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Abstract: In this paper, we present a numerical solution to the fractional differential equation governing
water pollution. The Caputo derivative will be used to model water pollution. For the numerical solution,
we propose a fractional numerical scheme and use it to generate figures with mathematical software. We

analyze qualitative properties of the determination of equilibrium points and examine their stability. We
have analyzed the influence of the order of the fractional derivative on modeling pollution problems.

Keywords: fractional derivatives, numerical scheme, water pollution, stability analysis, Caputo derivative

MSC: 34A08, 65L12.

1. Introduction

W ater plays an important role in the lives of organisms and people. In many countries, water is an
important resource because citizens use it for drinking, bathing, and other purposes. Water also

generates electricity, thus playing an important role in a country’s economy. Thus, it is important to us that
this water remains unpolluted. In the present investigation, we focus on this sensitive environmental subject.
The role of the mathematician is to model water pollution to predict it. The report generated by these models
should be given to the government to determine how to combat water pollution and what it means for the
economy. In this present investigation, we model using a fractional derivative. The field of fractional calculus
has many applications across engineering, physics, epidemiology, and other fields. Its advantage is that it
captures memory effects, unlike classical models without fractional operators. In fractional operators, there
exist many types; we can cite the Caputo derivative [1,2], the Riemann and Liouville derivative [1,2], the
Caputo and Fabrizio derivative [3], and the Antangana and Baleanu derivative [4]. There also exist many
other similar fractional operators.

Numerous studies in the literature treated various aspects of water pollution. We enumerate some papers
in this part. The authors Ahmed et al. [5] have examined the dynamics of pollution in a lake system. They
conducted a comparative analysis of several fractional operators to determine which best captures the memory
effects inherent in water flow and pollutant decay. Alsaadi [6] has introduced a hybrid model. They have
used fractional artificial intelligence to analyze water-quality management strategies. The authors of the
following paper [7] present a mathematical analysis of pollutant transfer. Atangana and co-authors have
presented in [8]. They demonstrated that the nonsingular derivative operator effectively resolves mathematical
singularities commonly encountered in classical integer-order models. Atangana and co-authors [9] developed
an epidemiological model for river blindness. They have employed fractional calculus to predict disease
transmission in relation to water-associated environmental factors. In [10], Bohaienko and Bulavatsky have
proposed solute migration during groundwater filtration and have argued that the use of the k-Caputo
derivative is more adequate for modeling transport through heterogeneous soil layers. In [11], Bohaienko et
al. have used Particle Swarm Optimization to calibrate parameters for a water transport model. The y-Caputo
derivative has been used for flexible modeling. In [12], the authors have explored the chemical degradation
of industrial textile dyes using metal nanoparticles. Derivatives, such as the Caputo-Fabrizio derivative, are
used to model nonlocal transport. In [13], Ebrahimzadeh et al. have introduced an optimal control framework
for water pollution. The objective is to identify the most cost-effective and efficient cleaning strategies for
contaminated water bodies. In [14], Igbal et al. have proposed the existence and uniqueness of solutions for a
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water pollution model. They used the predictor-corrector numerical scheme for the numerical simulation.
In [15], the authors have proposed a new transform technique to analyze time-fractional equations. The
method is applied to water pollution models and the Bloch equation in physics. The authors have modeled
environmental water pollution using fractal-fractional operators in the following paper [16]. Naik et al. have
investigated the dynamics of ocean pH using the Caputo fractional derivative in modeling (see, for example,
[17]). The investigation described in [18] examined soil pollution caused by heavy metals and agrochemicals.
In [19], the authors investigated a numerical scheme for a pond pollution model. For example, Saadeh et al.
[20] analyzed the stability of a novel fractional model and substantiated their theoretical results by comparing
the model’s outcomes with empirical environmental data. Sabir et al. [21] applied machine learning methods
to solve and analyze fractional-order water pollution models numerically. Singh et al. [22] have worked on
fractional diffusion equations in the context of oil spills. Finally, the authors Zhang et al. [23] modeled the
transmission dynamics of Leptospirosis, a waterborne disease, and used optimal control theory to propose
strategies to mitigate transmission in aquatic environments.

In this section, we define a particular class of the fractional differential water pollution model described
by the Caputo derivative, which is in the following form

DW= A—-ayWS —ayWI+par]l —uW
D*S = ayWS+0I— (61 +u)S+9T
D*I =  ayWI—pap]l — (6460, + u)I
DT = 61S+6,1—(u+7)T,

)

with the positive initial condition for our model described by the following,
W(O)=Wy>0, S(0)=85 >0, I1(0)=I>0, T(0)=Tp>0,

where the state variables are given in the form: W: number of polluted water sources (WSs), S: number of
WSs susceptible to pollution, I: number of WSs infected due to water pollution (WP), T: number of WSs
recovered due to treatment (insoluble class). We describe the parameters are denoted as the form that: A is the
recruitment rate of new water sources (or pollution sources), a; is the rate at which susceptible sources become
polluted due to contact with polluted sources, a; is the rate at which susceptible sources become infected due
to contact with infected sources, p is the fraction of infected sources that contribute to new pollution, y is the
natural removal rate of water sources (drying up, cleanup, etc, ¢ is the rate at which infected sources recover to
susceptible (without treatment), 0; is the treatment rate for susceptible sources (moving to treated class), 0, is
the treatment rate for infected sources (moving to treated class), <y is the rate at which treated sources become
susceptible again. In the present investigation, we use a mathematical model to study water pollution and to
determine how to combat it by estimating the pollution number, a key parameter in pollution modeling. We
find it pertinent because it will tell us when the pollution persists and when it dies. In this paper, we will
review the literature on environmental shaping to reduce pollution. It is important because the government
can use the present model in water governance. The second main objective is to see the influence of the order
of the fractional derivative in environmental modeling.

We conclude the introduction by outlining the paper’s structure. In the §2, we describe the preliminaries,
in which the necessary tools are recalled. In the §3, we describe the main findings of the present paper: we
determine the equilibrium point, assess local stability using the Matignon criteria, and propose a numerical
discretization of the pollution model. In §4, we present the numerical simulation. In §5, we propose a method
to control water pollution and give some recommendations.

2. Preliminaries on fractional calculus

This section reviews the operators, lemmas, and theorems required for our research on the model
under consideration. We will review the Caputo derivative, as it will be the fractional operator used in the
investigation. In addition, we review the fractional integral, as it will be used in the discretization process and
with other fractional operators.
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Definition 1. [1,2] Let the function defined as the form u : [0, +oo[— R, then we represents the called
Riemann-Liouville integral utilized in fractional calculus as the form that

() (1) = ey [ (=9 o), )

whereI'(...) is the Gamma Euler function, and the order is represented by «, with respect to the « > 0 condition.

Definition 2. [1,2] Let the function defined as the form u : [0, +oo[— R, then we represents the called
Riemann-Liouville derivative utilized in fractional calculus as the form that

1 a [t _
D% =" - / —s)%ds,
u(t) Tt Jo u(s) (t—s) “ds ©)]
where t > 0, and the order of the fractional operator describes the condition that « € (0,1).

Definition 3. [1,2] Let the function defined as the form u : [0, +0o[— R, then we represents the called Caputo
derivative utilized in fractional calculus as the form that

D*u(t) = 1,(11_“) /Ot (t—s) “u'(s)ds, 4)

where t > 0, and the order of the fractional operator describes the condition that « € (0,1).

One of the advantages of the Caputo derivative is that the derivative of a constant number is zero, as
seen directly in Eq. (4). The actual reason for choosing Caputo derivatives is compatibility with classical initial
conditions.

The Laplace transform can be used to represent the analytical solution to a fractional differential equation.
The Laplace transform of the Caputo derivative, when the order is within the range of « € (0,1), can be
represented in the following form:

L{(Dgu) (1)} =s"L{u(t)} —s*1u(0). ®)
3. Mains findings

In this part, we present the numerical scheme for the model under consideration. We first consider
the model and obtain the analytical solution using the inverse Laplace transform. The fractional differential
equation under consideration can be rewritten in the form

D*y =F(ty). (6)

For simplicity in our numerical scheme, we have considered that y = y; = (W,S,I1,T). We use the
function defined by F;, F>, F3, and F; expressed respectively by the following form

v1) = A—ayWS —aoWI+ parl — uW
1) = WS +0I— (61 +u)S+9T
y1) = WI—par] —(6+6+u)l
yi)= hS+6I—(u+)T.

In the first section of this investigation, we prove that all solutions to the model under consideration are
positive. With the first variable W, the number of polluted water sources, omitting the positive terms, we have
the relationship

D*W = A + papl — [aqS + apl + ] W )
D*W > — [a1S +apl + | W > — [ag +ap + ] W.
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Applying the Laplace transform to the previous equation, Eq. (7), we get the form defined by the
following expression that

$"W(s) —s* TW(0) > — [y + az + ] W(s)
(s) [ + [a1 + a2 + p]] > s*7'W(0) ®)
(5) > s W 0).

= =

By taking the inverse Laplace transform of Eq. (8), we obtain the relationship given in the form that
W(t) > W(0)Ey(— [a1 +az +u]t*) >0, ©9)

with E,(z) denoting the so-called Mittag-Leffler function defined as:

Z uck +1)° (10)

We continue with the variable S representing in the model the number of WSs susceptible to pollution;
we do the same reasoning as we have that

{D“S:a1WS+51—(91+y)S+7T an

D*S > —(61 + u)S.

Repeating the same procedure in the calculation and inverting the Laplace transform, we get the form
that
S(t) > S(0)Ea(— (61 + pu] £%) > 0. (12)

We provide a proof of the positivity of the variable I, which denotes the number of WSs infected due to
water pollution. We have the following transformation before applying the Laplace transform

DI = apWI — papl — (64602 + )1 13)
DI > — [pag + 6+ 62+ p] I.
We get a relationship for the number of WSs infected due to water pollution, and we have that
I(t) > I(0)Ea(— [pag + 0 + 62 + ] t*) > 0. (14)

The last variable completes the proof of the solution’s positivity. The procedure is also the same; we have
the following relationship

DT = 0,5 + 0,1 — T
{ 1S+ 00— (u+7) (15)

DT > —(u+v)T

Then the number of WSs recovered due to treatment (insoluble class), denoted by the variable T, satisfies
the relationship that
T(t) = T(0)Ea(—[p+7]t*) 2 0. (16)

The second section proves the condition under which the solutions of the water pollution model are
bounded. The total population is given by

N(t) =W () +S(t)+1(t)+T(t). (17)
Applying the Caputo derivative to the previous equation, we get the form that

D*N(t) =D*W (t) + D*S (t) + D*I (t) + D*T (t)
DN(t) =A—u[W(t)+S(t)+1(t)+T(t)]
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D*N(t) =A—uN(t).
We apply the Laplace transform to the previous differential equation, and then we get the form that

SR (s) — s IN(0) :% — N (s).

We isolate the factor N(s) out, and we obtain the form defined by the fact that

N(s) [5* + 9] =" 'N(0) + =
a—1
N(S) :;‘TVN(O) + S(S“/:—]/l)
S = [1- ] O
Hls s*+pu st +u

Using more decomposition with the terms involving the Mittag-Leffler transform, we get the form:

a—1

N(s) = 21+ -2 +N(O)| &5
N(s) =241+ (N(o) - %) S

We taking the inverse Laplace transform L£~!, we obtain the solution defined by the following
relationship:

(18)

N(t) = 2 n (N<o> - 2) Eu(—pt*). 19)

We can observe that as time tends to infinity, the term in the Mittag-Leffler function in Eq. (19) tends
to zero. Furthermore, adding the condition that N(0) < % in Eq. (19), the total population satisfies the

relationship defined by the form
A
N(t) < = (20)
K
Under the conditions described in Eq. (20), we can confirm that all solutions of the present model are
well-bounded. The solution of the fractional differential equation represented in Eq. (1) can be written in the

form that

y(t) =y (0) + I"F (t,y). (21)

For the application of the numerical scheme, we let the discrete point f,,, and we apply it to the analytical
solution in the form of the analytical solution, and we get

W(t,) =W (0) + I*F; (tn,y1), (22)
S(ts) =S (0) + I*F> (tu, y1), (23)
I(ty) =1(0) + I*F3 (tn, 1), (24)
T(tn) =T (0) + " F4 (tn/yl) (25)

where we set that y; = (W, S, I, T). We apply the predictor corrector scheme, let h the step size, tp = 0 and
= to + h, we get the form described by the form that

W(t,) =W (0) + h*

_() +2Kn ]Fl(]’y1])+K(g )Fl (t yl)] (26)
j=1

S(ty) =5 (0) +

(@) @ @5 (4 P
) (0) + Z Kn_]-Fz (t]‘, ylj) + K F (t, yl)‘| , (27)
j=1
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n—1
I(t) =1(0) +h* |&§VF (0) + Y € B (t5,0) + x5 Fs (t,y{’)] , (28)
=1
(®) @) (®)
T(ts) =T (0) + 1" |%y'E4 (0) + Y_ K, iFa (ti,y1j) + x5 Fa (t,yf)] , (29)
j=1

and the predictor of the components of the model under consideration (1) is represented in the form that

n—1
WP () =W (0) +h* Y- w1 (t,w17), (30)
j=1
n—1
SP(t,) =5 (0) + h* y_% Kffjjlez (1) (1)
]:
p n—1 (@)
I"(ty) =I(0) +h"* ) Ko i 1F3 (ti,vaj) (32)
j=1
n—1
Tp(tn) =T (0) + h* Z Ki(:i)jflp‘l (tj/ylj) . (33)
j=1

The values of the parameters in the predictor function are described in the following lines; see [24] for
more details

@, m=1D"—n*(n-a-1)
"= T(2+a) ’ (34)

with n describing that 1,2, ..., and furthermore we have the equations that

K

+1 a+1 a+1
(x) _ 1 (x) _ (1’[ — 1)“ —2n + (7’[ + 1)
x\*0 71"(2—#&) and x\“n T2+ . (35)

To finish the description of the numerical scheme represented in this section, we have the discretization
of our previous function given by the form that

(thyij) = A —aaW;S; — maWilj + payl — uW;
(tiyij) = aW;S;+ 61 — (614 u)Sj + 7T;
(ti 1)) = W — pagli — (6 + 02+ p)I;
(tiy15) = 61Sj+ 621 — (4 +) T

(36)

We finish by analyzing the convergence of our numerical scheme. We consider the approximate and
the exact solution. We set W (t,),S (ts),I(ts),T (tn), be the approximate solutions of the system (1) and
Wi, S, In, Ty, is the exact solutions of the model (1), the residual functions [24], are given as the forms

W (tn) — Wy| =O (hmi“{"‘“rz}) (37)
S (tn) = S| =0 (Hmintes12}), (38)
[1(ta) = Io| =0 (hmintst12}), (39)
T () = Ta| =0 (hmintes12}) (40)

The convergence is obtained as the step size h considered in the discretization approaches zero. Finally,
we can affirm that, after a sufficient number of iterations, the approximate solution converges to the exact
solution, as shown in the numerical simulation for our current model. For more information on the numerical
scheme described in this section, and its implementation in software, see the Garrapa paper [24].
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In this part, we analyze the local stability of the model’s equilibrium points. The first step will be to
determine the model’s equilibrium points. We have to solve the equation in the given form.

F(t,y) =0, (41)

where the function F = (F, F,, F3, F;) is given by the following representations as described in the model
described in Eq. (1)

F (ty1) =A —aqWS —apWI + pay ] — uyW
E (t,y1) =y WS+ 61— (61 + u)S+9T
F5(t,y1) =aaWI — pagl — (6 + 6, + )l
Fy(t,y1) =618+ 621 — (u+7) T.

We have to solve the equation given by the relationship described by

0=A—a;WS —aoyWI+ par] — uW
0=y WS+06I — (61 +u)S+T

0 =aoWI — papl — (6+ 60, + )l
0=0S+6I—(u+)T.

We obtain the trivial equilibrium, and two other equilibrium points are obtained after resolution. The first
equilibrium point is of the form
A
Ay = (,0,0,0) .
K

And the second equilibrium point after the trivial equilibrium point is given by the form
Al = (W*/ S*/ O/ T*) Vi
where the details are described as

W Py +61+p)

wr(y +p)
g _Am(y+p) — (1 + 6 +p)
ayp(y + p+61)
I* =0
e _OlAa(y +p) —#2(7+91+#)]'
ayp(y +p)(y +p+01)

The last equilibrium point, called the endemic equilibrium point in the literature, is described in the next
lines
Ay = (W*, 8%, 1%, T"),

where the details are

:5 +u+6, +p
3
o _ (07 + 6+ 702) [1(0 + p + 62 + aop) — Aay]
plag(y 4+ p) (6 + p+ 02+ azp) — an(8y + Su + ¥02 + uby + 6102 + u2 + 16,))
(2 + 14 + 1t + aopup — Aag) [aap(y + i+ 61) —aa (7 + ) (8 + 1 + 62) (1 + azp)]
g [y (7 + ) (0 + p+62) (1 + azp) — aa(0y + op + v02 + p2 + by + b + 6167)]
e — (B2 + 0 + Op + aapip — Ang) - [2(061 + i + 0107) — 1026+ pt + 0 + ap)]
ap [ar (7 + 1) (8 + p +602) (1 + azp) — ax(3y + 0p + ¥02 + p2 + uby + pbz + 616)]

W*
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The equilibrium points previously described are obtained using the MATLAB code. It is important to note
that the model under consideration will be calibrated later to avoid negative quantities in the equilibria. The
expressions are complicated to describe, but we aim to give their explicit forms in the present investigation.
Now, to analyze the local stability, we use the Matignon criterion described by the form

jarg (A (Jac))| > . “2)

We now give the form of the Jacobian matrix, which we have described in the following form

—a1S —apl — - W —aoW + pay 0
] a1S W — (61 + p) ) 0%
ac =
ol 0 ar,W — (prxz+5+92+y) 0
0 61 62 —(u+)

We now proceed to study the local stability of the trivial equilibrium point. We evaluate the Jacobian
matrix at the trivial equilibrium point, and then we obtain the form.

T ST
a A
]EIC(AQ) — 0 17 - (91 +V) A 0 Y
0 "‘27—(p0q+5+92+;4) 0
0 61 62 —(p+7)

The eigenvalues of the Jacobian matrix can be obtained with MATLAB code, and we get the form
described by the following

/\1:—]/1
ar A
/\2:27*()0(2*(5*92*‘1/[
H
ZPAN A 2 2PAN
;{%2ﬂ7i¢<1ﬁzﬂ’0 4%%&%+7)(ﬂ+ﬂ§1
Aza =

’ 2

We notice that due to the negativity of the previous quantities, the eigenvalues satisfy the condition
larg(A1)] = |arg(A2)| = |arg(Asz4)| = 7. According to the satisfaction of the Matignon criterion (Eq. (42)).
Thus, the trivial equilibrium is locally stable. With the second equilibrium point A;, the Jacobian matrix at this
equilibrium point is given by

—a150 — p —1Wo a2(p — W) 0
B 1S wyWo — (01 + 1) o 7
Jac(Aq) = 0 0 o Wo — (pa + 6 + 6, + 1) 0 ’
0 0, 62 —(u+7)

where we set the form that

p(Or+p+v) 1(A ) 6
Wy Matery) o L (AN o So,
T (k) 07w \Wo T

and furthermore K = y + . The first eigenvalue is given by the number in the third line and the third column;
we get the form that

A =ar Wy — (thz +0+6,+ ]/l)

_wopu(Br+p+7)

—(pay +6+60- +u).
a1 (p+7) (a2 2+ 1)
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The rest of the eigenvalues follow from the simplified matrix given by the form

—a1S0 — | -1 Wy 0
] = «1S0 a1Wo — (61 + ) Y
0 61 —(p+7)

We determine the characteristic polynomial function described in the present context in the form
represented as

)\3 + ﬂl)\z + {12)L + asc,

where
v61
ay =a1Sg + 24 + vy + ——
1 190 HT T
ay = (@150 + 1) {#JFYJF 761 ] + aiWoSo
ety

as ZDC%WOS().

We can observe that a; > 0, a, > 0, a3 > 0 and satisfy the condition aja; > a3; thus, the Routh-Hurwitz
condition is satisfied, proving as well the satisfaction of the Matignon condition. Then we get the local stability
at the second point.

We continue the investigation of local stability with the two other equilibrium points. The Jacobian matrix
is given in the form described. The Jacobian matrix at the endemic equilibrium A, = (W*,S*, I*, T*) is:

—1S* —ap* — — W* -D 0
w1 S* woW*— (01 +u) 6 v
Ay) = ,
Jac(42) wy I* 0 0 0
0 01 #, —K

where the constants are defined as:
D=6+6+u, K=u+v,
and the equilibrium values satisfy:

5+6
i

W =p 0

And we also set that

S*:—QI*, I*:A—ipﬂ/\f’ T*:w,
Cs p_aW Cr Bty
Cs
with 0 0
Yo2 * Yo1
Cr=0+-C2,  Co=mW* — (6 +p) + 1.
I = s = (61 + p) o

We also notice in the Jacobian matrix at the endemic equilibrium point, described in the matrix Jac(A;),
that the value in the third row and third column is zero because

W — (pag + 6+ 62 + 1)
is considered at W*, thus giving the following calculations.

auW* — (pag + 5+ 02+ p) =pag+ 5+ 602+ — (pag + 6+ 602 + 1)
aW* — (paz 46 + 62 4 ) =0.
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The last step is to determine the eigenvalues of the Jacobian matrix associated with the equilibrium point
Aj and to verify when they satisfy the Matignon criterion described by the form that

farg (A ()] > 5 (43)

We are now estimating a pollution number, similar to the pollution number in epidemic modeling. The
pollution number, denoted by Ry, is derived using the next-generation matrix method. We consider the trivial

equilibrium point Ay = (%, 0,0, 0) , where the considered compartments are I (number of WSs infected due

to water pollution) and W (number of polluted water sources). We consider the second and third fractional
differential equations in Eq. (1) and set S = 0. After replacement and calculation, we obtain the form that

DY =arWI — (thz +6+0,+ ]J)I
D*W =payl — uW.

Note that we have inverted the order of the equation to simplify the calculations, and we also follow the
classical methodology for determining the pollution number, which we call the pollution number in our paper.
In the previous equation, we consider the following terms for the variable changes

]__:<0¢2WI>, V:<ptx2+5+92+y)l>' )
ol uW

Then the Jacobians of the new term F and V with respect to the new variables (I, W) calculated at the
new trivial equilibrium point are given in the form that

or, 971 JRA
- ol W o 2—
F=| on 5 —( ”0> 4
ol W P2
m +o+6h+u 0O
_ ol W _ [ pr2 2 T H
L A —< 0o ) )
ol oW
By calculation, the inverse of the matrix defined in V, and then the inverse of the matrix V is given in the
form
1 prrsmaeeerillL
V= a2 0 2TH 1 . 47)
H

Finally, the next-generation matrix is obtained as follows and is well documented in the literature on
epidemic modeling. We have
0(2/\ 0
Fv—1l = < p(paz+0-+6+) ) (48)
P2 0o/’
pap+0+0+u

We get the pollution number Ry by calculating the spectral radius of the matrix given by the form FV 1,
and we obtain the pollution number value:
DQA

Ry = . 49
O uoaz+6+ 02+ 1) )

4. Numerical simulation

In this section, we analyze the graphics obtained from numerical simulations using the Microsoft Office
Excel code for the numerical scheme described in this paper. For the convergence of the solution obtained
with the numerical schemes, we set the number of iterations to N = 387. Let the step size h = 0.0775 and the
interval time is [0,30] for illustration. Note that the step size depends on the interval used and the number
of iterations. The initial condition are defined as follows W (0) = S(0) = I(0) = 5, and T (0) = 0. We
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consider two cases in our simulation to see when pollution persists and when it dies out. We set in our first
case A = 0.005; a3 = 0.02; ap = 0.03; p = 0.1; u = 0.05; 6 = 0.1; 8; = 0.01; 6, = 0.02; v = 0.05; and we
consider different orders of the fractional operator given by a = 0.65;0, 75,0, 85;0,95. The authors estimate the
values presented in this section to illustrate the paper’s main findings and do not reflect a real-world context.
We have the following Figures 1a,1b,2a,2b.
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Figure 1. Dynamics with & = 0.65 (a). Dynamics with & = 0.75 (b)
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Figure 2. Dynamics with a« = 0.85 (a). Dynamics with « = 0,95 (b)

We note that the number of polluted water sources, WSs, may initially be high, then decay or stabilize. The
number of WSs susceptible to pollution increases until it reaches a maximum, then decreases as the number
of WSs infected by water pollution (WP) spreads. The number of WSs infected by water pollution (WP) falls
as recovery or treatment occurs. The number of WSs recovered due to treatment (insoluble class) rises, then
decays as treated recover. This also explains the value of the pollution number given by the form that

B 0.03 x 0.005
~0.05(0.1 x 0.03 + 0.1+ 0.02 + 0.05)

Ro = 0.01734. (50)

The conclusion is that the pollution will not persist, as the value is very low and less than 1. The
pollution will not persist, and the government will adopt this approach to combat pollution in the water
source. The pertinent question is how to control the pollution and whether it persists. In this case, we modify
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the recruitment rate of new water sources (A) and increase p, the fraction of infected sources that contribute to
new pollution. We also studied the sensitivity of the pollution number to y, the natural removal rate of water
sources. We set the following values A = 0,1; a1 = 0.02; ap = 0.03; p = 0.2, u = 0.02; 6 = 0.1; 6 = 0.01;
6, = 0.02; v = 0.05; we have the following Figures 3a,3b,4a,4b.
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Figure 3. Dynamics with a« = 0.65 (a). Dynamics with & = 0.75 (b)
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Figure 4. Dynamics with « = 0.85 (a). Dynamics with « = 0.95 (b)

Here, we note changes in the dynamics of our considered model; the novelty is that the behaviors increase
or decrease more slowly. We note that the number of polluted water sources, WSs, may initially be high, then
decay very slowly, but after a certain time it begins to increase slowly again. The number of WSs susceptible
to pollution increases to a maximum, then decreases slowly over time. The number of WSs recovered due
to treatment (insoluble class) rises, then continues to increase as treated recover. Finally, we observe that the
number of WSs infected by water pollution (WP) continues to decrease after its initial value. In the present
case, the pollution number also becomes

_ 0.03 x 0.1
~0.02(0.2 x 0.03 + 0.1 +0.02 4 0.02)

Ry = 1.027. (51)
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The pollution number Ry = 1.027 > 1. We have observed that an increase in the fraction of infected
sources contributing to new pollution and the reduction of , the natural removal rate of water sources, caused
pollution to persist. This can be explained by the pollution number being highly sensitive to the pollution
number, as observed by taking its derivative with respect to . Therefore, the recommendation is to reduce
this number if the government wants to stop water pollution. The influence of the order of the fractional
derivative can be observed in the graphics. In general, increasing the order of the fractional derivative does
not affect the pollution number. Still, the behaviors, in other words, the increase or the decrease, are retarded
when the order increases. We note the retardation effect. For example, when we take the number of WSs
susceptible to pollution, it gets its maximum value before t = 5 at order « = 0.65, see 3a, but when the order
is & = 0.75, the maximum value is attained after t = 5, see Figure 3b. Clearly, the order of the fractional
derivative affects the behavior.

5. Optimal control problem

In this section, we propose a control strategy to combat water pollution, a feature that is particularly
important for the present model. In our new model, we introduce two types of control, 11, representing
sanitation and water treatment. Its utility is to reduce the number of polluted water sources (WSs) and the
rates &1 and ap. We also introduce the second control term u,, whose utility is to increase the rate ¢ and to
reduce the transition from S to I. The model under consideration is given in the form that

D*W = A — (1 —up)agyWS — (1 — uq)agWI+ papl — (p + ug )W
D*S = (1 —up)ay WS + 61 — (64 + u)S+9T

52
DT = (1 —uy)aoWI — paol — (6 + 6 + p 4 up)I (52)
D*T = 01S + (92 + uz)l — (]4 + ’Y)T,
with initial conditions defined by the following relationship
W(O0)=Wo>0, S(0)=5>0, I(0)=1I>0,  T(0)="Ty>0. (53)

The objective is to minimize the cost function, which includes the total numbers of W and I in the water
pollution model, as well as the economic costs of the controls #; and u;. We have the following function

1

T
min  J(u,uz) = min /f{aw2+b12+2
0

1

2 2

cuy + —dus | dt, 54
uqup(-)e U uyup ()€U L M (54)

where 4,b,c, and d represent weight constants. The constant a influences the number of polluted water
sources, and the weight constant b affects the number of WSs infected by water pollution. The constants ¢
and d influence the control term, or the cost of the interventions, which is necessary in the calculations. The
measurable set U of admissible controls is defined as follows

U= {(ul, le),e Ll(O, Tf) : Ml(f) S [O,Mllmﬂx] ,uz(t) S [Oru2,mux] Vite [0, Tf]} . (55)

The control problem is well-defined because the cost function is convex (a quadratic form) and we work
in a compact set, so we can obtain the minimum or maximum value for the considered control problem. To
solve this problem, we use the fractional Pontryagin’s Maximum Principle. The form gives the Hamiltonian
function of the problem under consideration.

1 1
H(W,S,1,T,uy,us, A) =aW? +bI> + Ecu% + Edu%

+ A [A—= (1 —u)ayWS — (1 — ug)apgWI + pagl — (p+ uq)W|
+ A2 [(1 —uq)aqWS + 61 — (61 + 1)S + 9 T]

+ A3 [(1 = uq)aoWI — papl — (6 + 0 + pt + up)I]

+ A4 [01S+ (02 +un)l — (u+9)T].
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The adjoint equations are described by the following form, using the Riemann-Liouville derivative, as
in the literature on fractional calculus. Using the Hamiltonian function H, we have to solve the following
equations with respect to each state variable

oH oH oH oH

o _ o o _ g o _ g o _ g
D*A1 =~z D% a5 D3 or D=5 (56)

Using the expression described in the Hamiltonian function H, we get that, related to the first variable A,,
we have the following form

D*Ay = —2aW + Aq [(1 —ug)aq S+ (1 — uq)apl + (p +up)] — A2 [(1 — up)agS] — A3 [(1 — uqp)anl].
Related to the second parameter A, we have the following relationship
D*Ap =A1 [(1 — up)ay W] — A [(1 — up)ag W — (01 + )] — Agbs.
Related to the third variable A3, we have the following relationship
D*Az = —2bI 4+ A1 [(1 — up)agW — pag] — A20A3 [(1 — uq)aoW — pag — (6 + 02 + p + up)] — Ag(62 + up).
Related to the last parameter A4, we have the following equation
DAy = = Aoy + Ag(p + 7).

We express the transversality conditions with the final states W(Ty), S(Ty), I(Tf), T(T¢), the boundary
conditions at the final time T are described in the following relation:

M(Ty) = Aa(Ty) = As(Ty) = Au(Ty) = 0. (57)

We now propose the optimal control for our minimization problem and apply the following equations to
obtain the optimality conditions using the fractional Pontryagin’s Maximum Principle. We have to solve the

following equations:

oH oH
s =0 O (58)

For the first optimal control related to u], we apply the differentiation of the Hamiltonian function with
respect to the control 11, and then we obtain the form

oH
W =cuq + )\1 (0(1WS + DCZWI - W) - /\2(0(1WS) - )\3(0&2WI) =0. (59)
1

We solve according to 17, and we obtain the relationship described by the form

cuq :Al(W — WS — DQWI) + }\2(0(1W5) + )\3((’(2WI)

1
uj == [0yWS(Ay — A1) + aaWI(Az — Aq) + A W].

The same procedure is done to find the optimal control u3, and by differentiation, we get the form

described as:

oH
871/12 =duy — A3l + A1 = 0.

By solving the previous equation, we get the form described by the following for the control u:
duy = 1(A3 — Ay)

y I
Uy = H(/\a — Ayg).
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Under the bounded environmental models, by assuming the previous conditions, we mean using
condition Eq. (55), the form of the first optimal control for our optimal control problem is described as follows:

1
UT = max (0, min (ulrmux, - [0(1WS(/\2 — Al) + CKzWI(/\:; — )\1) + /\1W])> .

And for the second optimal control, we have the form described by

u5 = max (O, min (uzr,mx, é(/\g — )\4)>) .

We now provide an interpretation of our optimal control problem based on the results of our investigation.
The first control mechanism is most effective when the number of polluted water sources W is high, and the
number of WSs susceptible to pollution S remains large. Practical interventions include chlorine treatment,
filtration, and sewage management, which help reduce the number of polluted water sources. The second
control is proportional to the number of WSs infected by water pollution, I, and represents a reactive strategy:
as I increases, more resources are required.

6. Conclusion

In this investigation, we have developed a fractional-order model of water pollution. We have used the
Caputo derivative to model memory effects in environmental systems. We have determined the equilibrium
points of the fractional system, conducted the stability analysis, and provided the pollution number. Our
analysis supports the development of an optimal control framework to mitigate the socio-economic and
environmental impacts. Numerical schemes have been provided and implemented by the office to obtain the
graphics of the dynamics of the water pollution model. In general, it is noticed that the order of the fractional
derivative has a retardation effect on the behavior of the dynamics. It is also noted that manipulating the
model parameter plays a significant role in the extinction or persistence of water pollution.
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