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1. Introduction

m n the classical thermoelasticity theory, Fourier’s law leads to the parabolic differential heat equation

0 —abxy =0in (0,L) x (0,00),
6(x,0) = 6p(x) in (0,L), 1)
6(0,t) = 0(L,t) in [0, 00),

where the empirical temperature 6(x,t) is the difference in temperature between the material and the
environment, in addition predicts the infinite speed of the energy

1L
- 0|%d
5 [ 1oPax,

in every part of the material, thus implying the paradox of heat conduction: parts of an initially given local
heat pulse propagate with infinite speed through the material. Multiplying (1); by 6, performing integration
by parts, and applying Poincarés inequality, we get

%/OL 102dx < B /OL |9(0)|2dx} e w0, forall t > 0,
and then (1) is exponentially stable without any additional damping mechanism.

Green and Naghdi proposed a theory that considers elastic and thermal waves associated with second
sound to eliminate the paradox (see the works [1-7]). They considered three types of constitutive equations
for heat flow in a stationary rigid solid, labeled as type I, II, and III. The linear version of type I coincides
with the classical theory based on Fourier’s law. Type II does not involve energy dissipation and treats heat
transfer as a wave phenomenon. In type III, which is considered here, the heat flux depends on the gradient

of the thermal displacement. This leads to a hyperbolic heat equation instead of a parabolic one, making the
model suitable for describing heat conduction in various solids and fluids. The Green and Naghdi theory
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has attracted the interest of researchers, and many studies have investigated various theoretical and practical
aspects of thermoelasticity in this context. In [8], the two-temperature Green-Naghdi thermoelasticity theory
was investigated. For phase-lag Green-Naghdi thermoelasticity theories, see [9]. In [10], the reciprocal and
variational principles for the Green-Naghdi thermoelasticity theory of type II were given. In [11], a theory of
micropolar thermoelasticity without energy dissipation was established.

Regarding porous elastic systems, we mention the pioneering work of Godman and Cowin [12], who
proposed an extension of the classical theory of elasticity to porous media. In [13], a porous elastic system
with nonlinear damping and source terms was studied. The energy decay for porous thermoelasticity systems
of memory type was considered in [14]. For the polynomial time decay in elastic solids with voids, see [15].
In [16], it was proved that when porous damping is coupled with microtemperatures, the decay rate can be of
exponential or polynomial type, depending on the relationship between the coefficients of wave propagation
speeds. A porous elastic system with localized damping was investigated in [17]. The stabilization of swelling
porous elastic soils with fluid saturation, time-varying delay, and time-varying weights was considered in [18].

The one-dimensional porous elastic system with type III thermoelasticity was studied in [19]. Using
suitable multipliers, the authors proved the following condition for exponential stability

=0. @)
In fact, the authors show that the energy of the system satisfies
E(t) < ke ™!, vt >0,

where k; and k; are positive constants. From the polynomial stability, (2) was considered not to hold. Then,
they introduced the second-order energy

1 1
Ea(t) = 5 [ lowh + 0% + ek, + 047,002 + 2bussy + Eg?) dx,
and defining a Functional of Lyapunov associated with E;(t), they proved that

E(t) < F2(EQ) + Ex(0)

< , Vt>0.
t

In [20], a one-dimensional thermoelastic porous system of type IIl was analyzed under Dirichlet boundary
conditions. The energy method was used to prove exponential stability, independently of any relationship
between the coefficients of the system. The proof was based on multiplier techniques utilizing a Lyapunov
functional. In [21], by the energy method combined with a Lyapunov functional, exponential stability was
proved for the case of equal wave propagation speeds. This study concerned a one-dimensional type III
thermoelastic porous system coupled with a one-dimensional linear thermoelastic porous system featuring
history and distributed delay terms.

The equations of motion for the one-dimensional theories of porous materials are given by

pup = Ty,
Ju = Hy + G, 3)
&Nt = —(x,

where T is the stress, H is the equilibrated stress, G is the equilibrated body force, 7 is the entropy per unit mass
and g is the heat flux. Here, p, & denotes the reference mass density, and | = pok represents the product of the
mass density pg and the equilibrated inertia k, both of which are assumed to be positive. The state variables
u, ¢, and 6 represent the displacement of the elastic solid material, the volume fraction, and the empirical
temperature, respectively.
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The constitutive equations are as follows

T = puy + b(PA’

H = 6 — Bb,

G = —buy —¢¢, (4)
an = Bx + 16,

g = —kby — 'Yéx/

where p, b, 6, B, and ¢ are constitutive coefficients representing the modulus of elasticity, the coefficient
of porosity-deformation coupling, the intrinsic stiffness equilibrated and the volume fraction modulus,
respectively. These coefficients are assumed to satisfy the following relations

b#0,B#0, u>0, 6>0,¢>0 and b* < g (5)
The constitutive equations (4) into the motion equations (3) lead to the system

putt - ]/luxx — b(Px == 0 il’l (q, L) X (0, OO),
Jrt — Opxx + bux + Ep + B0y = 0in (0,L) x (0, c0), (6)
plét — K0xx + BPxt — Y0y = 0 in (0,L) x (0, 00).

Substituting 6; = 6, and adding the initial data and the Dirichlet-Neumann-Dirichlet boundary
conditions, we get

Ut — pilxy — by = 01in (0,L) x (0, 00),

](Ptt - 5(Pxx + buy + é(P + ,Bext =0in (O/ L) X (0/ OO)/

0101 — K0xx + BPxt — YOxxt = 0in (0,L) x (0, 00),
(u(x,0),¢(x,0),6(x,0)) = (uo(x),¢o(x),6(x)) in (O, L),

(ur(x,0), pe(x,0), 0 (x,0)) = (u1(x), P1(x),01(x)) in (0, L),

u(0,t) = u(L,t) = ¢x(0,t) = ¢x(L,t) = 0(0,t) = 6(L,t) =0, t > 0.

@)

2. Plan of the paper

Our goal in this paper is to investigate the effect of type III thermoelasticity on the porous elastic system
(7), particularly regarding the asymptotic behavior of the energy. In our research, we provide an explicit
characterization of the decay rate, which can be exponential or polynomial depending on the relationship
between the coefficients of the wave propagation speeds. We use semigroup theory, which differs from the
energy method used in [19-21]. We improve upon the previous results by proving the following:

* The lack of exponential decay in the case of distinct wave speeds.

e The semigroup S(t) = e is polynomially stable if and only if P_ % #0.
1 1

Vi

! is exponentially stable if and only if L_

o If % - % # 0, the polynomial rate of — is optimal.

A

* The semigroup S(t) =e =0.

|~

The paper is organized as follows. In §3, we study the existence and uniqueness of the solution to system
(7) using semigroup theory. §4 deals with the asymptotic behavior of the system. In §5, we implement a
convergent numerical scheme using Newmark’s method, which combines finite elements in space with finite
differences in time.

3. Semigroup setting

In this section, we study the existence and uniqueness of the solution to system (7). To this end, let us
consider the Hilbert space

H := H§(0,L) x L2(0,L) x HL(0,L) x L2(0,L) x H}(0,L) x L*(0,L),
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where
L2(0,L) = {z € L*(0,L) : z(0) = 2z(L) =0} and H!(0,L) = H'(0,L)NL2(0,L).
In ‘H, we define the following inner product
L L L L —
Uu,vyy ::p/ Po? dx+]4/ Uxvk dx+]/ Yot dx—i—é/ Pxv3 dx
0 0 0 0
L L — L L, — _
+p1/ Ov dx + K/ 003 dx + @/ ¢o3 dx + b/ (uxv3 + U}g])) dx, (8)
0 0 0 0

where U = (1, P, ¢, ¥, 0,0)T and V = (v',0?, 03, v*,v%,0°)T are in H. The associated norm is given by
2 Lo Lowr Lo b? Lo o
IR = [ 19F a1 [ ¥R dx+pr [ 1OP dx+ (= 5) [Tigf ax

L

ForU = (u,9,¢,Y,0, @)T, we define the linear operator

2 L L
dx+5/0 |2 dx+;c/0 16,2 dx. )

u—i—B(P
ou

in the domain D(.A) C H, defined by

u, € H2(0,L) N H{(0,L), ¢ € H*(0,L) N HL(0,L)
D(A)=<UeH| ®ecHIO0L), ¥eHLOL) , (10)
6,® € H}(0, L) such that (k0 + v®) € H*(0,L)

which is associated with system (7) with the identifications ® := u;, ¥ := ¢, and © := 60;. Therefore, the
initial value problem (7) is equivalent to

{ u; — AU =0, a1

u(0) = Uy,

where Up = (o, u1, 9o, ¢1,60,61)".
The existence of solutions is established in the following theorem.

Theorem 1. The operator A generates a Co-semigroup S(t) of contraction on H. Thus, for any initial data Uy € H,
the problem (11) has a unique weak solution U € C°([0, c0[; H). Moreover, if Uy € D(A), then U is strong solution of
(11), that is U € CO(]0,00[; D(A)) N CY([0, 00[; H).

Proof. It is easy to see that D(.A) is dense in H. Now, for U = (u,®,¢,¥,0,0)T € D(A) using the inner
product (8), a direct computation shows that

L
Re(AU, Uy = —7/0 10,2 dx < 0. (12)

Therefore, A is a dissipative operator.
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Next, we show that 0 € ¢(.A) - the resolvent set of A. To this end, we fix F = (f1, f2, 3, f4, . fO)T e H
and consider the resolvent equation

AU =F.

where U = (u,®,¢,¥,6, ®)T. In terms of its components, we have

= fl, (13)

—HUlUxx — bfo = szr (14)

¥ = £, (15)

—O¢x + buy + &+ PO, = [ f*, (16)
0=/, 17)

—K0xx + ,BTx — YOy = P1f6- (18)

From (13), (15) and (17), we obtain
® € HY(0,L), ¥ € HL(0,L), © € H}(0,L).

From (18) we conclude that k8 + 9® € H?(0,L). Then, using (14) and (16), the Lax-Milgram theorem
(see [22]) ensures the existence and uniqueness of the solutions u € H}(0,L) and ¢ € HL(0, L). Consequently,
U € D(A), which implies that 0 € p(.A). Thus, thanks to the Lumer-Phillips theorem (see [23], Theorem 1.4.3),
the operator A generates a Cg-semigroup of contractions e on H. By general theory of semigroup, see [23],
U(t) = e** Uy is a unique weak solution of (11) in the conditions of Theorem 1. []

4. Asymptotic behaviour

4.1. Lack of Exponential decay

The method we use to show the lack of exponential stability is based on the Gearhart-Priiss-Huang-Herbst
Theorem for dissipative systems (see [24-26]).

Theorem 2. Let S(t) = e be a Co-semigroup of contractions in the Hilbert space H. Then S(t) is exponentially stable
if and only if

0(A) D {id: A eR} =iR, and limy e[ (AT — A) || (3 < oo, (19)
where 0(.A) is the resolvent set of the differential operator A.

We now establish the main result of this section.

Theorem 3. Let us assume that the initial data satisfy (uo, u1, ¢o, $1,60,01)T € D(A) and suppose that % # é,

X:‘;g#o. (20)

Then the semigroup associated with the system (7) is not exponentially stable.

Proof. We argue by contradiction. Then, we will show that there exists a sequence of values (A,;) C R and
Uy = (thn, P, P, ¥, 00,0,)T € D(A) for a sequence of functions F, = (f}, f2, f3, fa, fo, fO)T € H, with
|Full% < 1foralln € N, such that

iAyUy — AUy, = Fy, (21)

with ||Uy ||y — o0 as n — oo. To this end, we rewrite the spectral Eq. (21) in terms of its components as follows

il — ®, = f}, (22)
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. b
iy @y — Eunxx — —ux = f;%/ (23)

P Y
Ay — ¥ = f3, (24)

. 1) b

iy Yn — —QPuxx + Upy + §¢n + é®nx = f;il/ (25)

J J J ]
iAnBy — @y = f3, (26)
iA@n - £anx + E‘an - l®nxx = fr? (27)

P1 P1 P1

Let us assume that F, = (0,sin (27*),0,0,0,0) ' Then, we obtain
O, =iAu,, Yu= i/\n(Pn/ Oy = A0y,

and consequently

b . /n7mXx
—/\%un - %”nxx - E¢nx = sin (T) ’ (28)
1) b iA
*/\;214771 — ~Qnxx + FJUpx + gﬁbn + ienx =0, (29)
] J J J
K . iA
_/\%;Gn — —Onxx + é1)\1147nx - ﬂenxx =0. (30)
P1 P1 01

Due to the boundary conditions, we can take a solution of the type

U, = Asin (Lzrx)’ ¢n = Bcos (L;:EJC), 0), = Csin (?)

Therefore, system (28)—(30) is equivalent to

bnmr

q1(An)A + ETB =1, (31)
bnm iAnfum
TTA‘FQ'Z(/\n)BJF L =0, (32)
BT 4 ga(An)C =0, 33)
p1 L

where we have denoted

_ g2 Hnmy2 _ gy, 0 (nm\2 ¢ Y I T AN
f(A) = An+p(L>, R =+ 5 (T )+ sl =N+ s (%5)".

After some algebraic manipulation, we found

A= pp1Ja293 — pB*A% ()’ .
—pB2A2q1 ("2)? + ppr I 19295 — 16 (“F)? 43

Next, we choose A, such that g (A,) = —A% + % (%)2 = ¢y, where ¢y is a constant to be determined later.
Thus, we have

o (T [ b2
ppP1]919293 — p1b (L) g3 = pp1Jq3 :qch ’ L)

_ O _m\(n

= PoiJas :(I %

7T

= pp1J93 _XCO (%) — 5 (%)2 -l—C% + %Co .
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b2
Now, we choose ¢ so that cg = — consequently, since x # 0, we have that

xel

%

ni 2 ni 2
011919293 — p1b* (T) g3~ O(n’) and —pp*Aiq (T) ~ O(n*).

Therefore,
n 2 n 2
—pB0 () + e maaas —ort? (1) 4s ~ O,

Since

nrt

2
242 ~ 5
PP1)q2q3 — PP An( T ) o),
it follows that
A= O(n),

for n large. Finally, we have

L L 2
2 S / 2 . 2 2/ ‘ nmx ‘ ~ 4y
IUnll3e > p [ @0 dx = plAuPIAP [ [sin ()| dx ~ O(n)
Then, as n — oo, we get
. 2 . 2
Jim [|Un |3, > lim p|[@y[7, = co.
Therefore, there is no exponential stability. [

4.2. Exponential decay

(34)

Here, we show the exponential stability. To do this, we will show, following Theorem 2 (see [26]), that the
resolvent is uniformly bounded over the imaginary axes. To start, consider U = (u,®,¢,%,6, @)T € D(A)
and F = (f1, 2,3, f4, £5,f®)T € H. Then, the resolvent equation iAU — AU = F in terms of its components

can be written as

iAu—®=f1,

. b
IAND — %uxx — E(Px :fz,
iNg—F =f°,

. ) b
iAY — 7¢xx + T”x + %4’ + §®x :f4/
ir— @ =f>,
ino— o+ Py Yo, s
P1 P1 P1

Now, from the resolvent equation iAU — AU = F, with U € D(A) and F € H, we have
iM|[U[5; — (AU, U)y = (F,U)y.

Consequently, taking the real part and using (12), we get

L
7 [ 103 dx < [[Ullul Fll.

(35)
(36)
(37)
(38)
(39)
(40)

(41)



Open J. Math. Sci. 2026, 10, 537-555 544

and by Poincaré’s inequality, we aim

L
7 [ 10 dx < |1Ul 5 1Fl )
In order to prove exponential stability, a series of lemmas are required.

Lemma 1. Under the above notation, we have
iR C o(A).
Proof. As 0 € o(A), if iR C o(A) is not true, then there exists w € R with |[A7!||~! < |w| such that
{id: |A| < |w|} € p(A) and sup{||(iA] — A)7Y| : |A] < |w|} = oo. Therefore, there exists a sequence A,
in R with A, = w, |A4| < |w| and sequences of vector functions U, = (tn, P, P, ¥, 00, 0,)T € D(A), with
|Unll% = 1,and E, = (fL, f2, 2, fx, fo, )T € H, such that (iA,I — A)U, = F,and F, — 0in H when n — co.
Making an inner product of F, with U, we get
iAn||Unl? = (AU, Un) = (Fy, Uy),

Using (12) and following the procedure as in [27] page 25, the above convergences lead to ||Uy||y — 0,
which is a contradiction to ||U, ||y = 1. This proof is complete. [

Lemma 2. The solution U = (u, ®,$,Y,0,0)7 of the problem (7) satisfies

[ 102 dx < Il e ®3)
where C is a positive constant and |A| > 1 is large enough .
Proof. From equation (39), we have
Ay = Oy + .

Multiplying the above equation by 6, integrating over (0, L), and applying Young’s inequality and using
Eq. (41), we obtain the proof of the lemma. O

Lemma 3. The following estimates hold

L
/O o dx<W(HUHHHIUIIHIIFIIH) (44)

and
Lo, L _ gL,
5 [Clgsaxb [Cuigar+ 2 [l dx < ClUlulIFlly + CII¥le 5)
Proof. We multiply Eq. (37) by ¢ and integrate by parts over (0, L). Then, by applying the Poincaré inequality,
we obtain the conclusion of inequality (44).

To obtain inequality (45), we multiply Eq. (38) by ¢ and perform integration over (0, L). Then, with the
help of Eq. (37), we get

5/OL|¢X|2dx+b/oLuxwx+g/oL|¢|2dx:]/oL|1P|2dx—/s/0[“@xwx+/ol“f2wx—/OLf?’Wx.

Applying the Poincaré and Young inequalities, and taking into account inequality (42), we conclude that

L L L L
5 [P vt [Cuddx+ S [TloP dx < ClulllFllac+ T [P dx,
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from which we get the inequality of lemma. O

Lemma 4. Under the same conditions as in the Lemma 3, we have
L o5 C C
/O [¥|" dx < Cl[U]|3|[Fl[# + WHUHHHFHH + WH@HLzHCDHLZ' (46)
Proof. Multiplying Eq. (40) by [ ¥ ds we have

L opx L X _ L L X _ Lo
iApy / ® / Y dsdx — K/ Gxx/ Y dsdx + ﬁ/ |¥|* dx — 'y/ @xx/ Y dsdx = p; / f6/ Y dsdx.
o Jo 0 0 0 0 0 0 0

Using integration by parts, we obtain

L L x_ L _ L L x_
ﬁ/ ¥ |? dx :pl/ f6/ ‘i’dsdx—x/ 0¥ dx—’y/ 0.Y dx—i)\pl/ @/ Y dsdx.
0 0 0 0 0 0 0

From (38) we have

L L x_ L L
,B/ |¥|? dx :p1/ f6/ ‘I’dsdx—;c/ 0¥ dx—'y/ O,Y dx
0 0 0 0 0

+p71 oL®/ox [0¢x — bux — G — POx + ] f4] dsdx.
Therefore,
L ) c c
/0 [¥1? dar < CIJUl 3l Fllse 4 771U el Flls¢ + 5711012211912
O

Lemma 5. The solution U = (u, ®,$, ¥, 0, ©) of the system (7) satisfies

ot g pJ| [t
Bl [ s <cial | < 1) [ i@llgud dx -+ Il il
C C

+
Al A

Ul |[F [l + 57 11O1] 2Pl 12, (47)
where C is a positive constant and |A| > 1 is large enough.

Proof. Multiplying Eq. (38) by %(LTX + ¢) and integrating by parts over (0, L), we have

L L L
2 QP‘/— 'vl‘/ 2
y/o [ty |” dx + b o iy dx + b Jo ||~ dx
ol el Pega-t [
= Mb O‘I’uxdx z)\b 0‘P4>dx b 0¢xuxxdx
1211

op [F Lo [ - B [t =
_?/0 | x| dx—y./o uxgbdx—?/o @xuxdx—?./o Ox¢ dx

L
I 7 i+ ) v

Replacing piiyy in I; using (36) gives

L L L
2 [ ’5.”/ 2
y/o |ty |” dx + 2 ./0 Uy dx + b Jo ||~ dx
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__M/Li _M/L* @/Li
= z)tb O‘I’uxdx z)tb O‘I’¢dx+z)\b 0<pxCI>dx

=l =13
5 L L "L .
(5-0) o
L _
B Pogact I pam g act B [CpPax “8)
From Egs. (37) and (35), we have
L__ L__
b:m%‘/o B dx—%t/o &/ dx ”’/ YT dx, (49)
and
L L __
—_%‘/0 |‘I’|2dx—%/0 ¥ dx. (50)

Substituting (49) and (50) into (48), we get

y/ |ux|2dx+b/ uxgl>dx<|)x|b|"/ ||¢x|dx+]”/ %2 dx (‘Slf )/OLgbxzdx
*”/o u,@dx—%/o |¢|2dx—ﬁ7y/o @xufxdx—%/:®x$dx

Li L o L L 5 L -
a2 [ g s [

Thus, using (41), (45), and (46), we obtain the conclusion of the lemma. O

Theorem 4. The semigroup S(t) = el associated with the system (7) is exponentially stable if and only if % I 0.

>,

Proof. First, by applying Lemmas 3 and 5, we get

(@—)/ P dxrp [

<[22 [ (elpil ax + W(HUHH 11U el e+ 1©2110]12) + CII¥ L2 + ClUlll e
(1)

dx+5/ |¢px|? dx

Uy

Then, combining Lemmas 2 and 4 with inequalities (42) and (51), we obtain

C
Jutfe < €l |2 = 2] [ i@igud v+

|/\|(||U||H+ Ul |[E[[3 + 11O 2][@1]12) + CHU [ F[ |-

Here, note that ||U|| 4 is proportional to |A|. Under the condition % # L, itis observed that ||U||, diverges

as |A| — oo, which results in the loss of exponential stability of the system. Therefore, to ensure exponential

decay, we assume that E— l = 0, which yields

ulf, < W(HUHHJr Ul [Ell3¢ + [O1]121@][r2) + ClIU 3] [F[34- (52)

Now, we multiply equality (36) by # and integrate by parts over (0, L), yielding

L L L L
p/o |®|? dx:—y/o |uy|? dx—b/o chTxdx—i-/O (o®@f1 + f2u) dx
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Hence,

L C C
/0 | dx < C||u||H||P||H+W(HuH%{+ Ul |[Fl3) +WHUHHHFIIH- (53)

It follows from (53) and (52) that for |A| > 1 large enough, there exists a positive constant M such that
[|U[l% < M||F|l, VU € D(A).
Then using the Gearhart-Priiss-Huang-Herbst result [26], one has the conclusion of the theorem. [

4.3. Polynomial decay

In this section, we show that, in general, the semigroup S(t) associated with system (7) decays
polynomially at the rate t~1/2. Furthermore, this rate is optimal.
Our main result is based on the following Theorem (see [28], Theorem 2.4).

Theorem 5. Let S(t) be a Co-Semigroup in the Hilbert space H associated with the operator A such that iR C o(A).
Then,

1

) _ _ C
NGAL=A) ey <C AER, A = o0 = [IS(HAT £y <
Al

= tl/é"

(54)
where C does not depend on the A.

Theorem 6. If x # 0, then the semigroup associated with system (7) satisfies
C
IS()Uollx < w17 lIUollpa), ¥ Uo € D(A).
Moreover, this rate of decay is optimal.

Proof. From Eq. (35) and from Lemma 5, we have

L "L "L
B[ sl x40 [ ax <CINP () [ 101 il x4+ CIAIU sl [Fll + 11Ul e Pl

C C
+ oyl Ella + 7102 [P 2
Al A

Consequently, combining the above inequality with the Lemmas 2, 3, 4 and inequality (53), we can
conclude that there exists a positive constant C such that

||ull3 < CIAI*IFIG,
for [A| > 1 large enough, which is equivalent to
1A= A) 7Y ggy < CIAPZ
Given that iR C ¢(A) according to Lemma 1, it follows from (54) that

- C
IS()AH|£) < 7

The condition 0 € o(.A) ensures that A is an invertible operator onto H. By identifying Uy = A~'F, we
have

C
15(®)Uolln = —|IUollp(a)-

7
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Then, one has the first conclusion of the theorem. To prove the optimality of the decay rate t~1/2, we
argue by contradiction. Suppose that the growth O(|A|?) of the resolvent operator is not optimal. This means
that there exists ¢ > 0 such that

WHUM - A)_1||£(H) <C. (55)

This assumption implies that for any sequence (A,) C R with lim,_,« [A4| = o0, and for any sequence
(Ey) C H with ||F,||% < 1, the corresponding solutions U, = (iA,I — .A)~'F, must satisfy ||U,||» < C|A,|>~¢
for some constant C > 0. However, if we consider the sequence

. /nmux T
F, = (o,sm (T) 10,0, 0,0) )
foreach n € N, and let U, = (un, Pn, Y1, ¥, 0, @n)T be the associated solution, where we have

O, = idpttn, Vo = idndn, Op = idnby.

Then, proceeding as in the proof of Theorem 3, we obtain ||Uy |3 > C|A,|?. Consequently, it follows that

(@Al = A)'Full o ClAuf?
|/\n|2—s - |An|2—s

=Cl|Ay[f > 00 as n— oo,

This contradicts the assumption (55). Therefore, the rate t~1/2 cannot be improved and the proof is now
complete. O

5. Numerical analysis

In this section, we present an algorithm to obtain the numerical solution to problem (7). We use the finite
element method over (0, L) and finite differences in time. We showed that our algorithm is convergent and
preserves the non-increasing property of the numerical energy.

5.1. Variational formulation

Let L?(0, L) be the space of square-integrable functions on the interval (0, L) with inner product

L
(f,g):/O fgdx, Vf,geL*(0,L),

and norm
Ifll = (£, ))* Vfel*o,L),

We represent the functions u, ¢, and 6 in the form of a vector component u = [u, ¢, 0]T. Thus, from (7) we
get the following variational problem

(uge (), @) +a(u(t),a) +c(u(t),a) =0, VaeH, (56)
where u satisfies the initial conditions
(u(0),@) = (ug, @), (w(0),0)=(uwy,d),, VacH.

Here a,c : H x H — R are linear functionals such that

[
—~
=1
—~
~~

), @) = p(ux, urx) + 0(Px, tiax) + K(Ox, u3) + & (P u2) + b[ (ux, 12) + (¢, 11,5)],
c(ui (1), ) = (0rx, uzx) — PO, uzx) — B¢t  Uzx),

and
(upe(t), @) = p(uee, uy) + J (e, ) + p1(0st, u3).
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5.2. Algorithms and numerical approximation

We consider a partition X, over the interval ) = (0,L), thatis, X, = {0 = xp < x; < --- < xy = L},
Q1 = (¥, xj41), with length h, = x;11 — x; such that O; N Q); = @ fori # jand O = UM, Q. where N,
is the number of the elements obtained of partition. Let Siz" be the subspace of C(0, L) piecewise polinomial
finite element interpolation of degree 1 and Hgf = Sll“ N H}(0,L). We represent the functions ule, phe and @'

3N
in the form of a vector component [u', p"e, 6"]T, expressed as u'(x,t) = Y di(t)@i(x) where 3N is the total
i=1

number of degrees of freedom of the finite element approximation, and ¢;(x), i = 1,---,3N, are the global
vector interpolation functions. At the element level, we have

6
u’(x,t) = Z;df(f)q’f(@-
=

Thus, the semi-discrete finite element approximation of the variational problem (56) is characterized as
the following finite-dimensional problem

(ujy (1), @) + a(u" (t), @) + c(uj(t), @) =0, @' e H, (57)
where H" = ng X Sll” X Hy¢ and u’e satisfies the initial conditions
e 17'te J— h(‘ q/te hE q/te J— he q/te q/te e
(u"(0),a") = (uye,a), (uf(0), ") = (u}e,a"), a" el

Using the approach described above, we obtain the following dynamical problem in R3V.

Md(t) + Kd(t) + Cd(t) = F(t),
d(0) =do, d(0) =dy,

where M is the consistent mass matrix, K is the consistent nodal elastic stiffness vector, C is the coupled matrix
and F(t) is the vector of consistent nodal applied forces generalized at time t. Furthermore, dy and d; the initial
nodal displacements and velocities, respectively.

To solve the system above we introduce a partition P of the time domain [0, T] into I intervals of length At
suchthat 0 =ty < t; < --- < t; =T, with ¢, —t;, = At. We then apply the well-known Newmark method
[29]. Thus the discret scheme becomes

Md,, 1 +Kd, 1 + Cdyiq = F'H

. At? , -
dn+1 =d, + Atd, + 7[(1 - ZIBO)dn +2180dn+1]/
dy1 = dy + A1 — y0)dn + yodnia], (58)
where, By and g are the so-called Newmark parameters that govern the stability and accuracy of the method.
Therefore, the discrete problem (58) consists of finding the function ¢,,; — d, 1, with d, d € R3N obtained
via the recurrence formulas (58), — (58)3.
Remark 1. Since the variational formulation (57) is consistent and for the value of By = % we obtain

unconditional stability, then, by Lax’s Equivalence Theorem, the convergence of our numerical scheme (58)
is guaranteedis guaranteed.

In our experiments, we will consider linear interpolation functions, and the global system (58) is obtained
by assembling the elemental matrices. More details on the finite element method can be found in [30].
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Thus M = U —ymé¢ K= U 1 k®and C = U ¢,. For instance, considering linear functions, we have
[0 0 0 0 0 0
0 0 g/2 0 0 B/2
e 0 —-B/2 «/h 0 B/2 —v/h
0 0 0 0 0 0
0 0 -g/2 0 0 —B/2
L0 —B/2 —y/h O B/2 v/h

The total discret energy is given by
E"(dy, dy) = T(dn) + U(dy), V2 =0,1,---,1, (59)

where T(d,) and U(d,) are the kinetic and potential energies, respectively. Using the global matrices, we
obtain

E"(dn,dn) = 5 [(d4], Mé)on + (d], Kdn)gov | (60)

NI~

Here (-, -)gan is the usual inner product in R3N.

Lemma 6. The discrete energy given by

5 [((Man)T, d)zon -+ ((Kan) T, o]

Eh(dn, dn) -
is positive, for all 0 < n < I, that is: Eh(dn,dn) >0

Proof. Note that

1Y :
(e dn) = 5 1 [((md}) T, df e+ (1) d)ne], (61)
e=

Thus,

. 1N d32+dede+ del? d'32+d'ed'g+d'ez
Eh(dn,dn)zzzlpon i R it e
e=1

52+ dgde + g2\ (s — s | ANk
+ 01 ( 3 + T, +1+ E? e
dé — d§ | i —d§\ (ds+dg
+ EdSdS + « 6h 3 +2b<4h 1>-<22 5)]@. (62)
e e
AN .
We point out the term (1 += 53 If > 1, a numerical pathology known as the locking phenomenon can

occur. The numerical methods that avoid thls problem can be found in Arnold [31], Hughes [30], Prathap et
al. [32] and Loula et al [33]. Here,educed integration we use reduced integration (see Hughes et al. [30]). Thus,
we obtain

. 1 N |d'e|2+d'ed'e+|d'e|2 |de|2+dede+|de|2
Ehg(dn/dn) =3 Z lp< 1 134 4 +7 2 23 5 5
e=1

|d§|2 + dsde + |dé|? g —dg > |di—d§|P |di—dS
+p1< 3 4+ I K I he
dg +ds |? a5 —ds\ [ d§+ de
+¢| =252 +2b<4h 1>-<22 5)]%. (63)
e
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Since
2 2
dg —df d‘3+d€ te das +dg
he 2
a5 —|— de —d b ds + de
e AN

and u¢ > b2, we get

. 1N d'62+ded'e+d62 d'e2+d'ed'e+d'32
Ehg(dn,dn)_zle)(u AR |y (50 s+ |
e=1

512 + dsdg + |dg | dg —ds |* —ds|?
+p1< 3 +0 7 I
2
b\ |dg+d [ —ds bo[d5+dS
D () G e e

Our result follows from the inequality (a + b)? > 0, which holds for all real numbers a and b. [

It’s not difficult to show that matrix C is defined non-negative. Thus, we get (d,, Cdn>R3N > 0.

Theorem 7. For the numerical scheme (58) considering F = 0, ag = 5 and By = %, the discret energy given by

(M) T, )+ {(Ka)T, g |,

N —

E"(dy, dn) =
is decreasing, that is foralln = 0,1,--- , L
E" N (dypq,dypr) < E'(dp, dy).
Here, (-, -)gan is the usual inner product in R".

Proof. Initially, we consider the following operators

dn+l + dn

[dy] =dyy1—dy and (d,) = 7

1 1
Given that ag = and Bo= - 1t follows from (58), — (58)5 that

Atz
[da] = Atdy + S (dy), (65)
[dn] = At<<‘in>. (66)
From (66),, it follows that
At AV
T[dn] = T<dn>- (67)
Substituting (67) into (65), we obtain
[d,] = At{d,). (68)

From (58);, we conclude that

M<dn> + K({dx) + C<&n> =0. (69)
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Note that

((dn) ", M[du])pov = ((dn) ", Mdy1)pov — ((dn) " Md)pov,

. . T . . T
d d ) d d .
:<<n+12+n> ,Mdn+1>RgN—<<”“2+”> ,Mdy) g,

1. . 1,. . 1,. .

= <§dz+1ern+1>R3N + §<dr—zr'Mdn+l>R3N - §<dz+1fMd”>R3N -
1/, . . .

=35 <<d1+1/Mdn+1>R3N - <dI/Mdn>R3N>r

= [T(dn)].

Using (66) and (68) in (70), we obtain
[T(dn)] = ((dn) ", M[dy])an-
Replacing (69) into the above equation results in
[T(dw)] = —((du) ", K[dn]) gov — ((dn) T, Cldn]) v

Using (70) and the symmetry of matrix K, it follows that

Thus,
[T(dn)] + [U(dn)] = —({dn) ", Cldn])gov-
Substituting (68) into (71), we obtain
[T(dn)] + [U(dn)] = =At{{dn) ", C(dn))pon.
Since the matrix C is defined non-negative, it follows that
[T(dx)] + [U(dn)] < 0.

Analogously to (70), we have

[U(n)] = 5 (A7, Keysn)zon — (4], Kdu)ga).

Thus, from (72) and recalling the definitions of the functionals T and U, we get
T(dyy1) + U(dyi1) < T(dy) + U(dy),
which means
E"N(dyi1,dyi1) < E'(dp,dy), Y2 =0,1,...,1L
From this follows our result. [

5.3. Numerical experiments

N —

<dr—lrf Mdﬂ>R3Nl

(70)

1)

(72)

1
To verify the asymptotic behavior of the solution, we consider the Newmark parameters ay = 5 and By =

1
i in the numerical scheme (58). In this experiment, we consider the following data for the initial conditions:"

u(x,0) =0, uy(x,0) = sin(27x),
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¢(x,0) = ¢:(x,0) =0,
6(x,0) = sin(57x), 6;(x,0) =0,

and the coeficients

(1)To§:§wetake: L=10,p=pu=]=0=p1

(Z)Togyé(lswetake: L=10,p=p=]=pp=x=¢=b=10, 6 =0.01, At =0,01.

k=¢=b=10, At=0,01;

o?ni [ 04 |
ol 02 lﬁll "‘ '. j
= 005 | 4 f "’,,, i - [ W/I[ "o‘i II li
:5 0 ”/"I”/] //I II' l[ll[ 20 '«/////lﬁiﬁW””I’;;7”"' "" ’”\{f’ il II.vI W”I' "
= o, ‘ / AUl III I III/“!” s ””/’////I/// i 0‘\, l/l/ll " ,"l
ral i \\\\("’”” ll/ll/l/m':;a;.'ﬁ,,». | G (\(,,,,,m,,,., e
~0.15 \\\“\\\\ il \\\\ \“\\\\\\\\ 04 ) \\\\\\ \\\\\\\\\\\
~03 { \“\“\\\\\ i o 0 o
0.15 5
4
ol i ‘”i" {/ D I 3
0.05 ’l"" lli;'l ’ ”” 'l]' "Ilﬁi’ﬁwm/, , 2 i
3 il / i II”II il - \,///,: il
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Figure 1. Evolution of the numerical solution: i) Case P = g(left): ul(x,t), ¢"(x,t) and 0" (x,t). ii) Case

% # %(right): ul(x,t), ¢ (x,t) and 6" (x,t), at t = 10 s, respectively.
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Figure 2. Asymptotic behaviour of the numerical energy Eh(t, uh,q)h,ﬂh), att = 10 s to: % = % (left) versus

% # % (right), respectively.

6. Conclusion

This paper provides a comprehensive analysis of the stabilization properties for the coupled poroelastic
system with Type III thermoelasticity given in (7). Using semigroup theory, we have shown the existence
and uniqueness of the system, as well as its exponential stability for the case where the wave propagation

speeds are equal % = g On the other hand, the loss of exponential stability was demonstrated when the
wave propagation speeds are different, g # g Furthermore, by using the Borichev-Tomilov Theorem, we

successfully established that the system exhibits an optimal polynomial decay rate of t~'/2. These theoretical
findings significantly improve upon previous results in the literature [19]. To complement this analysis,
we present the construction and implementation of a numerical scheme based on the Newmark method.
Our numerical experiments are in full agreement with the analytical results. Specifically, when the wave
propagation speeds are equal, we obtain exponential energy decay, as illustrated in Figure 2 on the left. On the
other hand, if this condition is violated, the decay rate becomes slower, a behavior captured in Figure 2 on the
right. The same can be observed in Figure 1, in this case for the functions u, ¢, 6.
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