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Abstract: In the work, by establishing integral representations for a class of specific Maclaurin power series,
the authors restate recently-published results related to the normalized remainder of the Maclaurin power
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terms of the majorizing relations.
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1. Motivations

W e recall two definitions and related conclusions.

Definition 1 ([1, p. 19]). If a function f(u) has derivatives of all orders throughout a neighborhood of a point
¢, then the Taylor series of the function f(u) is

u— u—¢)>? u—¢)>3
o+ L@+ U e+ W gy o
and its remainder is . .
Ralf2) = £ - £0) - 1 U ), @
—1 :

Theorem 1 ([1, p. 19]). The Taylor series (1) converges to the function f(u) if the remainder (2) approaches zero as
n — 0.

When ¢ = 0, we call the series (1) the Maclaurin series and we denote the remainder (2) by R, [f (u)].

Definition 2 ([2, Section 1], [3, Section 1], and [4, Definition 1]). Let f be an infinitely differentiable real-valued
function defined on an interval I C R with ¢ € I being an inner point. The informal series expansion of f
around the point ¢ is
00 u— &
LGRS ®
oy n!
Its partial sum of the first n + 1 terms is

= k) (g (= 8)F
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1. If f(¢) # 0, then we define

_ fu)
T_a[f(u), ¢l = e “€ I
2.1f f(nH) (&) # 0 for n € Ny, then we define
(n+1)! . .
Talf(u),¢] = {fwlw@ gt f) = Sa(w )l ue Ig \{&}; "
L u=_7C.

We call the quantity T,[f(u), ] the nth normalized remainder of the informal series expansion (3) of f
around ¢.
When ¢ = 0, we simply write T,,[f (), 0] as T,,[f (u)].

When applying f(u) = e* and { = 0 in (2), we have the following integral representation for the
remainder R, [e"].

Theorem 2 ([5, p. 502], [6, Lemma 4], and [2, Lemma 2]). Forn € Nyand u € R, we have the integral representation

un+1

Ryle"] = n

1
/0 o' (1) qo, 5)

When applying f(u) = e* in (4) and employing the integral representation (5), we obtain the following
integral representation for the normalized remainder T, [e"].
Theorem 3 ([7, Lemma 1]). For n € Ny and u € R, the normalized remainder T,,[e"] has the integral representation
1
Tule"] = (n+ 1)/ " e*(17%) do, (6)
0

In the paper [4], we derived the following integral representation for a specific Maclaurin series.

Theorem 4 ([4, Lemma 1]). For n € Nand u € R, we have the integral representation

y j+1 j = 1 Lo _ u(1-v)
,g GrntDi" — (n—l)!/o v (1-v)e do. @

We can reformulate the integral representation (7) as

£ ket
5 0

1
= n/o 0" 1(1—0) ") do, 8
]:

forn € Nand u € R, as well as we can rewrite the integral representation (6) as

> 1w
Z jHn+1

1
( )]—' =(n+ 1)/0 0" e*(179) do, 9)
=0\ 1 ’

for n € Ny and u € R. Differentiating with respect to u on both sides of (9) and replacing n by n — 1 leads
to (8). Accordingly, the integral representations from (6) to (9) are equivalent to each other.

In the papers [4,6], we established the following inequalities:

1. For n € Ny and u € R, the inequality

] i 12
3 1 W 1 w > 1 u
=ICERR=1CoN L_o ) ]!]

is sound; see [6, Corollary 2].
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2. For n € Ng and u € R, the inequality

c 1 WwE 1 W & 1 WwE 1 W
Y Lo e < L Y (1)
G R =0 DA = Gs A= D
is valid; see [4, Theorem 1].
3. For n € Nand u € R, the inequality
1 i+ 1 i+1 ?
o j+ i Jt1 o j+ i
: W < |, (12)
Jg (j+n+2)! ]Z(:)(]+n)! ];)(]—i—n—i—l)!
is sound; see [4, Lemma 3].
We notice that the inequality (12) can be rearranged as
1 1 1 1 i’
n+1g w & u > u
2 o Y, = l.<l22 ] (13)
n +2 (Jﬂg ) 7! =0 (J+':Z+ ) 7! = (]Zﬁ ) j!

forn € Nypand u € R.

As the inequalities from (11) to (13) are, as guessed in [7, Remark 1], the inequality (10) should be strict
too. We will verify this strictness later in this paper.

In [2, Remark 7] and [4, Remark 3], influenced by the inequalities (10) and (11), Qi conjectured that, for
given n € Ny, the functions

> 1 WE 1 W &1 WS 1w
Golw) = Y. e e Y o e = Y dy 1 (14)
=R N = A W= A =10
and 5
[=S) M] [=S) ] [eS) 1 u]’
Hy(u) = Z ]+n+3 i Z ]+n+l o lZWH ] ’ (15)
]O(n-i-l I n+1)] —(n-i-l)]

are absolutely monotonic in # € R, that s, G( )( ) > 0and Hy (k )( ) > 0fork,n € Ny and u € R. Similarly, we
guess that the function

.72 . .
= 1w n+1& 1 J& 1 W
Jn(u) = LEM] _n—i—ZZ T ijy (16)
n

':O(nJrl)]! (n+2>]!j:0

for n € Ny is absolutely monotonic in u € R, that is, ],Sk) (u) > 0fork,n € Npand u € R.

These guesses are stronger than the inequalities from (10) to (13). For detailed information on the notion
of absolutely monotonic functions and its generalizations such as the logarithmically absolutely monotonic
functions, the logarithmically completely monotonic functions, and the completely monotonic degrees, please
refer to the chapters [8, Chapter XIII] and [9, Chapter IV], the monograph [10], the papers [11-15], and
closely-related references therein.

We observe that all of the Maclaurin series in the above-mentioned equations from (7) to (15) are special
cases of the Maclaurin series .

> 1w
Smn(u) =) W = (17)
=0 T T
for m,n € Ngand u € R. It is easy to see that S,,, o(u) = e* for m € Nj.
In this paper, we concentrate our attention on discussion and applications of the Maclaurin series Sy, , (1).

2. Integral representations of a kind of Maclaurin series

In this section, we derive integral representations of the Maclaurin series Sy, » (1) defined in (17) and its
generalization.
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Theorem 5. For m € Ny, n € N, and u € R, we have the integral representation

Smu(u) = i #u—] =n /1 0" (1 —0)" e (172 do (18)
mmn - y ]+m+n 1 — .
]:O ( n ) ] 0

In particular, for u € R and m,n € Ny, we have
S (1) = Ty e"). (19)

Consequently, the Maclaurin series Sy, (1) for m,n € No and the normalized remainder Ty,[e"] for n € Ny are
absolutely monotonic functions of u € R.

Proof. Straightforward operation yields

1
/ vn—l (1 _ U)m eu(l—v) do =
0
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g 1w
n = (j+rz+n) !

1
= Esm,n (”)/

form € Ny, n € N, and u € R, where the classical beta function
1
B(a,b) = / 11— DFldn, R(a), R(B) > 0,
0

the classical Euler gamma function

nln®
I'z) =lim ——, z€C\{0,-1,-2,...},
(z) = lim ENEET) M }
and their relations can be found in [16, Chapter 3]. The integral representation (18) is thus proved.
The relation (19) follows differentiating m € Ny times on both sides of the integral representation (6) in
Theorem 3 and then comparing with the integral representation (18).
Differentiating k € Ny times with respect to u at the very ends of the integral representation (18) gives

7

1
Sn]f)n(u) = n/ 0" (1 —v)"Hket(1-2) gy > 0,
0

for u € R. So, the function S, ,(u) for m € Ny and n € N is absolutely monotonic in u € R. Moreover, it is
easy to see that S,,0(u) = e* for m € Ny, which is an absolutely monotonic function in u € R. The proof of
Theorem 5 is thus complete. [

Remark 1. The integral representation (6) in Theorem 3 and its equivalence (9) is the special case Sg , (1) in the
integral representation (18) forn € Nand u € R.
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The integral representation (7) in Theorem 4 and its equivalence (8) is the special case S;,(u) in the
integral representation (18) for n € Nand u € R.

Remark 2. Taking m =0,1,2 and n = 1, 2,3 in (18) gives the integral representations

1
L :/ e “Udo,

ﬂ e 10 gy
el uz

—e —1—u—7_ ve””dv
et y3 2

- /01<1 o)y,
e (u _ei)u? P /01 v(1—-v)e " do,
2€u(u_3l:_uiz+4u+6 /1 (170) e "o,
= = [Ja-are e
eu(uz_4u:rui —2u—=6 :/ 1_0 e “do,
e

and
e (u? —6u+12) —u? — 6u — 12

el 1°

_ 1 ! 2(1 _ \2 ,—uv
= v°(1—0) e *dy,
2 Jo

for u # 0. These functions are completely monotonic in u € R. A function f(u) is said to be completely
monotonic on an interval I if (—1)kf®)(x) > 0 for all k € Ny and u € I. For detailed information, please
refer to the chapters [8, Chapter XIII] and [9, Chapter IV], the monograph [10], the papers [11,13,14], and
closely-related references therein.

In [16, p. 73], the classical binomial numbers (}) for k, n € Ny are generalized to

z\ I'(z+1)
<w> " Twrniz-wt1) -7 V7%

for general complex values of w and z. See also [17, p. 711] and [18, Section 1].
We now generalize the integral representation (18) in Theorem 5 as follows.

Theorem 6. For R(x) > —1, R(B) > 0, and u € R, we have the integral representation

oo 1 uj 1 - & u(l—o
- B

Consequently, for w € (—1,00) and B € (0, 00), the function S, g(u) is absolutely monotonic in u € R.

Proof. Direct computation gives

/01 0P (1 - U)“eu(l_v) dv = /01 P11 —v)® li u](lv)J] do

= I
. j
_Z{/ P~ 1 ZJ)]ﬂ‘dU}I;!
. w
= ZB(]+“+1/ﬁ)7
j=0 I
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T(j+a+1I(B) w
F(j+a+p+1) !

|
™

j=0
12 1
=2 ) raiE
'3]: (]+,5+ﬁ) !
1
= Bsa,ﬂ(u)r

for R(a) > —1, R(B) > 0,and u € R.
Differentiating k € Ny times with respect to u at the very ends of the integral representation (20) gives

Sk ﬁ/vﬁl D¢+k u(l ’U)dv>0

/

for u € R. Consequently, the function S, 4(u) for a € (—1,00) and B € (0, ) is absolutely monotonic in u € R.
The proof of Theorem 6 is thus complete. [

Remark 3. The Dawson integral is defined [19, p. 298] by

1 u
u)zfz/ e’dt, xeR
e Jo

Taking o = :l:% and B = 1 in the integral representation (20) results in

\f_F / —uv F(\/a)_l/l 1 —uv
o V1 dv and i =3/, 1_ve do,

respectively. These two functions are completely monotonic in u € R.

3. Integral representations of inequalities for series

In light of the integral representation (18) in Theorem 5, we can reformulate the inequality (10) for n € Ny
and u € R, the inequality (11) for n € N and u € R, the inequality (13) for n € N and u € R, and their
equivalences as follows.

1. Foru € Rand n € Ny, we have

1 1 1 2
/ o"(1—v)2e ™ dv/ v"e "dv > [/ v"(1—v)e ™ dv] . (21)
0 0 0
2. Foru € Rand n € N, we have

1 1 1 1
/ v"(1—v)e ™ dv/ " le ™ dy < / v"e dv/ " (1 —-v)e do. (22)
0 0 0 0

3. Foru € Rand n € N, we have

2

1 1 1
/ " (1 —v)e ™ dv/ " 11 —-0v)e dv < {/ v"(1-v)e "do| . (23)
0 0 0

n+1

The Cebysev integral inequality [8, p. 239, Chapter IX] reads that,
1.if f,h : I — R are two integrable functions, either both increasing or both decreasing, then

Jp@1do [ pe)f @@ d > [ p@)f(E)do [ po)h() do, (24)

where I C Risaninterval and p : I — [0, c0) is a non-negative and integral function;
2. if one of the functions f and & is non-increasing and the other non-decreasing, then the inequality
in (24) is reversed;
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3. the equality in (24) validates if and only if one of the functions f and h reduces to a scalar.

Taking p(v) = v"e " forn € Npand u € R, f(v) = h(v) = 1—v, and I = [0,1] in (24) results in
the strict version of the integral inequality (21). Letting p(v) = v" le ™ forn € Nand u € R, f(v) = v,
h(v) =1—v,and I = [0,1] in (24) leads to the integral inequality (22). Accordingly, we alternatively proved
the inequalities (21) and (22), that is, the inequality (10) for n € Ny and u# € R and the inequality (11) forn € N
and u € R, by a different method from those in the papers [4,6,7].

Setting p(v) = 0" 1(1 —v)e ™ forn € Nand u € R, f(v) = h(v) = v,and I = [0,1] in (24) arrives at the

inequality
1 2

1 1
/ o"L(1 - v) e do / v (1-v)e “do > V v"(1-0)e “do| , (25)
0 0 Jo

for n € Nand u € R, which is the reversed version of the inequality (23).
In terms of the notation S, (1), we sum up and restate the above inequalities between (10) and (25) as
follows.

Theorem 7. Forn € Ngand u € R, we have

52’n+1 (u)SO,nH(u) > SinJrl (u) and 51/n+1 (M)Soln(u) < SO,nJrl(M)SLn(M).
Forn € Nand u € R, we have

n+ln+1
. msl,n+2(”)sl,n(”)' (26)

n+1

msl,n—ﬂ(”)sl,n(”) < S%,n+l (”) <

The left inequality in (26) is also valid for n = 0.

4. Several limits of ratios

At the site https:/ /math.stackexchange.com/q/4956563 and in [4, Remark 1], Qi posed the following two
problems on limits:
1. For given u € R, what is the limit

2. For given n € Np and u € R, what is the limit

(o]

1 u
Z (j+n+m+1) Tl
lim j=0 n+1
m—oco OZO: 1 W
. (j+n+m) i
=0\ nt1

See also [2, Section 2].
In terms of the notation Sy, , () defined by (17), we can reformulate these two limits as

lim S1.n(1) and lim 75"1’”(”) ,
n—o0 SO,n(”) m—roo Smfl,n(”>

for m,n € N and u € R. Further utilizing the integral representation (18) in Theorem 5, we conclude the
following problem.

Problem 1. For m,n € N, calculate the limits

1 -1 —
limM:lim Jo " (1 —0)"e " do

n—eo Sy (u)  n—e fol v"=1(1—p)m-lew dop’
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and

1, _
i Sun() i Jov" i1 —ov)"e " do

m—00 Sm,lln(u) T Mmoo fOl on—1 (1 _ U)m—l e—uv dU.
In terms of the integral representation (20) in Theorem 6, we can generalize Problem 1 as follows.
Problem 2. For (a) > 0, R(B) > 0, and u € R, compute the limits

. Sup(u) . fol P11 —v)*e " do
Iim ———— = lim 1 ,
proo Su_1,p(1)  proo Jo P (1 —v)rle w0 do

and .
-1 _
lim S,X/[;(u) _ lim {O 0P (1-0)*e " do |
a—00 Safl,ﬁ(“) a—00 fO 0/3—1(1 —v)r-leuvdy

5. Absolute monotonicity

In terms of the notation Sy, ,, (1), we can reformulate the functions from (14) to (16) as

Gn(”) = SO,n+1 (u)sl,n(u) - Sl,n+l (u)SO,n(u)

Son(u)  Sopsr(u)
Siu(u)  Stut1(u)

Hn(u) = Sz,n+1 (u)SO,nJrl (u) - S%,nJrl (u),

7

and +1
n
Jn(u) = S%,n+1(”) T ui2

for n € Ny and u € R. Based on the right inequality in (26), we introduce another function

Stn2(u)S1,(u),

_n+1 no .o

Kn(u) = msl,n-ﬂ(u)sl,n(u) - msl,m_l (u),

forn € Npand u € R.
The function G, (1) can be generalized as

Sm,n(u) Sm,nJrE(u)

G qnp(u) = —
o (1) Smrkn(U)  Syiionve(u)

, 27)

form,n € Npand k, ¢ € N.
Lets, = (s1,52,...,5:) and t, = (t1,t2,...,tx) € R". A n-tuple s, is said to strictly majorize t,, denoted
by t;, < sy or s, > ty, if

n n
(5[1]15[2]""'3[11]) 7é (t[l]/tm""/t[n])' ZSZ' = Zti,

and
k k
‘ S[i]>2t[i]’ 1<k<n-1,
i=1 i=1
are valid, where
Sy 282 2 25 and fpy 2 Fp = 2

are rearrangements of s, and ¢, in a descending order. See [20, p. 8, Defnition A.1].
Making use of the notion of majorization, we generalize the functions H, (1), ], (1), and K, (u) as follows:
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1. For n € Ny and (s1,57), (t1,12) € N% such that (s1,s) = (1,t2), define

Hn;Sz,tz(“) = 551,n+1(u)ssz,n+l(u) - St],n+1(”)st2,n+l(u)- (28)

2. For m € Ny and (51,52), (tl, tz) S N% such that (Sl, Sz) - (tl,tz), define

]m}Sz,tz (u) - Sm,t1 (u)sm,tz (1/[) - A(mr S]/SZ; tl/ tZ)Sm,sl (u)sm,sz (1/[) (29)

3. Form € Ny and (sq,82), (#1,£2) € N% such that (s1, ) = (t1,t2), define
Km;SZVtZ (u) = Sm,Sl (u)Sm,SZ(u) - B(m; 51,5211, tz)Smrtl (u>SWl,t2 (u) (30)

Problem 3. For m,n € Ny and k,{ € N, the function G, ,,« (1) defined by (27) is absolutely monotonic in
u € R.

For n € Ny and (s1,52), (t1,t2) € N such that (s1,5,) > (t1,t2), the function Hy;s, t, (1) defined by (28) is
absolutely monotonic in u € R.

For m € Ny and (s1,s2), (t1,t2) € N3 such that (s1,52) = (t,t2), what are the best constants 0 <
A(m;s1,80;t1,12) < 1Tand 0 < B(m;sy,s2;t1,t2) < 1 such that the functions Jy;s, t, (#) and Kiyys, t, (1) defined
by (29) and (30) respectively are absolutely monotonic in u € R?
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