) Open Journal of
°°° Mathematical Sciences

1 N
PSR Press

Article
On arithmetic cordial labeling of some graphs

Jason D. Andoyo*, Jemina Clarisse C. Prudencio and Ricky F. Rulete

Department of Mathematics and Statistics, University of Southeastern Philippines, Davao City, Philippines
*  Correspondence: jasonandoyo8000@gmail.com

Received: 14 Mar 2026; Revised: 10 Apr 2026; Accepted: 13 Apr 2026; Published: 30 Apr 2026

Abstract: Let 17 be a fixed positive integer. Let S be a subset of Z, x : S x S — Z be a binary function, and ;, :
{¢ €Z:gcd(¢,17) =1} — {0,1} be a function. For a simple connected graph G of order 1, a bijective function
f:V(G) — S (where |S| = n) is called an arithmetic cordial labeling modulo # under the arithmetic structure
(S, 0y, *) if the induced function f; : E(G) — {0,1}, defined by f;(ab) = 1 whenever ged(f(a) * f(b),77) =1
and gy (f(a) * f(b)) = 1; otherwise, f;(ab) = 0, satisfies the condition |ef,7‘ (0) — efg(1)| < 1, where efJ(i) is
the number of edges with label i (i = 0,1). In this paper, we explore the arithmetic cordial labeling of some
graphs under conditions imposed on the function ;. The graphs included are star graphs, ladder graphs,
alternate cycle snake graphs, join graphs, corona graphs, and tensor product graphs.
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1. Introduction

simple graph G = (V,E) is an ordered pair, where V = V(G) is called the vertex set and E = E(G) is
A called the edge set. The elements of E are unordered pairs of distinct elements of V. The elements of V
and E are called vertices and edges, respectively. If G has n vertices and m edges, then G has order n and size m.
Let v € V(G). Then the degree of v, denoted by deg(v), is the number of vertices adjacent to v. If deg(v) = 1,
then v is called a pendant vertex of G.

Graph labeling is a well-known concept in graph theory that studies the properties of assigning integers to
the vertices and/or edges of a graph under specific conditions [1]. In 1987, I. Cahit [2] introduced the concept
of cordial labeling. This graph labeling assigns integers 0 and 1 to the vertices of a graph, where the label of
each edge is the absolute difference of the labels of its endpoints. If the numbers of vertices labeled 0 and 1
differ by at most 1, and the numbers of edges labeled 0 and 1 also differ by at most 1, then the graph is said

to admit a cordial labeling. This concept inspired the introduction of several variants of cordial labeling,
including Legendre cordial labeling [3], Euler cordial labeling [4], Legendre product cordial labeling [5],
logarithmic cordial labeling [6], and (a, b)-Fibonacci-Legendre cordial labeling [7]. These variants use different
concepts from number theory, such as the Legendre symbol, Euler’s Theorem, discrete logarithms (indices),
and the (a, b)-Fibonacci sequence. In this paper, we define a much more general concept that encompasses the
above-mentioned variants of cordial labeling, which we call arithmetic cordial labeling.

Let # be a fixed positive integer. In addition, let S be a subset of Z, x : S X S — Z be a binary function,
and {, : {{ € Z : gcd(&, ) = 1} — {0,1} be a function. We call the triple (S, {;;, x) an arithmetic structure. For
a simple connected graph G of order #, a bijective function f : V(G) — S (where |S| = n) is called an arithmetic
cordial labeling modulo 1 under (S, {y, *) if the induced function f; : E(G) — {0,1}, defined by

wiap) — 41 i ged(f(a) x f(b),17) = 1and ¢, (f(a)  f(b)) =1,
fy (ab) = :
0 otherwise,
satisfies the condition |ef,7 (0) — efs (1)] <1, where e fi (i) denotes the number of edges labeled i (i = 0,1). A
graph that admits this labeling is called an arithmetic cordial graph modulo 1 under (S, y, ).
While the proposed definition for arithmetic cordial labeling is inspired by the classical cordial labeling,
it is important to note a key distinction. In classical setting, both vertex and edge labels must satisfy the
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balance condition [v(0) — v(1)] < 1 and |e(0) —e(1)| < 1. In this framework, the mapping f : V(G) —
S is bijective, rather than binary mapping (i.e., f : V(G) — {0,1}). Consequently, the "cordial" nature of
the labeling is preserved specifically through the equitability of the induced edge label f; by applying the
condition |e fi (0) —e fi (1)| < 1. This distinction allows for a richer integration of number-theoretic properties
while maintaining the core cordial principle of edge-label balance.

Let G be a simple connected graph of order n. Suppose that (a/p) is the Legendre symbol of a over an
odd prime p (see Definition 2.8 in [3]), ind o ; (a) is the discrete logarithm of a to the base @ modulo 7 (where @
is a fixed primitive root of 7; see Definition 2.4 in [6]), and F; is the ith (a, b)-Fibonacci number (see [7]). Also,
consider the expression at) -1 (from Euler’s Theorem; see Theorem 2.12 in [4]), where # is an odd positive
integer with 7 > 3 and ¢(#) is the Euler phi-function. Thus, the following are arithmetic cordial labeling with
their corresponding arithmetic structures (S, ;;, *).

e Legendre cordial labeling modulo p:

S={12,...,n}; (pa)= %; Xky=x+Yy.
eEuler cordial labeling modulo #:
g‘l’(ﬂ) -1
S={12,...,n}, ya)= T, X*xY=x+Y.
eLegendre product cordial labeling modulo p:
1+ (a/
S={L2,...,n}; (pa)= %; XKy = XY.

eLogarithmic cordial labeling modulo #:
S={L2,...,n}; indey(a) =y(a) (mod2);, x*y=x+y.
e (a,b)-Fibonacci-Legendre cordial labeling modulo p:

S={0,1,....n—=1}; (p(a) = 14—(27(1/}7); x*xy = F+F,.

Now, suppose that the following properties hold for {, where p is an odd prime:
Property 1. Let gcd(6y, p) = ged (62, p) = 1.1f 6, = 6, (mod p), then £, (61) = {p(62).
Property 2. If A; = {a: {,(a) =i, 1 <a < p—1} fori = 0,1, then |Ag| = |A;|. Hence, | Ag| = |A;] = 25~

Property 3. Let gcd(6, p) = 1. Assume that x, : { € Z : ged(E,p) = 1} — {—1,1} is a function (e.g., the
Legendre symbol) and suppose that
1 Xp(6)

p(o) = %

Thus, xp(6162) = xp(61)xp(62).
For Legendre cordial labeling and Legendre product cordial labeling, observe that if

1
(o) = 2, )

where xp(a) = (a/p), then Properties 1, 2, and 3 hold for @}, (see Theorem 2.9 in [4] and Theorem 2.10 in [5]).
Additionally, for logarithmic cordial labeling, notice that if

inde, p(a) = g%(a) (mod 2), )
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where @; is a fixed primitive root of p, then g% satisfies Properties 1 and 2 (see Remarks 2 and 3 in [6] with

7 = p). Furthermore, let
1+x
€3( ) +() , (3)

with xp(a) = (=1)"de2p(®) where @, is a fixed primitive root of p. If a; = a, (mod p) with g‘cd(al,p) =
ged(ag, p) = 1, then by Remark 2 in [6], we have indw, ;(a1) = indw,(a2), which means (—1)indezp(ar) —
(—1)indeyp(a2) Obviously, gf;(al) = g?,(az), and so Property 1 holds. Now, assume that

A} ={a:{3(a)=i,1<a<p—1}, and

A ={a:l(a)=i1<a<p-1},

fori = 0,1 with @ = @,, where @f, is defined in (2). If a € A2, then inde, p(a) =0 (mod 2),and so x,(a) = 1.
Hence, a € A%. Conversely, if a € A3 then

1+ xp(a)

1= 5 (by (3))
2 =1+ xp(a)
Xp(”) =1

(_1)indw2,p(a) -1

Clearly, indwz/p(a) is even. Therefore, a € A%. Thus, AIZ = A? fori = 0,1, and it follows that @f’, satisfies
Property 2 since Property 2 holds for Cf,. Lastly, assume that ged(ay, p) = ged(ap, p) = 1. Using Theorem 9.16
(ii) in [8] (page 369) with m = p and v = @,

inde, p(a1a2) = indw, p(a1) +inde, p(a2) (mod (p —1)).
Since p — 1is even, we have
indw, p(a1a2) = inde, p(a1) +inde, p(a2) (mod 2),

which means that inde, »(4142) and ind, »(a1) + indw, p(a2) have the same parity. Consequently,
Xp(araz) = (=1)dezr(ne2)
( 1)1ndw2,, a1)~+inde,,p(a2)
( )mdwzp ay) ( 1)indw2,p(a2)

= Xp(al)Xp(‘ZZ)-

Hence, Property 3 holds. Additionally, the function

1—
Zp(a) = 75( @), @)
where x,(a) = (a/p), also satisfies Properties 1, 2, and 3 with the same explanation as @}, defined in (1).
As we observed, several functions satisfy Properties 1, 2, and/or 3. Motivated by this, this paper explores
the arithmetic cordial labeling of some graphs. In §4 and §5, we assume that ## = p is an odd prime.

2. Basic concepts

Definition 1. A path graph P, of order n is obtained from vertices vq, vy, ..., v, such that v; is adjacent to v;;
fori =1,2,...,n—1. Also, a cycle graph C,, of order n is created from a path graph P, such that two pendant
vertices of P, are adjacent.
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Definition 2. A star graph Star, of order n is obtained from vertices xo, v1, 2, ..., v,_1 such that x( is adjacent
tov; fori =1,2,...,n — 1. The vertex x is called the central vertex of Star,,.

Definition 3. A complete graph K,, of order n is a graph where two distinct vertices are adjacent. In addition,
an empty graph K, of order n is a graph with no edges.

Definition 4. A ladder graph L, of order 21 is obtained from two path graphs P} and P2 such that the ith vertex
of P} is adjacent to the ith vertex of P2.

Definition 5. A kayak paddle graph KP, ,,, ;. of order n 4 m + k is created from two cycle graphs C,, and Cy, and
path graph Py, 5, for which a pendant vertex of P, is a vertex of C;; and the other pendant vertex is a vertex
of Ck.

Definition 6. An alternate cycle snake graph A, (Cy,) of order nm is obtained frpm cycle graphs C#, C,%y ..., Cn,
with V(Ci,) = {v},0},...,0},} fori = 1,2,...,n, for which v}, is adjacent to v]1+1 forj=12,...,n—1

Definition 7. A graph G is called a bipartite graph if its vertex set V(G) can be partitioned into two nonempty
subsets V] and V; such that the edges of G have one end in V7 and one end in V. The sets V; and V; are called
partite sets of G.

Definition 8. Let G and H be graphs.

i. A join graph G + H is a graph with vertex set V(G + H) = V(G)U V(H) and edge set E(G+ H) =
E(G)UE(H)U{ab:a e V(G)and b € V(H)}.
ii. A corona graph G o H is obtained from |V (G)| copies of H and one copy of G such that every vertex of the
ith copy of H is adjacent to the ith vertex of G.
iii. A tensor product graph G x H is a graph with vertex set V(G x H) = V(G) x V(H) and edge set E(G x
H) = {(al,bl)(az,bz) ta1ap € E(G) and b1b, € E(H)}

Definition 9. An arithmetic structure <51,§,1]1,*1> is equivalent to another arithmetic structure (Sy, @2,*2),
denoted by (S, g}h, *x1) 2 (Sy, %2,*2), if there exists a bijective function ¢ : S; — Sy such that foralla,b € Sy,
a#b,

i. gcd(ax1 b,11) = 1if and only if ged(¢(a) %2 ¥(b),12) =1, and
ii. @,171 (ax1b) = §,2]2(¢(a) *2 (b)) whenever ged (a1 b,177) = 1.

3. General results

[a=d

Theorem 1. Let G be a simple connected graph and let 11 and 1y be fixed integers. Assume that <51,§;1,*1>
(So, g%z, *2). Then G is an arithmetic cordial graph modulo y1 under (Sq, §,17 » *1) if and only if it is an arithmetic cordial
graph modulo 1, under (S, C%z, *2).

Proof. Suppose that G is an arithmetic cordial graph modulo #; under <51,C,171,*1). So, there is a bijective
function f : V(G) — S such that the induced edge label

1 ifged(f(a)*1 f(b),m) =1and g}, (f(a) %1 (b)) =1,

0 otherwise,

fi (ab) = {

satisfies the condition |ef};«1 (0) — efs (1)] < 1. Since (S, g;l,ﬁ) > (S,, g%z,*2>, there exists a bijective function
p: S1 — Sy such that forall x,y € 51,

i. ged(xx1y,11) = 1if and only if ged(¢(x) x2 ¢ (y),72) = 1, and
ii. @%1 (xx1y) = %z(gb(x) *2 1P(y)) whenever ged(x x1 y,171) = 1.

Define a function ¢ : V(G) — S, by
8() = p(f(v)), ®)
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for all v € V(G). Obviously, g is a bijective function. Observe that the induced edge label for g is

0 otherwise.

¢, (ab) = {1 if ged(3(a) %2 8(0), 12) = 1and &, (3(a) x28(0)) = 1,

Case 1. Suppose that ged(f(a) x1 f(b), 1) # 1. By (i) and equation (5), it is obvious that ged(f(a)

f(b),1m1) # 1if and only if ged(g(a) x2 g(b),m2) # 1. So, fy;, (ab) = 0 = gy (ab).
Case 2. Let ged(f(a) *1 f(b),111) = 1. Using Case 1, we have ged(g(a) x2 g(b),2) = 1. By (ii) and
equation (5), observe that

G (8(2) %2.8(6)) = T3, (¥(f (@) %2 (£ (b)) = &y, (f (@) %1 £ (0))-

Hence, f; (ab) = g}, (ab).
Combining Cases 1 and 2, we have gy (ab) = f; (ab) for all ab € E(G). Consequently, efy (i) = egr (i)

fori = 0,1, and it follows that |eg;;2 (0) — egr, (1)|] < 1. Therefore, G is an arithmetic cordial graph modulo 7,
under (S,, gfh,m.
For the converse, by using the inverse of 1, the proof is analogous. [

Let 7 > 3 be a positive integer and let ¢(17) = {¢ € Z : gcd(§,77) =1, 1 < ¢ < 1}. In addition, suppose
that ¢(7) is the Euler phi-function of 7. Clearly, |¢(7)| = ¢(7). Consider the following properties:

Property 4. (General version of Property 1) Assume that gcd(61,7) = ged(62,17) = 1. If 61 = 6, (mod ), then
@7(91) = @7(92)'

Property 5. (General version of Property 2) If A; = {a : {,(a) =i, a € ¢(y)} fori = 0,1, then | Ag| = |A4]. So,
o] = 44| = 2

Property 6. (General version of Property 3) Suppose that ged(6,77) = 1. Assume that x, : {{ € Z: ged(¢,77) =
1} — {—1,1} is a function and let
14 x,(0)
y(0) = 2
Thus, Xy (6162) = Xy (61 )XU (62).

Theorem 2. Let 7 > 3 be a positive integer and let Properties 4, 5, and 6 hold for @j , for j = 1,2. Let
S=1{1,2,...,ym — 1} where m > 1is an integer. Then <S,§,17,~> >~ (S, g%, .

Proof. Let A{: = {a: C{%(a) =i, acq@(n)}tfori=01andj=12 LetT = {1,2,...,1} and, by Property 5,
suppose that

Moreover, let
T-(AJUAD ={wi:1<i<yp—1-2PYu{y),

T—(AUAD) ={x:1<i<y—1-2}u{n).
Observe that S can be partitioned into m blocks:
{i+k=1)y:1<i<n}fork=12,....m—1, {i+(m—-1)p:1<i<n-—1} (6)

Thus, for any s € S, s can be uniquely represented as s = z + (k — 1)7 for some z € T and some values of k.
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Define a function o : T — T as follows:

o(q;) = si f0ri:1,2,,,,,@
o(r;) =t fori = 1,2,‘_',@
o(w;) :xiforizl,z,...,q_1_@

o(n) =1.

Note that A(l), A%, T — (Atl) U A%) form a partition on T. In addition, A2 A%, T — (A(z) U A%) also form a
partition on T. Hence, ¢ is a bijective function. Moreover, observe that the elements of A} and A{ are precisely
map to the elements of A3 and A?, respectively. As a consequence, z € A} U Al if and only if 0(z) € AU A}
because all elements of A! (i = 0,1 and j = 1,2) are relatively prime to 7.

Let ¢ : S — S be a function defined as follows:

For the first m — 1 blocks:

Y(z+ (k—1)y)=0(z)+(k—1)pfork=1,2,...,m—1landz € T;
For the last block:
YP(z+(m—1)n)=0c(z)+(m—1)yforze T —{n}. (7)

Since ¢ is a bijective function from T to T and the m blocks indicated in (6) form a partition on S, it follows
that ¢ is a bijective function.

Case 1. Suppose that a,b € Switha = z; 4+ (k; — 1)y and b = zp + (kp — 1)y where 21,2, € A(l) UAjU
[T — (A U A})], for some values of ky and k. Let ged(ab, 17) = 1. Thus,

ged([z1 + (k1 — D)yl [z2 + (k2 — 1)), 17) = ged(z122,77) = 1.

Asaresultzy,zy € AJU AL So, 0(z1),0(2z2) € A3 U A? and it follows that

ged(p(a)ip(b), 1) = ged([$(z1 + (kr = V))][¢(z2 + (k2 = V)], 1) = ged(e(z1)0(z2), 1) = 1.

The converse follows similarly from the fact that the inverse function 0! maps from A3 U A3 to A} U A2
Therefore, Definition 9 (i) holds.
Case 2. Let )(],] {¢€Z:gcd(¢,n) =1} — {—1,1} and suppose that

: 1+ x)(a)
d? (ﬂ) = 2” 4
for j = 1,2. Suppose that a,b € S with ged(ab, ) = 1. Thus, ged(y(a)y(b), ) = 1 by Case 1. Note that
a=z1+(kh—1)yand b = z + (ko — 1)y for some z1,z, € AU Al and ky,kp € {1,2,...,m —1}. By
Properties 4 and 6, we have

1 1
Zy(ab) = gy(z122) = ! +X’7(221)7(71(22)’

2 2
E(p(a)p(6) = Byl — 20 ENGE),

By the definition of o, observe that z € A} ifand only if 0(z) € Ai2 fori =0,1. Thus,
X}] (zj) = X% (0(z))) forj=1,2.

Therefore, §,17 (ab) = g%(lp(a)tp(b)) and it follows that Definition 9 (ii) holds. [
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The proof works identically if we define S = {1,2,...,ym}; in that case, one only needs to remove the
condition z € T — {1} in equation (7) and replace it with z € T. Combining this with Theorems 1 and 2, we
obtain the following corollary.

Corollary 1. Let 7 > 3 be an integer and let G be a graph order ym + ¢, where m is a positive integer and e € {—1,0}.
Suppose that Properties 4, 5, and 6 hold for ), for j = 1,2. Then G is an arithmetic cordial graph modulo 1 under
(S, 417’ -) if and only if it is an arithmetic cordial graph modulo y under (S, gf%, -), where S = {1,2,...,nm +¢€}.

Using equations (1), (3), and (4) (where @},, 23, and C; satisfy Properties 1, 2, and 3), Corollary 1 shows
that if G is a simple connected graph of order mp + ¢, where p is an odd prime, m is a positive integer, and
e € {—1,0}, then the following statements are equivalent:

i. Gisa Legendre product cordial graph modulo p;
ii. G is an arithmetic cordial graph modulo p under (S, Q‘;’,, )
iii. G is an arithmetic cordial graph modulo p under (S, éé, ).

Theorem 3. (General version of Theorem 4.3 in [6]) Let y > 3 be an integer and let G be a graph of order n and size
me¢(11), where m is a positive integer. Also, suppose that Properties 4 and 5 hold for {,,. Additionally, let f : V(G) —
{1,2,...,n} be a bijective function and assume that h(uv) = f(u) * f(v) for every uv € E(G). If f satisfies the
following conditions:

i.

{h(uv) v € E(G)} = U{j+in:j € o},
ieT
where ¢(17) ={¢:gcd(g,n) =1,0< ¢ <n}and T C Z with |T| =m,
ii. h(uv) # h(ab) for every uv # ab,

then G is an arithmetic cordial graph modulo 1y under (S,{,,*), where S C Z with |S| = n.

Proof. Suppose that ¢; = {j+in : j € ¢(y)} fori € T. In addition, assume that 9; (mod ) = {¢ : a
(mod 77), a €9, 0< ¢ <y} forie T. By Property 4, we have

Il
™

g (mod i7) = ¢(1),
fori € T. By conditions (i) and (ii), together with Property 5, we have

_ _ mg(n)
e (0) = e (1) = =57,

and so |ef;;« (0) — efr (1)| = 0. Therefore, G is an arithmetic cordial graph modulo # under (S, {;;, *), where
SCZwith|S|=n. O

Consider the Jacobi symbol (a/n), which is defined as follows. Let n > 1 be an odd integer and let a be
an integer relatively prime to #n. Then the Jacobi symbol is

t

(a/n) =T T(a/p:),

i=1

where n = J]!_, p' is the prime factorization of 7, and the symbols on the right-hand side are Legendre
symbols. This symbol generalizes the Legendre symbol by incorporating positive odd integers. Assume that

G =119, ®

where (a/7) is a Jacobi symbol. It is evident that C?l satisfies Properties 4 and 5 whenever 7 is not a perfect
square (see Theorem 11.10 (i) in [8] (page 444) and Proposition 11 in [9]). In fact, the function g}g defined in (1)
is a special case of ég when 77 = p, where p is an odd prime. As an application of Theorem 3, we obtain the
following result.
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Theorem 4. Lety > 3 bean integer that is not a perfect square, and suppose that ¢ and m are positive integers. The graph
Star g (y)+1 18 an arithmetic cordial graph modulo i under (S, 2>, +), where S = {cy} U (U]'.":_Ol{i +ijn:ie (p(ij)})
and the function @2 is defined in (8).

Proof. Note that the size of Star,,(,)41 is m@(7). Let V(Star,441) = {vo} U{v; : i € W}, where W =
U]"‘:_Ol{i +jn i € ()} and vy is the central vertex. Define a functlon f:V(Star,)+1) — Sby

f(vo) = cn,
f(v;) =iforie W,

where S = {cn} U (U Yitin:ic go(iy)}) Thus, f is a bijective function.
For the edges, we have
flvo) + f(vi) = en+i+jn =i+ (c+j)n,
fori€ p(n)andj=0,1,...,m—1.LetT={c+j:j=0,1,...,m —1}. Hence,
{f(vo) + f(oi) i e W= J{i+ky:ie o)}

keT
It is clear that conditions (i) and (ii) of Theorem 3 are satisfied. Thus, S’car,m/,(,7 )+1 is an arithmetic cordial
graph modulo 77 under (S, 2>, +). O
4. Arithmetic Cordial labeling modulo p under (S, ,, +)
In this section, we assume that Properties 1 and 2 hold for g,,.

Theorem 5. The ladder graph Ly, is an arithmetic cordial graph modulo p under (S,,,+) where S = {1,2,...,2p},
forall p > 3.

Proof. Assume that Prl, and PFZ, are path graphs of L, with V(P;;) = {U{,vé, .. .,v],',} forj=1,2.Letf:V(G) —
S be a function defined by

£ j) {i—i—le—i—(]‘—l)p fori:1,2,...,pT+1,
vi) = 1 . 3 p+5
! L (j—1)p forz:%,%,...,p,
forj=1,2, where S = {1,2,...,2p}. Clearly, f is a bijective function.

For the edges of P,

2i (mod p) fori=1,2,..., 21,

2i—p (modp) fori=EL 2 5 1

F@D) +fol,,) = {

for j = 1,2, and for the remaining edges,

2i—1 (mod p) fori=1,2,..., 5=,
flo) +f(@}) = {0 (mod p) for i = 37,
2i—p—1 (mod p) fori:pT%,pTS,...,p.

In view of this labeling, let

U{C F@) +f(@,)=¢ (modp), 0<¢<pl,
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forj=1,2,and let

p= CJ {Z:fo) +f(0})=¢ (mod p), 0<Z<p}.
£ (pi1)/2
Evidently, a0 = ap = B = {1,2,...,p —1}. By Property 2, together with the fact that
fr’( (p+1)/2 %p+1)/2) = 0, we have

5 (0 )_3(’]2 )—i—landef;( )_3(;:21)'

Therefore, |e fi (0) — ef; (1)| = 1 and it follows that L, is an arithmetic cordial graph modulo p under
<S 7 gp/ +> ° D

Theorem 6. The alternate cycle snake graph A, (Cp) is an arithmetic cordial graph modulo p under (S,{p,+) where
Cp(1) =1land S = {1,2,...,np}, foralln > 2and p > 3.

Proof. Assume that Cp, Cp, ) ,C” are cycle graphs of A, (Cp) with V(C]) = { 02, . ,v;} forj=1,2,...,n

Now, define a function f : V(A n(Cp)) — Sby

f@) =i+ G-1)p,

fori=1,2,...,pandj=1,2,...,n,where S = {1,2,...,np}. Hence, f is a bijective function.
For the edges of C;,, we have

2i+1 (mod p) fori=1,2,..., 52,

F@)+ @) =40 (mod p) fori=E;1,

2i—p+1 (modp) fori=12 2 p—1,

and f(z/l) + f(v]p) =1 (mod p), forj =1,2,...,n. Additionally, for the remaining edges,

f@h) + f@*) =1 (mod p),

fork=1,2,...,n—1.
In view of the above labeling, for each j = 1,2,...,n, assume that

p—1

o= U {&:f@)+ (o) =8 (mod p), 0<E<p),
£ (1) /2

and

Bi={¢: f(2)) +f(2)) =& (mod p), 0<&<p}.

Consequently, a; U B; = {1,2,...,p — 1} for j = 1,2,...,n. By Property 2, there are £~ edges of C] with
label 0 and p—_l edges withlabel 1, under f;, forj = 1,2,...,n. Moreover, observe thatfp( (p—1)/2 (p+1)/2> 0
forj=1,2,...,n,and fp (vkv’fﬂ) =1fork=1,2,...,n—1(since {,(1) = 1). Therefore,

-1 -1
ef;(0)=n<pz)—i—nandef;(l):n(pz >+n—l

So, lef; (0) — ef; (1)] = 1. Hence, A;(Cp) is an arithmetic cordial graph modulo p under (S, ,, +). O



Open J. Math. Sci. 2026, 10, 438-454 447

Theorem 7. Let G be a connected graph of order n and assume that ¢ € {—1,0,1}. If G has size n + ¢, then G o P,_q
is an arithmetic cordial graph modulo p under (S, {p, +), where {,(1) =1,7,(2) = 0,and S = {1,2,...,np}, for all
n>2andp > 3.

Proof. Let V(G) = {vy,vs,...,v4} and assume that Pl _y is the ith copy of P, 1 with V(P; . 1) =

{uli, ub, ..., ”;—1} such that each vertex of P;fl isadjacenttov;, fori =1,2,...,n. Now,let f : V(GoP, 1) = S
be a function defined by

fud = j+pTH+(i—1)p forj=1,2,..., 21,
A RS e

p+1

f(vi) = +(i—1)p,

fori =1,2,...,n,where S = {1,2,...,np}. So, f is a bijective function.
For the edges of P;;_l, we have

. -3
2j+2 (mod p) forj=1,2,..., 57,

f(u )+f( ]+1) {2]+2—p (mod p) forj="5=,5=,...,p—2,

fori =1,2,...,n. With this labeling, foreachi =1,2,...,n, let
U{Cf )+ f(uby) =& (mod p), 0<§ < p},

and it follows that a; = {1} U {3,4,...,p — 1}. Since 2 € Ap and 2 ¢ a;, by Property 2, there are prl — 1 edges
of P;;fl with label 0 and pT_l edges with label 1, under f;, foreachi=1,2,...,n

For the edges of the form ui-v,-, we have

]
f(u;) +f(v;))=j+1 (modp)forj=1,2,...,p—1,
flaty 1)+ flo) =0 (mod p)
fori =1,2,...,n. In view of this labeling, let
U{é‘ f)+ f(o) =¢  (mod p), 0<§ < p},
j=1

and it follows that 8; = {2,3,...,p—1},fori =1,2,...,n. Notethat1 € Ay butl ¢ B;, fori =1,2,...,n. In
addition, observe that f; (”;7101') =0fori =1,2,...,n. Combining this with Property 2, we have n (pT_l) +n

edges of the form u;.vi with label 0 and n (pT_l - 1) edges with label 1, under f.
Lastly, for the edges of G, observe that

fla) +f(b) =1 (mod p),

for any ab € E(G). Since {p(1) = 1, it follows that all edges of G have label 1, under f.

Therefore,
—1 -1
ef;(O) =n <p2 —1) +n <Pz> +n, and,

1 1
ef;(l)—n(pz> +n<pz— >+n+£.

Since ¢ € {—1,0,1}, we have |ef: (0) —ef:(1)| < 1. So, G o Py is an arithmetic cordial graph modulo p
under (S,p,+). O
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Theorem 8. Let G be a connected bipartite graph of order n. Then the tensor product graph K, X G is an arithmetic
cordial graph modulo p under <S, Cps +> where S = {1,2,...,np}, foralln > 2and p > 3.

Proof. Let V(K,) = {v1,v2,...,vp} and let m be the size of G. Since G is a bipartite graph, its vertex set
V(G) can be partitioned into two nonempty subsets V; and V, with V] = {ujl, ulz, eeey u{l].} for j = 1,2, where
ny + np = n. Thus,

EK,xG)= |J A{(oiu)(oguy):ik=12,...,p, i #k}.
u}cuﬁeE(G)

Let f : V(K, x G) — S be a function, where S = {1,2,...,np}. Define f as follows: for each t; =
1,2,...,nj,
i+(t1—1)p forj=1landi=12,...,p,
f((vi,u{],))z p—i+t(nm+t—1)p forj=2andi=12,...,p—1,
p+(m+t—1)p forj=2andi=p.

Hence, f is a bijective function.
Letx € {1,2,...,n1}and y € {1,2,...,n,}. For the edges, for each u}cuﬁ € E(G)and eachi =1,2,...,p
with i # k, we have

f((vi,u}c))+f((vk,u§)):{i_k (mod p) fork=1,2,...,p—1,

i (mod p) fork = p.

In accordance with the above labeling, for each u}cuﬁ € E(G)andeachi=1,2,..., p, let

, P

g = ULE: F((0n 1) + f((013)) =€ (mod p), 0< & < pl,
k=1
ki

and as a result “izluz ={1,2,...,p—1}. By Property 2, we have
xlty

e (0) = e ) =mp (P51),

and it follows that |ef: (0) — e £ (1)| = 0. Therefore, K, x G is an arithmetic cordial graph modulo p under
(S,p,+). O

5. Arithmetic Cordial labeling modulo p under (S, {, -)

In this section, we assume that Properties 1, 2, and 3 hold for {,. Also, let gp(a) = Hgﬁ where x :
{¢ € Z:ged(¢,p) =1} — {—1,1} is a function. By Property 2, suppose that sq,s,...,5(,_1),2 € Ag and
1,72, ... /r(pfl)/Z € A

Remark 1. Let a and b be integers relatively prime to p. Then

xp(ab) = {1 if xp(a) = xp(b) =1or xp(a) = xp(b) = -1, o

—1 otherwise.

Thus,
1 ifﬂ,bEAoOl‘ﬂ,bEAl,
gp(ab) = .
0 otherwise.

Proof. Immediately follows Properties 2 and 3. [J
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Theorem 9. The join graph K, + KP(,_1)/2,0,(p—1)/2 1s an arithmetic cordial graph modulo p under (S,Zp,-) where
S={1,2,...,2p—1},forallp > 7.

Proof. Let C! and C?

(p—1)/2 , be cycles, and P; be a path graph of KP(, _1)/20,(p—1)/2- Suppose that

(p-1)/2

V(Ky) = {v1,v2,...,0p},

{

= {ul,uz, .. '/u(p—l)/Z}/
{wl,W2,. . '/w(p—l)/Z}/
{

Up-1)/2/ wl}'
Define the function f : V(Kp, + KP,_1)2,0,(p-1)/2) — S by

—1

T fori=1,2,. .,2,
f(o) = Si—(p—1)/2 forz—p—ﬂ,p—%,...,p—l
p fori =p,
p—1

flu;))=ri+pfori=1,2,...,

7

-
f(wi)=Si+pfori:1,2,“,/pT_1/

where S = {1,2,...,2p — 1}. Then f is a bijective function.

For the edges of Cgp—l)/z' C%p—l)/z' and P,,
F)f (1) = ririr (mod p)fori=1,2,..., 222,
fu)f(up-1),2) = 11r(p-1),2  (mod p),
f(w;) f(wit1) = siSit1 (mod p) fori= 1,2,...,%_3,
flw)f(w(p-1y/2) =515(p-1)/2 (mod p),
fup1y2)f(w1) =r(1)281 (mod p).

By Remark 1,
-3
fp(uinjyq) =1fori=1,2,. pT’
fp (ulu /2) =
f(wle):lforz_lZ pT_B’
fp(wiw(,_1)/2) =
f;( (p-1 /2w1)
For the edges of the forms v;u; and v;w;, foreachj =1,2,. Tl,
rirj  (mod p) fori=1,2,..., Tl,
F)f(u)) = si_po1yorj (mod p) fori= L3, ’ig’w -1,
0 (mod p) fori=p,
risj (mod p) fori=1,2,..., "%l,
f(vi)f(wj) =4 Sic(p-1)/25 (mod p) fori= pTH, pTH, o p—1,
0 (mod p) fori = p.




Open J. Math. Sci. 2026, 10, 438-454 450

. -1
By Remark 1, foreachj=1,2,..., pT,

1 fori=1,2,..., 5%
. +1 p+3
O fOrlZpT,pT,...,p,

0 fori:1,2,...,p74,p,

1 fori=E1 P2 p1

Therefore,

e, (0) _1+2(’7;1> (’”21) 14 (p-1) (p;rl),and
es; (1) :p—1+2<”;1)2: (p—1) (”Jz”)

Clearly, |ef;; (0) — efs (1)] = 1 and so K, + KP(,-1)/2,0,(p—1)/2 is an arithmetic cordial graph modulo p under
(S,Cp,-). O

Theorem 10. Let Gy and Gy be graphs of the same order }%1 and let f : V(Gy + Gp) — S be a bijective function, where
S=1{1,2,...,p—1}. Foreachi = 1,2 and each j = —1, 1, define

Q] = {ab € E(G) : 2y (f(a) f(1)) = j},
and suppose that
B={acV(G):xp(f(a)) =1}.
In addition, let € € {—1,0,1}. If

_ _ -1\?
o+ 104 = |0 +105)+ (281 £ ) e, (10)

then the join graph Gy + G, is an arithmetic cordial graph modulo p under (S, T, -).

Proof. Note that S = Ay U A;. From the hypothesis, it is clear that |Q); !| edges of G; are labeled 0 and |}
edges are labeled 1 under f;;, fori = 1,2. Let k = |B|. Clearly, k vertices of G; have label r; for some i. It means
that the remaining vertices have label s;, and there are prl — k such vertices. Consequently, k vertices of G

have label s; and pT_l — k vertices have label r; for some i. By Remark 1, there are 2k (pT_l — k) edges labeled
2
1and k2 + (’%1 - k) edges labeled 0 of the form ab, where a € V(G;) and b € V(G,), under f;.
Consequently,

—1
€f;;(1) =2k (pz —k) —+ |Q%| + |Q%|, and

2 p—1 2 1 1

Given that )
-1
o+ 104 = o+ 1051+ (2= 271) e
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where k = |[B| and € € {—1,0,1}, we have
2 p—1 ? 1 1
Ef;(O)—Ef;(l) =k 4+ <2—k> +|Q; |+|QE ‘

2
2% (;721 —k> O+ 105+ (2k— ’921> te

=K+ <p;1>2—2 {k (’7;1” +Kk? — 2k (’T) + 2k?
ez (250)] - (252) e
_4k2—k(”21) —k(”21> _ 42 42k (”21> e

= —€.

Since € € {—1,0,1}, it follows that |ef;; (0) — ef; (1)] < 1. Accordingly, G; + G is an arithmetic cordial
graph modulo p under (S,7,,-). O

An an example of Theorem 10, consider the following result.

Theorem 11. Assume that pT_l = 0 (mod 4). The join graph P(,_1y/5 + C(,_1)/2 is an arithmetic cordial graph
modulo p under (S,p,-), where S = {1,2,...,p—1} and p > 17.

Proof. Since ? 51 = 0 (mod 4), we have PT_l = 4k for some integer k. We will use Theorem 10 with G; =
P(—1)/2 and Go = C(,_1)/2- Now, assume that V(Py) = {v1,0,..., 04} and V(Cy) = {uy, ua, ... ug}
Define a function f : V(Py + Cy) — {1,2,...,8k} as

r; fori=1lor2
f(v;) = { l

si fori=0or3

(
(
Flug) = {si fori=1or?2 Emod4 ,

r; fori=0or3

fori=1,2,...,4k. So, f is a bijective function and |B| = 2k.

For the edges of Py,
ritip1  fori=1 (mod 4),
risir1 fori=2 (mod 4),
Flo)fopp) = { Tt fori =2 (modd
sisip1 fori=3 (mod 4),
sitiy1 fori=0 (mod 4),
fori =1,2,...,4k — 1. By Remark 1, equation (9),
4k—1 4k—1
0f = U {vivi1}and O = {vivita}.
i=1or ?:Zl(mod 4) i=0 or 2121(mod 4)
Hence, |Q}| = 2kand |Q; | = 2k — 1.
For the edges of Cy,
$i8iy1 fori=1 (mod 4),
sitiy1 fori=2 (mod 4),
Flu) ) = § St fori =2 mod )
ritip1 fori=3 (mod 4),
risiyq1  fori=0 (mod 4),
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fori=1,2,...,4k—1,and
fur) f(uge) = s174-

Using Remark 1, equation (9), we have

4k—1 4k—1
0; = U {1} and Q' = U {uiin }| U {uguge.
| |
i=1 or?f (mod 4) i=0 or21 (mod 4)

Thus, |Q}| = |Q, | = 2.
Applying Eq. (10) with € = 1, we have
p—1\°
01+ bl = 07+ j0y -+ (28] - £ ) e
2k + 2k = 2k — 1 + 2k + [2(2k) — 4k]* + 1
4k = 4k.

So, P(p—l)/Z + C(p—l)/z is an arithmetic cordial graph modulo p under <S, Cps ~>, where S = {1,2,...,p—
1}. O

Theorem 12. Let G be a connected graph of order ;%1 and size ’%1 + ¢, where e € {—1,0,1}. Then the corona graph
G o Ky is an arithmetic cordial graph modulo p under (S,p,-), where S = {1,2,...,p — 1}, forall p > 3.

Proof. Let V(G) = {v1,02,...,0(,_1)/2}. Suppose that Ki is the ith copy of Ky with V(K}) = {u;} such that u;
is adjacent to v, fori =1,2,..., prl Assume that f : V(G o K;) — S is a function defined by

f(vi) =riand f(u;) =s;,
fori = 1,2,...,%_1,where5 ={1,2,...,p—1}.
For the edges of G, if v;jv; € E(G), for some i,j € {1,2,..., %1}, then
f(oi)f(vj) =rirj.

By Remark 1, f;(e) = 1 for every e € E(G).
For the rest of the edges,
flui) f(vi) = siri,
fori = 1,2,...,7]771. Thus, by Remark 1,f;(uivi) =0fori= 1,2,...,%1.
Therefore,

p—1 _p-1
7 andef;(l) = T+€'

Since € € {—1,0,1}, it follows that |ef;; (0) — ef; (1)] < 1. Hence, G o Kj is an arithmetic cordial graph
modulo p under (S,{,,-). O

ef;(0) =

Theorem 13. Let G be a connected graph of order p — 1 and size m(p — 1) + €, where e € {—1,0,1} and m > 1. In
addition, suppose that H is a graph of order p — 1 and size p — 1 + m. Then the corona graph G o H is an arithmetic
cordial graph modulo p under (S,(p,-), where S = {1,2,...,p(p — 1)}, forall p > 3.

Proof. Let V(G) = {v1,02,...,0,_1}. Suppose that H' is the ith copy of H with V(H') = {u!,u},. ..,u;_l}
where all vertices of H' are adjacent to v; fori = 1,2,...,p — 1. Define a function f : V(Go H) — S as

. . -1
f(u;) _ {T’i +(G-1Dp fori= 1,+21, .;r,:T/
Si—p-ny2+ (—1p fori="H= B2 p—1,
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forj=1,2,...,p—1,and
f)=p+(i—1pfori=1,2,...,p—1,

where S = {1,2,...,p(p — 1)}. Thus, f is a bijective function.
For the edges of G, if v;v; € E(G), forsomei,j € {1,2,...,p — 1}, then

f(vi)f(vj) =0 (mod p).
Hence, f;(e) = 0 foralle € E(G).

For the edges of H if ufzué € E(Hi), forsomea,b € {1,2,...,p — 1}, we have

p-1
2 7
(mod p) fori= pTH,pT%,...,p—l.

(mod p) fori=1,2,...,

By Remark 1, f;(e) =1foralle € E(Hi), fori=1,2,...,p—1
For the remaining edges, foreachi,j =1,2,...,p -1,

f)f(u) =0 (mod p),

and it follows that f; (viu;-) =0.
Consequently,

ef;(0) =m(p—1)+e+(p—1)7? andep; (1) = (p—1)(p—1+m) = (p—1)% +m(p—1).

Because € € {~1,0,1}, |ef;(0) —ef; (1)| < 1. So, G o H is an arithmetic cordial graph modulo p under
(S,2p,-). O

6. Conclusion

In this paper, we introduced the concept of arithmetic cordial labeling, providing a unified theoretical
framework that generalizes several existing cordial labeling variants studied in [3-7]. The primary
contribution of this work lies in the shift from treating these labelings as isolated instances to viewing them
as specific cases of a unified arithmetic structure (S, {;,, ). By establishing the essential properties of these
structures in Properties 1 to 3 and 4 to 5, we have created an "umbrella” theory that allows for the simultaneous
study of diverse number-theoretic functions within a single cordiality constraint.

A significant mathematical advantage of this framework, as demonstrated in Theorems 1 and 2, is
the transferability of results; proving that a graph admits an arithmetic cordial labeling in one structure
automatically confirms its existence in all equivalent structures, thereby eliminating the need for redundant
proofs across different labeling types. Furthermore, we demonstrated the structural robustness of this
generalized approach by proving the existence of such labelings for a wide array of complex graph
constructions, including star, ladder, alternate cycle snake, join, corona, and tensor product graphs.

Beyond its theoretical implications, the balanced distribution inherent in arithmetic cordial labeling
offers potential real-world applications in network topology design and data security. Specifically, modular
arithmetic-based vertex assignments can be utilized to ensure equitable load balancing in communication
networks or to develop structured protocols for cryptographic authentication, where edge validity is
determined by precise number-theoretic relations. This research provides a systematic template for integrating
various number-theoretic functions into graph theory, offering a broader perspective on the interplay between
algebraic structures and graph cordiality. Future research may explore the application of this generalized
labeling to other graph operations or investigate structures where the balance condition is extended to larger
moduli.
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