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Abstract: In this paper, we introduce the function class G} (Z) alongside a more general class G,(Z)
to serve as parameter functions for generalized Morrey sequence spaces and generalized mixed Morrey
double-sequence spaces. Using these classes, we establish necessary and sufficient conditions for the
boundedness of the discrete Hardy-Littlewood maximal operator and its higher-order commutator on
generalized Morrey sequence spaces and generalized mixed Morrey double-sequence spaces over Z. The
boundedness of the maximal operator is characterized in terms of relations between the parameter functions.
To obtain the sufficiency and necessity conditions, we utilize the properties of the G,(Z) class. For the
necessity conditions, we compute the norms of the characteristic functions of a discrete interval in generalized
Morrey sequence spaces and of a rectangle in Z x Z in generalized mixed Morrey double-sequence
spaces. Furthermore, we characterize the boundedness of the higher-order commutator via the BMO space.
Specifically, the proof of sufficiency relies on the Fefferman-Stein inequality within these spaces, whereas the
necessity proof adapts the techniques developed for the maximal operator itself.
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1. Introduction and preliminaries

M orrey spaces originated from the work of Charles B. Morrey in 1938, when studying the regularity
properties of solutions to certain elliptic partial differential equations [1]. Since then, various studies

have been conducted on these spaces, particularly concerning their structural and geometric properties (see
[2,3]), as well as the behavior of specific operators on them (see [4-11]).

For1 < p < g < oo, the Morrey space Mf; (R?) consists of all measurable functions f defined on R? that
satisfy the condition

1
”fHqu(Rd) - sup N </B(a,r) |f(y)|pdy> =

(a,r)ERY x (0,00) | B (a, r) ‘ % - %

When p = g, it follows that M} (R?) = LP(R7). Then, Morrey spaces can be viewed as a natural
generalization of Lebesgue spaces. Building upon this concept, Nakai and Mizuhara [6,7] introduced the
generalized Morrey space MZ (R%), defined as the set of all measurable functions f on R such that

1 (1 / )”P
= su — = Pd < oo,
g = s oy (o f, 0

Recently, Gunawan et al. [12] introduced another variant of Morrey spaces, known as discrete Morrey
spaces. The boundedness of the Hardy-Littlewood operator M on these spaces was subsequently investigated
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in [13]. Building on this, our previous work [14] examined the boundedness of the higher-order commutators
of the Riesz potential I, and the fractional maximal operator M, within the discrete Morrey space framework.

These spaces were generalized by Haroske and Skrzypczak [15] into generalized Morrey sequence spaces,
alongside a study of their structural properties. The boundedness of M on these generalized spaces was further
explored in [16]. Concurrently, Gunawan et al. [17] introduced and analyzed the structural properties of
mixed Morrey double-sequence spaces, which serve as another extension of the discrete setting. For a broader
overview of discrete settings in this context, we refer the reader to [18-27].

In this paper, our aim is to study the boundedness of M and its higher-order commutator on both
generalized Morrey sequence spaces and generalized mixed Morrey double-sequence spaces. Specifically, we
establish the necessary and sufficient conditions for the boundedness of the operator M and its higher-order
commutators on these spaces.

Before we present our main results, we introduce some foundational definitions and notations. Let Ny =
NU {0}, Ry = [0,00), and R* = (0,00). For j € Z and R € Ry, the discrete interval centered at j with radius R
is defined by Q(j,R) := {k € Z : |j — k| < R}. We also define k Q(j, R) := Q(j, kR) for k > 0. The cardinality
of a subset Z C Z is denoted by #Z. Since j and k are integers, the distance |j — k| is inherently an integer.
Consequently, by setting N = |R]| € Ny, we observe that Q(j, R) = Q(j, N) and #Q(j,R) = #Q(j, N) = 2N + 1.
This equivalence allows us to restrict our attention to integer radii N € Ny without any loss of generality.

For a subset Q of Z and 1 < p < oo, we denote by £7(Q) the Lebesgue sequence space with the norm

1
p
laller () = (Z ﬂj”) :

jeQ

Moreover, the weak Lebesgue sequence spaces wl?(Q) is defined as the set of all sequences a : Z — C
such that

lallwmrig) = supr# {j € Q: laj > 7}'"" < oo.
>0

It can be seen that |||, (o) < lalls(g)-

Next, we define the generalized Morrey sequence space and the generalized mixed Morrey
double-sequence space. In transitioning from the continuous to the discrete framework, the Lebesgue measure
of aball B(a,r) in R? is replaced by the cardinality of the discrete set Q(j, N). Furthermore, while the parameter
function  is typically defined on R™ in the continuous setting, it is defined on Ny in this discrete environment.
This structural shift poses unique challenges in the study of the discrete framework.

Let1 < p < coand ¢ : Ny — R*. The generalized Morrey sequence space MZ(Z) is defined to be the set
of all sequences a : Z — C such that

1 1 1

1
a = su - a i = su a i
Il = 208, 9N QG NP |Im@N) = 20PNy N 1y 1@

In addition, we define the generalized weak Morrey sequence space WMZ (Z) by the set of any sequence
a: Z — Csuch that

1 1
a P = su a i < oo.
” HWMtp(Z) jEZ,NI»’):‘NO 1IJ(N) (2N 4 1)1/p H ||WZP(Q(],N))
Since [|al| (@) < llaller (@) for any Q C Z, we have that
a < ||a . 1
el z) < gz 2 (1

We turn to the operators used in this paper. The discrete Hardy-Littlewood maximal operator M is defined
by

1
= Y la|, j€Z,
Nen, #QU/N) neQ(j,N)
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for any suitable sequence a on Z. For b : Z — C, we define the higher-order commutator M;' of the operator
M by the formula

1
(Mp'(a))j = sup ———= E |by — bi|"|an|, je€Z.
b J NeNy #Q(]/ N) neQ(j,N) " / !

Related to M}, the function b on Z belongs to BMO space if ||b|[« < co where

1Bl = sup = 3 [bx —bgl,
#QkGQ

and the supremum is taken over all intervals Q on Z and we denote by = é Y. by for any interval Q.
keQ

Moreover, if we define

then b € BMO if and only if supjez(M#b)j < 0.

We now consider the generalized mixed Morrey double-sequence setting. Let 1 < p,q < co and ¢, ¢, :
Ng — R*. The generalized mixed Morrey double-sequence space (M%)(M;J(Z x Z) is defined to be the
set of all sequences a : Z x Z — C such that

I Laaz, 2

1/q
1 1
lall, 1o ‘ ~ s ol
(My,)(My ) (@xZ) Ml @)k Iz, N, $2(N) (2N + 1)177 keQZ(;l,N) Rt @),

is finite. Here, the notation [|{-}| @) indicates that the norm is taken with respect to the index i.
lp ’

We can see that the norm is evaluated through an iterated mixed-norm structure. Specifically, we first
compute the inner norm of the sequence 4; ) with respect to its first variable j in the generalized Morrey
sequence space ./\/lf;,1 (Z) for a fixed index k. The outer norm is then obtained by taking the MZJz (Z)-norm of
the resulting sequence with respect to k. Explicitly, this requires taking the supremum over all discrete intervals
Q(I,N) centered at I € Z with radius N € Nj. For each interval, the ¢7-norm of the inner norms is computed,
normalized by the interval length (2N + 1)1/9, and further scaled by the weight ( 3 The parameter function
P»(N) plays a crucial role here, as it dictates the specific growth or decay cond1t10ns that characterize the
generalized Morrey sequence space.

Next, the generalized mixed weak Morrey double-sequence space (M?pz) (WMZl)(Z x 7Z) and

(WM?/&) (WMZl)(Z x 7.) are defined to be the sets of all sequences a : Z x Z — C such that

Ha]k ||WMP ()

a
[ H(M?Pz)(WM; NZxZ) = ’ M, (Z)k

1/q
1 1
e 3 la i I | <,
tez,Nen, $2(N) 2N +1)1/4 (keQ;l,N) GOy, @)

and

lall gy pa [
(WMIPZ)(WMW Y(ZXTZ) (k) WM, (Z),j WM&Z(Z),k

1/q
= su supy<k e Q(,N ar: '>'Y} < o0,
lez, NIZNO $2(N) 2N+ 1)1 50 { (LN = NG llwa (@),

respectively. The inequality (1) and the definitions implies

lall warg, ywaes, yzxzy = Nall g yowaet y@xzy < el ym yzxay- 2)
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Related to the double-sequence setting, we define

1
(M(a))(if) = sup 7=~ 3 lagnl, (k) €ZxZ,
A NeNy #Q(]' N) 1€Q(j,N) 0

for any suitable sequence a : Z x Z — C. For b : Z — C, we also define

1
(M @)y = 9P s b= b"lagel, (K €ZxZ,
b (j.k) Netg #Q(j, N) IEQZ(:]‘,N) j (LK)

for any suitable sequence a : Z x Z — C. In addition, for any suitable sequence a : Z x Z — C, we write

1 .
(M*(a)) ;%) = sup %0 Y e —agrl, (k) €ZxZ,
Q37 neQ

where ag = é g a(y k) for any interval Q and k € Z.
n

We next define the class of parameter functions ¢ in the generalized Morrey sequence spaces and
generalized mixed Morrey double-sequence spaces which is our interest in this paper. For ¢ : Ny — R™
and1 <p< % < o0, we say that i € GZ(Z) if and only if

1
AN+1\ "7 _ y(N) AN+1\7"
< < > M.
(2M+1> ~p(M) ~ \2M +1 » NMeRNN2M ®)

The classical example for i € GZ isp(N) = (2N +1)"Viwherel <p<g<ooandy =1/q.

Condition (3) implies that ¢ is almost decreasing (i.e., $(N) < (M) for N > M) and the map N —
(N)(2N 4+ 1)/? is almost increasing (i.e., (N)(2N 4 1)1/? < ¢(M)(2M + 1)1/F for N < M). Moreover,
for 1 < p < oo, a function ¢ : Ny — R is said to belong to G,(Z) if ¢ is almost decreasing and the map
N + »(N)(2N +1)1/7? is almost increasing, see [12]. Consequently, we obtain the inclusion GZ(Z) C Gy(Z).

The introduction of this restricted class GZ (Z) is primarily motivated by the fine quantitative control
required to establish the boundedness of higher-order commutators. While the broader class G,(Z) provides
a sufficient framework for the discrete Hardy-Littlewood maximal operator, it lacks the strict decay bounds

necessary to control the sharper oscillations associated with BMO coefficients. By incorporating the parameter
1, the class GZ (Z) enforces a precise upper scaling bound that prevents the parameter function from
degenerating. This controlled decay is a critical technical prerequisite when invoking Fefferman-Stein type
inequalities within the discrete mixed-norm setting.

Now, the following theorems are our main results in this paper.

Theorem 1. Let ¢y, 9, : Ny — R™.

1 If1 < p < ocoand P,y € Gy(Z), then Py S o if and only if M is bounded from MZJI (Z) to Mﬁz (Z).
2. If 1, o € G1(Z), then 1 < ¢y if and only if M is bounded from /\/lllp] (Z) to W/\/lllp2 (7).

Theorem 2. Let ¢1, o, : Ng — RT.

1. Suppose that
1<p<o, 1<g<oo, andiyy, P € Gy(Z).

If Y1 < 4, then M is bounded from (Mqlp)(le)(Z X 7) to (M?P)(MZZ)(Z x 7). Conversely, if p € G4(Z)
and M is bounded from (MZJ)(MZl)(Z X 7) to (MZ, (Mf;, W(Z x Z), then 1 < .

2. Suppose that

2
1<g<oo, andyy, iy € G(Z).

If Y1 < o, then M is bounded from (MZ,)(M#])(Z X Z.) to (WMZ,)(WM#Z)(Z x Z). Conversely, if p €
Gy(Z) and M is bounded from (M) (My, )(Z x Z) to (WM ) (WM, )(Z x Z), then 1 < ¢a.
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Theorem 3. Let 1 < p < 1/5 < co. Suppose that P € GZ (Z) and m € N. Then, b € BMO if and only if M} is
bounded on Mf;(Z).

Theorem 4. Let 1 < p; < 1/5 < 00,1 < py < o0, and i1, ¢, : Ng — RT where ; € Ggl(Z). Suppose that m € N
and b : 7 — C.

(1) If b € BMO, then M} is bounded on (M%)(M;ll)(Z X 7).
(2) If Mj" is bounded on (MZZZ)(ME)(Z x Z) where 1y € Gp,(Z), then b € BMO.

Statement (1) in Theorem 1 characterizes the boundedness of M on generalized Morrey sequence spaces,
namely from the sequence space /\/lf;,l (Z) to the sequence space MZZ(Z) via the relation between the
functions ¥; and ¢, under some assumptions. Meanwhile, the statement (2) characterizes the weak type
(1,1) boundedness of M on generalized Morrey sequence spaces. This theorem extends the results regarding
the boundedness of M on the continuous settings, see [6,7,11]. Moreover, in the discrete setting, the theorem
complement our previous results, particularly concerning the necessary condition for the boundedness of M.

Theorem (2) handles the double-mixed setting of generalized Morrey sequence spaces. In the first part
of theorem, we characterize the boundedness of M on generalized mixed Morrey double-sequence spaces,
namely from the sequence space (Mi)(M;l)(Z X Z) to the sequence space (M?p)(Mgz)(Z x 7)) via the
relation between the functions ¥; and ¥, under some assumptions. On the other hand, the other part
characterizes the weak type (1,1) boundedness of M on generalized mixed Morrey double-sequence spaces.
Beside the mixed Morrey double-sequence spaces initially introduced by Gunawan et al. [17], our theorem
extends the boundedness M on continuous setting of mixed Morrey spaces, see [28], to the discrete setting.
However, we do not state Theorem 2 as an equivalence, and establishing such an equivalent formulation
remains an open problem for future research.

Unlike the previous theorems, we characterize the boundedness of the commutator on generalized
Morrey sequence spaces in terms of BMO in Theorem 3 and 4. The boundedness of commutators on
generalized Morrey spaces in the continuous setting has been studied in [11,28-30]. The two theorems extend
the boundedness of the commutator to the discrete setting, both in the standard and mixed frameworks.
Similar to Theorem 2, establishing a complete equivalence for Theorem 4 is left as an open question for future
investigations.

2. Proof of Theorem 1 and 2

We need some lemmas in order to prove Theorem 1 and 2. The following first lemma estimates the norm
of the characteristic function of the discrete interval Q in generalized Morrey sequence spaces.

Lemmal. Let1 < p < coand i € Gy(Z). Then, HXQ(]EN)”MQ’;(Z) ~ p(N)"Land HXQ(])N)HWMZ(Z) ~ p(N)~1 for
j€ Zand N € N.

Proof. Letj € Z and N € Ny. We easily see from definition that

e gz = e s It v = o @
XQ(N) M;(Z) = (N (2N+1)1/F’ XQU,N) v (Q(j,N)) = PN’

Now, let k € Z and M € Ny. If M > N, then by the fact the map N — ¥(N)(2N 4+ 1)/? is almost
increasing, we obtain

1 1 1 (#Q(j,N)nQ(k, M))V/P
o) v 7 Xeim leewm) = 5o a1/
1 #Q(j,N)/r

~ (M) 2M+1)V/r

)
1 (2N+1)Vr 1
)

POM) M+ 1)1~ p(N)
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Otherwise, if M < N, then by the fact that i is almost decreasing, we also obtain that

1 1 1 (#Q(,N) N Q(k,M))''
o) v 7 eim ) = 5o = a1/

1 #Q(k, M)V
p(M) 2M +1)1/7
= 1 < 1

$(M) ~ y(N)’

<

The two cases allow us to deduce that

1 1 1

. = su . < — . 5
XMl p 2y S PM) 2M 1) 1 Nl S ¢ ()

~—

Hence, (4) and (5) imply [[xo(jn) HMZ(Z) ~ p(N)~ L.
Next, we see that
> 1 1
Iaimlwagz) = 5y N T X0 lwer (iny)

1 1
> #{k i : . 1/p
= y(N) N+ )77 8T tke QUN) = xgian () > 7

o1 (SR VY PR AL
= y(N) 2N +1)/r 2 { € QU/N) = xqi)( )>2}

1
_ L Lo o

p(N) 2N +1)1/r2 ~p(N)’

On the other hand, by (1) and the estimate ||XQ(]',N) ”Mﬁ @~ _1_ we have that

¥(N)

1
106 wanpzy = 16000 ey @) ~ 5y

Therefore, [|xq(,n) [l MEz) ™ ¢(N)~! and the desired results are obtained. [J

We note that if k € C is constant, then from the definition of the norm of Mg (Z), it is clear that

||ka||M;(z) = |k|||a||M;(z)- (6)

On the other hand, related to the weak type norm, for the constant k # 0 we have that

1 1
lkallyy\p 7y = sup ; supy#{7' € Q(LN) - [kay| > 7 }1/7
WD JEZ,NeN, P(N) #Q(j, N)l/p 7>Ig {j j,N) j | }
1 1 ‘ ‘ _
= su ; su '}’#{’6Q(,N):|a‘,|>7} p
jGZ,NIZNO PIN) #Q(j, N/ 7>Ig / / PR k|
1 1 . .
= |k| sup S l#{]’ € Q(],N) : |aj/| > l}l/p

- u
icznen, $ON) #Q(i, N)77 0 R k]

= Klllaly v 2

If k = 0, it is clear that || ka =k|la . Therefore,
it 1 || HWMZ(Z) H HWMZ,(Z) erefore

||ka||w/\4;(z) = |k\Hﬂ||WM;(Z),k e C )
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Next, the following lemma provides an estimate for the norm of a specific sequence in generalized mixed
Morrey double-sequence spaces. This sequence is defined as a characteristic function of a rectangle in Z x Z.
This result generalizes [17, Lemma 2.1].

Lemma 2. Let 1 < py,pa < 0. Suppose that 1 € Gy, (Z) and ¢y € Gy, (Z). Let j,k € Z and M, N € Ny. Define
a:ZxZ — Rsuch that a(l,n) = xo(N)yxom)(l,n). Then, ||a||(M§§)(M$1)(ZxZ) ~ (p1(N)gp(M))~! and

HaH(WM%)(WM%)(ZXZ) ~ (lPl(N)lPZ(M))il-
Proof. It can be seen that a(l,n) = xo(;n) (1) - Xo(k,m)(n). Then, by (6),
||ﬂ(lf”)||M5]11,l = [lxo(n (D) - Xokm) (n)”Miif’ = ||XQ(]‘,N)(Z)HM;11,Z “ Xk M) (1)

Here, X0 k,m) (n) can be taken outside the norm since it is constant with respect to the index I. Therefore,
by the preceding lemma, we obtain that

Il v ey = 100 ) g s

ME(Z)n

_ ) i . n
HHXQ(],N)( )HMEJ Xk (1) M2 (@)

= ||XQ(]',N)(Z) HM% (Z)1 ||XQ(k,M)(”) HM%(Z)M-

Note that we have taken [[xg(jn) ()] 14m1 7)) outside the MZZ (Z)-norm, since it is constant with respect
- ll}1 , 2
to the index n.
By the preceding lemma, we thus have that

1
Nl a2y oty zxz) ~ $1(N)y2(M)’

as desired. On the other hand, By an analogous argument, paying careful attention to the terms that are
constant with respect to the relevant indices, by (7) and the preceding lemma we also have

o)y

Ha”(WMZ%)(WM;ll)(ZXZ) = ‘ !

WM (Z)n

= . I . n
H“XQ(],N)( )HWME" Xo(m) (1) WAL @

= HXQ(]‘,N) (1) HWMZ; (Z),] ||XQ(k,M) (n) HWMZ;(Z),H
__
P1(N)y2 (M)

~

This completes the proof the lemma. [

The following theorem is our earlier result regarding the sufficient condition for the boundedness of M
on generalized Morrey sequence spaces. See [16, Theorem 4] for the general case.

Theorem 5. Let 1 < p < co. Suppose that 1 and 1, are positive functions on Ny such that

sup inf, < ey (2m + 1)V Ppy (m)

—— su < o0, (8)
NeN #2(N) N<nI;N (2n+1)1/7

Then, M is bounded from /\/llli,1 (Z) to Mf;z (Z) for 1 < p < oo and bounded from /\/lll/,1 (Z) to W./\/lllp2 (Z).
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As an immediate consequence of the foundational result, we deduce the following corollary. This result
establishes a specialized boundedness properties involving a single function 1, which will serve as a crucial
technical vehicle for proving the necessity part of our main characterization theorem.

Corollary 1. Let ¢ € Gp(Z) where 1 < p < co. Then, M is bounded on M;(Z) for 1 < p < oo and bounded from
My (Z) to WM(Z) for p = 1.

Proof. According to Theorem 5, we only need to prove that the condition ¢ € G,(Z) implies (8). Indeed, from
the assumption ¢ € G,(Z) we have ¢ is almost decreasing and

sup y(n) S P(N), N €N
N<neN

Moreover, we have that

sup $(n) = sup W > su inf, < men (2m + 1)1/1’1/,(,/”)'
N<neN Nenen  (n+DVP T e (2n+1)1/7

Hence,

sup inf, < pen(2m + 1)1/p¢(m)

<
N<neN (2n + 1)1/7 S¥(N), NeN,

as desired. [
Now, we prove Theorem 1.

Proof of Theorem 1. First suppose that ¢; < ¢». By Corollary 1, we have that M is bounded on ./\/li1 (z)
for 1 < p < oo and bounded from Mb,l (Z) to WMllp] (Z). Since 1 < o, we then have HM(”)”Mf,’,Z(Z) <

||M(‘1)||Mi] (Z) S ||‘1HM£1 (Z) for1 < p < coand ||M(”)||WMgP2(2) < HM(Q)HWM}h(Z) S H‘ZHM}M(@- Hence, M
is bounded from M@l (Z) to MZ,Z(Z) for 1 < p < co and bounded from M}Pl (Z) to WM%UZ(Z).

Next, we assume that M is bounded from MZ1 (Z) to Mi(Z) for1 < p < oo.Letj € Zand N € N. Since
|la| < M(|a|) on Z for any a : Z — C, then by taking a := x(j,n) we have from Lemma 1 that

‘/’2(1\])71 ~ HHHMZQ(Z) < HM({Z)HMZZ(Z) N HQHMZ]q(Z) ~ ¢1(N)71,

which implies ¢ < . Now we assume that M is bounded from /\/lllp1 (Z) to WM 11#,2 (Z). The same choice of a
also allows us to get

U2(N) ! ~ lallpgy 2y < IM@) ey 2y S lall gy ) ~ 91(8) 7

which implies ¢, < 9. This completes the proof of the theorem. O

While the sufficiency part of Theorem 1 builds upon the boundedness imported from Theorem 5 and
the embedding implied by ; < ¢, the chief novelty of this theorem lies in establishing the necessity
condition. It is worth emphasizing that this necessity is achieved even though the condition on the function v
is strengthened. Therefore, Theorem 1 provides a more comprehensive characterization than a straightforward
corollary.

Proposition 1. Let 1 < p < oco. Then,
IM(a)ollerzy S Nagllerzy, ke€Z,
for ai.xy € LP(Z) for any k € Z. Moreover,

M@)o lwn(zy < lacllam, keZ
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forag € (Y(Z) for any k € Z.
Proof. It can be seen thatif a. sy € {*(Z) for any k € Z, then

1 1
(M(a)) gy = sup = 3, lagpl <lacpllez sup o Y, 1= lacplwa),
= S BN &, 0] < e llee S ey, 2 (ollerz)

which implies that
IM(a) iyl zy < llagiyllemz), k€ Z
Next, we move to the weak-type estimate (1,1). Motivated by [22], our aim is to prove that there exist
C > 0 such that
#n € 2 (M@) ) > 0} < llagllag, «>0 ©)

forag ) € (Y(Z) forany k € Z. Fixk € Z. Fora > 0, weset E, = {n € Z: (M(a)) () > at-

“y

If j € Eyx, there exists N; € Ny such that

1

Yo agpl-
N1, Sy

o <

Hence, we have that
Ea,k c UjEED(,kQ(]'/ Nj)‘

Then, by Vitalli covering lemma, there exists a disjoint subcollection {Q(j", Ny ) } such that
Eo € Up5Q()", Ni).

Since the subcollection {Q(j’, Ny7)} is disjoint, we can see that

aZ#Q(]”, Ni) <Y, Y lawnl <Y lagel = lacolag):
]/

7 n=JT<Ny jez

Hence,

) ) 5
#Ewx < ) #5Q(7, Ny) < 5) #Q(j', Ny) < acplloe)
J 7

which proves (9).
Now, for k € Z, we set by(-) = a(.x). Then, (M(a))jx = (M(by));. Hence, [[M(by)| = < [[br[l¢~ and
IM(bp) || o1 < 5]|M(by)|| e for k € Z. By Markinkiewicz interpolation, we have that

1
p_1
MOz <2 (525) 5 Ibeloia
which implies
1
5 [
M@)o <2 (527) locnloe, ez
This proves the proposition. [

Next, we prove Theorem 2.

Proof of Theorem 2. Suppose that {1 < 7. Let j,k € Z and M, N € Ny. Suppose that a € (M?P)(Mﬁl)(z X
7). We write a = aV) + a(®) where

aV (iKY = ag - xogansn (7)-
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It is clear that

M@)o ler iy < 1M@ED)) o) e z-

Proposition 1 then yields

IM(@)) gy ler iny) S 1@ i llee(zy = lagpnlleriagian-1))-

Next, we shall find the estimate regarding a?). Let j/ € Q(j, N). For j € Q(j',n) N Q(j,2N + 1), then

N <2N+1-N<|/"—=jl=1j—j| <|j” —j'| < n. Hence, )3 |ajr| = 0, forn < N. Moreover, we
j"€Q(" mNQ(j2N )¢

alsonote that |/ —j| < |/ —j|+|j' —j| <n+ N < 2nfor N < n which implies that Q(j’, n) N Q(j,2N +1)° C

Q(j,2n). Therefore, by Holder’s inequality and the assumption that ¢ € GZ (Z2),for k' € Z,

1

1
sup o=~ Y 1aP("K) = sup oor—s ) (", k)]
neto #QU'/ M) ey Nty QUM jreoqy mragany

1
S sup o~ ‘ll(j//,k/”
N<neN #Q(]’ I’l) j”GQZ(]'/ZH)

1
S sup o ‘a(]'//,k/)|
2N<neNy #Q(j,n) j'/GQZ(j,n)

< sup

1
IN<neNp W ||a(~,k’) HZP(Q(]‘,n)) ||1 ”W/(Q(]'Jl))

1
< sup 1
2N<neN, #Q(]‘, n)?

@), 9P 1) Sl g @1 (N),

H“(-,k’) ||ZP(Q(J}71))
< /
= ||a(-,k)||M{;

and

1
M@)oy = sup ——— a@ (" K| < 91 (N)||ag )
M0 = 30 gy T WSO g

Hence, 1
1M @®) ey ler(ainy) S W1 (N#Q(, NP lag ey v, 2y

and
M@)o llagg @) S Naculiae, @y K €2

By combining the estimate regarding a(!) and a(?), we have
/! < /! d .
[M@) g ) S lacillag @ ¥ €2 (10)
One can follow the similar technique to obtain that
/

M@)oy llwagy, ) S o)l agy, @) & €2

The assumption 11 < 1, implies
1M(@) (ol gy 2y S NM@) (ol pap (2) S Nlacollng @) k€2

and

1M(@) (o llwag, 2) S IM@) o lwary, @) S o llag, @) * € 2.
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Therefore, by the assumption and definition of the norm, we have

1M paty ot @2y S Nellangy o yzxzy

and

1M @) gy wary, yzxzy S IM@N gy wany, yzxz) S lellomg) g, ) zxzy

showing that M is bounded from (M?p)(MZI)(Z x Z) to (Mqlp)(Mzz)(Z x Z) for 1 < p < oo and bounded
from (M) (M, )(Z x Z) to (WME) (WM}, )(Z x Z,).
Conversely, we assume that M is bounded from (MZJ)(M571)(Z X 7) to (MZ,)(MZZ)(Z xZ)forl<p<

co and bounded from (My)(My, )(Z x Z) to (WM) (WM, )(Z x Z). Let M,N € Ny and j k € Z. Define
the sequence a : Z x Z — R as in Lemma 2. Thus, for 1 < p < oo, by the lemma,

($2(N)p(M)) ™ ~ lal] 1M, )(Zx2)
< [M(a )|| M‘?)(Mgz)(sz)
S lallovgy e yzxz) ~ (1 (N)p(M))

implying that ¢, < 1. We also apply Lemma 2 for the norm of weak type,

($2(N)p(M)) " ~ H“”(WM”)(WMI NZxZ)
< [IM(a)l J(WM}, ) (Zx7)
-1
S Ha||(M?,,)(M}p])(ZxZ) ~ (P1(N)p(M)) ",
which also implies ¢; < . This completes the proof of the theorem. [J

3. Proof of Theorem 3 and 4

We first provide some lemmas and propositions. The following two lemmas are proved in [14]. For the
definition of A and related concepts, we refer the reader to [14, Section 2].

Lemma3. Let 1 < p < oo, w € A, and b € BMO. Then,
1
Z
( Y 1bi— bQ|pwj> S 1ol 1n
]GQ
Lemma4. Ifb € BMO, then |bg — bygl| < ||b||« Inn for any interval Q = Q(j, N) and n € NwherenQ = Q(j, nN).
The next lemma gives a relation between M}’ and M which is useful in estimating M}’ via operator M.

Lemma5. Let u,v > 1,b € BMO, and m € N. Then,
1 1 )
|(M* (M} (2)));] < [1]|2 ((M(IM(Q)I”));‘ + (M(lﬂl”))f), j €L (12)

Proof. Let j € Z and the interval Q containing j where we write Q = Q(c(Q), Np) for some ¢(Q) € Z and
Ny € Np. Since the map ¢ — " is convex, we can obtain that

1
M (a))i| = sup ————— b, —bi|"|a
(M} @) = sup sorss X bu= bl

neQ(jN)

1
< gm-1 {sup o TEAN) Y |bj—bg|"|an] + sup #Q( N) Y |bn—bQ|m|an|]

NeNg neQ(j,N) NeNg n€Q(j,N)
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>~ |b; — bo|™[(M(la]));| + (M(|b —bg|™[al));
< [bj = bo|™|(M(lal));| + (M(|b — bg|"|alx2q)); + (M(|b = bo|™ |alx 20)));
= I(j) + L(j) + ().

We shall estimate the mean value over Q for each Iy, I, and I5. First, by Holder’s inequality and Lemma
3, we can obtain the following estimate for I;.

i L h® (zwrwﬂ%mmwm@swwmmm.

keQ keQ

==
e

Next, we let v = rs > 1 where 1,5 > 1. The boundedness of M on {"together with Lemma 3 (w = 1), we
obtain that

1

1 ’ '
#0 JIRZ ( > (M |b_bQ|m“|'X2Q)>n|r> #Q% (2 [bn — o™ |an IT>

nEQ neQ

1 1
1 rs! rs
Z |ban|mrs> <2 an|rs>
#Q (nEQ neQ
1

S #111||b||11 (Z Ian|”> S Bl (M([al?)) ;-

Qr’ rs! neQ

We now estimate the mean value for I3. We first note thatif n € Z and M € Ny such that0 < |[n —j| < M,

then0 < |n —j| <2M +1and
1 1

< .
2M+1 ~ |n—j

Moreover, | =i makes sense if n € (2Q)°. Indeed, for n € (2Q)¢, we have |n — c(2Q)| = |n —¢(Q)| > 2N
wh1ch1mpl1es|n—]| > |n—c(Q)| —1e(Q) —j| >2N — N =N > 0and |n — j| > 0. Hence,

1
L(j)=sup =5 ), [bn—Dbg["|ax]
mety GM+1) 0y M) (2Q)°
< sup 2 e ||bn bol™|an|
MeNo neQ(j,M)N(2Q)
1
< X m“’n — bo|"|an|.
ne@Q)y " )
For n € (2Q)¢ and j, k € Q, by applying the Mean Value Theorem on the map x — | a we have that
n— ]‘ In—kl|~ x€[min{j k},max{jk}] In— x|2

Since n € (2Q)¢, we have |n — x| ~ |n — k| for x € [min{j, k}, max{j, k}]|. Hence,

1 < =¥k

=~ \n—k|~|n—uz (13)

Therefore, Holder’s inequality implies that for j, k € Q we have

o
n—jl [kl

LG) - LK) < Y

s bol"lonl S % =16, — ol
ne(2Q)°

ne(2Q)¢




Open J. Math. Sci. 2026, 10, 836-859 848

1 1
< | | b, —b mo’ ‘ k| v
= Z |k |2| n Q| 2 |k— |2| l’l| .
ne(2Q)¢ ne(2Q)°

We see that, by Lemma 4

1 1
[j — K] A\ N Al
)y [bu —bo™ | < Y [ba—bol™
(ne (2Q)¢ |k |2 leN #(21+1Q)2 nezHlQ\le

1
N A\
: (#(2l+1Q)2 L |bn_b2’“Q|mv)

nEZIHQ

Z}/

N /
+Z(#(2H1Q)2 ). bz'“Q_mev) S I1Bl[E

1eN nGZHlQ

Since j,k € Q, we have |j — k| < 2Ny. If Ny = 0, then it is clear that k should be equals to j and

( ) |,'('7’j'2|n|v) = 0.< (M(a"));.

ne(2Q)°
On the other hand, for I € N, n € 2+1Q\ 2/Q implies

Laing = Leaiti), (s

[k —n| > |n—c(2'Q)| — |e(2'Q) — k| > 2'No — No = (2" ~ 1)No > 5 ( o

and

1

1
y e (¢ 'f‘k'zianlv <10t 1 Y
|k ‘ |k - 7’1‘ 2 + Q) nGZHlQ\ZlQ

ne(2Q)¢ IeN ne2l+1Q\2!Q

1 A
< 2007 2( HE0) FE0) ). |ﬂn|)

1eN neZHlQ
1

< 2007 (M(jal” ))l Z <2l+2?\110+1>

<200} (M(af))} & (3r2) " = e}

1
These imply that |I3(j) — Iz3(k)| < ||b||? (M(|a]® )) which allows us to conclude (12). O

Lemma6. Letu,v > 1,b € BMO, and m € N. Then,
1 1 ’
M @) 1| S 1012 (MM Dy + MaP D) (6 € Zx 2 (15)
Proof. Let (j, k) € Z x Z and the interval Q = Q(jo, N) containing j. We write

1
M (@) | = sup ——— by — bi|"|ag,
[(My'(a)) (j | Nego FOG,N) neQX(;,N)I n =il |ag,

1 1
<2 lsup s Y |bj—bo|"|ag| + sup s Y. ba —bol" |ag.|
[NENO #Q( ) neQ(j,N) b NeNy #Q(j, N) neQ(j,N) o
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>~ |bj — bo[™[(M(|al])) x| + (M(|b —bo[™|al)) ¢
< |bj — b ™ [(M(|a])) ;| + (M(1b — bg|™|alx2g)) (jx) +

= J1(j, k) + J2(j. k) + J5(j, k).

(M([b — bo[™|alx 20))) (k)

We shall estimate the mean value over Q for each [y, J», and J3
The Holder’s inequality, Lemma 3, and the assumption that Q containing j imply the following estimates

for J1.
o

u 1 %
iG L ik < <#Q>:b—bg|m“> (wnezQ \<M<a>><n,k>|”>

neQ neQ

1
Sl | sup o==7m
MeNy #Q(]’M) neQ(j,M)

==

< (Bl (MM (@)["))(;

Next, weletv = rs > 1 wherer,s > 1. The boundedness of M on ¢"(Z) with respect to the first coordinate

(=
=
N

according to Proposition 1, together with Lemma 3 (w = 1), we obtain that

1 1
m ' 1 m T '
Zfz (n,k) ( Y (Mo —bg[™al - x20]) )|> S — (Z (b= bg |a‘X2Q)(n,k)|>
neQ neQ #Q7 \neQ
1 1 1
1 r rs! rs
= |bw = bo|™ |a(x |’> < ( |bn —bQ’”’S> ( |2 I“>
#Q! (E% ] <o\ & L%

1
1 ’ m v\\ B
7/||b||m (2 |u<n,k)|v> < ||b]|7(M(|a] ))(v]k)

neQ

It should be noted that the constants appearing in the inequalities are independent of the second

~

Qr

coordinate, as a consequence of Proposition 1.
We now estimate the mean value for [3. As we have seen before

1 < 1 _
2M+1 ~ |n—j

forn,j € Zand M € Ny such that 0 < |n — j| < M. Moreover, ‘ i makes sense if n € (2Q)°. Then,

1
J3(j, k) = sup ) |bn —bo|™ |ag, x|
MeNy CM+1) 6 ATn 20y o

1
< s o Tl el
MeNy neQ(j,M)N(2Q)* J
1
< T 1bn —
— Z |n —]| | n

ne(2Q)°

bol™[a (|-

As we have seen before, for n € (2Q)and j,j' € Q,
1 1

n—jl |

(16)

Therefore, (16) and Holder’s inequality imply that for j, j € Q we have
by —bo|™agn] S Y =7l

n =YL 1% (nk) i —n?
ne(2Q)°

1 1
b — bo|™ |ag, i)

n—j  n—/]

G k) =BG R < )

ne(2Q)°
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1
.y ) ! i
S Z ] ;|2|bn_mev Z ||] n||2| nk ‘v
ne(2Q)° ] ne(2Q)°

1
.y ) !
( Y |]'-5_L|'2|bn—bg|mv) < bl
)

1
v

We have seen that

ne(2Q)¢

Next, since j,j' € Q, we have |j — j/| < 2Np. If Ny = 0, then j’ should be j and

( y 4= a<n,k>|”) = 0= (M7

ne 2Q |] n|2

Otherwise, for I € N, n € 271Q\ 2'Q implies |j' — n| > {5#(2'71Q) as in (14). Therefore,

1 3

v )
S R RS
VIEQE leNnezHlQ\ZlQ]

< 100° Z( #(21+1Q)2 2 a(nrk)|v)

ne2l+1 Q\ZZQ

1 v

neZl“Q

QU=

1

No g
Jr >162N <2l+2N0 +1>

1

0 X (52) = 0(aP))

leN

Y=

< 200% (M(|a]"))])

—

QU=
Qe

< 200° (M(|a[*))

—
L

k)*

—
L

1
o

These imply that |I3(j, k) — I3(j, k)| < ||b]|™(M (|a\”))(]. ry» and (15) holds. The lemma is proved. [J

The following proposition concerns the Layer cake formula established in [31].

1
Proposition 2. Ifaw? € (P(Z) and p > 0. Then

1
e oz = o7 (/0 APV ({m : [am]| > /\})d}\> ;

An application of the layer cake formula yields the following discrete analogue of the
Kolmogorov-Smirnov inequality.

Proposition 3. If0 < v < 1, then
lallagz) \”
70 L M@ 5 ( : (17)
Qi : #Q
for any discrete interval Q and a € ('(Z).
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Proof. Let Q be any discrete interval. By the layer cake formula, we have that

LIM@) = |7 AT € Q: M(@); > A}
j€

- 7./0.K )W_l#{j €Q: [M(ﬂ)]] > )\}d)t—l—’)/'/:o )\’Y—l#{]’ €Q: [M(a)]] > )t}d}\
= M + My,

where K = [|a|| 1z /#Q. Since {j € Q : [M(a)]; > A} C Q, it can be seen that

Aﬁ<7/5ﬂ1ﬂMA—KWQ—#QWUﬂm.
- Jo #QY
On the other hand, by the weak type (1,1) boundedness of M, we have that
M€ Q: M@] > A} S llallazy, A>0,
which implies that

K1 _#Q HQHZI(Z)
—y+1  —y+1 #QV

o llallag
My <y [ A B = fallg g

Hence,

lall(z)  #g llallfi g
jGZQ[M(aﬂ?g#Q Fro TR Rao

which is immediately prove (17) to conclude the proposition. [

In establishing the Fefferman-Stein inequality in the classical Morrey sequence spaces in [14], we use the
fact that weight wy = [M(xq)]{ belongs to A1(Z) for 0 < v < 1 and the discrete interval Q. We can further
generalize the fact by replacing the characteristic function x with a locally summable sequence a on Z, namely
one satisfying ||| 1 o) < oo for every Q C Z. This generalization is formulated in the following proposition.

Proposition 4. Let 0 < v < land a : Z — C be a sequence such that ||a||n(q) < oo for every Q C Z. Then, the
weight w defined by wy. := [M(a)]] belongs to Ay(Z).

Proof. Recall that the weight w where wy := [M(a)]] belongs to A;(Z) provided

(M(w)); Swj, j€EZ. (18)

]~

To do so, we take j € Z and any discrete interval Q containing j. We decompose @ = 4 - x50 + 4 - X(50)c-
The local part aj5.q1 = a - x50 relies on the Kolmogorov-Smirnov inequality (17) in Proposition 3, whereas the
global part agjghal = @ - X(50) is handled using the geometry of (5Q)°.

We first estimate the local part. From (17) and the fact that #Q ~ #(5Q), we have that

Moc U a v
i [M(alocal)]'.y 5 M 5 ”H[ﬂ .
#Q je / #Q #(5Q)

Since 5Q contains j, we obtain that

and
(M(M(alocal)’y))j S [M(a)];y (19)
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Next, we estimate the global part. If

[M(agioba) |k < (M(a))j, k€ Q, (20)
then )
%0 keZQ[M(ﬂglobal)}Z < M(a)]],
which implies
(M(M(agiobat)”)); S [M(a)]}. (21)

The estimates (19) and (21) immediately imply (18). Therefore, it only remains to establish (20).
Letk € Q = Q(c(Q),N(Q)) and take Q" = Q(c(Q’), N(Q')) an arbitrary discrete interval containing k.
We shall consider two cases: Y. [(agiobal) 7| = 0and Y |(agiopar)j| > 0.
j/EQ/ ]'/GQ/

If ¥ [(agiobal) | = O, then it is clear that
j/eQ/
1
#7Q/ 2 |(aglobal)j’| < (M(aglobal))j'
j/eQ/
Now, suppose that Y |[(4giobal)y| > 0. Hence, Q"N (5Q)¢ # @ and there exists jo € Q"N (5Q)°.
j/eQ/
Moreover, |jo — ¢(Q)| > 5N(Q) and
o= i1 2 ljo — e(Q)| ~ Ie(Q) — /| > 5N(Q) ~ N(Q) = 4N(Q).
Since jo,k € Q" and j, k € Q, we have
2N(Q) > ljo — k| = ljo —jl — Ij — k| = 4N(Q) —2N(Q) = 2N(Q),

and N(Q') > N(Q).
We claim that Q C 3Q'. Indeed, for j’ € Q, we have

" =B =1j" = (@) < |f =kl + [k — c(Q)] < 2N(Q) + N(Q') < 3N(Q').
Since Q contains j, the fact Q C 3Q’ then allows us to conclude that 3Q’ contains j. Therefore,

1 1

2 2 agiobal) 1 S 52 2 1(@gioba) 7| < (M(agioba) )
#Q/ ]'IEQ/ #(3Q/) ]'163Q/
Form the two cases,
1
ol Y agioba) | S (M(agiobal))j < (M(a));,
jleQ/

for any discrete interval Q' containing k. Then, by taking the supremum over the discrete interval Q' containing
k, this implies (20). Hence, the proposition is proved. [J

The next lemma establishes the Fefferman-Stein inequality for generalized Morrey sequence spaces.

Lemma?7. Let 1 < p < coand ¢ € G}}(Z) where 1 < p < 1/ < oo. Then,

IM(@)l pitz) = \lM#(ﬂ)l\Mi(Z)- (22)
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Proof. Let 0 < ¢ < 1suchthat1 —yp — vy < 0. Let Q = Q(j, N) be any discrete interval. As mention earlier,
the weight wy = [M(x()]] belongs to A;(Z). Then, by [14, Lemma 2.12] and the condition (3),

Y (M(a0) = ¥ (M(@)? xa(0) S ¥ (M(a)? (M(xo))7 S ¥ (M*(@)] (M(x0))]
keQ keZ keZ keZ
- Y (M @) M)+ Y X (M*@)!(M(xQ)]
keQ leNke2!Q\2I-1Q
STIM@R + T o & @) = ¥ o ¥ (M @)
keQ leN2 ke2!Q ZGNOZ ke2!Q
< IM' @l g 2%awzlcz)t,v(zlmp

SIM@ 40 & o (2) PN

< 1M (@) 5y g NHQ Y 5 F @) = IMY @)y ) (N)4Q,
leN

which implies (22) to conclude the lemma. O

Lemma 8. Let w € Aco. If a : Z x Z — C satisfies (M#(a))(_/k)w%./)po € (Po(Z) for some 0 < py < oo and for all
k € Z, then for every p € [pg, o), we have that

Y (M(a ))(]kw]N Y (M*(a (] oW, kEL
JEZ JEZ

Proof. Since we concern the operator M, we may assume that 4 > 0 on Z. Take t > 0. By Proposition

the Calderén-Zygmund decomposition in discrete setting established in [31], we have a countable family of

disjoint intervals {Qy j }jea such that a . )| < tonZ\U;Qy;, t < #Q Z lag | <2t,and D#Q; ;) < 1y |al.
Qe j

Given t > 0, we fix Qo = Qy/4,, and let A > 0.
We shall consider two cases. For the first case, Qy C {n : (M*(a)), x > t/A}. Thus, since the intervals are
disjoint, we the have that
Y, #Qu <#{n: (M*(a)) (i > t/A}.
j:Q1;CQo

By [14, Corollary 2.2] which is applied to previous inequality,

Y w(Qy) <o ({n: (M*@)gp > t/A}). (23)
J:Q1,iCQo

Now we move to the second case, namely Qo ¢ {n : (M*(a)), s > t/A}. Then, there exists ty € Qp such
that tg & {n: (M"*(a))(,) > t/A}. Hence,

1 t
0. ag ) — agexl < (M*(a < —.
#Qo j,g0| (k) ~ Aokl < (M7(@)) 1o ) < =

Since ag x < 2(t/4) = t/2 from the construction, we may write

1
Z (t—t/2)#Qt,]-§ 2 |:(#Qt] 2 |“(j’,k)|) _aQO,k] #Qyj
]

J:Q:,;CQo J:Q1,iCQo A jeQy;

4
< Y X lagy —agurl <Y lage —agokl < ATHQ.
J:Q1,iCQ0 ' €Qy, j'€Qo
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We apply [14, Corollary 2.2] again to the previous inequalities to obtain that

Yo w(Qr)) <247 w(Qp). (24)
J:Q1iCQo

By adding up in all possible Qy’s we may obtain from (23) and (24) that

Zw(Qt,j) <w ({” € Z: (M*(a)) () > f/A}) +2A7! Zw(Qt/4,j’/)'
] ]//

Next, we let a(t) = Y w(Q; ;) and B(t, k) = w ({]’ s (Ma) gy > t}) . By [31], we have that
i

#{j': (Ma) i) >t} < Y #3Qu/; S Y #Qu/c
] ]

Hence, by [14, Corollary 2.2] and the previous inequalities, we have B(t, k) < Y w(3Qy/4,;) < a(t/C). For
j

«(t), we obtain
a(t) <w ({j’ €ZL: (M#a)(]-/,k) > t/A}) +2A 1a(t/4).

By Proposition 2,
L (Ma)l, oy = [ pt Bt k).
]/

We first consider

IN = /ON ptP~La(t)dt.

1
Since (Ma)(vk)w(p.“) € (Po(Z), we may see that

N N
JN < /o ptPLB(t, k)dt 5/0 potPO B (t, k)dt < j;Z(Ma)ZQ,k)wj/ < o0,

On the other hand,
N N
In g/ ptP 1w ({j’ e Z: (Mha)(yp > t/A}) dt+2A’1/ ptP=La(t/4)dt
0 ’ 0
N N/4
:/ ptr o (' € Z: (MPa) 5y > t/A}) dt+CA—1/ ptP = (t)dt.
JO ! JO
Hence,
N
In g/o ptP Yo ({f € Z: (MPa) g > t/A}) di+CA™ Yy,
We take A = 2C and obtain that
I<2Nt?7*1<” Z: (M*a) s > t/A)) dt
N2 ptPTw ' €Z:(Ma)x >t/A})dt.

Therefore,

/0 ptPla(t)dt = lim Iy < 2/0 ptP 1w ({]’ €L: (M#a)(j/,k) > t/A}) dt.
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By taking this into account, Lemma 2 allows us obtaining that
Y (Ma)’(gj,,k)wj/ = /O ptP71B(t, k)dt < /O ptP~la(t/Cy)dt ~ /0 ptP~La(t)dt
J'€Z

< /0 ptr Yo ({f € Z: (MPa) g > 1/A}) dt:jglz(M#(a))Z/,k)wj/,

as desired. [

Under the same assumptions in Lemma 7, by using Lemma 8 we can see that for each fixed k € Z, the
lemma yields

#
1M @) () llpaz 2y < N @) ol g 2y

where the estimate constant is independent of k. This observation allows us to have the following lemma
regarding the Fefferman-Stein inequality for generalized mixed Morrey double-sequence spaces.

Lemma9. Let 1 < p < coand ¢ € G}(Z) where 1 < p < 1/1 < oo. Then,
1M Lagt ) S M@)o gy k€ 2 25)
forany a : Z — C where (M#(a))(,,k) € MZ(Z)fork € Z.
Now, we are ready to prove Theorem 3 and 4.
Proof of Theorem 3. First suppose that M;' is bounded on ./\/lﬁj (Z). Letj € Zand N € Nyg. We write

1
N(,N) = ——= b — boinyl-

We shall show that sup; .y, yen, N(j,N) < 1. We can see by Hélder’s inequality and the definition of by (; )
that

1/m

1

NGN) < | sar o [be—bggm!™
#Q(]/N) kEQ(j,N) (] )

m\ 1/m
b )

1 1
| T b : >, b
#QUN) 15w #QUN) e i)
m)l/m

1/m
1
[ — b —bal" |,
= (#Q(J,N) neQz(],N)' = b )

1 1
= | ———— Z 200 N Z (b — bn)
#Q(j,N) k€Q(j,N) #Q(i, N) neQ(j,N)

Since

1
P — b, — by
RGN, e, )

by Holder’s inequality, we then have

1/m
, 1 1 .
N(]’N)S(#Q(J)N) X RQUN) Zﬁk‘“') '

keQ(j,N neQ(j,N
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Now, it is clear that #Q(j, N) ~ #Q(k,2N). Moreover, for k € Q(j, N) and n € Q(j, N), we have |n — k| <
|n —j| 4+ |j — k| < 2N. These imply

Y be—bu" < )3 b —bul™ = Y b= bal"xq(n) (1),

neQ(j,N) neQ(k2N)NQ(j,N) neQ(k,2N)

for k € Q(j, N). Hence, the definition of M} and its boundedness on MZ] (Z) as well as Lemma 1 yield that

1/m

1 1
. < o o m )

N“N%V@@@ N, #mkMQG%%MkaAxmmﬂ@>

keQ(j,

1/m
1
< (#Q(],N) 2 (M?(Xg(j,l\])))k)

keQ(j,N)

1 m 1/m 1/m
S W”Mb (XQ(]',N))H[V(Q(]‘N )H ||

1 m m m m . '
< woi Ny Y RGN g <XQ]N>||“ QN

= N M (e ) 5
<P o0 1

~ p(N)YmMp(N) M =1,

(:N))

which proves that b € BMO. Conversely, we assume that b € BMO. We first need to ensure that ¢ € GZ(Z)
implies y* € GZL/‘ ,(Z) forany 1 < u < p. Indeed, by taking the power of u to all side of (3) and use the fact

that the map t — t" is increasing on [0, o), we have

AN+1\ "7 _ p(N) OIN+1)\ ™
< < , NNMEN,N>M,
(2M+1) ~ My~ \aM 11 €N =

implying ¢* € GZ;{u( )where1 < p/u < 1/(nu) < oo.

Therefore, by Theorem 1, M is bounded on MZ(Z) and Mﬁ;u (Z). Hence, by the fact that |a;| < (M(|a]))x
and Lemma 5, we have that

1M (@) | gt z) < IMME @) it 2y S IIM#(MZ”(H))HM;(Z)

S el (MM al) ) gr )+ IMal ) ez

— ||p||™ uy|1/u u\(|1/u
1113 <||M(M(|ﬂ|) )IMZQM(Z)HlM(lal )HM%( 2)

5 HbHT <||M(|ﬂ|) Hl/p/u(z) + HI | ||1/p/u(Z)>
— m

= 61 (1M 2y + e agc

< ||p||™

S I Nl pep z)

Hence, we conclude the theorem. O

Proof of Theorem 4. We first prove the statement 2. Suppose that M;' is bounded on (./\/lp 2) (M )(Z X 7).
Letj € Zand M, N € Ny. Recall N'(j, N) defined earlier. Our aim is to show SUPjcz, NeN, ( N) < 1
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For j € Zand M, N € Ny, we write A(n,1) = xq(;n) (1) Xg(j,m)(1) for (n,1) € Z x Z. We have seen that

1/m
1 1
N i, N) < | ——— [ b, — by, |™ ) n ) 2%
) <#Q(J,N) keZ,N)#Q(k,ZN) WEQ%ZN)| k= bul" X ( )) (26)
Moreover, since
m 1 "
Y. be—bul X (M) = 35070 )y 2 lbx— bl XQ(J‘,N>(”)] xq(i.m (1)
neQ(k2N) 1M 1eQGm) | neQk2n)

1
= ) Yo =Bl xogN) (M xggm (1)
#QU M) 1 4GM) nedran) o o

:1.) ) Yo b —bu|"A(n, 1),

#Q( M) 1 AGM) nedlian)

then from (26) and the definition of M}’ in the mixed setting, we have that

1/m
N(]',N)S(l. y ! ! y ¥ |bk—bn|’”A(n,l))

#Q(j, N) k€Q(j,N) #Q(k, 2N) #Q(j, M) 1€Q(j,M) neQ(k2N)

1/m
1 m
= (#Q(j, NY#Q(j, M) Y. ) (M (A))(k,l))

1eQ(j,M) k€Q(j,N)

1 . 1/m
= (#Q(j/ N)HQG, M) | (Mp (A))(k,z)||(zl,z)(zl,k)(Q(j,N)xQ(j,M))) :

By applying the Holder’s inequality in mixed setting to the last estimate, the boundedness of M}", and

Lemma 2, we obtain

N(j,N) =

1 . 1/m
(#Q(j, N)#QG, M) (M (A)) k1) ||(zl,z)(fl,k)(g(j,N)xQ(j,M))>
1 1 .

1/
%00, N) 177 #Q, My | (M A e 650 1L QN xQUiM)

1 1
_ 1M (A)) ol )% QU
= A)N(ep2) (£r1)(Q(,N) x Q(j,M))
#Q(j, N) ™ #Q(j, M) Y
1 1 1/m
< 1 ||(Mb ( ))(k,l)H(gnz)(m)(Q(‘,N)xQ(‘,M))
#Q(j, N) 1 #Q(j, M) 2 e

< p1(N) (M >“m|\<Mz1<A>> Sy
1

Sigbl(N)l/mlPZ(M)l/mH( ) ||éMp2)(M51)(ZXZ)
1

< 1 (N)Y " (M) ™| x o) () 'XQ(]',M)(Z)||1//\:IHZ§)(ME)(ZX2) ~1,

which proves that b € BMO.
Next, we prove the statement 1. To do so, assume that b € BMO. As we have seen before, ¢ € GZ1 (Z)

implies ¢} € GZM/M(Z) where 1 < p1/u < 1/(yu) < co. From Lemma 9, for k € Z,

@) 30y 2y < I @D 30 L 215 5 1M @) )L 2,
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Now using Lemma 6 and (10), from the last inequality we obtain that

H 1M (@) o | vt 2,5

M2 (Zk)
S 1002 | (1A DS s 2 )8 g o
(k) MG (), M (28) (k) N My (), M (2,
= [lpll2 { ||l aaa(laD)t e, + || 1421V
PO M @), M (2k) My () MI2 (L))
2
S ol [ (vl + (a0 115
S b i (jik) PL/U gy
MY Dy M @ w2 2,4
= o2 { {{IMal)) e +\Ila' s )4
Gl (), M2 (2, GRTM (@) M2 (k)
< |1B||7F || ||a; . .
SIS [y s
2
Hence,
m — m < m
HMb (a)H(M%)(ME)(ZXZ) H|(Mb (a))(,k)”ME(Z) MEZ(Z)kNHbH* Ha(,k)HME(Z) MiZ(Z)k
by 4 2 4
_ m
= 602112l 2y gzt sz

These complete the proof of the theorem. O
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