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Abstract: In this paper, we study complete minimal submanifolds of Riemannian manifolds by employing
a generalized Bochner technique. First, we provide a generalization of the classical theorem of Chern,
Kobayashi, and do Carmo on compact minimal submanifolds to the case of complete parabolic minimal
submanifolds. Second, we investigate the rigidity of complete stable minimal parabolic hypersurfaces in
Riemannian manifolds, showing that under certain curvature conditions such hypersurfaces must be totally
geodesic.
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1. Introduction

M inimal submanifolds constitute a central topic in the calculus of variations and geometric analysis.
In this paper, we study complete minimal submanifolds of Riemannian manifolds by means of a

generalized Bochner technique, which provides effective tools for deriving rigidity results under curvature
conditions (see, e.g., [1–3]).

The classical Bochner method establishes deep relations between curvature and global properties of
Riemannian manifolds, particularly in the compact setting (see [4]). Its extensions to noncompact manifolds
require additional analytic input, typically in the form of maximum principles or Liouville-type theorems (see.
for example, [5–8]).

A natural framework for such extensions is provided by parabolic manifolds, i.e., complete Riemannian
manifolds that do not admit a positive Green function (see [2,9]). A basic sufficient condition for parabolicity
is finite volume, although this condition is not necessary. More generally, parabolicity depends on the volume
growth and the potential-theoretic structure of the manifold. In particular, parabolic manifolds form a broad
class that includes many geometrically significant examples.

The main goal of this paper is to extend classical rigidity results for minimal submanifolds to the setting
of complete parabolic manifolds.

First, we prove a parabolic analogue of the classical pinching theorem of Shiing-Shen Chern, Manfredo
do Carmo, and Shoshichi Kobayashi. In the compact case, this theorem asserts that a minimal submanifold
in a sphere satisfying a suitable pinching condition on the second fundamental form must be parallel. In
Theorem 2, we extend this result to complete parabolic minimal submanifolds, replacing compactness by a
Liouville-type argument for bounded subharmonic functions. We emphasize that the pinching condition is
nontrivial only in the case of positive ambient curvature, so the result is most relevant for space forms with
C > 0.

Second, we investigate rigidity properties of complete stable minimal hypersurfaces. In Theorem 3, we show
that if such a hypersurface is parabolic and admits a positive supersolution of the Jacobi equation, then it
must be totally geodesic. The proof relies on the Liouville property for positive superharmonic functions
on parabolic manifolds. While related rigidity results are known in the literature, the formulation given
here isolates a simple set of sufficient conditions combining stability, parabolicity, and a maximum principle
argument.
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As a consequence, we obtain a simplified rigidity statement (Corollary 2) under the assumption that the
Jacobi operator admits a positive solution. This allows one to reduce the geometric problem to a purely analytic
condition.

The paper is organized as follows. In §2, we establish a parabolic extension of the Chern–do
Carmo–Kobayashi theorem for minimal submanifolds in space forms of positive curvature (see [10]). In §3, we
apply Liouville-type arguments to derive rigidity results for complete stable minimal hypersurfaces.

2. Parabolic minimal submanifolds in Riemannian manifolds

Let (M, g) be an n-dimensional complete Riemannian manifold isometrically immersed into an (n +

k)-dimensional Riemannian manifold (M, g) of constant sectional curvature C, where k ≥ 1. Denote by ∇
and ∇ the Levi-Civita connections on M and M, respectively (see details in [11]).

For vector fields X, Y ∈ C∞(TM), the Gauss formula is

∇XY = ∇XY + φ(X, Y),

where φ is the second fundamental form, a symmetric tensor field with values in the normal bundle (see details
in [11]).

Definition 1. The mean curvature vector is defined by

H =
1
n

n

∑
i=1

φ(ei, ei),

where {e1, . . . , en} is a local orthonormal frame. The submanifold is called minimal if H ≡ 0.

Let g̃ denote the natural metric on the bundle TM ⊕ T⊥M. The squared norm of the second fundamental
form is given by

∥φ∥2 =
n

∑
i,j=1

g
(

φ(ei, ej), φ(ei, ej)
)
. (1)

Definition 2. A submanifold (M, g) is called totally geodesic if φ ≡ 0, and totally umbilical if φ = Hg.

We recall the following classical result due to Chern, do Carmo (see [10]), and Kobayashi on complete
minimal submanifolds.

Theorem 1. Let (M, g) be an n-dimensional compact minimal submanifold of an (n + k)-dimensional Riemannian
manifold (M, g) of constant curvature C. If (M, g) is not totally geodesic and

∥φ∥2 ≤ kn
2k − 1

C,

then (M, g) is a parallel submanifold and equality holds.

Remark 1. A submanifold is called parallel if its second fundamental form is parallel with respect to the Van
der Waerden–Bortolotti connection on TM ⊕ T⊥M (see details in [11]),

Next, we consider complete parabolic minimal submanifolds of Riemannian manifolds of constant
sectional curvature C. This class is broad enough to include a variety of geometrically significant examples,
and its richness depends on both the ambient geometry and the volume growth behavior. In particular, every
complete Riemannian manifold of finite volume is parabolic, providing a natural source of examples, although
this condition is not necessary.

We emphasize that the pinching condition in Theorem 2 is nontrivial only in the case C > 0. Therefore, the
most relevant examples arise in positively curved ambient spaces, such as spheres. In this setting, parabolicity
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provides a natural extension of compactness, allowing one to replace integration arguments by Liouville-type
principles for bounded subharmonic functions.

Theorem 2. Let (M, g) be an n-dimensional complete parabolic minimal submanifold (in particular, of finite volume)
of an m-dimensional Riemannian manifold of constant sectional curvature C > 0. Suppose that (M, g) is not totally
geodesic and that

∥φ∥2 ≤ kn
2k − 1

C.

Then (M, g) is a parallel submanifold. Moreover, equality holds in the above inequality.

Proof. Assume C > 0. Then the pinching condition in the statement of Theorem 2 is nontrivial.
We use the Simons-type Bochner formula for minimal submanifolds in a space form (see, e.g., Chern–do

Carmo–Kobayashi [10]):
1
2

∆∥φ∥2 = ∥∇φ∥2 +

(
nC −

(
2 − 1

k

)
∥φ∥2

)
∥φ∥2.

Here ∆ = div∇ is the nonnegative Laplace operator, and φ denotes the second fundamental form with
the usual normalization

∥φ∥2 = ∑
i,j

〈
φ(ei, ej), φ(ei, ej)

〉
.

The coefficient 2 − 1
k is the codimension-dependent constant appearing in the classical Chern–do

Carmo–Kobayashi estimate.
By the pinching assumption

∥φ∥2 ≤ kn
2k − 1

C =
nC

2 − 1
k

,

we have

nC −
(

2 − 1
k

)
∥φ∥2 ≥ 0.

Therefore
∆∥φ∥2 ≥ 0.

Moreover,

0 ≤ ∥φ∥2 ≤ kn
2k − 1

C,

so f = ∥φ∥2 is a bounded nonnegative subharmonic function on the complete parabolic manifold (M, g).
By the Liouville property of parabolic manifolds, every bounded nonnegative subharmonic function on

(M, g) is constant. Hence ∥φ∥2 is constant. Substituting this into the Bochner formula gives

0 = ∥∇φ∥2 +

(
nC −

(
2 − 1

k

)
∥φ∥2

)
∥φ∥2.

Both terms on the right-hand side are nonnegative. Hence, they both vanish. In particular,

∥∇φ∥2 = 0,

and therefore φ is parallel.
Since (M, g) is assumed not to be totally geodesic, ∥φ∥2 ̸≡ 0. Consequently,

nC −
(

2 − 1
k

)
∥φ∥2 = 0,

and hence
∥φ∥2 =

nC
2 − 1

k
=

kn
2k − 1

C.

Thus, equality holds in the pinching condition, and (M, g) is a parallel submanifold.
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Remark 2. The pinching condition in Theorem 2 is meaningful only in the case C > 0. Indeed:
If C = 0, then the inequality reduces to ∥φ∥2 ≤ 0, hence φ ≡ 0, which contradicts the assumption that the

submanifold is not totally geodesic.
If C < 0, the right-hand side is negative, while ∥φ∥2 ≥ 0, so the inequality cannot be satisfied. Therefore,

in both cases C ≤ 0, the assumptions of Theorem 2 are either inconsistent or reduce to the trivial totally
geodesic case.

Corollary 1. Let (M, g) be an n-dimensional complete parabolic minimal hypersurface in a Riemannian manifold of
constant sectional curvature C > 0. Assume that (M, g) is not totally geodesic and that

∥φ∥2 ≤ nC.

Then φ is parallel and equality holds:
∥φ∥2 = nC.

Consequently, around each point of (M, g) there exists a local Riemannian product decomposition

(M, g) = (M1, g1)× · · · × (Mr, gr),

such that g = g1 + · · ·+ gr, and the second fundamental form has the form

φ = λ1g1 + · · ·+ λrgr,

where the constants λ1, . . . , λr satisfy n1λ1 + · · ·+ nrλr = 0, and

n1λ2
1 + · · ·+ nrλ2

r = nC.

Here nα = dim Mα, α = 1, . . . , r, and n1 + · · ·+ nr = n.

Proof. The conclusion follows directly from Theorem 2. Under the stated assumptions, the second
fundamental form φ is parallel and satisfies ∥φ∥2 = nC. The local product decomposition and the
representation of φ follow from the classical theorem of Eisenhart (see [12]) on parallel symmetric
2-tensors.

In the hypersurface case (k = 1), the pinching condition reduces to ∥φ∥2 ≤ nC, and the conclusion of
Corollary 1 remains valid without modification.

3. Complete stable minimal parabolic submanifolds

Definition 3. We recall that a minimal hypersurface is called stable if the associated quadratic form

Q(η, η) =
∫

M

(
|∇η|2 −

(
∥φ∥2 + Ric(N, N)

)
η2

)
dµ,

is nonnegative for all η ∈ C∞
0 (M). The corresponding Jacobi operator is (see [13])

L = ∆ + ∥φ∥2 + Ric(N, N),

where ∆ = div∇.

We emphasize that stability does not imply a differential inequality of the form Lu ≤ 0 for arbitrary
smooth functions u. In the following theorem, the existence of a positive function satisfying such an inequality
is therefore assumed explicitly.
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Theorem 3. Let (M, g) be a complete two-sided minimal hypersurface in an (n + 1)-dimensional Riemannian manifold
(M, g). Let N be a globally defined unit normal vector field along M. Assume that

Ric(N, N) ≥ 0,

at every point of M, and that (M, g) is parabolic. Suppose that there exists a function u ∈ C2(M) such that u > 0 and
Lu ≤ 0, where

L = ∆ + ∥φ∥2 + Ric(N, N),

is the Jacobi operator. Then (M, g) is totally geodesic. Moreover,

Ric(N, N) = 0,

at every point of M.

Proof. Since u > 0 and Lu ≤ 0, we have
∆u ≤ −qu ≤ 0,

where q = ∥φ∥2 + Ric(N, N) ≥ 0. Hence u is a positive superharmonic function on the complete parabolic
manifold M.

By the Liouville property of parabolic manifolds, every positive superharmonic function on (M, g) is
constant (see [7]). Hence u is constant and consequently ∆u = 0. Substituting this into ∆u + qu ≤ 0 gives
qu ≤ 0. Since u > 0 and q ≥ 0, it follows that q = 0. Therefore

∥φ∥2 + Ric(N, N) = 0.

Since both terms are nonnegative, we obtain

∥φ∥2 = 0, Ric(N, N) = 0.

Thus M is totally geodesic, and the ambient Ricci curvature in the normal direction vanishes
identically.

It is known that on a complete, non-compact stable minimal hypersurface there exists a globally defined
positive function u satisfying Lu = 0, where L is the Jacobi operator. If, in addition, Ric(N, N) ≥ 0, then

∆u = −
(
∥φ∥2 + Ric(N, N)

)
u ≤ 0,

so that u is a positive superharmonic function. On a parabolic manifold, every positive superharmonic function
is constant (see [7]). This observation allows us to formulate the following corollary.

Corollary 2. Let (M, g) be a complete two-sided minimal hypersurface in an (n+ 1)-dimensional Riemannian manifold
(M, g). Assume that

Ric(N, N) ≥ 0,

at every point of M, and that (M, g) is parabolic. Suppose that there exists a function u ∈ C2(M) such that u > 0,
Lu = 0, where

L = ∆ + ∥φ∥2 + Ric(N, N).

Then (M, g) is totally geodesic and
Ric(N, N) = 0.

Proof. Since Lu = 0, we have

∆u = −qu ≤ 0, q = ∥φ∥2 + Ric(N, N) ≥ 0.



Open J. Math. Sci. 2026, 10, 933-938 938

Thus u is a positive superharmonic function (see [8]). By parabolicity, u is constant, and the conclusion
follows as in Theorem 3.
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