ajiγkj) = 0, ∀ i, k ∈ {1, . . . , n} ,

n
∑

j=1
(ξ jibkj − bjiξkj) = 0, ∀ i, k ∈ {1, . . . , n} ,

n
∑

j=1
(γjibkj − bjiγkj) = 0, ∀ i, k ∈ {1, . . . , n} ,

n
∑

p=1

n
∑

q=1
Dpq

i arpasq −
n
∑

j=1
ajiDrs

j = 0, ∀ i, r, s ∈ {1, . . . , n} ,

n
∑

p=1

n
∑

q=1
Dpq

i brpbsq −
n
∑

j=1
bjiDrs

j = 0, ∀ i, r, s ∈ {1, . . . , n} ,

n
∑

k=1
Ck

ijξqk −
n
∑

k=1

n
∑

p=1
ξkiξpjC

q
kp = 0, ∀ i, j, q ∈ {1, . . . , n} ,

n
∑

k=1
Ck

ijγqk −
n
∑

k=1

n
∑

p=1
γkiγpjC

q
kp = 0, ∀ i, j, q ∈ {1, . . . , n} .

(18)

We say that H is an unital and counital BiHom-bialgebra if, in addition, it admits a unit uH and a counit
εH such that

∆(uH) = uH ⊗ uH , εH(uH) = 1, ψ(uH) = uH , ω(uH) = uH ,

εH ◦ α = εH , εH ◦ β = εH , εH(hh′) = εH(h)εH(h′), ∀h, h′ ∈ H.
(19)

We have ∆(e1) = e1 ⊗ e1, ε(e1) = 1, ψ(e1) = e1, ω(e1) = e1,
n
∑

j=1
ajiζ j = ζi, and

n
∑

j=1
bjiηj = ηi.

Let us record the formula expressing the BiHom-coassociativity of ∆ :

∆(h1)⊗ ψ(h2) = ω(h1)⊗ ∆(h2), h ∈ H. (20)

4.1. Classification of 2-Dimensional BiHom-bialgebras

Theorem 5. The set of 2-dimensional unital BiHom-bialgebras yields two non-isomorphic algebras. Let {e1, e2} be a
basis of K2, then the unital BiHom-bialgebras are given by the following non-trivial comultiplications.

1. ∆2
1,1(e1) = e1 ⊗ e1, ∆2

1,1(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) =

e1, ω(e2) = e2, ε(e1) = 1, ε(e2) = 2;
2. ∆2

1,2(e1) = e1 ⊗ e1, ∆2
1,2(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e1, ω(e1) =

e1, ω(e2) = e1, ε(e1) = 1, ε(e2) = 2;
4. ∆2

1,4(e1) = e1 ⊗ e1, ∆2
1,4(e2) = e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 − e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = −e1, ω(e1) =

e1, ω(e2) = −e1, ε(e1) = 1, ε(e2) = −1;
6. ∆2

2,2(e1) = e1 ⊗ e1, ∆2
2,2(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e1, ω(e1) =

e1, ω(e2) = e1, ε(e1) = 1, ε(e2) = 1;
7. ∆2

2,3(e1) = e1 ⊗ e1, ∆2
2,3(e2) = e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 − e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) =

e1, ω(e2) = e2, ε(e1) = 1, ε(e2) = 1;
9. ∆2

4,1(e1) = e1 ⊗ e1, ∆2
3,1(e2) = e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) = e1, ω(e2) = e2, ε(e1) = 1, ε(e2) =

1;
10. ∆2

4,2(e1) = e1 ⊗ e1, ∆2
4,2(e2) = e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e1, ω(e1) = e1, ω(e2) = e1, ε(e1) = 1, ε(e2) =

1;
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11. ∆2
4,3(e1) = e1 ⊗ e1, ∆2

4,3(e2) = e1 ⊗ e2 + e2 ⊗ e1 − 2e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) = e1, ω(e2) =

e2, ε(e1) = 1, ε(e2) = 1;
12. ∆2

4,4(e1) = e1 ⊗ e1, ∆2
4,4(e2) = e1 ⊗ e2 + e2 ⊗ e1 − e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e1, ω(e1) = e1, ω(e2) =

e1, ε(e1) = 1;
13. ∆2

4,5(e1) = e1 ⊗ e1, ∆2
4,5(e2) = e1 ⊗ e1 − e1 ⊗ e2 − e2 ⊗ e1 + e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) =

e1, ω(e2) = e2, ε(e1) = 1, ε(e2) = 1;
14. ∆2

4,6(e1) = e1 ⊗ e1, ∆2
4,6(e2) = e1 ⊗ e1 − e1 ⊗ e2 − e2 ⊗ e1 + 2e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) =

e1, ω(e2) = e2, ε(e1) = 1, ε(e2) = 1.

Proof. The proof is straightforward, see [1,26] for more detail.

Remark 6. There is no BiHom-Bialgabra whose underlying BiHom-associative algebra is given by Hu3
2.

4.2. Classification of 3-dimensional BiHom-biallgebras

Theorem 6. The set of 3-dimensional unital BiHom-bialgebras yields two non-isomorphic algebras. Let {e1, e2, e3} be a
basis of K3, then the unital BiHom-bialgebras are given by the following non-trivial comultiplications.

1. ∆3
1,2(e1) = e1 ⊗ e1, ∆(e2) = −2e1 ⊗ e1 + 2e1 ⊗ e2 + 2e2 ⊗ e1 − e2 ⊗ e2, ∆(e3) = 2e1 ⊗ e3 − e2 ⊗ e3 + 2e3 ⊗ e1 −

e3 ⊗ e2 + e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e1, ψ(e3) = e1 − e2, ω(e1) = e1, ω(e2) = e1, ω(e2) = e1 − e2, ε(e1) =

ε(e2) = 1;
2. ∆3

1,4(e1) = e1 ⊗ e1, ∆(e2) = −2e1 ⊗ e1 + 2e1 ⊗ e2 + 2e2 ⊗ e1 − e2 ⊗ e2, ∆(e3) = 2e1 ⊗ e3 − e2 ⊗ e3 + 2e3 ⊗
e1 − e3 ⊗ e2 + e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e1, ψ(e3) = e1 − e2 + e3, ω(e1) = e1, ω(e2) = e1, ω(e2) =

e1 − e2 + e3, ε(e1) = ε(e2) = 1;
3. ∆3

1,5(e1) = e1 ⊗ e1, ∆(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 ⊗ e1 − e1 ⊗ e2 + 2e1 ⊗ e3 − e2 ⊗ e1 +

e2 ⊗ e2 − e2 ⊗ e2 + 2e3 ⊗ e1 − e3 ⊗ e2 + e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) =

e2, ω(e3) = e3, ε(e1) = ε(e2) = 1;
4. ∆3

2,3(e1) = e1 ⊗ e1, ∆(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 ⊗ e1 − e1 ⊗ e2 + 2e1 ⊗ e3 − e2 ⊗ e1 +

e2 ⊗ e2 − e2 ⊗ e2 + 2e3 ⊗ e1 − e3 ⊗ e2 + e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e1, ω(e1) = e1, ω(e2) = e1, ε(e1) =

ε(e2) = 1;
5. ∆3

2,4(e1) = e1 ⊗ e1, ∆(e2) = 2e1 ⊗ e1 − e1 ⊗ e2 − e2 ⊗ e1 + e2 ⊗ e2, ∆(e3) = −e1 ⊗ e1 + e2 ⊗ e3 − e3 ⊗ e1 +

e3 ⊗ e2 − e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e1, ψ(e3) = e1 − e3, ω(e1) = e1, ω(e2) = e1, ω(e2) = e1 − e2 ε(e1) =

ε(e2) = 2;
6. ∆3

2,5(e1) = e1 ⊗ e1, ∆(e2) = 2e1 ⊗ e1 − e1 ⊗ e2 − e2 ⊗ e1 + e2 ⊗ e2, ∆(e3) = −e1 ⊗ e1 + e2 ⊗ e3 − e3 ⊗
e1 + e3 ⊗ e2 − e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e1, ψ(e3) = e1 − e2 + e3, ω(e1) = e1, ω(e2) = e1, ω(e2) =

e1 − e2 + e3, ε(e1) = 1, ε(e2) = 2;
7. ∆3

2,6(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e1 + e1 ⊗ e2 + e1 ⊗ e3 + e2 ⊗ e1 − e2 ⊗ e2 − e2 ⊗ e3 − e3 ⊗ e1 + e3 ⊗
e2, ∆(e3) = −ae3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3 ε(e1) =

ε(e2) = 1;
8. ∆3

4,1(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 ⊗ e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e2, ψ(e3) =

e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3, ε(e1) = ε(e2) = 1;
9. ∆3

4,2(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 ⊗ e3 + e3 ⊗ e1, ψ(e1) = e1, ω(e1) = e1, ε(e1) = 1;
10. ∆3

4,3(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e1 + e1 ⊗ e2 − e1 ⊗ e3 + e2 ⊗ e1 − e2 ⊗ e3 − e3 ⊗ e1 − e3 ⊗ e2 + 2e3 ⊗
e3, ∆(e3) = −e2 ⊗ e2 + e2 ⊗ e3 + e3 ⊗ e2, ψ(e1) = e1, ψ(e3) = e1, ω(e1) = e1, ω(e3) = e1, ε(e1) = ε(e3) =

1;
11. ∆3

4,4(e1) = e1 ⊗ e1, ∆(e2) = ae2 ⊗ e2 + e2 ⊗ e3 + e3 ⊗ e2, ∆(e3) = be2 ⊗ e2 + e3 ⊗ e3, ψ(e1) = e1, ψ(e3) =

ce2 + e3, ω(e1) = e1, ω(e3) = ce2 + e3, ε(e1) = ε(e3) = 1;
12. ∆3

6,1(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1 − ae2 ⊗ e2 − e2 ⊗ e3 − e3 ⊗ e2, ∆(e3) = e1 ⊗ e3 + be2 ⊗ e2 − e3 ⊗
e1 − e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = ce2, ψ(e3) = de2 + e3, ω(e1) = e1, ω(e2) = ce2, ω(e3) = de2 + e3, ε(e1) =

1;
13. ∆3

6,2(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1 + 2ae2 ⊗ e2 − e2 ⊗ e3 − e3 ⊗ e2, ∆(e3) = e1 ⊗ e3 + be2 ⊗ e2 +

e3 ⊗ e1 + 2ce3 ⊗ e2 − 2e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e2, ω(e3) =

e3, ε(e1) = 1;
14. ∆3

8,1(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 ⊗ e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) = e1, , ψ(e2) = e2, ψ(e3) =

e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3, ε(e1) = ε(e2) = 1;
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15. ∆3
8,2(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2, ∆(e3) = ae3 ⊗ e3, ψ(e1) = e1, , ψ(e2) = e2, ω(e1) =

e1, ω(e2) = e2, ε(e1) = 1, ε(e2) =
1
a ;

16. ∆3
10,1(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 +⊗e3 + e3 ⊗ e1, ψ(e1) = e1, ω(e1) = e1, ε(e1) =

1;
17. ∆3

11,1(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2 + e2 ⊗ e3 + e3 ⊗ e2, ∆(e3) = e1 +⊗e3 + e3 ⊗ e1 +

e3 ⊗ e3, ψ(e1) = e1, ψ(e3) = e3, ω(e1) = e1, ω(e3) = e3, ε(e1) = 1;
25. ∆3

12,1(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 +⊗e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) = e1, ω(e1) = e1, ε(e1) =

1;
26. ∆3

13,1(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 +⊗e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) = e1, ψ(e3) = e3 ω(e1) =

e1, ω(e3) = e3, ε(e1) = 1;
27. ∆3

14,1(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 +⊗e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e2, ψ(e3) =

e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3, ε(e1) = ε(e2) = 1.

Proof. The proof is straightforward, see [1,26] for more detail.

Remark 7. There is no unital BiHom-bialgebra whose underlying unital BiHom-associative algebra is given
by Hu3

1, Hu3
5, Hu3

7, Hu3
8.

We introduce the concept of BiHom-Hopf algebras.

Definition 6. Let (H, µ, ∆, α, β) be an unital and counital BiHom-bialgebra with a unit 1H and a co-unit εH .
A linear map S : H → H is called an antipode if it commutes with all the maps α, β, ψ, ω and it satisfies the
relation :

ψω(S(h1))αβ(h2) = εH(h)1H = βψ(h1)αω(S(h2)), ∀ h ∈ H.

A BiHom-Hopf algebra is a unital and counital BiHom-bialgebra with an antipode.

n

∑
s=1

n

∑
q,r=1

n

∑
l,p=1

n

∑
j,k=1

Djk
i Sl jgpk fqlarpbqrC t

sr − ξi = 0, ∀ i, t ∈ {1, n} ;

n

∑
s=1

n

∑
q,r=1

n

∑
l,p=1

n

∑
j,k=1

Djk
i fl jSl jbql grpasrC t

qr − ξi = 0, ∀ i, t ∈ {1, n} .

Corollary 1. The BiHom-bialgebra structures on K2 which are BiHom-Hopf algebras are given by the following pairs of
multiplication and comultiplication with the appropriate unit and counits :

Hnum ∆m
ij ψ ω ε S

Hu1
2 ∆2

1,1
ψ(e1) = e1,
ψ(e2) = e2,

ω(e1) = e1,
ω(e2) = e2,

ε(e1) = 1,
ε(e2) = 2,

S(e1) = e1.

Hu2
2 ∆2

1,2
ψ(e1) = e1,
ψ(e2) = e2,

ω(e1) = e1,
ω(e2) = e2,

ε(e1) = 1,
ε(e2) = 2,

S(e2) = e2.

Hu3
2 ∆2

1,4
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = −e1,

ε(e1) = 1,
ε(e2) = −1,

S(e2) = −e1.

Hu4
2 ∆2

2,2
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = e1,

ε(e1) = 1,
ε(e2) = 1,

S(e1) = e1,
S(e2) = e2.

Hu5
2 ∆2

2,3
ψ(e1) = e1,
ψ(e2) = e2,

ω(e1) = e1,
ω(e2) = e2,

ε(e1) = 1,
ε(e2) = 1,

S(e1) = e1,
S(e2) = e2.

Hu6
2 ∆2

4,2
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = e1,

ε(e1) = 1,
ε(e2) = 1,

S(e2) = e1.

Hu7
2 ∆2

4,3
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = e1,

ε(e1) = 1,
ε(e2) = 1,

S(e2) = e2.

Hu8
2 ∆2

4,4
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = e1,

ε(e1) = 1,
ε(e2) = 1,

S(e2) = −e1.

Hu9
2 ∆2

4,5
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = e1,

ε(e1) = 1,
ε(e2) = 1,

S(e2) = e1.
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Hnum ∆m
ij ψ ω ε S

Hu10
2 ∆2

4,6
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = e1,

ε(e1) = 1,
ε(e2) = 1,

S(e1) = e1,
S(e2) = e2.

Corollary 2. The BiHom-bialgebra structures on K3 which are BiHom-Hopf algebras are given by the following pairs of
multiplication and comultiplication with the appropriate unit and conits :

Hnum ∆m
ij ψ ω ε S

Hu1
3 ∆3

1,2

ψ(e1) = e1,
ψ(e2) = e1,
ψ(e3) = e1 − e2,

ω(e1) = e1,
ω(e2) = e1,
ω(e3) = e1 − e2,

ε(e1) = 1,
ε(e2) = 1,

S(e1) = e2

S(e2) = e2,

Hu2
3 ∆3

1,4

ψ(e1) = e1,
ψ(e2) = e1,
ψ(e2) = e1 − e2 + e3,

ω(e1) = e1,
ω(e2) = e1,
ω(e2) = e1 − e2 + e3,

ε(e1) = 1,
ε(e2) = 1

S(e2) = e1 + e2.

Hu3
3 ∆3

1,5

ψ(e1) = e1,
ψ(e2) = e2,
ψ(e2) = e3,

ω(e1) = e1,
ω(e2) = e2,
ω(e2) = e3,

ε(e1) = 1,
ε(e2) = 1,

S(e1) = e1,
S(e2) = e2,

Hu4
3 ∆3

2,3
ψ(e1) = e1,
ψ(e2) = e1,

ω(e1) = e1,
ω(e2) = e1,

ε(e1) = 1,
ε(e2) = 1,

S(e1) = e1 + e2,
S(e2) = e2.

Hu5
3 ∆3

2,4

ψ(e1) = e1,
ψ(e2) = e1,
ψ(e3) = e1 − e3,

ω(e1) = e1,
ω(e2) = e1,
ω(e2) = e1 − e2,

ε(e1) = 2,
ε(e2) = 2,

S(e1) = e1,
S(e2) = e2.

Hnum ∆m
ij ψ ω ε S

Hu6
3 ∆3

2,5

ψ(e1) = e1,
ψ(e2) = e1,
ψ(e3) = e1 − e2 + e3,

ω(e1) = e1,
ω(e2) = e1,
ω(e2) = e1 − e2 + e3,

ε(e1) = 2,
ε(e2) = 2,

S(e2) = e1,
S(e2) = e2,
S(e3) = e3..

Hu7
3 ∆3

2,6

ψ(e1) = e1,
ψ(e2) = e2,
ψ(e3) = e3,

ω(e1) = e1,
ω(e2) = e2,
ω(e3) = e3,

ε(e1) = 1,
ε(e2) = 1,

S(e2) = e1,
S(e3) = e3.

Hu8
3 ∆3

4,4
ψ(e1) = e1,
ψ(e3) = ae2 + e3,

ω(e1) = e1,
ω(e3) = ae2 + e3,

ε(e1) = 1,
ε(e3) = 1,

S(e1) = e1,
S(e3) = e3.

Hu9
3 ∆3

4,5

ψ(e1) = e1,
ψ(e2) = e2,
ψ(e3) = e3,

ω(e1) = e1,
ω(e2) = e2,
ω(e3) = e3,

ε(e1) = 1, S(e2) = e1 + e2.

Hu10
3 ∆2

6,2
ψ(e1) = e1,
ψ(e2) = e2,

ω(e1) = e1,
ω(e2) = e2,

ε(e1) = 1,
ε(e2) =

1
a ,

S(e1) = e1,
S(e2) = e2 + e3.

Hu11
3 ∆3

10,1 ψ(e1) = e1, ω(e1) = e1, ε(e1) = 1, S(e2) = e1,

Hu12
3 ∆3

11,1
ψ(e1) = e1,
ψ(e3) = e3,

ω(e1) = e1,
ω(e3) = e3,

ε(e1) = 1,
S(e1) = e1,
S(e2) = e2,
S(e3) = e3.
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