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Abstract: We present an introduction to the mathematics of quantum physics and quantum computation
which put emphasis on the basic mathematical aspects of definition and operations on qubits. We start
by a comprehensive introduction of a qubit as a unit element of C2, and its representations on spheres in
R3. This introduction leads to the interpretation of Pauli operators as basic rotations in R3. Then we study
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quantum gates.
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1. Introduction

T his paper is an introduction to the mathematics of quantum physics and quantum computation. The
emphasis is put on the basic mathematical aspects of definitions and operations on qubits. Following

[1-3], we start by a comprehensive introduction of a qubit. A qubit is the fundamental quantum state
representing the smallest unit of quantum information containing one bit of classical information accessible
by measurement. It is represented by or identified to a state vector which is a unit element of C2. We describe
its representations on unit spheres in R3. These representations lead to the interpretation of Pauli operators as
basic rotations in R3. Then we study unitary operators, and their link to rotations in R? is established using
the density operator associated to a qubit. We obtain quite easily the expressions for the composition and the
non-commutativity of two rotations. We complete this paper by some decomposition, or splitting, problems
of unitary operators on C? obtained from results on rotations in R3 [4,5]. This last subject is related to gates in
quantum computation [6].

2. Complex vector space and qubit

2.1. Two dimensional complex vector space

Throughout this paper we use the Dirac bracket notation for elements of the two-dimensional complex
vector space C? generated by two vectors

C?2=Lin{|0),|1)} ={ |g) = a|0) +b[]1) : a,beC}.
For |q;) = a;]0) 4+ b;|1) (I = 1,2) we use the Hermitian inner product
(91192) = a7a2(0]0) + a1b2(0[1) + byaz(1]0) + byba(1]1).

We suppose that

[ 1 if i=j .
<1|]>:5ij={0 y i;«é;‘ for i,j€{0,1},
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so that the set {|0), |1)} is an orthonormal basis for C2. We get

(91lq2) = ayaz + biby,

and the length of |q) is |||9)| = /{qlq) = +/|a]*+|b[>. A good introduction to the mathematics of

finite-dimensional complex vector spaces is [7].

2.2. Definition of a qubit

A qubit is any unit length element of C2. It can be written as
lg) = oY |:COS (6/2)]0) +sin (6/2) eiq’|1>}
for 6 € [0, 7], ¢ € [0,277), and ¢ € R. We will identify qubit up to its phase ¢'¥, i.e.
) =1q") i Fyer |q') = €¥1g),
so qubits are equivalence classes of unit length elements of C2. We will use
|g) = cos (6/2) |0) +sin (8/2) ¢'?|1),

as its representative.
A qubit |g1), orthogonal to the qubit |g), is given by

lgt) = cos <7T2_6> |0) + sin (7T2_6> el(Tt9)|1),

so that (g|g*) = 0.

3. Spherical representations of a qubit

3.1. First representation

We can represent qubits on the upper-half unit sphere in R3. Each qubit |q) with 6 € [0, 77) is represented
by a unique point, while for § = 7, |g) = €/?|1) = |1) is represented by the whole unit circle x> + y*> = 1 and
z=0.

[0)

cos(0/2) [q)

Figure 1. Upper-half unit sphere representation
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For example, |q) and |g*) are indicated on Figure 1. Their corresponding vectors are

x = sin gg; cos(¢), xt = sin E”zeg cos(T+ @),

y = sin sin(p), and yt = sin
= cos(%), zt = cos(”T_g).

3.2. Second representation: the Bloch sphere

N

To obtain only one point on the sphere for |1), we continuously transform the point (x, y, z) as follows

xy = sin(1420) cos(g),
yr = sin(20)sin(p), for A€ [0,1].
Z)y = COS (%9) ,

At the end of the transformation, for A = 1, we get

x;1 = sin(0)cos(¢),
y1 = sin(0)sin(y),
z1 = cos(6).

Hence the qubit =cos (2)|0) +sin (£) ¢?|1) is represented by the vector
q q 2 2 P y

4 = (sin (0) cos(¢), sin (8) sin(¢), cos (6)),
on the unit sphere of R3. On the same way, for |g+) we get

= (sin (7t — 0) cos(7T + @), sin (71 — ) sin(7T + ¢), cos (T — 0))
= —(sin(0)cos(¢),sin (0)sin(¢),cos (0))
-

q'L

This representation on the unit sphere of R3 is called the Bloch sphere representation of a qubit (see Figure
2), and we have the next result.

Figure 2. Bloch sphere representation

Theorem 1. The correspondence |q) < § is a bijection.
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4. Elementary rotations in R® and Pauli operators

The spherical representation for qubits in R® suggests to take a look at rotations in R3. Let us start by
considering rotations around the axis OX, OY, and OZ. More general rotations will be considered later in this
text.

4.1. Rotation around OX

The rotation of an angle ¢ around the vector i is given by

and for § = 7T we get

So the corresponding qubit is

lq')

cos (n;@) |0) + sin <7r;6> e 1)
= ¢ ¢ [cos (6/2) 1) +sin(9/2)e""’]0>} .
If we set 6¢|0) = |1) and 6%|1) = |0), we get |¢') = e~'%6+|q) = 0x|q).

4.2. Rotation around OY

For the rotation around the vector j we have

cos(&) 0 sin(¢)
R( o= 01 0
—sin(¢) 0 cos(¢)

For ¢ = m we get

hence

l9) = cos <7‘[2—6) |0) + sin <712—6) eT=9)|1)

= (59 [cos (6/2)i]1) +sin (6/2) ei¢(—i)|o>} .
If we set 0,,|0) = i|1) and 6,/ |1) = —i|0), we get |q") = ei(%’q’)&y|q> = 0ylq).

4.3. Rotation around OZ

For the rotation around the vector k we have

cos(¢) —sin(¢) 0
R(EC) = | sin(¢) cos(¢) 0 |,
0 0 1

SO
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and

lg) = cos(0/2)|0) +sin (6/2)7F|1)
= cos(6/2)]0) +sin (8/2) e'?(—1)|1).

If we set 0;|0) = |0) and 0;|1) = —|1), we get |¢) = 02|q).
4.4. Pauli operators

The linear operators 0y, 0y, and ¢, defined above form the set of Pauli operators on C2. They correspond
to half-revolutions in R3.

5. Linear operators on C?

Let A : C? — C? be a linear operator. Its adjoint A+ is defined by the relation
(0] A*[u) = (o (A*|u))) = (u|(AJ0)))" = (ulAJo)",

for all |u), |v) € C2. Itis easy to observe that (BA)* = ATB+. We say that A is a positive linear operator iff (if
and only if) (u|A|u) > 0 for all |u) € C2.
Let us consider the following definitions:

e A isanormal operator iff AA*T = AT A;
e Ais a unitary operator iff AT = A~1;
A is a Hermitian operator iff AT = A.

Obviously, any unitary or Hermitian operator is also a normal operator.
For |g) € C2?, we define the external product |g){g| (also known as a projection operator) which is a
positive Hermitian linear operator. Indeed

* positive: because (p|q) (q]p) = |(qlp)[* = 0;
e Hermitian (and hence normal) because (|g)(g])" = |9)(q].

We also observe that
(Ia) )" = 191*V |9)(al,

fork=1,2,3,..
For any orthonormal basis {|vp), |v1)} of C?, we get the identity operator, noted &,, from

G0 = [v0)(vo| + [01)(o1].
Also, using any orthonormal basis {|vg), [v1)} of C2, the trace of a linear operator is given by
Tr(A) = (vo|Alvo) + (01| A1),
and this value does not depend on the choice of the orthonormal basis used for the computation.

6. More about Pauli operators and related bases

For two vectors i and 7 of R?, the dot and cross products are respectively noted by i - ¥ and i x 7. We
recall here standard results about dot and cross products which will used in the next sections. Proofs of these
results can be found for example in [8,9].

Lemmal. Letd, E, ¢, and d in R3. We have
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The set S = {&o, Oy, ﬁy, ﬁz} form a basis of the 4-dimensional vector space of linear operators on C2. Table

1 presents the composition table for the 4 elements of this basis.

Table 1. Multiplication table for Pauli operators

a’ 0 a'x a'y a’ 4
0o |00 | 0x | 0y | 0o
b | 0x | 0, | 10, | —id,
6y | 0y | —i0z | 8 | ity
0z | 0z | i0y | —i0x 0o

Proposition 1. The Pauli operators are unitary and Hermitien, and hence normal.
Let 7 = (vx,vy,0;) € R3and ¢ = (6x,0y,0z). We define the operator
T 0 = vx0x + vy0y + 0,07

Next are some basic results useful for the next sections.

Proposition 2. For 7 and b in R3
(@-6)(b-6) = (@a-b)o,+i(@xDb) -0

Corollary 1. ForiiinR3, (i - ¢)(7i - &) = ||ii||” 6.

Corollary 2. For @ and binR3

« (@-0)(b-0)+(b-0)(@-0) =2(a D)o,

« (G-0)(b-0)—(b-6)(G-0) =2i(@xb)-0
Corollary 3. For dand bin R3

. (ﬁ.&)@.&)(ﬁ.ﬁ)——HLZ?HZ(E o) +2(d-b)(@- ),

o (@-0)(b-0)(d-0) = ||d|]*> (B-&)+2i@xDb)-5(a@-0).

Proposition 4. For the qubit |q) € C?, (ql019) = 7.
Proposition 5. Tr(0,) = 2, and Tr(6;) =0 for | = x,y, z.

Proposition 6. Forany ii € R3, let

then

Proposition 7. We have

Gyt = Oy = Cuiny, = 6, =
&Za-ya-x - a'ya'xa'z - a-xa-za-}/ - *1@'0 -

N
~

(S B

To get some results later in this text, we introduce a second basis for the space of linear operators on C?

P={A=1il:ij=01},
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where 7;; is a projection for i = j and a permutation for i # j. The two bases are related by the formula

7too
7tn
10
75t

We get

7. Unitary operator

1 /A N — N N
= j( o+ 0z), 0o = 7too + 7t11,
1 /A A o i A o
= 5 (0x+ity), Ox = 7o+ 71,
T /a N and . o R
= Z(x_ly)/ oy = il[fto— ),
1 /A N S N A
= j( 0 — z)/ o, = 7Tpo — 7T11-
A+ A+
Tog = 7000 d Ty = 0o,
At oA an At A
T = T T0 701

Any linear operator U can be expressed as a linear combination of the Pauli operators

A

U = e'? [rooy +7- 0],

with a real number rg > 0, and 7 € C3. From the normality condition UU = UU we get 7 = A#i where 7i is a
unit vector in R? and A € C. From the unitary condition UU = ¢y = UU we get

BEAE =1
1’0(/\4-/\*) = 0.

So A is a purely imaginary number, A = iA with A € R. Let us set

ro = cos(¢/2),
{/N\l _ sin(¢/2), for ¢e€[0,m].

It follows that any unitary operator U can be expressed as

U = €' [cos(&E/2)00 — isin(E/2)ii - 6],

with & € [0, ], and 7 € R? such that ||ii| = 1.

8. The density operator

The density operator associated to the qubit |q) = cos (8/2) |0) + sin (§/2) ¢?|1) is the external product

o= 1lg)(ql.

Using the link between the two bases S and P, we get

= A

0= [(3’04-{]'0’].

N =

Theorem 2. The density operator p associated to the qubit |q) € C? is a positive Hermitian linear operator such that

Tr(p) = land p? = p.

Proof. Direct consequence of the fact that p = |g) (g is an external product. [

Theorem 3. If p is a positive Hermitian linear operator such that Tr(p) = 1 and p> = p, then there exits a qubit

lg) € C? such that p = |q){q|.

Proof. If p is normal operator, then p = ro6y + AT - & with ry > 0 and @ is a unit vector in R3. Since p is
Hermitian, it follows that A € R. Since Tr(p) = 2ry, then rg = 1/2. For any qubit |p) we have

{ploolp) + AT (plolp)

N —

(plplp) =
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because (p|0y|p) = (p|p) = 1and (p|o|p) = P. So, for any p we have

{plolp) > 5 1AL
But
R 1
{plolp) = 5 — 1Al
for = ¥ or j = —7. For positivity we must have 1 |A| > 0,50 [A| < }. With the last condition we have

p? = <i+/\2)(fo+)\z§-&,

and p? = piff 1 + A% = 1 hence |A| = L. Let us set
i-{

R 1
p=5l00+7-0],

if A = -=-1/2,

(SIS

so we get

for a unit vector 7 € R3. But there exist 8 € [0, 7] and ¢ € [0,277) such that

7 = (sin(@) cos(¢), sin(0) sin(¢), cos(0)),

which is associated to the qubit
|g) = cos (0/2)]0) +sin (0/2) ¢'?|1).

It follows that p is the density operator associated to the qubit |g). O

The correspondences |q) <> § <> p are bijections, which means that |g) determine uniquely p and p
determine uniquely |q).

9. Rotations on qubits
9.1. Definition
If we identify unitary operator up to its phase, a rotation in C? is given by
rot; (&) = cos (¢/2) &g — isin (£/2) i - &,
where the angle ¢ € [0, 7] and the unit vector 7 € R? are uniquely determined.

9.2. Basic properties of rotations

We start by mentioning some basic properties of rotations.

Proposition 8. We can verify directly that
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9.3. Link between rotations on C2 and R3

For a qubit |g), let us set
|9") = rot;(&)]q)-

The vector ' can be identified from the density operator ¢’ since

But

= ota(&)lg) (qlrots ()
= cos?(E/2)p +isin(E/2) cos(&/2) [p (it - &) — (it - &) p] +sin®(E/2) (7 -0) p (7 - 0) .

Let us introduce the following lemma to simplify the computation.

Lemma 2. For any qubit |q) € C* and ii € R3, we have
pi-0) = (7
2

(7i-0)
(7i-0)

So, using this lemma we get

where
G =Rg)(q) = cos(§) +sin(Z) (7 x §) + (1 - cos(¢)) (7 - 4) 7,
is the finite rotation formula in R3. This expression is often called the Rodrigues’ rotation formula, see [3,5]
for example, but it would be more appropriate to name it Euler’s rotation formula because it is Euler who was
first to derive the finite rotation formula [10].
Consequently, applying rot; (&) on |q) is equivalent to applying Ryji¢) on g, in other words we have

—

') = otz (2)lg) iff §' = Rpzg(d)-

If we set
« 2%(7) =7,
o Al(q) =i xq,
82(7) = i x (i x ) = (- )i — 7,

we can rewrite the finite rotation formula as

R e = 00 +sin(§)a! + (1 — cos(§))A%.
10. Operations on rotations

10.1. Composition of rotations

Let us look at the composition of two rotations 1‘/5tﬁ1 (&) and 1'/5tﬁ2 (&2). We have
rots, (&2)roty, (&1) = Xop — iN - o,
where
X = cos(&/2)cos(¢1/2) —sin(gr/2)sin(&y/2)y - iy,
N = cos(&1/2)sin(E /27y + cos(&2/2) sin(E1/2)7iq + sin(&/2) sin(&q/2)is x 7.

Since
5 102
1X| +HNH —1,
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we choose &, € [0,27] such that X = cos(&/2) and set N = sin(&y/2)7 to get
roty, (&2)roty, (&1) = cos(80/2)0g — isin(Go/2)f - 0 = roty, (Zo),
with

cos(&o/2) = cos(&/2)cos(&/2) —sin(&/2) sin(&, /2)iy - iy,

sin(&y/2)#g cos({1/2) sin(&p /2)#ip 4 cos(§r/2) sin(&1/2)#1 + sin(&z/2) sin(&1/2) iy X #ig.

For rotations in R3, we consider the density operators to get

% [AO + Riiig,z0) () “ﬂ = % {f’o + R, z) (R<ﬁ1,cl> @) "ﬂ :

So

R iy, 60 R (11.1) = Reiio o)
There are many ways to get this result [11], but following [10] it was first established by Rodrigues.

Since
sin(&)fg = 2cos(E/2)sin(&o/2)h},
(1—cos(Z))n2 = 2(sin(&/2)Ab)?,

we can evaluate
R,z = 00 +sin(&)a] + (1 — cos(&;))n?,

not only for i = 1,2 but also for i = 0.
Let us remark that for #y = 7i; = 7 we get

rot; (§2)rot; (§1) = ot (&1 + 2),
and
RiignRiiz) = Ria+a)-
10.2. Non-commutativity of rotations

From the last remark, the composition of two rotations around the same axis is commutative. The
non-commutativity for the composition of rotations around different axes of rotation, illustrated for example
in [12], is characterized by the next result.

Theorem 4. We have
roty, (62)rots, (61) = r0tR ;1 (iiy) (G1)T0t, (62),

or
roty, (&2)roty, (&1)rots, (—¢2) = fatR(ﬁZ,gz)(ﬁl)(CO-

Proof. We have to show that I'/O\tﬁo (&o) = r/o\t% (¢;) where

rots, (&2)roty, (&1) = roty, (o),
rotg , (i) (6110t (§2) = Toty (&f).
But
cos(&/2) = cos(&2/2)cos(E1/2) —sin(E2/2) sin(&;/2) (i - 7)),

sin(&o/2)dyg = cos(&1/2)sin(&r/2)#y + cos(&r/2) sin(&y/2)# + sin(&r/2) sin(&y/2) (7 X 1),
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and
cos(8y/2) = cos(£1/2)cos(8r/2) —sin(&1/2)sin(&r/2) (R(ﬁzgz) (1) - ﬁz) ,
sin(Gp/2)iy = cos(G2/2)sin(81/2)R, &) (1) + cos(81/2) sin(§2/2)7a
%—shﬂ@l/Z)shﬂgz/Z)(Rﬁbgﬁ(ﬁl)x ﬁz).
Since
Reiiy,e2) (7i1) = cos(&p)7iy + sin(&r) (i x #i1) + (1 — cos(&r)) (iip - 7i1) #p,
we have

Ry &) (1) - 1ip = 1y - T,

Ryt &) (fi1) X 1ia = sin(&y) (1 — (fip - 7i1) 1i2) — cos(G2) (72 X 7i1) .

So we get the first result by direct substitution and simplification. The second result follows directly from
the first one. [

As a consequence, we have the following results.
Corollary 4. For rotations in R® we have

Ry &) Riing1) = RR(ﬁz,gz) (i) (1) R i 25)

or

Ry e Rt ) Riin,~22) = RR(ﬁz,i;z)(ﬁl) (61)-
Corollary 5. Let & € (—m, ] and 7i € R® be given. Let i}y = iy = i, and
(71, G1) is given, and i) = Rz, #) (7 1) for 1=1,2,3,....

Then
roty (&) = roty, (&) - - roty, (&1)rots, (§)roty, (—&1) - - oty (—G1).-

Proof. We have

rot (§) = rOtR(ﬁl,,;l)(ﬁgfl)(C)

= 1oty (§1)roty_ (§)roty (—¢)

= 1oty (&) - - - Toty, (&1)roty, (&)roty (—&1) - - - oty (—&;).

O

Example 1. [1,2,6] Consider Euler angles, so # = (sin(0) cos(¢), sin(0) sin(¢), cos(8)). We verify directly that

i =Rz, (Rg,0) (@)

So, it follows that
rotﬁ(g) = rOtR(Ez,w) (R(gy 9)@))(5)
= roty, (GO)T/&R@M (&) (&)rotz, (—¢)
= 1ot ()10t (6)roty, (§)roty, (—6)rots (—¢)

11. Decomposition of rotation
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The decomposition, or splitting, of a rotation into a sequence of two or more rotations is an important
problem in mechanics, associated to robotics in R? [5,13], and in quantum computation, associated to gates in
C? [6]. Thanks to the correspondence between rotations in R? and rotations in C2, we present in this section
some recent decompositions of rotations in C> whose proof are based on decompositions results for rotations
in R3 presented in [4].

11.1. Computation of angle

We will use the trigonometric function atan2(-, -) to evaluate angles of rotation. This function is defined
at every point (x,y) # (0,0) in the plane R? [14]. Its value is uniquely determined by

¢ € (—m, ],
¢ =atan2(y,x) iff ¢ cos(¢) = x/\/x%+y?
sin(§) = y/Vx2+y%

11.2. Decomposition into two rotations

The first decomposition problem that we consider is the decomposition of a rotation as the product of
two rotations. Two cases are considered. In the first case, we look for two axes for half-turn rotation. In the
second case, the axes of rotation are given and we look for the angles of rotation.

11.2.1. Given angle : half-turn

For a unit vector # and an angle ¢ € (-, 7] given, we would like to find two unit vectors 7; and 7, such
that
rot; (§) = roty, (7r)roty, (77).

This result is used in [13].
For arbitrary #; and #,, and for ¢; = 7 = ¢, the product of the two rotations leads to

—

cos(¢/2) = cos?(r/2) —sin®(r/2) (7 - 7iy) = T - 7y,
sin(¢/2)ii = cos(7t/2)sin(r/2)i; + cos(7/2) sin(7/2)7i, + sin®(71/2) (7 x ;) = i X iy,

—

so 7i; and #, are orthogonal to #. We can select any unit vector 7i, orthogonal to 7i and set 7, =
—Rjiz/2)(fir) = Ryjig/2)(—1ir), which is the same thing as selecting any unit vector 7; orthogonal to 7i and

set il = =R _g/2) (1) = Rz —g/2) (—101)-
11.2.2. Given axes

This problem is addressed in [4,5].

Theorem 5. Let a unit vector i and an angle & € (—rm, 7| be given. For two given unit vectors #;, and #, such that
ii; x i, # O, the following two statements are equivalent:
(i) there exist two angles ¢; and ¢, € (—m, 7| such that

rot;; (&) = roty (&;)roty (&),

or
Riig) = RaenRaiye)r
(ii) 7, ~R(ﬁ,¢)(17ir) =1 - #;.
Moreover
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o {; = atan2(by, a;), where

o ¢, = atan2(by, a,) where

11.3. Decomposition into three rotations

Now we consider the following more complex problem studied in [4,5] for rotations in R3.

11.3.1. Statement of the general problem

Problem 6. Let a unit vector 7i € R® and an angle ¢ € (—, 7] be given. Let us consider three arbitrary given
unit vectors 71, 7y, and 7i3 in R3. Does there exist three angles ¢1, ¢2, and (3, such that

rot;; (§) = roty, (&3)roty, (&2)rotys, (¢1),

or, equivalently,

Rig) = Reig,e5) Reiin &) Ry )

This problem is solved by first considering conditions for the existence of ¢, and then we determine ¢
and 3.

Looking for ¢>. We first observe that
iz + Ry 23) Rota 02) R 1) (1) = Pz + Ry ) (7).
So if the problem is solvable, we will have
fi3 - Rz, ¢, (111) = 13 - R o) (71).
The right-hand side is a quantity fixed by the data of the problem, so let us set
fi3 R (i) =V e [-1,1].

Theorem 7. Let V € [—1,1] be a given real number. There exits {p € (—7t, 7t] such that

—

a - Riry ) (1) = V,

if and only if

Moreover, let

and set
A = (ﬁzXﬁ3 : H2)(1711), a = A/L,
B = ﬁz' ﬁ1Xﬁ3), and b = B/L,
C (V— ﬁ2~ﬁ3 (ﬁ2~ﬁ1)>, ¢ = C/L.
Using
a = atan2(b,a) = atan2(B, A) € (—mn, 7|,
and

B = atan2(\/1 —¢?,¢) = atan2(\/L? — C%,C) € [0, 7,
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we get
Cz = Déﬁ:ﬁ.

Looking for ¢; and 3. To determine ¢; and ¢3 we have to consider two situations: R(ﬁ@ (1) # =iz or
Ry g (1) = +iis.

Theorem 8. Let us assume that there exists ¢y such that

=

i3 - Rz (1) = i3 Rz, ) (1)
If R ¢ (7i1) # i3 then there exists unique &y and &3 in (— 7, 7t] such that
rot;; (&) = roty, (£3)roty, (52)rot;, (&1).

or, equivalently
Reig) = Ry g3) R 0 Rt 1)
e {q is given by & = atan2(by, a1) where

mn = (R(ﬁ,—g)(ﬁS) X 1iy) - (R(;,—Z,_gz)(ﬁg) X 1),
by = i (Ri—g)(7i3) X Rjiy,—g,) (7i3)

a3 = (Rezg (i) x 7i3) - (R, (7i1) X 7i3),
by = i3+ (R, (fi1) X Rz g (i)

The next result is the equivalent Gimbal lock problem in R? for rotations in C2.

Theorem 9. Let us assume that there exists ¢y such that

—

i3 Rjig) (i) = i3 - Rz, ) (711)-
IfR5 ) (7i1) = i3 then there exists a unique Jz such that for any &y and &3 for which
rot; (&) = roty, (&3)roty, (&2)roty, (81).
or, equivalently
Riig) = Retia i Rinta) R n)
we have &y & {3 = 0z where 6z = atan2 (b, a) and
a = (_'2 X R(ﬁ,
b = i Rep
11.3.2. Orthogonal axes of rotation

Under an orthogonality condition the problem is always solvable.

Theorem 10. If i1 and i3 are orthogonal to #iy, then the necessary and sufficient condition of Theorem 7 holds true.

11.4. A mysterious looking example

The next result, called “mysterious looking theorem” in [1] for the special case (i1 = 7i3 = &, i, = €y,
and @ = €y), is a key result for the construction of controlled multi-qubit gates in quantum computation [1]. It
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is related to closed rotation sequences [15].

Theorem 11. Let us suppose given four angles of rotation 6; € (—r, 7] (I = 0,1,2,3), and their four corresponding
axes of rotation iy (I = 0,1, 2,3) such that

rots, (€o) = Toty, (&3)rots, (&2)rots, (&1).
If iy = #s3, then there exist A, B, and C, such that
ABC = 0,,
and, for any unit vector W orthogonal to #; (I = 1,2,3), we have
roty, (§o) = Arotg (1) Brotg (7)C.

Proof. Let us set

A = roty, (&s)rots, (82/2),
B = roty,(—&/2)roty, (—£552),
C ﬁﬁ](§1£§3),
then
ABC = rot;; (¢3)roty;, (—C3)
So

if and only if 7i; = 73 for arbitrary angle 3. Moreover, for any unit vector @ orthogonal to 7; (I = 1,2,3), we
have

roty(m)(it;) = —ii; for 1=1,2,3.

So
At BirC =ity (65)0ts (E2/2) R0k () 0ty (—E2/2) 0k, (— 1420t ()0t (1 52)
— — _ - + - ,\ _
:rotﬁa(@'3)rotﬁ2(§Z/Z)rotﬁw(ﬂ)(ﬁz>(—(:2/2)rotr3tw(ﬂ)(ﬁl>(—%)rotuﬂ,(Zn)rotﬁ] (f’r1 3 53)

oty (870t (82/2)70E g, (—Ea/2)i0ty, (— 1Tt (123

2 2
=r0ty, (£3)roty, (&2)roty, (£1)
=rot;, ({o)-

O

12. Conclusion

In this introduction to the mathematics of quantum physics and quantum computation, we put emphasis
on the basic mathematical aspects of definition and operations on qubits. We started by a comprehensive
introduction of a qubit as a unit element of C?, and its representations on spheres in R3. This introduction
lead to the interpretation of Pauli operators as basic rotations in R®. Then we studied unitary operators, and
their link to rotations in R® has been established with the density operator associated to a qubit. Formulas
for the composition and non-commutativity of two rotations have been established. We completed this paper
by some problems of decomposition, or splitting, of unitary operators on C?, and rotations in R3, which are
related to gates for quantum computation.
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