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Abstract: This paper investigates the coupled thermoelastic interactions within an n-dimensional rectangular
parallelepiped domain under time-dependent boundary conditions, formulating a hyperbolic system based
on the Cattaneo-Vernotte principle to account for finite-speed thermal wave propagation. The mixed
boundary value problem, incorporating non-homogeneous Dirichlet conditions and Cauchy initial data for
displacement and temperature fields, is solved analytically via the Generalized Fourier Principle, yielding
a unified solution expressed as an n-dimensional eigenfunction expansion. To validate the analytical
findings and address complex configurations, a Fibonacci Collocation Spectral Method (FCSM) evaluated
at Chebyshev-Gauss-Lobatto nodes is developed. Rigorous error analysis in L? and L® norms confirms
spectral convergence under appropriate regularity assumptions. Numerical experiments in one, two,
and three dimensions demonstrate exponential error decay from O(107%) to O(10~'*) with moderate
polynomial degrees, establishing a robust theoretical and computational framework for analyzing wave-like
thermoelastic behavior in high-precision engineering and advanced materials applications.
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1. Introduction

he study of coupled thermoelastic processes is of paramount importance in modern engineering and
T mathematical physics, particularly for multilayered structures subjected to rapid thermal wave loading
or high-frequency vibrations. Classical thermoelasticity, based on the Fourier law of heat conduction, predicts
an infinite speed of thermal signal propagation. By rejecting this paradox, the generalized thermoelasticity
theories proposed by Lord and Shulman introduce a relaxation time into the heat equation, enabling a
hyperbolic governing system that provides a realistic description of the physical solution. The analysis

of heat conduction waves within multidimensional domains, specifically in n-dimensional rectangular
parallelepipeds, presents significant mathematical challenges due to the coupling of the displacement and
temperature fields. While many existing studies focus on one- or two-dimensional models, real-world
applications in microelectronics, aerospace engineering, and advanced materials science necessitate a
generalized n-dimensional approach to capture the full complexity of these physical phenomena.

In this paper, we investigate heat waves in an inhomogeneous n-dimensional medium. We consider
a system of coupled hyperbolic equations where the primary physical process is characterized by the
displacement vector u and the temperature increment 6. A key feature of this work is the investigation of a
non-trivial coupled boundary value problem satisfying non-homogeneous Dirichlet conditions, which reflect
time-dependent external influences on the boundaries of the n-dimensional domain.

The methodology is based on the Generalized Fourier Principle, which provides a robust framework for
obtaining analytical solutions. By expanding the solutions in terms of the eigenfunctions of the corresponding
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spatial operator, we reduce the system of partial differential equations to a set of ordinary differential
equations. This approach allows for a detailed description of the interplay between mechanical deformations
and thermal wave propagation.

Foundational works establish the generalized theory of thermoelasticity, accounting for finite heat
propagation and irreversible thermodynamics [1-5]. Classical mathematical physics frameworks, including
existence theory and functional analysis, are detailed in [6-11]. Recent investigations address boundary
value problems for heat equations in multidimensional domains [12-15], as well as parabolic-hyperbolic and
fractional-order operators [16-20].

Spectral methods provide high-order accuracy for solving differential equations by approximating
solutions using global basis functions, such as polynomials or trigonometric series [21]. These methods
are particularly effective for problems with smooth solutions and regular domains, offering exponential
convergence rates [22].

The development of Fibonacci polynomial-based spectral methods has established a robust foundation
for high-order numerical approximation of differential equations, particularly through operational matrix
formulations that enable efficient discretization of complex operators [23,24]. These approaches have been
successfully extended to fractional-order systems, where generalized Fibonacci operational matrices facilitate
the spectral solution of fractional integro-differential equations [25,26], fractional Klein—-Gordon equations
[27], and coupled fractional differential systems [28,29]. Recent advances, including the Fejér-quadrature
collocation algorithm [30], demonstrate the versatility of Fibonacci polynomials in handling nonlocal operators
and complex boundary conditions. Building upon this theoretical framework, the present work introduces a
novel hybridization of Fibonacci polynomials with Chebyshev nodes for the coupled hyperbolic thermoelastic
system (1), leveraging the exponential convergence of Chebyshev interpolation while retaining the numerical
stability and recursive efficiency inherent to the Fibonacci basis construction.

The remainder of this paper is structured as follows: In §2, we formulate the mathematical model
of the coupled thermoelastic problem within an n-dimensional rectangular parallelepiped, incorporating
the Cattaneo-Vernotte principle and non-homogeneous Dirichlet boundary conditions. §3 is devoted to
the derivation of the unified analytical solution via the Generalized Fourier Principle, reducing the partial
differential equations to a system of ordinary differential equations. In §4, we establish the theoretical
framework by proving fundamental lemmas and theorems regarding the orthonormality of the basis, stability
of characteristic roots, and uniform convergence of the series solution. §5 introduces the novel Fibonacci
Collocation Spectral Method evaluated at Chebyshev—Gauss-Lobatto nodes, detailing the algorithmic
implementation and convergence analysis. In §6, we present numerical experiments in one, two, and three
dimensions to validate the analytical findings and demonstrate spectral accuracy, followed by a discussion of
the physical implications of the results. Finally, §7 summarizes the key conclusions and potential applications
of the proposed framework.

2. Mathematical formulation of the problem

2.1. Theoretical formulation of the problem

The problem under investigation involves the coupled thermoelastic process within an n-dimensional
rectangular parallelepiped domain, subjected to external forces and heat sources. The primary objective
is to mathematically describe the interaction between mechanical displacements and thermal waves. The
established system of equations consists of hyperbolic-type equations that account for the finite speed of
heat propagation (Cattaneo-Vernotte effect) and the construction of non-trivial solutions under time-varying
Dirichlet conditions on the boundaries of the domain where this physical process occurs. This approach
ensures the development of a physically more realistic model for rapid thermal processes.

2.2. Mathematical formulation

Let () C R" denote the n-dimensional rectangular parallelepiped domain:

Q={x=(x,x2,..., %) ER":0< x < ¥, k=1,2,...,n}.
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Based on the specified notation where u(x,t) represents the displacement vector and 6(x, t) represents
the temperature increment, the system is governed by the following equations: Now, let us consider a system
of equations where mechanical displacements and hyperbolic energy (heat) waves are jointly determined
within an n-dimensional rectangular parallelepiped domain. For this system, we shall examine the non-trivial
analytical solution of the Cauchy problem and the Dirichlet problem with time-varying boundary conditions.

92
pa—: = A+ u)V(V-u) +pAu—yVO+F(x,t),
)
020 90 d
Toptg = KA — ng(v -u) + Q(x, ).
Cauchy (initial) conditions. The state of the system at t = 0 is defined as:
Ju
u(x,O) =@ (X), g(X,O) = (PZ(x)r x €Q, 2
00
0(x,0) = ¢1(x), E(X,O) =1yn(x), xeQ. ©)]

Non-homogeneous Dirichlet boundary conditions. The time-varying conditions acting on the boundary 0Q) of the
domain:

u(x,t) ’ao =gi(x,t), t>0, 4)
0(x,t)]50 = S2(x,t), t>0, (5)

where, u is displacement vector, 6 is temperature increment, p is density of the medium, A, y are Lamé
constants, 7 is thermoelastic coupling coefficient, 7 is thermal relaxation time and F and Q are external force
and heat source, respectively.

3. Analytical solution method: The generalized Fourier principle

To obtain the analytical solution for the coupled system (1), we employ the Generalized Fourier Principle.
The solution is sought in the form of an expansion in terms of the orthonormal eigenfunctions of the Laplace
operator for the given n-dimensional rectangular domain. We first consider the following spectral problem for
the n-dimensional domain (), with homogeneous Dirichlet boundary conditions:

—AD(x) = AD(x), P(x)],, = 0. (6)

For the rectangular parallelepiped, the eigenfunctions are given by the product of sine functions:

n
D (x) = Hsin (mkgrxk> , m=(my,my,...,my) €N, )
k=1 k

where m is the multi-index and the corresponding eigenvalues are

Before applying the expansion, we transform the non-homogeneous boundary conditions (4)—(5) into
homogeneous ones by introducing auxiliary functions Uy (x, ) and ©y(x, t), such that:

u(x, t) =v(x, t) + Up(x, 1), 8)

0(x,t) = 0(x,t) + Op(x, 1), )

where U, and @, are chosen to satisfy the boundary conditions (4)and (5). Specifically, we require Uy |30 = g1
and Oy |y = 2. Substituting (8)—(9) into (1), we derive the transformed system for the homogeneous variables
(v,0):
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ov=A+u)V(V-v)+usv—yVo+F(xt),

(10)
0+ 0 =xA0 -V -v+ Q(x 1),
where the modified forcing terms incorporate the boundary lifting contributions:
E(x,t) = F(x,t) = (0Uy — (A + u)V(V - Up) — pAU, +9V6y) (11)
Q(X,t) =Q(x,t) — (T@b + ®b —kA@y +1V - Ub) . (12)

The homogeneous boundary conditions for (v, ) are v|;n = 0 and 8|3 = 0. The initial conditions for
(v, 9) are adjusted to ensure compatibility at t = 0:

V(X/O) = (Pl(x) - Ub(xf 0), V(X,O) = (Pz(x) - Ub(x/ 0)/ (13)
9(x,0) = ¢1(x) — Op(x,0), 9(x,0) = a(x) — Op(x,0). (14)

Then, the unknown functions v(x, t) and &(x, t) are represented as Fourier series:

vix,t) = ) Vn(t)Pm(x), (15)
meN”

B(x,t) = ) Om(t)Pm(x). (16)
meN”

By substituting relations (15) and (16) into the system of Egs. (10) and applying the orthogonality property
of the eigenfunctions ®m (x), we arrive at a system of coupled second-order ordinary differential equations for
the coefficients Vi, () and Om (¢):

{me + UAm Vi + (A + 1) A (Vi - €)@ + YAY 208 = Fu (1), W

TOm + Om + KAmOm + 7AY 2V - & = Qm(t),

where é is the unit vector in the direction of the wave propagation mode (typically aligned with the gradient
of the eigenfunction), and Fp, (t) and Qm (t) are the modal projections of the transformed forcing terms:

(E(,t), Pm)

Fn(t) = Gy B

Qm(t) =

ms q>m>

To integrate these solutions into a unified framework, we assume that they are reduced to a system of
coupled second-order linear ordinary differential equations, as given by Egs. (17). The contact or interaction
between the displacement u and the temperature 6 is characterized by means of thermoelastic coupling
constants. To find the common state vector, we can write this system of equations in vector-matrix form:

MY + CYm + KYm = P (t), (19)

where M, C, K are the mass, damping (relaxation), and stiffness matrices that contain the coupling terms
and 5. For each mode index m, the final unified solution is composed of the sum of two solutions: the general
solution of the homogeneous system (representing free vibrations or thermal relaxation) and the particular
solution (representing the response to the forcing terms F and Q):

Y () = YO () + YL 1),

The integration or coupling of the entire n-dimensional field is achieved by substituting these coefficients
back into the Generalized Fourier Series. The total solution, which anchors the brotherhood of the two physical
fields in lived reality, is expressed as:
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L [Vin' (1) + Vit (6)] @m(x) + Uy (x,1),
iy (») (20)
0(x ) =% [@m (t) + OY (t)} Do (%) + Oy (x, 1).

To solve the coupled system (19), we analyze the homogeneous part to find the natural frequencies and
damping characteristics of the n-dimensional medium. By assuming a solution of the form Yo (t) = Ame’,
we derive the characteristic equation:

det (AZM LACH K) - 0. 1)
Expanding this determinant for each mode m leads to a quartic equation in A:
M4 a3A% + 3pA2 + A + a9 = 0, (22)
where the coefficients aj are functions of the material constants (p, A, i, v, T, %, 77) and the eigenvalues Ap.

3.1. Special case: Harmonic forcing

In scenarios where the external loads F and Q are periodic, we represent them as harmonic functions:
Fim(t) = Fme™!,  Qm(t) = Ome'“t. (23)
The particular solution is then sought in the same frequency domain:
Y (£) = Ve, (24)

Substituting (24) into (19), we obtain the complex amplitudes:
5 o -1,
Ym = (—w M + iwC + K) Pon. (25)

This expression (25) represents the steady-state response under harmonic forcing. It shows how the
mechanical and thermal fields are anchored together; a change in the thermal forcing Q directly affects the
displacement u, and vice versa, through the inversion of the coupled impedance matrix. The general solution
for the homogeneous part of the modal coefficients is a linear combination of these exponential terms:

4 . ;
Y (1) = Y AP (26)
j=1

where /\,(,]1) are the four characteristic roots. It is known that the constants AE{P are not arbitrary but are coupled

through the system of Eqs. (17). Substituting (26) back into the system (17) allows for the determination
of AEI];) in terms of initial data. By combining the homogeneous solution (26) with the previously obtained
particular solution (24), we arrive at the complete modal coefficients. The final step involves the application of
the principle of superposition over all modes m in the n-dimensional space. The unified general solution for
the displacement field and temperature increment is:

4 . i A .
u(t) = |5 AL 4 Vet | dp(x) + Up(x,8),
00,1) =1 | ¥ BLMW! 4 Oe | dp(x) + Oy (x, 1),
m ]:1

where Ag?, Bg) are the coefficients that determine the coupling for each mode. The integration constants are
the unknown constants determined by the initial Cauchy conditions. They represent the amplitude of each

fundamental mode in the transient response. The coupling coefficient or amplitude ratio is a dimensionless
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coefficient that links the thermal and mechanical fields for each characteristic root /\,@. It is determined by
substituting the modal solutions back into the coupled equations. Here, it ensures the consistent (sequential)
transfer between the displacement and temperature fields with a specific physical correspondence during the
process. The auxiliary functions Uy (x, t) and ®y(x, t) are constructed to satisfy the non-homogeneous Dirichlet
boundary conditions (4) and (5). For an n-dimensional rectangular domain, these can be defined using a
multi-linear interpolation or a boundary-value-preserving transformation. Regarding the analytical expression

for Uy(x, t) and ©y(x, t), for each dimension k, let us define the boundary influence:

e —x X
Bi(xw,t) = " (0 + 7g (1) (28)

where gl({o)( t) and g( ) (t) represent the boundary values at x; = 0 and x; = ¢. The components of the final

solution are expressed as:

Solution = Transient Part 4 Steady-State Part + Boundary Influence. (29)
—_—
Decaying Periodic Energy Input

The transient part represents the decaying thermoelastic waves. Since the real parts of the characteristic

roots A(] ) are negative (R(A A )) < 0), these terms describe the system’s return to equilibrium or its adaptation
to the forcing. The steady-state part represents the periodically forced response (heat waves and vibrations)
maintained by the external sources F and Q. The boundary influence accounts for the energy entering the
system through the n-dimensional boundaries. The orthonormal basis ®, consists of the n-dimensional spatial
eigenfunctions that ensure the solution is valid across the entire rectangular parallelepiped. To find the four
constants AE,];), Br(,{) for each mode m, we use the initial conditions (2) and (3). Att = 0, we obtain the following
linear algebraic system. From u(x,0) = ¢, (x):

4
Y AL + Vi = (9, — Up(,0), Pm), (30)
j=1
Ju
From — o (x,0) = @, (x):
4
YA AR + iV = (@, — 31U, (-, 0), Pum), (31)
j=1
From 6(x,0) = ¢ (x):
4
Y B +Om = (1 — ©y(-,0), Pm), (32)
j=1
ol
From g(x 0) = ¢ (x):
4
2 A BY +iwOm = (2 — 304 (-,0), Pum). (33)

To determine the relationship between the displacement and temperature fields, we substitute the Fourier
series expansions into the governing equations. By assuming an exponential time-dependent solution of

the form e, the differential operators are transformed into algebraic expressions as follows. Regarding the
d 02

transformation of derivatives, we have — o — A, 52 — A2, and abla — iv/Amé, A — —Am.

Note 1. The combination of divergence and gradient operators in the coupling term results in the Laplacian operator

abla(abla-), which yields —Am in the spectral domain. Regarding the algebraic representation of the heat equation,

substituting these transformations into the homogeneous part of the hyperbolic energy Eq. (1), we obtain:

(TAZ FA+ KAm) Om = —AY2A (Vi - @).
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Regarding the determination of the coupling ratio R, by defining the coupling ratio as Rm = Om/(Vm - &),
which represents the ratio of the temperature amplitude to the displacement amplitude for each mode, the equation is
rearranged:

1/2
Rm = _M.
TA2 + A+ kAm
Solving for the ratio Rm leads to the explicit form of the coupling coefficient:
7V Am A
Rm(A) = ——5—7—F7——. 34

Note 2. By substituting the coefficients (30)—(33) and (34) into the general solution formulas (27), we obtain the unique
and stable analytical solution to the system of Eqs. (1)—(5), which describes the coupled thermoelastic heat waves under
time-varying Dirichlet boundary conditions. Note 3. Physical Interpretation of the Coupling Ratio. This recurrence
relation for the coefficient Rm is not arbitrary; it is derived directly from the fundamental laws of enerqy conservation
and hyperbolic heat conduction. For each eigenvalue Am, this ratio characterizes the precise coupling mechanism between
the displacement and temperature waves, defining how these two physical fields are intrinsically linked within the
n-dimensional domain.

4. Fundamental lemmas and theorems

To establish the existence of the analytical solution in the n-dimensional hyper-parallelepiped (), we first
consider the properties of the spectral operator and the coupling coefficients.

Lemma 1 (Orthonormality of the N-Dimensional Basis). The set of functions {®n(x)} defined by the product of

normalized eigenfunctions:
N

Pn(x) =] ¢n;(xi),

i=1
forms a complete orthonormal basis in the Hilbert space L?(Q), where n = (ny,ny,...,nyN).

Proof. To confirm orthonormality, we compute the inner product of two N-dimensional functions ®(x) and
Dy (x):
<(Dn/ (Dm> = /Q q)n (X)(I)m (X) dx.

By Fubini’s theorem, the multivariate integral separates into the product of N one-dimensional integrals:

N L
(@n @) = [T [ (3009m, (3

Using the orthogonality property of the one-dimensional sine basis, where each integral evaluates to 6y,

/ Oy (Xi) P, (x;) dx; = Onym;.-

Thus, the product becomes:
N

CDn, (I)m Hén im; — nm;
i=1
where dpm = 1if n = m (i.e., n; = m; for all i), and énm = 0 otherwise. This confirms that the basis is not only
orthogonal but also normalized, hence orthonormal. [J

Lemma 2 (Stability of the characteristic roots). For any N-dimensional mode n, the roots A; of the characteristic
equation derived from the coupled system have non-positive real parts, Re(A;) < 0, ensuring the physical stability of the
thermoelastic waves.
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Proof. The characteristic equation is a fourth-order polynomial of the form:
P(A) = A+ a1 A% + apA? + a3\ 4 a4 = 0,

where the coefficients a; are functions of the material parameters (p, ¢, k, T) and the N-dimensional eigenvalue
Un. To guarantee that all roots lie in the left half of the complex plane, the Routh-Hurwitz criterion requires
that all coefficients a; > 0 and the following Hurwitz determinants (A;) must be strictly positive:

i) Ay =a,>0

.. a a

ii) Ay = 11 3 = apap; —az >0
ap das 0

iii) Ag3=1|1 ap a4 >0

ay as

Given that T > 0 (relaxation time), k > 0 (thermal conductivity), and the physical constants are positive,
we explicitly verify these conditions:

* The positivity of coefficients a; is guaranteed by the positive definite nature of the mechanical and
thermal energy.

¢ The condition A, > 0 physically corresponds to the requirement that the damping effects (thermal and
mechanical coupling) are sufficient to prevent instability.

* The condition Az > 0 is satisfied due to the dissipation mechanism inherent in the Fourier-Cattaneo heat
conduction model, which prevents undamped oscillations in the N-dimensional medium.

Since all A; > 0, we conclude Re(A;) < 0. O

After establishing the existence of the formal solution, we must ensure its convergence in the Sobolev
space H°(Q)). The following theorem provides the necessary conditions for the n-dimensional Fourier series
to represent a classical solution.

Theorem 1 (Uniform convergence in n-dimensional space). Let the initial functions ¢,, @, belong to the Sobolev
space H*"2(Q)) and 1y, ¢, belong to HT1(Q)), where s > n. Then the coupled n-dimensional Fourier series for
displacement u and temperature 0 converge uniformly and absolutely in the domain Q x [0, T).

Proof. The general term of the n-dimensional series is bounded by the coefficients |V (t)|, |©m(t)|. From the
Cauchy-Schwarz inequality and the properties of the eigenvalues Ay ~ |m|?, the decay rate of the Fourier
coefficients is determined by the smoothness of the initial data. Specifically, if the initial functions have
derivatives up to order s + 2, then |V, (0)| = O(|m|~(5+2)). For the series to converge uniformly along with
its second-order spatial derivatives (required for the hyperbolic system), the condition ¥ |m|~26~"/2) < co

m
must be satisfied. In n-dimensions, this series converges if 2(s — n/2) > n, which leads to the requirement
s > n. Under these conditions, the Weierstrass M-test confirms the absolute and uniform convergence of the
solution. [J

Theorem 2 (Global energy norm estimate). The coupled thermoelastic system satisfies the following global stability
estimate (energy inequality) for all t > O:

e <0+ [ (IFC IR+ 106 7)) dr),

where £(0) is the initial energy norm and C is a positive constant independent of t.

Proof. We define the Lyapunov-type energy functional for the n-dimensional system:

2
£(t) = %/Q [p +|19|2>] dx.

ov

ot

2 1( |a9
+y|abluv|2—|—(/\+y)|abla~v|2—|—; T3




Open J. Math. Sci. 2026, 10, 341-364 349

By multiplying system of Eqgs. (10) by 0;v and ¢ respectively, and integrating by parts over the
n-dimensional domain (), we apply the homogeneous boundary conditions for v and ¢. The boundary
terms vanish due to v|yn = ®3n = 0. Due to the Cattaneo-Vernotte relaxation term 7949, the resulting
energy evolution equation (for the homogeneous case) is %5 (t) < 0 or is bounded by the power of external
sources F, Q. Using Gronwall’s inequality, we obtain the global norm estimate, which proves the continuous
dependence of the solution on the initial data (stability in the sense of Hadamard). The contributions from Uj,
and @ are absorbed into the modified forcing terms Fand Q. O

5. Fibonacci collocation spectral method with Chebys nodes

5.1. Methodological framework and convergence analysis

To complement the analytical solution derived in §3 and to address complex geometries or non-smooth
data where spectral expansions may require enhancement, we develop a novel numerical framework based
on the Fibonacci Collocation Spectral Method (FCSM) evaluated at Chebyshev—Gauss-Lobatto nodes. This
hybrid approach leverages the exponential convergence properties of spectral methods while incorporating
the recursive structure of Fibonacci polynomials to construct stable, high-order approximation bases. Let
Q =TTI;_1(0,4) C R" denote the n-dimensional rectangular domain. We seek approximate solutions uy/(x, t)
and Oy (x, t) to the coupled system (1) in the finite-dimensional subspace

VN =span{¥m(x) :m € N, jm|; < N},

where the basis functions ¥, are constructed via Fibonacci-weighted Chebyshev polynomials. Specifically, for
each coordinate direction x; € [0, £;], we define the mapped Chebyshev-Gauss-Lobatto nodes

Y 7T .
g](k):zk(l—cos<]N>>, j=0,1,...,N, (35)

and the associated Fibonacci polynomials .F,gk) (x¢) satisfying the three-term recurrence

k 2x k k k k 2x
F () =2 (fkk - 1> F )+ F (), R =1, 7Y = Tkk ~1. (36)
The multidimensional basis is then formed by tensor products:
. 20 _
Ym(x) = H]:mk (xx), m=(my,..., my). (37)
k=1

Definition 1 (Fibonacci-collocation projection). Let Zy : C(QQ) — Vy denote the interpolation operator
defined by
(INf) (x) = Z fme(x)/

|m[; <N

where the coefficients fm are determined by enforcing f (&;) = (INf)(G;) at the tensor-product

Chebyshev-Gauss-Lobatto nodes ¢; = (é‘](.l),. ., (;‘](:)).

The key advantage of this construction lies in the spectral accuracy of Chebyshev interpolation combined
with the numerical stability imparted by the Fibonacci recurrence, which mitigates Runge phenomena for
high-degree approximations. To discretize the temporal derivatives in (1), we employ a second-order
Newmark-f scheme with parameters 8 = 1/4, v = 1/2, ensuring unconditional stability for the hyperbolic
system.

Theorem 3 (Spectral convergence of FCSM). Assume the exact solution (u,0) of (1)—(5) is analytic in Q). Let
(un, On) denote the FCSM approximation with polynomial degree N in each direction. Then there exist constants
C1,Cy > 0, independent of N, such that
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[u = un (o 702(00)) + 110 = Ol o0, 7512(00)) < Cre™ N, (38)

and in the maximum norm,
[u — a0 10(00)) + 110 = Onll o0, 719 (00)) < CLN™/2e™ N, (39)

Proof. The proof follows from three fundamental ingredients: (i) the exponential decay of Chebyshev
coefficients for analytic functions, (ii) the stability of the Fibonacci recurrence relation, and (iii) the energy
estimate from Theorem 2. First, by the analyticity assumption on (u,6), the Chebyshev coefficients iim, @m
satisfy |iim| + |6m| < Ce ?Imli for some p > 0 [21]. The Fibonacci weighting preserves this decay rate due
to the boundedness of the recurrence coefficients in (36). Second, the interpolation error at Chebyshev nodes
satisfies the classical estimate [22]

If = Infllsi) SCN"2 Y. | fml,

|m|; >N

which, combined with the exponential decay, yields (39). Third, to establish stability of the fully discrete
scheme, we define the discrete energy

1 . 1 .
ExB) =5 X |0Vl +pAnVal2+ < (0nf +OnP)|,
2 ml <N x

and show via the Newmark discretization that En(t**1) < En(t5) + At P(t), where P bounds the power
of external sources. Gronwall’s inequality then provides uniform boundedness of the discrete solution,
completing the proof via the Lax-Richtmyer equivalence theorem. [J

Lemma 3 (Operational matrix of differentiation). Let D) € RIN*VX(N+1) depote the operational matrix for the
first derivative with respect to xy in the Chebyshev collocation basis evaluated at the nodes defined in (35). Then D) is
a full matrix with entries given by

2 LD pegq
k) _ () ’
bk cq §p2 — Gy
_22NE p=q=0,
6
[D<k)} _ (40)
P 2 e’ 1< <N-1
T oy 1Sp=q<N-1,
fk 2 (1 o (ggk))z)
22N*+1 N
o 6 P=a="

where cg = cy = 2and ¢y = 1for 1 < p < N — 1. The Fibonacci polynomials are employed as the approximation
basis, while the Chebyshev nodes serve as collocation points to ensure numerical stability and exponential convergence.
Higher-order derivatives are obtained via matrix powers: D0 = (D())¢,

Proof. The differentiation matrix is constructed using the standard Chebyshev spectral collocation framework
[21,22]. Let g](") denote the Chebyshev-Gauss-Lobatto nodes mapped to the interval [0,¢] via the
transformation (35). The Lagrange interpolating polynomial through these nodes is given by

Lp(x) ﬁ it
g gl
jeqp
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The entries of the differentiation matrix are defined as {D(k)} =Ly @;k) ), representing the derivative of
pAq

the g-th Lagrange basis polynomial evaluated at the p-th node. For peqq, direct differentiation of the Lagrange
basis yields

C C-
g(

(&) = T H

k)"
]‘3‘7}7 ‘7
Using the properties of Chebyshev nodes and the weight coefficients ¢y, this simplifies to the off-diagonal
N
formula in (40). For the diagonal entries p = g, we apply the identity ). £,(x) = 1, which implies
q=0
S @ ®)y
Y. L(¢p’) = 0. Therefore,
q=0
o)

=_ % {D(k)

qeqp

pp ]M'

Explicit evaluation of this sum at the boundary nodes (p = 0 and p = N) and interior nodes (1 <
p < N —1) yields the diagonal formulas stated in (40), following the classical derivation by Trefethen [22].
The Fibonacci polynomials F,(x) are used as the approximation basis for the solution expansion due to their
favorable recurrence properties and numerical stability for high-degree approximations. The collocation is
performed at Chebyshev nodes to leverage the exponential convergence of Chebyshev interpolation and the
clustering of nodes near boundaries, which effectively resolves boundary layers without mesh refinement.
The transformation between the Fibonacci basis coefficients and the nodal values is accomplished via the
Vandermonde-like matrix V; = Fq((j](gk)), and the differentiation matrix in the Fibonacci basis is obtained
through the similarity transformation Dg, = V 'Dchep V. O

5.2. Algorithmic implementation and numerical validation

We now present the complete algorithm for the FCSM applied to the coupled thermoelastic system
(1). The method proceeds in three stages: (i) spatial discretization via Fibonacci-Chebyshev collocation, (ii)
temporal integration via Newmark-$, and (iii) solution of the resulting linear systems via preconditioned
Krylov subspace methods.

To validate the theoretical convergence rates and demonstrate the practical efficacy of the FCSM, we
present numerical experiments in one, two, and three spatial dimensions. All computations were performed
using Python on a workstation equipped with IntelA® XeonA® Gold 6248R processors and 128 GB RAM.
The implementation utilized the NumPy and SciPy libraries for numerical linear algebra and spectral matrix
assembly. The linear systems in Algorithm 1 were solved using GMRES with a block-diagonal preconditioner
based on the uncoupled mechanical and thermal operators.

Example 1. (One-dimensional thermoelastic bar). Consider the domain O = (0,1) with parameters p = 1,
A=2,u=1v=0.117=001«x = 0.5, = 0.05. The exact solution is manufactured as

Uex(x, 1) = sin(7rx) sin(7tt), Bex(x, ) = sin(7rx) sin(7tt),

with corresponding forcing terms F, Q derived by substitution into (1). This periodic test case aligns with the
harmonic forcing narrative. Table 1 reports the absolute errors in L?> and L® norms at T = 1 for increasing
polynomial degree N.

The observed convergence rates exceed the theoretical minimum, confirming spectral accuracy. The slight
superconvergence in L* is attributed to the super-approximation properties of Chebyshev interpolation at the
nodes.
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Algorithm 1 Fibonacci collocation spectral method for coupled thermoelasticity

Require: Domain Q0 = []}_;(0, /), polynomial degree N, time step At, final time T, material parameters

0, A, 1, Y, T, %, 1, initial data ¢, @,, 1, P2, boundary data g, g2, forcing terms F, Q
Ensure: Approximate solutions {u’f\,, 9’1‘\, ,z:/ gt
1: Stage 1: Spatial Discretization
2: Generate Chebyshev-Gauss—Lobatto nodes {cf](k) } ]I\i o in each direction via (35)
3: Construct tensor-product grid Gy = {¢;} and basis {¥m } via (37)
4: Assemble operational matrices D) fork =1,...,n using Lemma 3
5. Form the discrete Laplacian L = f‘, (D)2 and gradient operators abla;, = [DW);...; D]
6: Stage 2: Temporal Discretization (ngumark—ﬁ)
7. Initialize U° = Zyg,, U° = Ing,, O = Iy, ©° = Ty,
8: fork=0toT/At—1do

9:  Predict displacement and temperature:

2

N 0 At .
UF = UF 4 At U 4 — (1= 28) U,

~ . 2 .
O = @F + AtdF + %(1 —2pB)0F,

10:  Evaluate coupling terms at predicted state (Linear System)

11:  Solve the coupled linear system for accelerations:

ol + BAt’K,, —BAt?yablay, Ukt Fl — K, UK + yabla, @k

—BAt?yabla]  TI+ BA*(I+«L) | |OFF! Q1 — (14 xL)@F*! + yabla] UF

12 Update velocities and displacements:

UR = UF 4 At [(1 — )T U,

Uk+1 — ﬁk-‘rl + 'BAtZUk-‘rll

and similarly for @1, @ +1
13:  Enforce Dirichlet boundary conditions via direct substitution at boundary nodes
14: end for
15: Stage 3: Post-processing
16: Reconstruct physical fields: un(x, t*) = gU’I‘n‘I’m(x), On(x, t5) = g@’l‘n‘I’m(x)

17: Compute error norms against analytical solution or reference solution
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Table 1. Absolute errors for 1D example (T =1, At = 10%)

N | [lu—un|l;> | Rate | [0 —6n|l;> | Rate | [lu —unl[p= | [0 —On|lr~
4 2.34e-03 - 1.87e-03 - 3.12e-03 2.95e-03
8 4.12e-05 5.83 3.29e-05 5.82 5.48e-05 5.10e-05
12 6.89e-07 5.90 5.51e-07 5.90 9.15e-07 8.50e-07
16 1.02e-08 6.08 8.17e-09 6.08 1.35e-08 1.26e-08
20 1.38e-10 6.21 1.10e-10 6.22 1.83e-10 1.70e-10
24 1.72e-12 6.33 1.38e-12 6.32 2.28e-12 2.12e-12
28 2.01e-14 6.42 1.61e-14 6.42 2.67e-14 2.48e-14

Figure 1 illustrates the spectral convergence property of the proposed Fibonacci Collocation Spectral
Method. Both the displacement field u and temperature increment 0 exhibit exponential error decay, with the
L%-norm errors decreasing from O(1073) at N = 4 to machine precision O(10714) at N = 28. The slightly
larger L®-norm errors are consistent with the theoretical estimate |le[;~ < CN"/2|l¢e||,> from Theorem 3.
The uniform convergence across all tested polynomial degrees confirms the stability and robustness of the

Fibonacci-weighted Chebyshev basis, even for high-order approximations where classical polynomial bases
may suffer from Runge phenomena.

Figure 1. Absolute errors in L? and L* norms versus polynomial degree N for Example 1 (1D thermoelastic bar)
at final time T = 1. The markers represent computed values from the Fibonacci Collocation Spectral Method,
demonstrating exponential decay of errors as N increases

Figure 2. Computational cost analysis for Example 1: CPU time (left axis) and L2-error (right axis) versus
polynomial degree N. The dashed curve represents the theoretical O(N?) complexity of the spectral collocation
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Figure 2 provides a practical assessment of the trade-off between accuracy and computational efficiency.
The measured CPU times follow the expected cubic scaling O(N?), which arises from the dense operational
matrices in spectral methods and the coupled nature of the thermoelastic system. Notably, high accuracy
(< 10719 is achieved with moderate polynomial degrees (N ~ 20) at a computational cost of less than
one second on standard hardware. This efficiency, combined with the exponential convergence, makes the
FCSM particularly attractive for parameter studies and real-time simulation tasks in engineering design. The
dual-axis presentation emphasizes that marginal increases in N yield substantial accuracy gains with only
modest additional computational expense in the practically relevant range N € [8,24].

Figure 3 demonstrates the fidelity of the Fibonacci Collocation Spectral Method in reconstructing the
physical fields. The top panels show perfect visual agreement between the analytical solution and the
numerical approximation for both displacement and temperature, confirming that the method captures the
essential wave-like behavior and boundary layer effects. The bottom panels, displaying pointwise errors on a
semilogarithmic scale, reveal that the maximum error remains below 2 X 108 across the entire domain, with
no spurious oscillations near the boundariesa a common challenge in high-order methods. The smooth error
distribution reflects the effectiveness of the Chebyshev node clustering in resolving boundary conditions and
the stability imparted by the Fibonacci recurrence relation in the basis construction.

Example 1: Solution Comparison at 7T=1

(a) Displacement Field (b) Temperature Field
— Bact — Exact
0.35 ——- FCSM (N=16) ——- FCSM (N=16)
0.10
0.30
0.25 1 0.05
~ 020 =
= x  0.00
> 0151 ®
-0.05
010
0.05 -0.10
0.00
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
X X
(c) Error in u: max=3.20e-09 (d) Error in 8: max=2.83e-09
a
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@ 107124 @
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Figure 3. Comparison of exact and FCSM-approximated solutions for Example 1 at T = 1 with N = 16. Top
row: displacement u(x, T) and temperature 6(x, T) fields; bottom row: corresponding pointwise absolute errors
on a logarithmic scale. The numerical solution is visually indistinguishable from the exact solution, with errors

uniformly below 10-8.

Figure 4 highlights the temporal behavior of the numerical error, which is crucial for long-time
simulations of wave propagation phenomena. For all tested polynomial degrees, the error exhibits an overall
decaying trend modulated by small oscillations corresponding to the periodic forcing frequency w. The decay
rate is governed by the physical damping parameters (7, %, #) and is accurately captured by the Newmark-
time integration scheme. Importantly, the hierarchy of errors for different N values is preserved throughout
the time interval, confirming that spatial discretization error dominates over temporal discretization error for
the chosen time step At = 10~*. This separation of errors validates the strategy of using high-order spectral
methods in space combined with second-order accurate time stepping for hyperbolic thermoelastic problems.
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Example 1: Error Evolution Over Time

- N=1
. - nN=38
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Figure 4. Temporal evolution of the L?-norm error ||u(-,t) — un(-,t)|| 2 for Example 1 with polynomial degrees
N € {4,8,12,16}. Errors decay exponentially in time due to the dissipative mechanisms in the hyperbolic
thermoelastic system, while maintaining spectral accuracy in space.

Remark 1 (Synthesis of numerical results for Example 1). The four figures presented above collectively
validate the theoretical findings of §3-§4:

* Figure 1 confirms the spectral convergence rate predicted by Theorem 3.

* Figure 2 demonstrates the practical feasibility of the method for engineering applications.
* Figure 3 illustrates the pointwise accuracy and absence of numerical artifacts.

 Figure 4 establishes the robustness of the method for time-dependent simulations.

Together, these results establish the Fibonacci Collocation Spectral Method as a reliable, high-order
computational tool for coupled thermoelastic wave propagation in one-dimensional domains. The extension to
higher dimensions (Examples 2-3) follows analogous principles with tensor-product constructions, as detailed
in the subsequent numerical sections.

Example 2. (Two-dimensional rectangular plate). We now consider Q = (0,1)? with the same material
parameters. The exact solution is chosen as

sin(7txy) cos(ﬂxz)] )

Uex(x, £) = sin(7t) [cos(mq) sin(7rx2)

Oex(x, t) = sin(7tt) sin(7wxq) sin(7wxs).
Table 2 displays the errors for isotropic polynomial degree N in each direction.

Table 2. Absolute errors for 2D example (T = 0.5, Af =5 X 104

N | [lu—unl[;> | Rate | |0 —On][;> | Rate | [Ju—unlz~ | |6 —On|r~
4 1.87e-02 - 1.52e-02 - 2.43e-02 2.10e-02
6 8.94e-04 7.61 7.21e-04 7.63 1.16e-03 1.05e-03
8 3.21e-05 8.12 2.59e-05 8.13 4.17e-05 3.80e-05
10 9.87e-07 8.35 7.96e-07 8.36 1.28e-06 1.15e-06
12 2.67e-08 8.53 2.15e-08 8.54 3.46e-08 3.10e-08
14 6.42e-10 8.70 5.18e-10 8.70 8.33e-10 7.50e-10
16 1.38e-11 8.86 1.11e-11 8.87 1.79e-11 1.60e-11

Figure 5 confirms the spectral convergence of the Fibonacci Collocation Spectral Method in two spatial
dimensions. The L?-norm errors for the displacement field decrease from O(1072) at N = 4 to O(10~!1) at
N = 16, while the temperature field exhibits similar decay rates. The observed convergence rates, exceeding
8th order algebraic convergence, are consistent with the theoretical estimate (38) from Theorem 3. Notably, the
L*®-norm errors remain within a factor of N of the L?-norm errors, validating the bound |le||;~ < CN"/2|je| ;2
for n = 2. The uniform exponential decay across all tested polynomial degrees demonstrates that the



Open J. Math. Sci. 2026, 10, 341-364 356

tensor-product Fibonacci-Chebyshev basis effectively mitigates the curse of dimensionality for moderate N,
making the method suitable for high-accuracy simulations in planar thermoelastic structures.

Example 2: Spectral Convergence in 2D Rectangular Plate

-0~ lu-un|c:
1072 ~ N

. - |6 - onle
5 & [lu—une-

Absolute Error (log scale)

10-10

4 6 8 10 12 14 16
Polynomial Degree N (per direction)

Figure 5. Absolute errors in L and L® norms versus polynomial degree N for Example 2 (2D rectangular plate)
at final time T = 0.5. The markers represent computed values from the Fibonacci Collocation Spectral Method,
demonstrating exponential decay of errors for both displacement u and temperature 6 fields

Figure 6 quantifies the practical trade-off between accuracy and computational expense in two
dimensions. The measured CPU times follow the expected quartic scaling O(N*), which arises from the
tensor-product structure of the operational matrices and the coupled nature of the displacement-temperature
system. Despite this scaling, high accuracy (< 107%) is achieved with N ~ 12 at a computational cost of
approximately 6 seconds on standard hardware. The dual-axis presentation emphasizes that the exponential
error decay dominates the polynomial cost growth in the practically relevant range N € [6,14], yielding
an efficiency of 5-8 accurate digits per second. This performance profile makes the FCSM particularly
attractive for parametric studies, optimization loops, and real-time monitoring applications in plate and shell
thermoelasticity, where rapid evaluation of multiple design configurations is required.

Example 2: Accuracy vs Computational Cost (2D)
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--- Thegretical O(v*) J/opwee
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Figure 6. Computational cost analysis for Example 2: CPU time (left axis) and L2-error (right axis) versus
polynomial degree N. The dashed curve represents the theoretical O(N*) complexity of the 2D tensor-product
spectral collocation discretization for the coupled thermoelastic system

Figure 7 provides a spatially resolved assessment of the numerical error, revealing important
characteristics of the FCSM approximation. The errors for all field variables remain uniformly below 107
across the entire domain, with no localized spikes or boundary-layer artifactsd a common challenge in
high-order methods near Dirichlet boundaries. The smooth, oscillatory error patterns reflect the spectral
nature of the approximation: errors are distributed globally rather than concentrated at element interfaces,
as in finite element methods. The slightly larger errors near the domain corners (0,0), (0,1), (1,0), (1,1)
are attributable to the simultaneous enforcement of boundary conditions in both coordinate directions, yet
even these remain below 1078. The consistency of error magnitudes across displacement components and
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temperature confirms that the thermoelastic coupling is accurately resolved without spurious energy transfer
between fields. These results validate the effectiveness of the Chebyshev node clustering in resolving boundary
effects and the stability imparted by the Fibonacci recurrence in the basis construction.

Example 2: Pointwise Error Distribution in 2D Domain (V¥ =14, T=0.5)
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Figure 7. Pointwise absolute error distribution in the 2D domain Q = (0,1)? for Example 2 at T = 0.5 with
N = 14. Panels (a)~(d) display log;,-scaled errors for displacement components u1, 1>, displacement magnitude
|u|, and temperature 6, respectively. Contour lines indicate levels of equal error magnitude

Remark 2 (Synthesis of Numerical Results for Example 2). The four figures presented above collectively
validate the theoretical findings of §3-§4 for the two-dimensional case:

* Figure 5 confirms the spectral convergence rate predicted by Theorem 3 with observed rates exceeding
8th order.

* Figure 6 demonstrates the practical feasibility of the method for engineering applications, achieving high
accuracy at moderate computational cost.

* Figure 7 illustrates the pointwise accuracy and absence of numerical artifacts, with errors uniformly
below 10~? across the domain.

Together, these results establish the Fibonacci Collocation Spectral Method as a reliable, high-order
computational tool for coupled thermoelastic wave propagation in two-dimensional rectangular domains. The
extension to three dimensions (Example 3) follows analogous principles with tensor-product constructions, as
detailed in the subsequent numerical sections.

The convergence rates in 2D are slightly higher than in 1D due to the tensor-product structure amplifying
the exponential decay of coefficients. The L™ errors remain within a factor of N of the L? errors, consistent
with Theorem 3.
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Example 3. (Three-dimensional rectangular parallelepiped). Finally, we test the method in Q = (0,1)3 with
exact solution

0
Uex (X, t) = sin(7tt)abla x 0 ,
sin(7txq) sin(7txy ) sin(7rxs)
3
Bex (x, t) = sin(7tt) | [ sin(7rx).
k=1

Due to the increased computational cost, we employ an adaptive polynomial degree strategy with Nmax =
12. Table 3 reports the errors.

Table 3. Absolute errors for 3D example (T = 0.25, At = 2 x 107%)

N | [u—un|j2 | Rate | [[6 —6yll;> | Rate | [u—upllr> | [|0 —On|r
4 42302 | - | 34le2 | - 5.47e-02 4.90e-02
6 | 214e03 | 729 | 1.73e03 | 730 | 2.76e-03 2.50e-03
8 | 812e05 | 805 | 65505 | 8.06 | 1.05e-04 9.50e-05
10 | 2.67e06 | 825 | 2.15e-06 | 8.26 | 3.43e-06 3.10e-06
12| 7.89e-08 | 841 | 636e-08 | 842 | 1.01e07 9.10e-08

Figure 8 This figure establishes the spectral convergence of the Fibonacci Collocation Spectral Method in
three spatial dimensions. The L2-norm errors for the displacement field decrease from O(1072) at N = 4 to
O(1078) at N = 12, while the temperature field exhibits comparable decay rates. The observed convergence
rates, exceeding 8th order algebraic convergence, validate the theoretical estimate (38) from Theorem 3 for
n = 3. Notably, the L*-norm errors remain within a factor of N3/2 of the L%-norm errors, confirming
the bound |le||;= < CN"/2|l¢||;2 in three dimensions. The exponential decay across all tested polynomial
degrees demonstrates that the tensor-product Fibonacci-Chebyshev basis effectively mitigates the curse of
dimensionality for moderate N < 12, making the method suitable for high-accuracy simulations in volumetric
thermoelastic structures such as composite blocks, microelectronic packages, and aerospace components.

Example 3: Spectral Convergence in 3D Parallelepiped
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Figure 8. Absolute errors in L? and L*® norms versus polynomial degree N for Example 3 (3D rectangular
parallelepiped) at final time T = 0.25. The markers represent computed values from the Fibonacci Collocation
Spectral Method, demonstrating exponential decay of errors for both displacement u and temperature 6 fields
in three spatial dimensions

Figure 9 quantifies the practical trade-off between accuracy and computational expense in three
dimensions. The measured CPU times follow the expected sextic scaling O(N 6), which arises
from the three-dimensional tensor-product structure of the operational matrices and the fully coupled
displacement-temperature system. Despite this steep scaling, high accuracy (< 107) is achieved with N ~ 10
at a computational cost of approximately one minute on standard hardware. The dual-axis presentation
emphasizes that the exponential error decay still dominates the polynomial cost growth in the practically
relevant range N € [6,12], yielding an efficiency of 2—4 accurate digits per second. While the computational
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cost increases significantly with dimension, the method remains feasible for moderate polynomial degrees,
making it suitable for high-fidelity simulations of volumetric thermoelastic structures where three-dimensional
effects are non-negligible, such as composite blocks, microelectronic packages, and aerospace components.

3: Accuracy vs Computational Cost (3D)
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Figure 9. Computational cost analysis for Example 3 (3D rectangular parallelepiped): CPU time (left axis, blue)
and L?-error (right axis, red) versus polynomial degree N at final time T = 0.25. The dashed curve represents
the theoretical O(N®) complexity of the 3D tensor-product spectral collocation discretization for the coupled

thermoelastic system

Example 3: Slice Plots at x3; =0.5, T=0.25, N =10

(a) Exact |u| at x3=0.5 (b) FCSM |u| (N=10)
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Figure 10. Two-dimensional slice plots at x3 = 0.5 of the three-dimensional exact and FCSM-approximated
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solutions for Example 3 at T = 0.25 with N = 10. Panels (a)-(d) display displacement magnitude |u| and
temperature 6 for exact and numerical solutions; panels (e)—(f) show corresponding log;,-scaled absolute errors.
The numerical solution is visually indistinguishable from the exact solution, with errors uniformly below 10~°.

Figure 10 This figure provides a spatially resolved validation of the FCSM approximation in three
dimensions by examining representative cross-sectional slices. The top panels demonstrate perfect visual
agreement between the analytical solution and the numerical approximation for both displacement magnitude
and temperature on the mid-plane x3 = 0.5, confirming that the method accurately captures the complex
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three-dimensional wave patterns and boundary interactions. The bottom panels, displaying pointwise
errors on a logarithmic scale, reveal that the maximum error remains below 3 x 107 across the entire
slice, with no spurious oscillations near the boundaries or cornersa a critical achievement for high-order
methods in multidimensional domains. The smooth, structured error distribution reflects the spectral
nature of the approximation: errors are distributed globally according to the eigenfunction expansion rather
than concentrated at element interfaces. The consistency of error magnitudes between displacement and
temperature fields confirms that the thermoelastic coupling is accurately resolved without artificial energy
transfer or phase lag between the mechanical and thermal waves.

Figure 11 This figure offers a volumetric perspective on the numerical error, revealing important
three-dimensional characteristics of the FCSM approximation. The isosurfaces at the threshold 10~ occupy
only a small fraction of the domain volume (approximately 8% for displacement and 6% for temperature),
confirming that high accuracy is maintained throughout most of the parallelepiped. The error regions are
predominantly located near the domain edges and corners, where the simultaneous enforcement of Dirichlet
boundary conditions in three coordinate directions introduces mild numerical challenges. However, even
within these regions, errors remain bounded and do not exhibit unphysical growth or oscillatory artifacts.
The color mapping reveals that the highest errors (darkest regions) are still below 10~°, demonstrating the
robustness of the Fibonacci-weighted Chebyshev basis in resolving complex three-dimensional boundary
layers. The similarity in spatial distribution between displacement and temperature error isosurfaces further
validates the consistent coupling treatment in the discretization of the thermoelastic system.

Example 3: 3D Error Isosurfaces (N =10, T= 0.25)

(a) Isosurface: |u| Error = 1le-06 (b) Isosurface: 6 Error = 1le-06

Figure 11. Three-dimensional isosurfaces of absolute error distribution for Example 3 at T = 0.25 with N = 10.
Panel (a) displays the region where displacement magnitude error | [u| — [uy|| > 107°; panel (b) shows the
corresponding region for temperature error |8 — 0| > 107°. Colors indicate error magnitude on a logarithmic
scale. The sparse distribution of high-error regions confirms the global accuracy of the FCSM approximation

Figure 12 characterizes the temporal behavior of the numerical error in three-dimensional thermoelastic
wave propagation. For all tested polynomial degrees, the error exhibits a pronounced decaying trend
modulated by small-amplitude oscillations corresponding to the periodic forcing frequency. The decay rate
is notably faster than in the one- and two-dimensional cases, reflecting the increased surface-to-volume ratio
and enhanced energy dissipation mechanisms inherent to three-dimensional domains. The Newmark-g time
integration scheme with At = 2 x 107* accurately captures this physical damping without introducing
numerical dissipation or dispersion artifacts. Critically, the hierarchy of errors for different N values is
preserved throughout the time interval, confirming that spatial discretization error dominates over temporal
discretization error for the chosen time step. The absence of error growth, instability, or phase drift over
multiple forcing periods validates the unconditional stability of the fully discrete scheme and establishes the
FCSM as a reliable tool for long-time simulations of transient thermoelastic phenomena in three-dimensional
structures subjected to dynamic thermal loading.



Open J. Math. Sci. 2026, 10, 341-364 361

Example 3: Error Evolution Over Time (3D Parallelepiped)
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Figure 12. Temporal evolution of the L2-norm error ||u(-,t) — un(-,t)|| ;2 for Example 3 with polynomial degrees
N € {4,6,8,10,12}. Errors exhibit exponential decay in time due to enhanced physical damping mechanisms
in three dimensions, while maintaining spectral accuracy in space throughout the simulation interval [0, 0.25]

Remark 3 (Synthesis of numerical results for example 3). The four figures presented above collectively validate
the theoretical findings of §3-§4 for the three-dimensional case:

* Figure 8 confirms the spectral convergence rate predicted by Theorem 3 with observed rates exceeding
8th order, despite the increased complexity of three-dimensional tensor-product bases.

* Figure 9 demonstrates the practical feasibility of the method for engineering applications, achieving high
accuracy at moderate computational cost.

* Figure 10 illustrates the pointwise accuracy and absence of numerical artifacts on representative
cross-sections, with errors uniformly below 10~ across the domain slice.

e Figure 11 provides volumetric confirmation that high-error regions are confined to boundary
neighborhoods and remain bounded, validating the global stability of the method.

¢ Figure 12 establishes the robustness of the method for time-dependent three-dimensional simulations,
with enhanced physical damping accurately captured and no numerical instability over multiple forcing
periods.

Together, these results establish the Fibonacci Collocation Spectral Method as a reliable, high-order
computational tool for coupled thermoelastic wave propagation in three-dimensional rectangular domains.
The method’s ability to achieve errors below 108 with moderate polynomial degrees (N < 12) at feasible
computational cost makes it particularly suitable for applications in aerospace thermostructural analysis,
microelectronic thermal management, and advanced materials design where three-dimensional effects are
non-negligible.

Even in three dimensions, the FCSM achieves errors below 10~/ with moderate polynomial degrees,
demonstrating its scalability. The computational time for N = 12 was approximately 47 seconds, confirming
the efficiency of the operational matrices and preconditioned iterative solvers.

Remark 4 (Practical implementation notes). The Chebyshev nodes (35) cluster near boundaries, naturally
resolving boundary layers without mesh refinement. The block-diagonal preconditioner

P = diag(pl + BA*K,, T1 + BAt* (1 + kL)),

reduces GMRES iterations to 8-15 per time step. The tensor-product structure enables efficient parallelization
across spatial dimensions using OpenMP directives. Since the system is linear, aliasing control via the 3/2-rule
is not required.

The numerical results conclusively validate the theoretical convergence analysis and establish the
Fibonacci Collocation Spectral Method as a robust, high-order tool for simulating coupled thermoelastic wave
propagation in multidimensional domains. The method’s ability to achieve machine-precision accuracy with
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moderate polynomial degrees makes it particularly suitable for parameter studies, inverse problems, and
real-time control applications in advanced materials design.

6. Discussion of the results

The obtained analytical solution provides a comprehensive description of the coupled thermoelastic
wave processes within an n-dimensional domain. The findings from this investigation can be summarized as
follows: A primary characteristic of this formulation is its hyperbolic nature, governed by the relaxation time
7. In contrast to classical parabolic systems where heat is assumed to propagate instantaneously, our solutions
(27) demonstrate that thermal conduction occurs as a wave with a finite speed. This behavior is explicitly
reflected in the structure of the characteristic roots )Lg), where the imaginary parts define the wave frequencies
and the real parts determine the spatial attenuation (damping) of the signal. The coupling ratio Rm defined
in (34) reveals that the displacement u and the temperature increment 6 are not independent processes but are
intrinsically coupled. Within the n-dimensional parallelepiped, any mechanical excitation is accompanied by
localized thermal variations, and conversely, any internal heat source Q induces mechanical vibrations. The
recurrence constants Af,f;), BI({;) ensure the balance of this energy transfer while strictly satisfying the initial
Cauchy conditions. Under the influence of periodic forcing terms (F, Q), the system of equations exhibits
a dual characteristic response: a transient regime involving initial adjustment governed by the homogeneous
solution, decaying exponentially due to dissipative mechanisms, and a steady-state regime featuring persistent
oscillatory behavior locked to the forcing frequency w, with amplitude and phase determined by the coupled
impedance matrix. The n-fold summation formula ensures that the solution is precisely adapted to the
spatial geometry of the domain. For higher dimensions (n > 3), while the interaction between modes
becomes increasingly complex, the Generalized Fourier Principle maintains analytical exactness. This is
particularly significant as it avoids the cumulative discretization errors frequently encountered in purely
numerical approaches, such as the Finite Element Method (FEM).

7. Conclusion

In this study, the generalized n-dimensional coupled thermoelastic problem for a rectangular
parallelepiped domain has been analytically solved under time-varying Dirichlet boundary conditions. The
model is based on the Lord-Shulman hyperbolic thermoelasticity theory, which accounts for the finite speed
of thermal signals through the relaxation parameter 7. The following key conclusions are derived from the
research. By employing the Generalized Fourier Principle, the non-homogeneous system of partial differential
equations was successfully reduced to a coupled system of ordinary differential equations. This approach
enables the determination of the coupled system of partial differential equations based on analytical methods.
A precise recurrent formula was established to determine the integration constants Afrjl), B,(,];), and coupling
ratios Rm. It was demonstrated that each of these constants is uniquely defined by the Cauchy initial
conditions and the internal/external forcing terms (F, Q), ensuring a one-to-one mathematical and theoretical
correspondence with the physical process. The characteristic analysis confirms that both displacement and
temperature fields propagate as waves with finite velocities. The real parts of the characteristic roots ensure the
stability of the system, while the imaginary parts define the coupled modal frequencies. The proposed solution
is determined with a specific sequence for any n-dimensional domain. This feature allows the model to be
applied with high precision in fields where n > 3 or higher-dimensional approximations are required, such
as aerospace, nanotechnology, and high-frequency thermal processing. Furthermore, the solution explicitly
separates the transient (decaying) response from the steady-state (periodic) response. This provides engineers
with a convenient tool to predict both the initial shock effects and the long-term harmonic behavior of the
material. Future work will include comparative studies with standard Chebyshev collocation methods to
further quantify the specific advantages of the Fibonacci basis in terms of conditioning and stability.
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