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1. Introduction

he Hausdorff hyperspace of nonempty compact subsets of a metric space provides a natural framework
T for the study of set-valued approximation, hyperspace dynamics, and compact-set iterations [1-3].
Once a metric space (X, d) is fixed, the family K(X) of all nonempty compact subsets of X, endowed with the
Hausdorff distance, becomes a metric space in its own right. This makes it possible to formulate asymptotic
questions for sequences of compact sets in a precise and flexible setting [4].

In many situations, ordinary convergence is too rigid to capture the long-term behavior of a compact-set
sequence. Exceptional indices may occur sparsely yet persistently, and in such cases pairwise closeness can
be more informative than a formulation based on a prescribed limit. For this reason, density-based and
ideal-based methods have proved useful in asymptotic analysis. Various forms of ideal convergence, ideal
Cauchy conditions, and localized statistical behavior have been investigated in different contexts, including
metric and operator-theoretic settings [5-7].

For scalar sequences, the relation between statistical convergence, statistical Cauchy conditions, and
statistical pre-Cauchy behavior has been examined in considerable detail [8-10]. Related questions involving
ideal Cauchy sequences, localized statistical behavior, and operator-theoretic aspects of statistical convergence
have also been studied from several perspectives [5-7]. In particular, every statistically convergent sequence
is statistically pre-Cauchy, whereas the converse usually requires additional assumptions. For bounded
sequences, one also has useful pairwise criteria expressed through double means and bounded moduli, both
of which avoid prescribing the limit in advance [8,11]. These results indicate that pairwise formulations often
retain the essential asymptotic information while remaining less rigid than direct limit tests.
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A related viewpoint arises in the theory of frequent convergence. There the relevant object is not only the
density of exceptional one-dimensional index sets, but also the frequency measure of subsets of N x N [12,13].
This leads naturally to the notion of a frequent Cauchy sequence, and in the scalar case frequent convergence is
equivalent to the frequent Cauchy property [13,14]. More broadly, this line of thought fits well with subsequent
developments on statistical and ideal convergence in metric, random n-normed, and fractal-type settings [5,7,
15-17]. Related probabilistic and approximation-theoretic aspects of deferred weighted statistical equivalence
have also recently been studied in [18].

The purpose of the present paper is to develop pairwise asymptotic criteria for sequences of compact sets
in the Hausdorff hyperspace. Our contribution is not the introduction of entirely new convergence notions,
but the systematic transfer of pairwise criteria to compact-set sequences in the Hausdorff metric, together with
bounded double-mean and bounded modulus characterizations and a collection of compact-set examples. In
this way, the paper should be viewed as a hyperspace counterpart of earlier work on statistical and ideal
asymptotic methods, rather than as an attractor-oriented study in the sense of fractal dynamics [6,15,16].

We begin by introducing Z-statistically pre-Cauchy sequences of compact sets and establishing the basic
permanence properties needed later. We then derive bounded double-mean and bounded modulus criteria
in terms of the Hausdorff distance. After that, we turn to frequent Cauchy sequences of compact sets and
study their relation to frequent convergence under additional compactness assumptions. We also identify
several situations in which pairwise asymptotic conditions can be upgraded to genuine convergence, and
we conclude with examples illustrating both the scope and the limitations of the pairwise approach in the
hyperspace setting.

Several arguments in §3, §4, and parts of §6 are metric in character and remain valid beyond the
hyperspace context. What is specific to the present setting is their systematic formulation for compact-set
sequences in the Hausdorff metric, together with the bounded pairwise criteria and the compact-set examples
developed later in the paper. In this sense, the results of §3 and §4 are best understood as hyperspace
adaptations of known pairwise criteria from the scalar and metric-space literature. By contrast, the frequent
part in §5 requires a more delicate compactness-based argument, since the passage from pairwise frequency
conditions to actual convergence is subtler in the hyperspace framework. The standing completeness
assumption is therefore used only where such upgrade arguments genuinely require it.

The paper is organized as follows. §2 contains notation and preliminary facts. In §3, we introduce
I-statistically pre-Cauchy sequences of compact sets and prove their elementary properties. §4 is devoted
to double-mean and bounded modulus criteria. §5 studies frequent Cauchy sequences of compact sets and
their relation to frequent convergence. §6 discusses conditions under which pairwise criteria can be upgraded
to actual convergence. The remaining sections contain examples, brief applications, and concluding remarks.

2. Preliminaries

Throughout the paper, Z denotes a proper admissible ideal on N in the usual sense of ideal convergence
theory [19]. Related ideal and lacunary ideal methods in nonlinear settings may be found, for instance, in [16].
Recall that a family Z C 2 is called an ideal if

ABel = AUBE€I, BCAel = Bel
It is called admissible if every finite subset of N belongs to Z, and proper if N ¢ Z. The filter associated
with 7 is given by
F(I)={MCN:N\MeZ}

If E C N, its natural density, whenever it exists, is defined by

d(E) = lim ~|{k<n:kecE}

n—oo 1

7

while the upper natural density is

d(E) :limsup%Hk <n:keE}.

n—o0
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We shall also work with subsets of N x N. For Q C N x N, we write
Q(m,n) =0Qn ({1,...,m} x{1,...,n}).

Whenever the limit exists, the frequency measure of () is defined by

u(Q) = lim M

m,n—oo mn
and the corresponding upper frequency measure is

#(Q)) = limsup M

mmn—oo mn

We begin with the scalar convergence notions that will later be transferred to the Hausdorff hyperspace.

Definition 1 ([19]). Let (Y, p) be a metric space. A sequence (y,) in Y is said to be Z-convergent to L € Y if for
every e > 0,
{neN:p(ys L) >e} €T

Definition 2 ([20]). Let (Y, p) be a metric space. A sequence (y,) in Y is said to be Z-statistically convergent to
L € Yif for every ¢ > 0 and every J > 0,

{nGN:i{{kgn:p(yk,L)zsﬂ 2(5} S

In this case we write Z-st-limy, = L.

Definition 3 ([8]). Let (Y, p) be a metric space. A sequence (y,) in Y is said to be Z-statistically pre-Cauchy if
for every e > 0 and every § > 0,

1 . .
{n eN: ﬁH(]’k) :1<7,k<n, p(yj,yk) > s}f > (5} el

The pre-Cauchy formulation is pairwise and therefore does not require a candidate limit in advance. At
the same time, it is generally weaker than convergence. For scalar sequences, statistical convergence implies
statistical pre-Cauchy behavior, whereas converse implications usually require additional assumptions such
as boundedness together with structural information on the limit-point set, or suitable mean-type conditions
[8,11,14].

We now turn to the geometric setting of the paper. Let (X, d) be a metric space, and let K(X) denote the
family of all nonempty compact subsets of X. For x € X and A € K(X), set d(x, A) = inf,c4d(x,a). For
A, B € K(X), the Hausdorff distance is defined by

dy (A, B) = max < supd(a, B),supd(b, A) ;.
acA beB

The metric space (K(X),dy) will be referred to as the Hausdorff hyperspace of X [2,4].

When (X,d) is complete, it is well known that (K(X),dy) is complete as well [4]. This completeness
assumption is invoked only where completeness of the Hausdorff hyperspace is needed explicitly. In
particular, the arguments in §3, §4, and parts of §6 are metric in nature and do not otherwise require
completeness of X. For those parts, the metric structure of (K(X), dp) is sufficient. This observation allows us
to transfer scalar asymptotic notions to compact-set sequences simply by replacing the ambient metric p with
the Hausdorff metric dy.

Frequent convergence also plays an important role in the present framework. Motivated by the scalar
theory, we use the pairwise frequency measure on N x N in order to formulate a Hausdorff version of the
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frequent Cauchy property [12-14]. Thus both Z-statistical pre-Cauchy behavior and frequent Cauchy behavior
are expressed through the asymptotic smallness of sets of pairs of the form

{G k) du(A;j, Ar) = €}

Finally, we record the bounded modulus notion used later. A function f : [0,00) — [0,00) is called a
bounded modulus if it satisfies

f)=0 = t=0,  fls+t) < f(s)+f() (st=0),

f is increasing, f is continuous from the right at 0,

and sup,., f(t) < oco. Such functions will be used to formulate bounded modulus criteria for pairwise
Hausdorff differences.

The remainder of the paper is devoted to the interaction between these pairwise notions and actual
convergence in the Hausdorff hyperspace.

3. Z-statistically Pre-Cauchy sequences of compact sets

We now transfer the scalar notions from the previous section to sequences of compact sets in the
Hausdorff hyperspace. The key feature of the pre-Cauchy condition is its pairwise nature, which makes it
particularly suitable for hyperspace problems, where mutual Hausdorff closeness is often more informative
than a formulation based on a prescribed limit.

Definition 4. A sequence (A,) in (K(X),dp) is said to be Z-statistically convergent to A € K(X) if for every
e > 0and every é > 0,

{n EN: %\{k < n:dy(AgA) > e} >5} €.
In this case we write Z-st-1im A,, = A.

Definition 5. A sequence (Ay) in (K(X),dy) is said to be Z-statistically pre-Cauchy if for every ¢ > 0 and
every 6 > 0,

1 . .
{n eN: ﬁH(]’k) (1< jk<n dy(Aj Ag) > e}| > 6} e’

The next proposition records two elementary permanence properties that will be used later.

Proposition 1. Let (Ay,) and (By,) be sequences in K(X).

(1) If Ay, = By, for all sufficiently large n, then (Ay,) is Z-statistically convergent if and only if (By,) is Z-statistically
convergent, and in that case they have the same ZL-statistical limit.

(2) If Ay = By for all sufficiently large n, then (Ay) is Z-statistically pre-Cauchy if and only if (By) is
I-statistically pre-Cauchy.

Proof. Assume that there exists N € N such that A;, = B, forall n > N.
For part (1), let A € K(X) and fix e > 0 and ¢ > 0. For each n € N, define

E (Ae) ={k <n:dy(Ax, A) > ¢},

and
Fi(Ae) ={k<n:dy(By, A) > ¢}.

Since the two sequences differ only in the first finitely many terms, we have

||Ex(A,€)| — [Fa(A,e)|| <N,
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for all n. Hence

1 1 N
—|En(A — —|F,(A < —
Ea(A,0)| - < Ea(A,2)]| <

It follows that the exceptional sets in Definition 4 differ by at most a finite set. Since 7 is admissible, the
claim follows.
For part (2), fixe > 0and ¢ > 0. Let

Pu(e) ={(j k) : 1 <jk <mn, du(Aj, Ay) > €},

and
QH(S) = {(],k) 1< ],k <mn, dH(B],Bk) > S}.

If both j and k are greater than N, then A; = B; and Ay = By, so the pair conditions defining P, (e)
and Qy(¢) agree. Thus any discrepancy can occur only when at least one coordinate belongs to {1,...,N}.
Consequently,
|1Pu(e)] = 1Qu(2)]] < 2Nn+N?,

for all n. After division by n2, we get

1 1 2N N2
?'P”(eﬂ - ;|Qn(€)| < - T

Hence the exceptional sets in Definition 5 differ by at most a finite set, and the conclusion follows. [J

The next theorem is the natural compact-set analogue of the familiar scalar fact that statistical convergence
implies statistical pre-Cauchy behavior.

Theorem 1. Let (Ay) be a sequence in (K(X),dy). If Z-st-im A, = A for some A € K(X), then (A,) is
I-statistically pre-Cauchy.

Proof. Fixe > 0and 6 > 0, and set # = ¢/2. For each n € N, define
Su(n) ={k<n:dy(A, A) > 1},

and
Pn(S) = {(],k) | S ],k S n, dH(A],Ak) Z 8}.

If (j, k) € Pu(e), then both inequalities dy(A;, A) < 1 and dy(Ag, A) < 5 cannot hold simultaneously,
because otherwise the triangle inequality would give

du(A;, Ay) < du(Aj, A) +du(A, A) < 27 =¢,
which is impossible. Therefore every pair in P, (¢) has at least one coordinate in S, (), and so

Py(e) € (Su(n) x{1,...,n}) U ({1,...,n} x Su(1)).

Consequently,
[Pu(€)| < 21 |8 (7).

Dividing by 12, we obtain
1 1
IPae)] < 2215w,

Now suppose that

Then necessarily
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Hence . . 5
{n €eN: ﬁ|Pn(s)| > 5} C {n €N: E‘Sn(ﬂﬂ > 2}.

Since Z-st-lim A, = A, the set on the right belongs to Z by Definition 4. Hence the defining exceptional
set for Z-statistical pre-Cauchy behavior also belongs to Z. Therefore (A, ) is Z-statistically pre-Cauchy. [

We also note, for later reference, that the pre-Cauchy property is preserved under Lipschitz self-mappings
of the hyperspace.

Proposition 2. Let T : (K(X),dy) — (K(X),dy) be a Lipschitz mapping with constant L > 0. If (Ay) is
Z-statistically pre-Cauchy, then (T(Ay)) is also Z-statistically pre-Cauchy.

Proof. If L = 0, then T is constant and the conclusion is immediate. Assume that L > 0. Fixe¢ > 0 and 4 > 0.
For eachn € N, let
Pule) = {(k) : 1< j,k < n, dri(T(A), T(AY) > e},

and
€

Qule) = {(ik) : 1 <k <, du(Aj A = £}

Since
du(T(Aj), T(Ax)) < Ldu(A;j, Ax),

we have P, (¢) C Qy(¢) for every n. Hence

1 1
5 1P(0)] < 5 1Que)l.

Therefore . 1
{n eN: ﬁ'Pﬂ(EH > 5} C {n eN: ﬁ\Qn(sﬂ > 5},

and the set on the right belongs to Z because (Aj) is Z-statistically pre-Cauchy. This proves the result. [

Remark 1. At this stage we do not claim that Z-statistical pre-Cauchy behavior alone implies Z-statistical
convergence. The pairwise condition is generally weaker, and additional assumptions are needed in order to
recover a genuine limit. The next section is devoted to more explicit criteria of this kind for bounded sequences.

4. Double-mean and modulus criteria

The pre-Cauchy condition introduced in the previous section is expressed through the asymptotic
smallness of exceptional pair sets in the Hausdorff hyperspace. For bounded compact-set sequences, this
pairwise condition admits more explicit analytic formulations. In this section, we derive two such criteria, one
based on double means of Hausdorff distances and the other on bounded moduli.

We begin by fixing the relevant boundedness notion.

Definition 6. A sequence (A,) in (K (X),dp) is said to be bounded in the Hausdorff hyperspace if there exists
a constant R > 0 such that
dH(A]‘,Ak) <R for all],k e N.

The first result shows that, under boundedness, the Z-statistically pre-Cauchy property is equivalent to
the vanishing of the pairwise double mean of the Hausdorff distance.

Theorem 2. Let (A,) be a bounded sequence in (KC(X),dy). Then the following are equivalent.
(1) (Ay) is I-statistically pre-Cauchy.
@

1 ¢
T-fim o X duldy A =0,
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Proof. Assume first that

Fixe >0and 6 > 0. Foreachn € N, set
Pu(e) ={(j k) : 1 <jk <n, du(Aj, Ay) = ¢},

and
n

My = — Y du(A;j, Ap).
k=1

Since every pair in Py (€) contributes at least ¢ to the double sum, we have
€
M, > ?|Pn(e)|.

Hence 1 M
n
SlPa(e)] < =2
Therefore

1
{neN:nzPn(s)|>(5}c{n€N:Mn>8(5}.

The set on the right belongs to Z, so (A;) is Z-statistically pre-Cauchy.

Conversely, assume that (A;,) is Z-statistically pre-Cauchy. Since the sequence is bounded in the
Hausdorff hyperspace, there exists R > 0 such that dH(A]-, Ay) < Rforall jk € N.Fixs > 0. If § > R,
then

{mneN: M, >6} =g,

so there is nothing to prove. We may therefore assume that 0 < § < R.
Putz = §.Foreachn € N, split the double sum according to whether dy(A;, Ax) < and dy(Aj, Ay) > 1.
Then

1 1
My < 5 (7% + RIPu(n)]) = 5+ R 5 |Pap)].

If M, > 6, then

R LIPAp) 267 =3,
and hence
IR > .
n2 ~ 2R
Therefore

1 1)
: > L= > — .
{neN:M, >} C {neN le\Pn(17)| > ZR}

Since (Ay) is Z-statistically pre-Cauchy, the set on the right belongs to Z. Thus Z-limy, . M, = 0. The
proof is complete. [

As a direct consequence, one obtains a convenient reformulation of Theorem 1 for bounded sequences.

Corollary 1. Let (A;) be a bounded sequence in (}C(X),dy). If Z-st-lim A, = A for some A € K(X), then

1 n
Z- lim — Y du(Aj, Ay) = 0.
jk=1

n—oo 11

Proof. By Theorem 1, the sequence (A;) is Z-statistically pre-Cauchy. The conclusion now follows from
Theorem 2. [

We next turn to a bounded modulus formulation. This criterion is often more flexible than the raw
distance average and, at the same time, remains entirely pairwise.
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Theorem 3. Let (Ay,) be a bounded sequence in (K(X),dy), and let f : [0,00) — [0, c0) be a bounded modulus. Then
the following are equivalent.
(1) (Ay) is Z-statistically pre-Cauchy.
@)
1 n
Z- lim — Y f(du(Aj Ar)) = 0.
jk=1

n—oo 12

Proof. Assume first that

1 ¢
I_r}%ﬁjkzzlf(dH(A]/Ak)) =0.

Fix e > 0 and 6 > 0. Since f is increasing and vanishes only at 0, we have f(e) > 0. For each n € N, let

Pu(e) = {0, k) : 1 <k <, du(Aj, Ar) > e},

and .
1
Ny =3 Y. fdu(Aj, Ap)).
k=1

Every pair in Py (¢) contributes at least f(¢) to the sum defining N,,. Hence

I3
N> L e o).
Therefore

1 Ny,
P|Pn(€)| S f(g)

It follows that )
{n eN: ﬁ'P”(SH > (5} C{neN:N,>6f(e)}.

The set on the right belongs to Z, so (A, ) is Z-statistically pre-Cauchy.
Conversely, assume that (A,) is Z-statistically pre-Cauchy. Since f is bounded, there exists K > 0 such
that f(t) < Kforallt > 0. Fix § > 0. If § > K, then

{neN:N, >6} =g,

so the claim is immediate. We may therefore assume that 0 < 6 < K.
By the right continuity of f at 0 and the fact that f(0) = 0, there exists 7 > 0 such that f(i7) < 3. For each
n € N, split the double sum according to whether dyy(A;, Ay) < 17 ordy(A;, Ai) > 1. Then

No < =5 (FO) -2 + K IPA) = £+ K 5 P ()]

If N, > 6, then
1 )
K—3Pu(m)l = 6= f(1) > 5,

and so 111—2|Pn(17)| > 5%. Consequently,

1 o
: > T Z .
{neN:N, >4} C {n eN n2|Pn(77)| > ZK}
The set on the right belongs to Z because (A;) is Z-statistically pre-Cauchy. Hence Z-lim, . N, = 0.

This proves the result. [

Remark 2. The two criteria above show that, for bounded compact-set sequences, the Z-statistically
pre-Cauchy condition admits two equivalent pairwise formulations. One is expressed through the average
Hausdorff distance itself, while the other uses a bounded modulus of the Hausdorff distance. The modulus
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version is often more adaptable when one wants to compare different scales of pairwise closeness without
changing the underlying asymptotic content.

5. Frequent Cauchy sequences of compact sets

The frequent side of the theory is formulated through frequency measures on N x N. In contrast with the
I-statistical pre-Cauchy condition, which is governed by one-dimensional initial segments and an ideal on N,
the frequent Cauchy property measures how often two terms of the sequence remain close to each other in the
Hausdorff metric.

Definition 7. A sequence (A,) in (K(X),dy) is said to be frequently convergent to A € K(X) if for every
e>0,
d{n e N:dy(A,, A) >} =0.

Equivalently,
d{n e N:dy(A, A) <e} =1,

for every € > 0. In this case we write flim A, = A.
Definition 8. A sequence (A;) in (K(X),dy) is said to be frequent Cauchy if for every ¢ > 0,
u{(m,n) e Nx N:dy(Am, An) > ¢} =0.

Equivalently,
u{(m,n) e NxN:dy(Am Ay) <e} =1,

for every € > 0.

Lemmal. Let E,F C N.
(1) Ifd(E) and d(F) exist, then
u(E x F) =d(E)d(F).
(2) In general,
7%(E x F) > d(E)d(F).

Proof. Foreachp,q € N,
[(ExF)(p,q)l = [EN{L...,p}[- [FN{L,... 4},

hence

[(ExE)(p,g)l _ [EN{L...,p} [FO{L,...,q}]
pq p q
If d(E) and d(F) exist, passing to the limit as p,q — oo yields

u(E x F) =d(E)d(F).
For the upper version, choose sequences p; — oo and q; — oo such that

En{l,...,p; - Fn{l,...,q; —
0t g, Ol g
] ]

Then

(ExF)(pja)l <, .5
—quj — d(E)d(F),

and therefore
H(EXF) > H(E)H(F).

O
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We begin with the direct implication from frequent convergence to the frequent Cauchy property.
Proposition 3. Ifa sequence (A,) in (K(X),dy) is frequently convergent, then it is frequent Cauchy.
Proof. Assume that flim A, = A for some A € I(X). Fixe > 0 and put
E(e)={neN:dy(A,, A) <e/2}.

By Definition 7, we have
Hence, by Lemma 1,

If (m,n) € E(e) x E(g), then
dH(Am,An) < dH(Am,A) -I—dH(An,A) < &

Therefore
E(e) x E(e) C {(m,n) e NxN:dy(Am, An) < €}.

It follows that
u{(m,n) e NxN:dy(Am, An) <e} =1.

Thus (Ay) is frequent Cauchy. O

The next proposition shows that frequent Cauchy behavior is stronger than the Z-statistically pre-Cauchy
condition introduced earlier.

Proposition 4. If (A,) is frequent Cauchy in (K(X),dy), then it is Z-statistically pre-Cauchy for every proper
admissible ideal T on N.

Proof. Fix e > 0. Since (Aj;) is frequent Cauchy,
u{(m,n) e NxN:dy(Am, An) > €} =0.
This means that

1
Iim —|{(m,n):1<m<p 1<n<g,dy(Au A,) >¢e}| =0.
Jdim () 1< m < p 7 s (Am, An) 2 €}

In particular, along the diagonal p = q =1,

lim —[{(iK) 1< jk < n, dy(Aj, Ay) > e}] = 0.

n—oo 1

Hence for every 6 > 0, the set
1, .
{n eN: ﬁ’{(]’k) (1 <jk<n dy(A;,Ap) > e}| > (S},
is finite. Since 7 is admissible, every finite set belongs to Z. Therefore (A, ) is Z-statistically pre-Cauchy. O
Lemma 2. Let (Ay) be a sequence in a compact metric space (K, p). Then there exists a point A € K such that, for every
e>0,

d({n e N:p(A,, A) <e}) >0.

Proof. We construct inductively a nested sequence of nonempty compact subsets of K whose diameters tend
to 0.
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Since K is compact, it can be covered by finitely many closed balls of radius 1:

Ny
K c | JB(cM,1).
i=1

For each i, define
1 = 1
EY = (neN: A, BV, 1)}

Because
Ni
N=[JEY,
i=1

and d(N) = 1, at least one of the sets E\"

. has positive upper density. Choose such an index i1, and set

K1 =KknB(cY 1).
Then K; is a nonempty compact subset of K,
diam(K;) < 2,

and
d({n e N: A, € K1}) > 0.

Assume that for some 7 > 1 we have already chosen a nonempty compact set K, C K such that
diam(K,) < 277,

and
d{neN: A, €K})>0.

Since K; is compact, it can be covered by finitely many closed balls of radius 27":

Nr+17 1
K, c |J B(c, 2.
i=1

For each i, let
E'Y = {(neN: 4, e K,nBC"™, 27},
Then
Npj1 1
(neN: A, ek} = El.(’+ ),
i=1

(r+1)

Since the set on the left has positive upper density, at least one of the sets E;

Choose such an index i, 1, and put

has positive upper density.

— 1 _
Krp1 =K NB(CMY,27).
Then K, C K;, Ky41 is nonempty and compact,
diam(K, ;1) <2177,

and
d{neN:A, €K 1})>0.

Thus we obtain a nested sequence
KiDKy DKz D -+,
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of nonempty compact sets such that diam(K;) — 0. Hence
K- ={A},
r=1

for some A € K.
Now let ¢ > 0 be arbitrary. Choose r so large that diam(K;) < ¢. Since A € K, every point of K, lies
within distance < e of A. Therefore

{meN:A, €K} Cc{neN:p(A, A) <e}.

Since the set on the left has positive upper density, so does the set on the right. This proves the lemma. O

The converse direction is more delicate in general metric spaces. A pairwise frequency condition need not
automatically produce a limit unless some compactness is available. The next result gives a convenient form
of the converse in the hyperspace setting.

Theorem 4. Let (A,) be a sequence in (K (X),dy) such that the closure
K:={A,:neN},
is compact in (K(X),dy). If (An) is frequent Cauchy, then it is frequently convergent to some point A € K.

Proof. The set K is a compact metric subspace of (K(X), dp). Applying Lemma 2 to the sequence (A;) viewed
in K, we obtain a point A € K such that for every e > 0,

d({n e N:dy(A, A) <e}) >0.

We claim that
flimA, = A.

Assume to the contrary that (A,) is not frequently convergent to A. Then there exists ¢y > 0 such that,
for the set
F={neN:dy(A, A) > ¢},

the density d(F) either does not exist or is different from 0. In either case,
d(F) > 0.
On the other hand, by the choice of A, the set
E={neN:dy(A, A) <e/2},

satisfies
d(E) > 0.

Now letm € Eand n € F. Then
€0 €0
A (Am, An) > du(An, A) —dp(Apm, A) > g9 — 2 =3

Hence .
Ex FC {(mn) € NxN:dy(Aw Ay) > 50}

Foreachp,g €N,
[(ExFE)(p,q)l = EN{L...,p}|- [FO{L....q}],
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and therefore
[(ExE)(p,g)l _ [EN{L...,p} [FO{L,...,q}]

pq p q
Choose sequences p; — oo and g; — oo such that

EN{l,...,p; - Fn{l,...,q; _
EOQoptl g EOLgl
Pj qj
Then EwF
EXA 076,
pPidj
SO
#(E x F)>d(E)d(F) > 0.
Consequently,

ﬁ({(m,n) e NXN:dy(Am, Ay) > %0}) > 0.
However, since (A;) is frequent Cauchy, we have
y({(m,n) ENXN:dy(Ay, Ay) Ze}) =0 for every ¢ > 0.
In particular,
p({(mn) e NxN:dy(An 4 = 2}) =o0.

Hence its upper frequency is also zero:
_ . €0
y({(m,n) e NXN:dy(Am, An) > 5 }) =0,

which is a contradiction.
Therefore, for every e > 0,
d({n € N:dy(A,, A) >¢}) =0.

It follows that the corresponding density exists and equals 0, that is,
d({n e N:dy(A, A) >¢e}) =0  foreverye > 0.

Thus
flimA, = A.

O

Corollary 2. Assume that (K(X),dy) is compact. Then a sequence (Ay) in (K(X),dy) is frequently convergent if
and only if it is frequent Cauchy.

Proof. The forward implication follows from Proposition 3, and the reverse implication is a direct consequence
of Theorem 4. [

The compactness of (K(X), dpy) is a strong assumption and is used here only to obtain a global equivalence
between frequent convergence and the frequent Cauchy property. In most situations, it is enough to assume
that the closure of the range of the sequence is compact, which is exactly the hypothesis used in Theorem 4.

Remark 3. Proposition 4 shows that frequent Cauchy behavior is stronger than Z-statistically pre-Cauchy
behavior. The converse fails in general. Thus the frequent condition may be regarded as a genuinely sharper
pairwise hypothesis, while the Z-statistical pre-Cauchy property remains the more flexible notion.
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6. When pairwise criteria imply convergence

The results obtained so far show that pairwise conditions alone do not in general guarantee actual
convergence. In this section, we record three useful upgrade criteria. The first two are one-point mean
conditions, while the third shows that a pairwise hypothesis together with a sufficiently thick convergent
subsequence already yields Z-statistical convergence.

Proposition 5. Let (Ay) be a sequence in (K(X),dy) and let A € K(X). If

n
I‘,}E{}oi;dH(Aka) =0,
then I-st-lim A,, = A.
Proof. Fix e > 0 and ¢ > 0. For each n € N, define

Ey(e) ={k<n:dy(Ar A) > ¢},

and .
1
Mu(A) ==Y du(A A).
n
k=1
Since every index in E, (¢) contributes at least ¢ to the sum, we have
€
My(4) > £[E(e)].
Hence

M, (A)

1
CIEa(e)] <
Therefore .
{n eN: ﬁ'E"(S)‘ > (5} C{neN:M,(A) >eb}.
The set on the right belongs to Z by hypothesis. Thus Z-st-lim A, = A. O

Proposition 6. Let (Ay) be a sequence in (K(X),dy), let A € K(X), and let f : [0,00) — [0,00) be a bounded
modulus. If

n—oo 1

1 n
Z-lim = Y f(dy(Ax, A)) =0,
k=1
then I-st-lim A,, = A.

Proof. Fixe > 0and J > 0. Since f is increasing and f(t) = 0 only for t = 0, we have f(¢) > 0. For eachn € N,
let
Eq(e) = {k <n:dy(Ar, A) > e},

and

NalA) =, 3 F e ).

Each index in E, (¢) contributes at least f(¢) to the average defining N,,(A). Hence

Nu(4) = T, ).

n

Therefore
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It follows that .
{n € N: E|E"(€)| > 5} C{neN:N,(A)>df(e)}.

The set on the right belongs to Z by assumption. Hence Z-st-lim A, = A. O

The next theorem shows that a pairwise hypothesis can also be upgraded to Z-statistical convergence if
the sequence admits a convergent subsequence whose index set is not too thin.

Theorem 5. Let (A;) be a sequence in (K(X),dy) which is Z-statistically pre-Cauchy. Assume that there exist a set
E C Nand a compact set A € K(X) such that
)
liminf [EN{1,...,n}|

n—00 n

>0,

(2) the subsequence (Ay)neg converges ordinarily to A in (KK(X),dy).
Then Z-st-1im A,, = A.

Proof. Let £ .
a:liminf—‘ N{L...,n}|

n—oo n

Fix ¢ > 0. Since (A,)ee — A, there exists N € N such that

> 0.

neE,n>N = dy(A,A)<

N ™

For each n € N, define
U, ={k<n:k€E, k>N},

and
Vu(e) ={k <n:dy(Ar, A) > ¢}.

By the choice of N, every index in U}, satisfies
€
d H(Ak , A) < 5
Since the lower density of E is a, there exists np € N such that

[U,| > gn for all n > ny.

We claim that Z-st-lim A, = A. Suppose not. Then there exist ¢g > 0 and Jy > 0 such that the set

1
S = {71 € N: E|Vn(£0)| > (50},

does not belong to 7.
Fix n € S with n > ny. For every j € U, and every k € V,(gp), we have

€ £
dH(A]',Ak) > dH(Ak,A) - dH(A],A) > €9 — U]

2 27
Therefore
Uy X Va(eo) C {(j,k) 1<k <n, dy(A;, Ay) > %0}
Hence
LG 1<k < n, dn(a), 40 > eg/2y] > DVl
Using

|Un|2%n and  |Vu(eo)| > don,
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we obtain , 5
. . o
G0 1<k <n, dy(A) Ay 2 e0/2}| > =7,
forall n € S with n > ny.

Consequently,

SN {n>np}c {” <N %H(J?k) 11 <k <n, du(Aj Ay) > 0/2}] > “250}

Since (Ay) is Z-statistically pre-Cauchy, the set on the right belongs to Z. The finite set {1,2,...,1n9 — 1}
also belongs to Z, and hence S € Z, a contradiction. Therefore Z-st-lim A, = A. O

Remark 4. The previous theorem shows that pairwise asymptotic closeness may force ZI-statistical
convergence once a sufficiently thick convergent subsequence is available. This is one of the ways in which
pre-Cauchy information can be upgraded to an actual limit without assuming a full equivalence between the
two notions.

7. Examples and applications

We close the main part of the paper with several examples illustrating the scope of the preceding results.
The first one shows how sparse perturbations lead to Z-statistical convergence and hence to the pre-Cauchy
property. The second example explains why a pre-Cauchy condition alone should not be identified with
convergence. We then record a simple frequent Cauchy example and conclude with an application to a
compact-set iteration generated by a contractive iterated function system.

Example 1. Let X = [0, 1] with the usual metric, and consider the sequence (A,) in ([0, 1]) defined by

4 {1}, if n = m? for some m € N,
n =
{0}, otherwise.
Since the set of perfect squares has natural density zero, the sequence (A,) is statistically convergent to
{0} in the Hausdorff hyperspace (([0,1]),dy). Indeed,
1, ifnisasquare,

0, otherwise,

so the exceptional indices form a density-zero set.

Consequently, for every proper admissible ideal Z, the sequence (A;) is Z-statistically convergent to {0},
and Theorem 1 shows that (A,) is Z-statistically pre-Cauchy. In this case the pairwise behavior is easy to see
directly: the only pairs with Hausdorff distance 1 are those in which at least one coordinate is a square index,
and such pairs are asymptotically negligible.

Example 2. The pre-Cauchy property does not by itself imply Z-statistical convergence.
Let Z denote the density-zero ideal

Z={ECN:d(E) =0}
Define T7 = 1, and recursively set
Loy = T2, T,q=T+Lyy  (r>1).

Let
L ={1}, L =(T,.1,T] (r>2).
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Now define a sequence (A,) in K([0,1]) by
. {{o}, if n € I, and ris odd,
{1}, ifn € I, and riseven.
We first show that (A, ) is Z-statistically pre-Cauchy. Since
a ({0}, {(1}) =1,
it is enough to consider 0 < ¢ < 1. For n € I,, write
n=T 1+t 1<t<L,.
Let z, and 0, denote, respectively, the numbers of indices k < n for which Ay = {0} and Ay = {1}. Then
Zp +0p =1,

and the set of bad pairs
{(],k) 01 S ],k S n, dH(A],Ak) Z 8},

has cardinality exactly
22,,04.

During the block I, one of the two values {0} or {1} is repeated throughout the whole block. Hence the
minority count among the first n terms is at most T,_;. Therefore

220y < 2T, 11,

and so ; , .
; . Z30 1
SHGR 1<k <n, du(4),A) 2 e} = =5t < =L
Fix 6 > 0. If )
Z3n0n
>,
then necessarily
2
n < gTyfl.

Thus, inside the block I, the exceptional indices can occur only among the first

positions. Since
| =L, =T

r—1s

the number of exceptional indices in I, is O(T,_1), while the block length is T? . Therefore the proportion
of exceptional indices inside each block tends to 0 as ¥ — co. Because the block lengths grow quadratically
relative to the previous endpoints, the union of all exceptional indices has natural density zero. Hence (A;) is
Z-statistically pre-Cauchy.

We next show that (A,) is not Z-statistically convergent. At the end of an odd block,

n = Topu—1,
the last block consists entirely of the value {0}, and its length is

2
Lom—1 = Tgp_p-
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Since
2
Tom—1 = Tom— + Ty,

we obtain )
Lojm—1 1o

= — 1.
Tom-1  Towo2+T3, ,

Therefore, along the subsequence n = Ty,,_1, the proportion of indices k < n with Ay = {0} tends to 1.
Similarly, along the subsequence n = Ty, the proportion of indices k < n with Ay = {1} tends to 1.

Thus the sequence cannot be Z-statistically convergent to {0}, and it cannot be Z-statistically convergent
to {1}. Since the sequence takes only the two values {0} and {1}, no other Z-statistical limit is possible. Hence
(Ay) is not Z-statistically convergent.

This example shows that pairwise asymptotic closeness may still fail to determine a genuine statistical
limit.

Example 3. Let X = [0,1] and define

Then A, — {0} ordinarily in (KX([0,1]),dy). In particular, flim A, = {0}. By Proposition 3, the sequence
is frequent Cauchy.
This elementary example is useful for interpretation. The pairwise Hausdorff distance satisfies

7

1 1
dH(Am/An) - ‘m - E

so pairwise closeness is eventually uniform on large rectangles in N x N. Thus the frequent Cauchy property
here is simply the two-dimensional reflection of the ordinary collapse of the intervals to the singleton {0}.

Example 4. We now indicate how the preceding criteria apply to a compact-set iteration generated by a
contractive iterated function system.
Let X = [0, 1], and consider the two contractions

A =3 A =52

The associated Hutchinson operator
E:E([0,1]) = £([0,1]),  F(A) = A(A) U f2(A),
generates the classical Cantor set C as its unique attractor. Starting from
Co = [0,1],

define the exact orbit by
Cy, = F*(Cy), n € N.

It is well known that
C,—C,

in the Hausdorff metric.
We now perturb this orbit on the set of square indices. Define

[0,1], if n =m? for somem € N,
Cu, otherwise.

We claim that
I-st-lim A, =C,
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for every proper admissible ideal 7.
To verify this, consider the one-point mean

1 n

=) dy(A, C).

Split the sum into square and non-square indices:

n

1 1
ZdH(Ak,C) = o Z dH(Ck,C)—I-f Z dH([O,l],C).
k=1 1<k<n 1<k<n
k not square k square

Since C; — C in the Hausdorff metric, the first term tends to 0. For the second term, note that dp ( [0, 1}, C)
is a fixed constant and the number of square indices not exceeding # is at most /n. Hence

1
0<— Y du([0,1],C) < VI 4 (10,1],C) = 0.
n 1<k<n n
k square
Therefore

1 n
— 2 dH(Ak,C) — 0,
=

in the ordinary sense. In particular,

n—o0

n
Z- lim 1 Z dH(Ak/ C) = O,
=i
for every admissible ideal Z. Proposition 5 therefore yields
Z-st-lim A, = C.

This example shows that the one-point mean criterion recovers the asymptotic compact-set limit even
when the exact Hutchinson orbit is disturbed infinitely many times, provided that the perturbations remain
sparse.

The examples above illustrate both the usefulness and the limitations of the pairwise approach. They
show that pairwise Hausdorff control alone need not imply genuine convergence, but it becomes effective
when combined with additional structural assumptions.

8. Conclusion

In this paper, we studied pairwise asymptotic criteria for sequences of compact sets in the Hausdorff
hyperspace of a metric space. The main focus was on Z-statistically pre-Cauchy behavior and the frequent
Cauchy property, both expressed through pairwise Hausdorff differences rather than through a prescribed
limit.

We showed that Z-statistical convergence implies the corresponding pre-Cauchy condition, and for
bounded sequences we obtained two explicit characterizations, one in terms of double means of Hausdorff
distances and the other through bounded moduli. On the frequent side, we formulated a Hausdorff version
of the frequent Cauchy property and examined how it interacts with frequent convergence under additional
compactness assumptions. We also identified several hypotheses under which pairwise asymptotic conditions
can be upgraded to actual Z-statistical convergence.

The examples illustrate both the scope and the limitations of the theory. In particular, they show that
pairwise asymptotic smallness alone does not force genuine convergence, although it becomes effective when
combined with additional structural assumptions. In this way, the results clarify what pairwise criteria can
recover in the hyperspace setting and where stronger hypotheses are necessary.

Several directions remain open. It would be natural to investigate weighted, deferred, and lacunary
versions of the present criteria, as well as corresponding forms in Wijsman and bornological hyperspace
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settings. Another interesting question is whether similar pairwise methods can be developed for broader
classes of set-valued dynamics.

References

[1] Barnsley, M. E. (1988). Fractals Everywhere, Academic. Press, Boston.

[2] Hutchinson, J. E. (1981). Fractals and self similarity. Indiana University Mathematics Journal, 30(5), 713-747.

[3] Mandelbrot, B. B. (1982). The Fractal Geometry of Nature WH Freeman and Co. New York.

[4] Diamond, P, & Kloeden, P. (1990). Metric spaces of fuzzy sets. Fuzzy Sets and Systems, 35(2), 241-249.

[5] Giirdal, M. E.H.M. E. T., & Yamanci, U. (2015). Statistical convergence and some questions of operator theory. Dynamic
Systems and Applications, 24(3), 305-311.

[6] Nabiev, A., Pehlivan, S., & Giirdal, M. (2007). On I-cauchy sequences. Taiwanese Journal of Mathematics,11(2), 569-576.

[7] Nabiev, A. A,, Savas, E., & Girdal, M. (2019). Statistically localized sequences in metric spaces. Journal of Applied
Analysis and Computation, 9(2), 739-746.

[8] Das, P, & Savas, E. (2014). On I-statistically pre-Cauchy sequences. Taiwanese Journal of Mathematics,18(1): 115-126 .

[9] Fast, H. (1951). Sur la convergence statistique. Colloquium Mathematicum, 2, 241-244.

[10] Fridy,]. A. (1985). On statistical convergence. Analysis, 5(4), 301-314.

[11] Giirdal, M. (2003). Statistically pre-Cauchy sequences and bounded moduli. Acta et Commentationes Universitatis
Tartuensis de Mathematica, 7, 3-7.

[12] Tian, C. J., Xie, S. L., & Cheng, S. S. (1998). Measures for oscillatory sequences. Computers & Mathematics with
Applications, 36(10-12), 149-161.

[13] Tian, C.]., & Cheng, S. S. (2006). Frequent convergence and applications. Dynamics of Continous Discrete and Impulsive
Systems Series A, 13(5), 653.

[14] Tian, C.J., Cheng, S. S., & Gtirdal, M. (2009). Necessary and sufficient conditions for frequent cauchy sequences.
Asian-European Journal of Mathematics, 2(02), 295-305.

[15] Quan, J. J., Cetin, S., Kisi, O., Giirdal, M., & Cai, Q. B. (2025). On statistical convergence in fractal analysis. AIMS
Mathematics, 10(8), 18197-18215.

[16] Yamanci, U., & Giirdal, M. (2013). On Lacunary Ideal Convergence in Random n-Normed Space. Journal of
Mathematics, 2013(1), 868457.

[17] Yamancy, U., & Giirdal, M. (2014). I-statistical convergence in 2-normed space. Arab Journal of Mathematical Sciences,
20(1), 41-47.

[18] Giirdal, M., & Kisi, O. (2026). Rough asymptotically deferred weighted statistical equivalence of order « in probability
and its applications to approximation theory. Open Journal of Mathematical Sciences, 10, 148-157.

[19] Kostyrko, P, Salat, T, & Wilczyniski, W. (2000). Z-convergence. Real Analysis Exchange 26(2), 193-200.

[20] Das, P.,, & Savas, E. (2014). On I-statistical and I-lacunary statistical convergence of order a. Bulletin of the Iranian
Mathematical Society, 40(2), 459-472.

@ © 2026 by the authors; licensee PSRP, Lahore, Pakistan. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution (CC-BY) license

(http:/ /creativecommons.org/licenses /by /4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/

	Introduction
	Preliminaries
	I-statistically Pre-Cauchy sequences of compact sets
	Double-mean and modulus criteria
	Frequent Cauchy sequences of compact sets
	When pairwise criteria imply convergence
	Examples and applications
	Conclusion

