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Abstract: This paper presents several new integral formulas inspired by classical results and problems in the
existing literature. We present a simpler alternative proof of a well-known technical result that avoids the
use of the digamma function. Additionally, we derive a set of integral formulas involving finite series in the
numerator, generalizing existing formulas.
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1. Introduction

ntegral formulas play a fundamental role in mathematical analysis. They provide essential tools for
m evaluating functions, solving differential equations, and developing theoretical frameworks in applied
mathematics and physics. Over the years, numerous classical integral formulas have been established, each
contributing to the advancement of analytical methods and computational techniques. Nevertheless, the
pursuit of new, more comprehensive integral formulas remains an active area of research, driven by the need
to evaluate complex expressions efficiently and reveal deeper connections between special functions. For more
information, we refer to the books [1-3] and the recent studies in [4-13].

This paper presents several new integral formulas involving finite series in the numerator of a ratio-type
integrand. The first result is inspired by [7, Proposition 2.1], as stated formally below.

Theorem 1. [7, Proposition 2.1] For any n € N\ {1} and x > 0, we have

n—1 )
2 ef(erz/n)t — pe—nat
/oo =0 dt =nlnn
0 1—et '

The original proof is rather technical, as it depends on the digamma function and its multiplication
formula. Here, we present a simpler alternative that avoids the use of the digamma function. The idea is
to work on the finite series first, and to apply manageable integral developments.

The second contribution of the paper can be presented as a collection of new integral formulas involving
finite series in the numerator of a ratio-type integrand. It is inspired by [14, Problem 4. (a)], as stated formally
below.

Theorem 2. [14, Problem 4. (a)] Let n € N. Then, we have
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where

In particular, this problem has inspired us to a class of integral formulas defined as

In(1—x)+) x—
1 =i
I, :/o 163 dx,

where f denotes a chosen weight function. We also consider other technical variations based on a
transformation of the logarithmic term. Several new integral formulas are thus derived. These formulas
involve a wide variety of special functions and rely on some existing results in the literature, notably those
in [6]. In a sense, they can be viewed as generalizations. The formulas developed here are therefore expected
to enrich the repository of known integral formulas and inspire further exploration of their properties and
applications.

The remainder of the paper is as follows: §2 is devoted to the alternative proof of [7, Proposition 2.1]. §3
presents a collection of integral formulas derived from [14, Problem 4. (a)]. A conclusion is given in §4.

2. First integral result

The theorem below corresponds to [7, Proposition 2.1]. The main novelty is the proof, which relies on
elementary tools and is considerably simpler than the original argument involving the digamma function and
its properties.

Theorem 3. [7, Proposition 2.1] For any n € N\ {1} and x > 0, we have

n—1 .
2 ef(erz/n)t _ penxt
/oo i=0 dt =nlnn
0 1—et )

New proof. We begin by the following finite geometric series result:

n—1 . n—1 . 1—et
Z ef(erz/n)t —pxt Z ef(t/n)z — Xt )
h 4 1— e—t/n
i=0 i=0
Using this development, we set
. e—(x+i/n)t — penxt t t
00 = 00 e—x e—nx
I(x) = =0 dt = / —n dt.
(x) ./0 1—et 0 \1—et/n 1_ et

Differentiating under the integral sign using the Leibniz rule gives

, 00 e—xt 5 e—nxt
I(x):‘/o (tw+nt1—ef>dt
co ot 00 y2pp—nxt
- ——dt —dt.
/0 1—et/n +/o 1—et
In the second integral, we apply the change of variables u = nt, yielding

, B 0o te—xt 00 e XU B
I'(x) = _/0 1 o=i/n _eit/ndt—l—/o 71_67u/ndu =0.
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Hence, I(x) is constant for any x > 0. Let I(x) = c for some ¢ € R. To determine this constant, we
consider the limit as x — oo, so that

) . o0 e—xt e—nxt
c:xlglgol(x) :xlgrolo A (1_e—t/n —nl_e_t>dt.

Applying the change of variables y = xt, so t = y/x and dt = dy/x, we obtain

00 —y —ny
e=tim [7 (s ) -
0

x—>00 1 —ev/(nx) nl —ey/x ) x

Using the limit lim x(1—e ¥/ %)) = y/n, the integrand tends to
X—00

n(e ¥ —e ")
T

Therefore, by the dominated convergence theorem, we have

0 ,—Y _ ,—hy
c= n/ Ldy.
0 Y

Finally, a standard identity (see [3, Entry 3.434(2), Page no. 363]) gives

/Om ot - i —n (Z) ,
for any a,b > 0. We conclude that ¢ = nInn. Therefore, we have
I(x) =nlnn.
This completes the proof. [

Compared to the proof given in [7, Proposition 2.1], the approach proposed here is significantly simpler.
This is because it directly uses the structure of the finite series in the numerator, avoiding the technical
complexities associated with the digamma function.

3. Integral results of another type

We now focus on a new collection of integral formulas derived from [14, Problem 4. (a)].

3.1. Some preliminaries

Recall from [15, equation 25.5.3 and 25.5.4] that, the integral representations of the zeta function are given
by

1 00 ys—1
i(s) = A=291(s) /0 ex+1dx, s>1, (1)

and

1 oo p¥yS
{(s) = a —21*5)F(s+1)/0 (ex+1)2dx, s>1,

where I'(s) is the classical Euler’s gamma function. The Dirichlet eta function is defined by

and the relation between the functions ¢ and 7 is given in [1, Equation 23.2.19] by

n(x) = (1-279¢(x), x>0. &)
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The Nielsen beta-function, first introduced in [16], can be represented through several equivalent forms,
such as

1tx—1d oo e—xt J
PO = J T = ), T x>0
and
_i(*l)l_l x+1) _ (f) x>0
S Eitx 2 "2 "2y ’

where (x) = dInT(x)/dx is the psi or digamma function and I'(x) is the Euler gamma function. Recent
developments on the Nielsen beta function can be found in [17] and [18].

3.2. Results with proofs

The theorem below is derived from [14, Problem 4. (a)], with the ratio-type integrand having a different
denominator. This fundamentally changes the value of the integral.

Theorem 4. Let n € Nand v > 0. Then, we have

n xi
i=1

- 1 1 n+k+2
I, = dx = —= .
" Jo 1+axv * v}gn+k+lﬁ( v )

Furthermore, when n = 1 and v = 2, we have
1 k+3 4+
2G— | —— ) In2
Zk+2<2> ¢ (4)“’
where G is the Catalan constant.
Proof. For any x € (0,1), we have
In(1—x)=-Y =
Then, exchanging the integral and sum signs by the monotone convergence theorem, we have
y
i 1 = Xt
Y e T / —dx
/0 1+ xv 0 ‘:;1 i(1+xv)

1

/0 1+ ax. ®)

Iy

i= n+1

From [3, Entry 3.241(1), Page no. 324],

1 xyfl 1 u
/o 1+xpdx— ;/3 <p>/§R(y) >0,p>0,

Eq. (3) becomes
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This shows the first result. Next, we have

1 _ 1 _
_/lnl x+xdx:/1n(1 x)dx
0

1+ x2 1+ x2

The second integral is elementary. Indeed, we have

1y 1 N
/Oidx—iln(ler)‘o_

1+ x2

For the first integral, set x = tan 8 with 6 € [0, 7r/4]. Then dx = sec? 8d6 and 1 + x2 = sec? 6, so

1

1 _ /4
/ de = / In(1 — tan 6)d6.
0 0

14 x2

Note that

cosf —sinf ﬁcos@"’g)'

1—tan6 = =
an cos

Hence, we have

In(1—tanb) = lln2+lncos(9+ %) —Incos6.

cos

I x
+/0 1+ x

2

dx.

Integrating termwise and using the classical identities (see [3, Entry 4.224 (4 and 5), Page no. 534]), we

obtain

/2 T /4
/ In(cosu)du = ~5 In2, / In(cos u)du =
Jo Jo

Therefore, we have

/1 In(l-x 7 -
0

14 x2 8
which implies that

G,

T 1 T+ 4
81n2—G+21n2< 3 )12 G.

Thus, we derive

This completes the proof. [
Another variation is proposed in the theorem below.

Theorem 5. Let n € N. Then, we have

noo.i

1ln(l—x)—i-Z;x—. -

i ! <k+3> 2G—<4+4”>1n2.

f% In2+ —.

(2n + 2k + 2)1!

; 1
I :/ =1 gy =2 :
"o T—x lgn+k+1

where

. n-(n—2)-(n—4)---2,
=2y -4y,

Furthermore, when n = 1, we have

1 (2k+4)

L=-2 : =
k;k+2 (2k +5)!!

Proof. For any x € (0,1), we have

if n is even,

if nis odd.

(2n + 2k + 3)11”
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Then, exchanging the integral and sum signs by the monotone convergence theorem, we have

3

i
. 7 © 1 rl xi
Ii=— [ 58 gy = — f./ ———dx. 4
" 0 V1—x i:nzﬂl 0 V1—x @)

The standard identity [3, Entry 3.226(1), Page no. 322], gives

Loxtde 0 (2n)!
0 Vi—x (2n4+1)1

then the Eq. (4) becomes

> ) > 1 2n + 2k +2)!!
Y R I (4242

i+ Z‘n—i—k+1 21 + 2k + 31
i=n-+1 k=0

The first result is proved. For the second result, i.e., when n = 1, we evaluate

In(1 —x) +x
LRI
! 0 v1—x

Let us make the change of variables 1 — x = 2 sothat x = 1 — 2 and dx = —2tdt. When x = 0, we have
t =1, and, when x = 1, we have t = 0. Substituting gives

I = /10 w(_zmg = 2/01 [In(#?) + 1 — £]dt.

Simplifying, we obtain

1 1 1
I :2/ (21nt+1—t2)dt:4/ lntdt+2/ (1- )dt.
J0 J0 JO
Now, using the known integrals

2

11 d 1 11 Ddt =1 1
/Ontt——, /O(_t)t_ T3 3

we get
Therefore, we have

This ends the proof. O

The theorem below considers another numerator term than that in [14, Problem 4. (a)].

Theorem 6. Let n € N\ {1}. Then, we have
{In(1—x))2 -y it
1 i

= s 2H
I = =2 _ k+n .
" /o o ax ,;)(n+k+1)(k+l)

Proof. Utilizing the series representation of {In(1 — x)}? (see [3, Entry 1.516(1), Page. no 54]), we have

In(1—x ZZWZEJH’.
{in( 1
i=2
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Then, exchanging the integral and sum signs by the monotone convergence theorem, we have

o Hio1
1 it ! > Hiq (! = H;_
b= [ 25 dr =2 Y S a2 Y
0 et e B i=n+1 i(i —n)
- Hjein
=2 .
kg{) (n+k+1)(k+1)
The desired result is obtained, ending the proof. [
Remark 1. For n = 2, one can show that
> H, 3 ?
Z k+2 =24

S (k+3)(k+1) 4 12

The theorem below considers another domain of integration and functions than those in [14, Problem 4.

(@)].

Theorem 7. Let n € N. Then, we have

/
0

where 1 is the Dirichlet eta function.

dx =Y (-1)"™y(n+k+2),
k=0

Proof. For any x > 0, we have

)ixi

L=l
Ve

Then, exchanging the integral and sum signs by the dominated convergence theorem, we have

<) (_1)ixi
0 . il 00 i 0 i
i=n+1 (*1) / X
= 7(1 — d . 5
In /0 14 e¥ X i:;rl i! o 1+e¥ X ©®)

By Eq. (1), Eq. (5) becomes

I, = i (—i!1>"g(i+1)r(i+1) (1_21,(1.“))‘

_1\n+k+1
Cy C(n+k+2)T(n+k+2) (1_2lf(n+k+2))‘

I =Y (1) y(n+k+2).
k=0
This completes the proof. [
Remark 2. Forn = 0and n = 1, we have
Y (~D)fp(k+2) = 2In(2) — 1, ©)

k=0
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and
0 2

> (=1)f(k+3) = —2In(2) + 5 +1.
k=0

Adding Egs. (6) and (7), we obtain

00 2

Y (—DF(y(k+2) +n(k+3)) = %
k=0

A sophisticated variation of [14, Problem 4. (a)] is introduced in the theorem below.

Theorem 8. Let n € Nand a € (0,1). Then, we have

no(_1\i+1l,i .
n(1+ ax) — 2(1)7.“38

/ i=1 ; dx
14+ ax?

1)ntkgntk+l ( n+k+2 n+k—+4 )
2k 1 ; —a ).

n+k+1 )(n+k+2) 2 2

Proof. For |ax| < 1, it is well known that the power series expansion of In(1 + ax) is given by

(—1)i+1ocixi

1n(1+0cx):i ;

i=1
Hence, exchanging the integral and sum signs by the dominated convergence theorem, we obtain

l+1tx x 0 (_1)i+lai 1 xi
I, = e = . / d
" / Z 1+txx2 X Z i 0 14+ ax? X

i=n+1 i=n+1

The standard identity [3, Entry 3.194] gives

1 a—1 1
/0 mdx = E2F1(v,a;l +a;—b), |arg(l1+b)| < mR(a) >0,

the integral in Eq. (8) can be evaluated so that

00 _1\i+1,i . :
I — (-1) D€2F1<1,1+1;1+3;_a>

Ay i+ 1) 2 2
i (—1)ntkgntkt Lk E2 ntktd
& n+k+1)(n+k+2)“ 2 2 )

The proof is complete. [

Remark 3. When n = 1, it follows from [6, Proposition 2.1] that

1
/0 mfit;fzx g = 23/& arctan(v/a) In(1 + a).

Consequently, the corresponding series sum is given by

®(—1)kH1ght2 k+3 k+5 1
et (V5 ) = g (VRartan(vR) - )i )

Another variation is presented in the theorem below.

@)

®)
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Theorem 9. Let n € Nand a € (0,1). Then, we have

n -1 i+1,i |
n(1+ ax) — Z()i.“xl

1
i=1
d
/ (1+ ax?)? *
% 1) tkgntktl n+k+2 n+k+4
Z 2Fi (2, ; ;- ).
= n+k+1 Y(n+k+2) 2 2

Proof. For |ax| < 1, it is well known that the power series expansion of In(1 + ax) is given by

00 (_q)i+] iy
In(1+ax) =) ()7.“.

i=1 !
Hence, exchanging the integral and sum signs by the dominated convergence theorem, we obtain

1+1[X x 00 (_1>i+1ai 1 xi
I, = e dx = dx.
" / Z i1 ax2)2 T )y i /0 1+ a22™ ©)

i= n+l i=n+1

From [3, Entry 3.194], the integral in (9) can be evaluated to yield
® (—1)Hly ( i+1i+3 )
Iy = b2 ——— -«
" 1.221 i(i+1) 27 2

_ i (_1)n+kan+k+l r n+k+2‘n—|—k+4‘_{x
etk D)m+k+2)7! 2 2 )

O

Remark 4. When n = 1, it follows from [6, Proposition 3.4] that

/0'1 mdx - \;LE arctan(v/a) In(1 +a) — % {;\/&arctan(\/&) — Zln(l + (x)} .

Consequently, the corresponding series sum is given by

00 _1\k+1 k+2
(—1)F+1a F<2k+3.k+5;_“>

4
S k+2)(k+3)2 '\ 2 2 ——_ arctan(v/@) In(1 4 a)

N
1
1+1x

1
2(1+a)’

{1\/§arctan(\/§) — Zln(l + tx)} +

4. Conclusion

In conclusion, this paper draws inspiration from [7] and [14] to advance the study of integral formulas
involving a finite series in the numerator. It provides new results and alternative proofs that extend several
known results in the literature, including those in [6]. The paper presents one alternative proof of a known
theorem, and several new theorems have been rigorously established , each offering potential avenues for
further research. These findings enrich the current repository of integral formulas. They also suggest directions
for future investigations, such as exploring generalizations, applications to special functions, and connections
with analytic and computational techniques in integral evaluation and special function identities.

References

[1] Abramowitz, M., & Stegun, I. A. (Eds.). (1948). Handbook of Mathematical Functions With Formulas, Graphs, and
Mathematical Tables (Vol. 55). US Government printing office.

[2] Furdui, O. (2013). Limits, Series, and Fractional Part Integrals. New York: Springer.

[3] Gradshteyn, I. S., & Ryzhik, I. M. (2014). Table of Integrals, Series, and Products. Academic press.



Open J. Math. Sci. 2026, 10, 252-261 261

[4] Ayoob, 1. (2025). On the evaluation of certain unsolved definite integrals. European Journal of Pure and Applied
Mathematics, 18(3), 6575-6575.

[5] Barreto, D. E. M., & Chesneau, C. (2025). Study of a particular class of integrals. International Journal of Open Problems
in Computer Science and Mathematics, 18(4), 118-127.

[6] Chesneau, C. (2024). New proof and variants of a referenced logarithmic-power integral. Journal of Mathematical
Analysis and Modeling, 5(3), 74-88.

[7] Chesneau, C. (2025). New two-parameter integral formulas proved via the digamma function. International Journal of
Open Problems in Computer Science and Mathematics, 18(4), 2025, 1-9.

[8] Coffey, M. W. (2010). Integral and series representations of the digamma and polygamma functions. Mathematics,
32(4), 2012, 317-337.

[9]1 Ravi, B. (2025). Solutions to two open problems in integral theory. International Journal of Open Problems in Computer
Science and Mathematics, 18(4), 140-145.

[10] Reynolds, R., & Stauffer, A. (2019). A definite integral involving the logarithmic function in terms of the Lerch
function. Mathematics, 7(12), 1148.

[11] Reynolds, R., & Stauffer, A. (2019). Definite integral of arctangent and polylogarithmic functions expressed as a series.
Mathematics, 7(11), 1099.

[12] Reynolds, R., & Stauffer, A. (2020). Derivation of logarithmic and logarithmic hyperbolic tangent integrals expressed
in terms of special functions. Mathematics, 8(5), 687.

[13] Reynolds, R., & Stauffer, A. (2021). A quadruple definite integral expressed in terms of the Lerch function. Symmetry,
13(9), 1638.

[14] Mincu, G., Pop, V., & Rus, M. (2018). Traian Lalescu national mathematics contest for university students, 2018 edition.
Gazeta Matematicd, Seria A, 36(115), 3-4.

[15] Atsushi Tanaka. (2011).  FWJ Olver, DW Lozier, RF Boisvert and CW Clark, eds., Nist Handbook of
Mathematical Functions, Cambridge Univ. Press, New York, 2010, xv+ 951p, 28x 22cm, £35.00/$50.00, [General],
ISBN978-0-521-14063-8 (New Book Introduction). Journal of the Physical Society of Japan , 66(1), 67-68.

[16] Nielsen, N. (1906). Handbuch Der Theorie Der Gammafunktion. 1st ed., Leipzig: B. G. Teubner, 1906.

[17] Berg, C., Koumandos, S., & Pedersen, H. L. (2021). Nielsen’s beta function and some infinitely divisible distributions.
Mathematische Nachrichten, 294(3), 426-449.

[18] Jyothi, K., Ravi, B., & Lakshmi, A. V. (2025). Bounds and monotonicity of the Nielsen beta function. Mathematical
Inequalities and Applications, 28(2), 371-380.

© 2026 by the authors; licensee PSRP, Lahore, Pakistan. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution (CC-BY) license
BY (http:/ / creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/

	Introduction
	First integral result
	Integral results of another type
	Some preliminaries
	Results with proofs

	Conclusion

