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Abstract: This article develops duality principles applicable to some originally non-convex primal variational
formulations. More specifically, in a first step, we develop applications to a full complex Ginzburg-Landau
system in superconductivity, including a magnetic field and respective magnetic potential. The results are
obtained through basic tools of functional analysis, calculus of variations, duality and optimization theory in
infinite dimensional spaces. It is worth emphasizing we have obtained convex dual variational formulations
which may be applied to a large class of similar models in the calculus of variations. In the subsequent
sections we also present a procedure for improving the convexity conditions of an originally non-convex
primal formulation which is also applied to a Ginzburg-Landau type equation. Finally, in the last sections,
we develop duality principles and related numerical examples for models in phase transition.
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1. Introduction

his article develops duality principles applicable to a large class of models in the calculus of variations.
T We present applications to the full Ginzburg-Landau in superconductivity in the presence of a magnetic
field and respective magnetic potential.

We emphasize the results on duality theory here addressed and developed are inspired mainly in the
approaches of J.J. Telega, W.R. Bielski and co-workers presented in the articles [1-4]. Other main reference is
the article by Toland, [5].

Moreover, details on the Sobolev spaces involved may be found in [6] and basic theoretical results in
superconductivity may be found in [7,8].

Similar results and models are addressed in [9-16].

Basic results on convex analysis are addressed in [17,18]. Finally, other related results may be found in
[19,20].

Now we start to describe the primal variational formulation for the Ginzburg-Landau model in
superconductivity in question.

Let Q,Q; C R3be open, bounded and connected sets such that O C )7 and () is convex.

Denote the boundaries of () and (2; by 9Q) and d();, respectively.

Denote also by |¢|? the density of super-conducting electrons in the superconductor sample () and by A
the magnetic potential on the set (2;. Moreover, define the Ginzburg-Landau functional ] : V =V} x V, = R,

by

19.8) =7 [ 1Vg—ipAgPdx+7 [ (19— dx+ | Curl A= Boll3 0, (1)

Here,
Vi = W (Q;C),
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and we also set
V, = W2 (O RY),

where v > 0,a > 0, 8 > 0, p > 0, i denotes complex imaginary unit and By € W?(Q;R%) N C(Qy; R3)
denotes an external magnetic field.

In the first part of this article, we obtain a global minimizer (¢, Ag) € V for J.

We assume also the restriction concerning the London Gauge, that is,

divA =0, in )y,

and
A-n =0, ond().

From the variation of | in ¢, we obtain

— div (7(V¢ — ipA@)) + 7(V¢ — ipAp)(—ipA) +2a(|¢|* — )¢ = 0, in O, @

¥(V¢ —ipA¢p) -n =0, on o

From the variation of | in A, we obtain

Curl ( Curl A — Bg) + Re (v(V¢ —ipA¢)(—ipp)) =0, in Q. (3)

and
Curl (Curl A) — Curl B; =0, in Q7 \ Q.

Finally, from the London Gauge (we explain in the next section why is not necessary a Lagrange multiplier
for such a restriction), we have

divA =0, inQy,

and
A-n=0, onodQ).

2. The proof of existence of a global minimizer for the previous section model

In this section we develop a proof of existence of solution for such a Ginzburg-Landau system in the
presence of a magnetic field and concerning potential, as it has been described in the previous section. We
emphasize similar models are addressed in [7,8].

We also highlight similar existence results have been presented in the books [9] and [13].

Even though originally a similar existence result have been presented in the book [9], such a result has
not been so far peer reviewed by a Journal.

This is the reason we present here such an existence result in details.

Finally, as a previous related existence result we would cite [10].

Theorem 1. Consider again the functional | : V — R where

Y . 2 « 2 a2 1 / a2
19A) =3 [[1V9—ipApP -+ 5 [ (19" —p) et o [ | Curl A~ Bof dx. 4)
Under these hypotheses and those stated in the previous section, there exists (¢po, Ag) € V such that

J(¢0, Ag) = min {J(¢,A)}.

(p,A)eV
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Proof. Define

a3 = (¢,i1§1)fev{] (9, A)} R

Let (¢, Ay) C V be a sequence such that

lim [(¢n, An) = as.

n—oo

From the expression of |, there exists K; > 0 such that
[Curl(A,) |3 < Ky, Vi € N.
Given (¢, A) € V, define (¢, A’) € V by
¢ = e,

and
A=A+ Vg,

where ¢ will be specified in the next lines.
Observe that,

Vo' —ipA'g'|o =|V (¢e??) —ip(A + Vo)pe'®?|,

=|V¢(e*?) + pipe'??V ¢ — ipApe'? — ippV pe'f? |,

=[(V$ — ipAg)e?|;
=V —ipAg|.

Moreover
Curl(A’) = Curl(A) + Curl(V¢) = Curl(A).

Also
9] = |pe?| = |9].
From these last calculations, we may infer the system gauge invariance, that is,
J(¢,A) = J(E,A").
In particular, we shall choose ¢ € W2(Q)) such that
div(A") = div(A) + V?¢ =0,
and, denoting by n the outward normal to 904,
A''n=A-n+Ve-n=0, ond),

that is,
V2 = —div(A), inQy,
Ve-n=—-A-n, ond().

Observe that at first we would have,

inf A) < inf A,
SNEJ@A) S in (@A)

However
J(ph, AL) = J(¢n, An) — a3, asn — oo,

©)
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so that

inf J(¢,A) = inf ‘A
(¢’1AH)GVI(<P ) (¢/,113)ev](¢ )

From Friedrichs’ inequality, we have,

K} >||Curl(Ay)|13
=|| Curl(A})[17 + || div (A})II3 > K2l|AL[IT o, Vn €N, (6)

for some Kp > 0.
Hence,
|ALl12 < K3, Vn €N,

for some K3 > 0.
From such a result and the Sobolev Imbedding theorem, there exists Kg > 0 such that

Vn e N,

and

Vn € N.

Also, from the expression of J, clearly there exists a real constant Kg > 0 such that
1(@)ulloa = ll(@nllos < Ko, ¥n €N,

and since () is bounded, such a K9 > 0 may be also such that

1(@)nllo2 = [1(@)n Vn e N
Hence,
J(¢),, A)) 7/ IV (), — ioAL ()3 dx+2/ dx+8 / |Curl(A},) — Bo|3 dx
ST
> / V(@) dx —|plll(¢): alloallV(g), |P| 1A% ()33
2/ dx+8i/ |Curl(A]) — B3 dx
1

o
z%nww;uz dx = /KsKolp| IV (#)3 2+ T1oPIAL@N I3+ 5 [ (190 - p)? dx
1
o /Q] | Curl(A!) — Bo|2 dx. @)
Suppose, to obtain contradiction, there exists a subsequence {#;} such that
IV ()0, ll2 — +o0, as k — co.

From this and (7) we obtain,
J(dn,, Ay, ) = +00, ask — +oo,

which contradicts
J(¢), A)) — a3, asn — +oo.

Therefore, there exists K4 > 0 such that
[V($)nll2 < Ky € RT, Vn € N.

Hence, from the Rellich-Krondrashov Theorem, there exists ¢y € WLZ(Q; CZ) such that, up to a not
relabeled subsequence,
V(¢), — V(¢)o, weakly in 12,
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and
¢}, — Po, strongly in L.

Also, since
|[Curl(A})|2 < Ky, Vn €N,

there exists vo € L?(Qy;R?) such that
Curl(AJ,) — vo, weakly in L?(Qq; R?).

Moreover, since
”A:’l”Q < Kg,‘v’n S N,

there exists
Ag € (O RY),

such that, up to a not relabeled subsequence,
Al, = Ay, weaklyin L2(Qq;R?).

Now fix
$ € C2(O;RY).

Thus, we have,

(Ag, curl*(9)) ;2 = lim (A ,Curl*(§)) 2
= lim (Curl(A ), P2

n—

=(vo, )12
Since ¢ € C°(Qy; R3) is arbitrary, we may infer that
vy = Curl(Ay),

in a distributional sense.
Recall again that, from the Rellich-Kondrashov theorem, up to a subsequence

Al — Ay, strongly in L?,

and
¢), — o, strongly in L?,

so that

AL (9), = Ao(¢)o, weakly in L2,
From this we obtain
V(@) — ipAL (@)1, = V(o) — ipxAo(¢)o, weakly in L?(€;C7),

so that

timint { | 990}~ oA, (@3} > [ [9(g)o~ ipAalgol d,

Recall also that we have obtained

¢l, — Po, weakly in W2(Q; C),

®)

©)
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¢!, — ¢o, strongly in L2(Q); C?) and L*(Q); C?),
and

Curl(A}) — Curl(Ay), weakly in L?(Qy, R3).

From such results and from the the convexity in V¢ —ipA¢ and Curl A, of the functional involved, we
obtain,

liminf (¢, A}) > ] (¢, Ao)-

Therefore,
inf LA) =«
oy (P A) =2
~liminf (9}, A}
>J(¢o, Ao), (10)
so that

](‘PO/AO): min ](¢,A)

(p.A)eV

The proof is complete. [

3. The main duality principle and related dual variational formulation

In this section we develop in details the main duality principle and respective convex dual variational
formulation for the model in question.
We start with a remark.

Remark 1. Let V be a Banach space and let F : V — R be a twice Fréchet-differentiable functional.
Denoting by
8*F(u, 9,1),

the second variation of F at u € V on the directions ¢, € V, we generically denote
82F(u) >0,
if
52F(u, ¢, 9) >0 VpeV.

Moreover, we denote
8*F(u) >0,
if there exists ¢ € R* such that
SF(u,9,9) > cllolt, Vo e V.

We may also denote
9?F(u)
2 —
0°F(u) = 52

Finally, analogous notations hold for a general space
V=V x--xV,
where V; is a Banach space Vj € {1,--- ,n}.
Here we redefine

Vo ={A c W2(OQ;R3) ¢ divA=0,inQj,A-n=0, ond0Q;}.
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Generically, we denote
(@01 =Re | [ 057 dx]

:Re[/g¢vfdx}+1m{/0(pvi‘dx}, (11)

V$,vi € L2(Q;C), where Re[z] and I[z] denote the real and imaginary parts of z € C, with similar
corresponding notations for a vectorial case and for the sets ()1 and 3 \ Q.
Furthermore, we set
A0 = A -0 dx,
A= [
VA,v* € Lz(Ql ; R3), with similar corresponding notations for a scalar case and for the sets () and (); \ Q.
Moreover, denoting Y1 = Y; = L2((;C3), Y, = Y5 = L2 ((;R3), Y3 = Y5 = [2(Q), Yo = Y] = L2(();C)
and Y5 = Y& = L?(0);;R?), we define the functionals F; : VX Y{ x Y >R, F,:Ys > Rand F;: V — R, by

.. . . K K 1
Fi(¢, A,v1,05) =(Vo —i pAg,v}) 2 + (9% v5) 12 + 0l /Q 5 dx+§ /Q |A% dx + 871:” CUTIA*BOH%,LQ

1 . 1 « "
_E/Qh)l'z dx—ﬂ Q(ZJO)Z dx—,B/QvO dx, (12)

F2 ( Curl A)

1
B | Curl A — B0||%’2,01\Q,

and K X
R(gA) =7 [ IoPdr+ [ AP dx.

Also, we define the polar functionals
Ff oYy x Y3 xYs XY/ xY5 =R,
E; :Y5* —)Randl—"g :YI X YS* — R, by

Fi(v1,09,03,21,23) = sup {{¢,21)12 + (A, 23)12 = (curl A, 03) 120\ sy — Fi(¢, A 07, 09) ), (13)

(p.A)eV
Fz*(U;) = sup {(ZU3, U§>L2(01\Q;R3) - 8in3 — By %,2,01\0}
w3€L2(Q \R3) Tt
47 5 '
:7”0; 020\0 '/01\0 v3 - Bo dx, (14)
and
Fi(z1,2z3) = sup  {(w1,27)2 + (w2, 23) 12 — F3(wy, w2) }
(wy,wp)€L?
:i/ 122 dx+i/ 1232 dx (15)
K Jo'™! 2K Ja ™2 :

Define now,

Va={peW : |¢le <K},
Vs = {A eV, : ||A||Oo < K5},

for some appropriate constants K3, K5 > 0 to be specified.

Define also,
Dy ={z1 €Y : [z7]lo < K K3},
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Dy = (€ ¢ 5o < KKs},
K

B*: * Y* . * < -

f={oievt s pile < )

K
B = {wh e i+ 2ol < 55
D* = D} x D},
B* = B} x Bj.

Let 1 € R be such that
N = inf ]((P, A)

(pA)eV
Denoting
R(Vo—ipAg) = 1 [ IVo—ipagP dx,
5 2y _ & 2 a2
Ral¢P) =5 [ (g~ ) ax
- 1
E(A) = QH Curl A — By |52,/
we have,
wy <J(¢,A)

=F (V¢ —i pAp) + F2(|¢[?) + F3(A) + Fr( Curl A)

= — (Vo —ipAdp,0})12 + FL (VP —ipAP) — (19]°,05) 12 + Fa(|¢[*) — ( Curl A, 03) 120\ re) + F2( Curl A)
+ (Ve —i pAP, 7)1z + (9%, 05) 12 + ( Curl A, 03) 120\ o) + F3(A)
+ B(¢,A) = (¢,21) 12 — (A, z3) 12 + (9, 21) 12 + (A, 23) 12 — F3(, A). (16)

Thus,

= inf LA
ap (4)’%6‘/](4’ )

< — (V¢ —ipAd,01) 12 + F1 (VP —i pAd) — (9>, 05) 12 + Fa(|¢|*) — ( Curl A, v3) 120\ %) + F2( Curl A)
+ (V¢ —i pAP,v7) 12 + (9[>, 05) 12 + ( Curl A, 03) 120\ sy + F3(A) + F3 (¢, A) = (9,27)12 — (A, 23) 12
+ sup  {{wy,z7) 2 + (w2, 23) 12 — F3(wy, w2) . 17)

(wy,wp)E€L2
Defining

Hi(¢, A 21,23) = = (Vp — i pAP, 1) 12 + B (Ve — i pAP) — (I9[%, 05) 12 + B2 (I9])
—(Curl A, v3) 120\ 3y + B2( Carl A) + (Vg —i pAp,07) 2 + (|¢]%,05) 12
+(Curl A, v5) 120\ om3) + F3(A) + F3(¢, A) = (¢, 21) 12 — (A, 23) 2, (18)

so that
Hi(¢, A, z3,25) =F1(Vp — i pAp) + Fo(|9]*) + F3(A) + F2( Curl A) + F3(¢, A) — (¢, 2}) 12 — (A, 23) 12, (19)
we have obtained,

= inf A
oy ((P,lAn)er@’/ )

<Hi(¢,A,z1,23) + F5(21,23). (20)

Observe that
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Hi(¢,A,z,23) > inf {—(w3,07)12 + Fi(ws)} + ir;fLZ{—<w4,vS>Lz+fz(w4)}
Wy

’(U3EL

+wS€L2(iS]f\Q;R3) {—<w5/ v3) 200\ 0R) T Fz(w5)} + (¢11{1fev{<v4’ —ipAp,01) 12 + (|9, 95) 12

+(Curl A, v5) 120\ ome) + F3(A) + F3(¢,A) — (¢, 21) 12 — (A,23) 2}

1 . 1
:_E/Q|vl|2dx N (Uo) dx—ﬁ/ v dx — F5 (v3)

+ ((Plglf {(Vo —ipAg, z71>L2 +(|91%, 95) 12 + ( Curl A, 03) 120\ s + F3(A)
+ B(¢,A) = (¢,27) 12 — (A, z3) 12}
=— F(v],v,03,21,23) — F; (03), (21)

V(v3,v5,v5,27,25) € B* x C* x D*, where
C*=CingG;,

Ci = {v5 e W2\ ;R3) : Curlvj =0, inQ;\ Q},
Cs ={vs e W2 (O \R?) : 05-n =0, ondoy}.
In summary, we have got
inf Hi(¢,Az,2) >  sup  {=F(0],05,0321,23) = F(v3)}. (22)
(p.A)eV (v},03,03)€B* X C*

Here we shall assume K > max{vy,«,B,0,1/a,1/7,K3,Ks,1} so that from standard results on convex
analysis, we may obtain

inf H1(¢ A zi,z3) = sup {=F(v1,v9,03,21,25) — 5 (v3)}, (23)
(pA)eV (0% v, v5)€B* xC*

V(z3,23) € D*.
Here we provide some details about how to obtain this last equality.

Observe that, for fixed (z},z3) € D* for such a K > 0 sufficiently large, from the Banach fixed point
Theorem, we may obtain (¢, A) € V such that

oH: (¢, A, z},z3) _
d¢ !
and _ o
oH; (¢, A, z},25) 0
oA -
so that

SHy(¢, A, z5,2z5) = 0.
Define now

o1 = v7(V$ —ipAd),

9 = a(|po|* — B), in Q,
and 1
U3 = H( Curl A — Bp) in Q7 \ Q.

From I

oH1 (¢, A, z],23)

oA =0
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we have
Curl (Curl A —Bp) =0, in () \ Q,

so that
Curl 73 =0, in O \ Q.

Moreover, from 3
oH1 (¢, A, z7,25)

3¢ =0

we may obtain

—ydiv (VP —ipAd) +1(V§ — ipAd)(—ipA) +2a(|§[* — B)§ + K —z{ =0,

so that
—y div 7] — 9] ipA + 200 + Kp — z = 0. (24)
On the other hand, from o
oH;($, A, z},23) _0
0A !
we obtain .
Re[y(V — ioAP)(—ipd)] + yp Curl (Curl A — By) + KA -z =0,
so that

~ 1 - ~
Re[d] (—ipd)] + yp Curl (Curl A—By) + KA —2z; =0, in Q. (25)

From Egs. (24) and (25) and a concerning convexity in (¢, A), we have obtained

inf {F1(¢,A,7,0) — (Curl A, 53)12(0\0r3) = (¢,21)12 = (A, 23) 12}

(p,A)eV
= 0 1V~ pAg, o)1+ {191, 08) 2 +( Curl A 03) 20, 0m0) + Fo(A)
B A) = (90— (A} - 5 [ il dx— o [ @92 dr—p [ o ds
~ F} (01,8, v3,21,23)
_F1(4~’ A,97,95) — (Curl A, 83) 120\ 3y — (P 21)12 — (A, 23) 0. (26)

From such results, we may infer that

—F{(31,05,03,21,23) — B (03) =Fi(, A, 67, 05) + ( Curl A, 53) 120\ ars) — F5 (33) — (¢, 21)12 — (A, 25) 12}
~(V4 i pAd,51) 2 + 9 200
K [ - K [ - 1 )
+ E/ 1612 dx + —/ A dx+ || Curl A~ Boll3 5

1 N 1 "
— —/Q |55 | dx — o (UO) dx—,B/ 35 dx + ( Curl A, 33) 12(0,\ o)

— (Curl A, 55) 120\ yr3) + 871” Curl A = Bo|[§, 0,10

_ 5 X F2 a 712 2 1 A 2
=2 | 1V —ioAgPdx+3 [ (1§~ ) dx+ || Curl A= Boll3 0,
K X+
by [19R x5 [ 1AR dv— (6,20 — (A2}
JQO
=Hy(§,A,z7,23). (27)

From this and (22), we have obtained
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inf Hy(¢, A, z,23) = sup  {—F(01,00,03,2,%) — Fy (v3)}, (28)
(pA)eV (0% v, v5)€B* xC*
V(zj,z5) € D*.
From such a result and (20), we may infer that
a1 = iInf LA
1 (</J,A)6V]((P )
< inf {Hi(¢,A,z],z5)} + Fi(z5, 2,
< (¢,A)€V{ 1(¢,A,21,23) } + F5 (21, 23)
= sup  {-F(v],0,03,21,2) - K (03)} + F(21,2), (29)
(v3,05,05)EB* X C*
V(zj,z5) € D*.
Therefore, we have got
a1 = iInf LA
1 (¢,A)6V](4) )
< inf sup  {—F(01,00,03,21,23) — B3 (v3)} + F5 (21, 2) (30)

(2,23)€D* | (01 ,v5,0%) €B* x C*
Define now [* : B* x C* x D* — R, where
J*(01,05,v3,21,23) = —F (01,05, 03,21, 23) — B3 (03) + F5 (21, 23).-

Define also

Ji (v1, 05,03, 21,2, A) = J* (01, 05,03, 21, 23) + ( Curl 03, A) 20\ o3,

It is worth highlighting we have obtained, for the value of K > 0 previously specified,

inf J(¢,A) < inf sup  J*(v1,0p,03,21, 2;)
(pA)eV (z1,23)€D" | (vF,u5,05)€B* xC*

From the general results in Toland [5], also for such a value of K > 0 previously specified, we may infer

that

inf [(p,A)= _inf sup T (o],05,05,20,73)
(p.A)eV (21,23)eD* (0} vg5,05)EB* xC*

Here we provide some details about how to obtain such a result.
Let (¢, Ag) € V be such that

J(¢o, Ag) = (9, A).

inf |
(pA)eV
Suppose K3 > 0 is large enough so that (¢9, Ag) € V3 x V5.
Observe that, we have necessarily the following optimality condition satisfied,

3] (¢o, Ag) = 0.
Define
07 = v(Vgo — ipAogo),

9 = a(lgol* — ).
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Let

D
[N

1
= H(Cul‘le—BO> in 01\ Q,

so that
Curl 93 = 0in Q7 \ Q.

Define also
2] = K¢y,
and
25 = KAy, in Q.

From the standard proprieties of Legendre transform, we may obtain that (93, 95, 95,27,25, Ag) € B* x
C* x D* x V5 is also such that
17 (57,55, 83,21, %5, Ao) = 0

and
J(¢o, Ao) = J*(97,0p,03,21,25)-

Here we provide some details about how to obtain these last two results.
Observe that the extremal equation

9/ (¢, Ag) _ 0
9P !
stands for
—y div (Vo — ipAgo) + 1(Veo — ipAg) (—ipAg) +2(|¢o|* — B)go = 0, in O
so that

—div (@T) — ﬁi‘ipA() + 2000 + Kepo — ZAT =0.

Moreover, the extremal equation

9 (g0, Ao) _
0A ’
stands for .
Re[—y (Vo — ipAopo) (—ipgo)] + y= Curl (Curl Ag—By) =0, in Q,
and
Curl ( Curl AO - Bo) =0, in Ql \ Q,
so that .
Re[0] (—ip¢o)] + yp Curl (CurlAg — Bg) + KAg —2; =0, in ),
and
Curl 93 =0, in O3 \ Q.
Thus,
9(Fi (o, Ao, 07,95) — (b0, 2]) 12() — (A0 Z3) 1)) 0
o 7
and RN 5% 2%
I(Fi (o, Ao, 07,05) — (d0,£7) 12 () — (A0, Z3)12(00) 0

oA
From these results and from the convexity of F; in (¢, A) on V3 x V5 (for K > 0 large enough), we obtain

—H (01,0, 95,51, %) = iof {R(9 A0 0) = (9 2)10) — (A Z)zop) )

=F1 (o, Ao, 01,0p) — (b0, 21) 12(02) — (A0, 22) 12 (%) @31)
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Thus, here denoting

Fs = Fi(¢o, Ao, 07,95) — (¢0,21) 12() — (A0, 22) 12 (0y3)s

we have oF
I8,
o

and SE
I8 _ 0,
JA

so that

of; (91,95, 03,21, 25, A0) _ O OF}(8,90,0%,21,53)
v} I ov}

ﬁT oFs dFg oy 0Fg dAg
v ot T 9p ov T 0A a0
o, ok
Y 0Y]

v¥ )
= 71 + (Vo — ipAogo)

=0. (32)

In summary, we have obtained,

913 (91,85, 93,21, 23, Ao)

=0.
v}
Similarly,
O (97,25,03, 2,25, A0) __ 05, OFf(01,05,93,2,2)
ov}, T« B ov;;
o oFs  dFgd¢py = 0Fg dAg
== "Bt 5 T30 50r T 9A 307
0 0 0
o oFs
=—0_ ﬁ + Jv*
Y o
o
=g g
—0. (33)
In summary, we have obtained,
011 (87, 5,03, 21,2, A0) _
v}, e
Finally,
3J; (07,95, 03,21, 25, Ag)  0F3(03) | 9((05, Curl Ag)2(0,\0m3))
v - v U3
= - 47'[13; — By + Curl Ag
=0, in 7 \ Q, (34)
so that e r o on o
95 (07,0, 03,25, 25, Ag) —o

*
803
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Similarly,
of; (07, 05,05,21,25, Mo) _ 25 OF;(9),05,05,25,25)
oz} K 0z}
L5, OR | ORgy  OF O
K~ 0z7  0J¢ 9z = 0A 9z}
:ﬁ 0L
K o9z}
2%
-1
x %o
=0. (35)
so that e ek on o
9J1 (01,95, 95,21, 23) —o.
0z}
Also, we have
Oy (07,95,95,21, 25, A0) _ 25 OF(0},05,05,21,23)
0z} K 0z}

_2; 0L % oo aﬁ 0Ag

K ~0z;  0J¢ dz;  0JA 0z;

B ﬁ oFg
K 9z
&%
=0, (36)

9J5 (01, 05,93, 21, 23)

0z} =0

From such results, we may infer that
O] (07,05,05,21,25, Ag) = 0.
Moreover, from such results and from the standard Legendre transform properties, we may also obtain
J(¢o, Ao) = J1(01,00,03,21, 23, Ao) = J" (01,05, 03, 21, 2).-
Observe that
J(go Ao) = J*(67,85,05,2,2) > inf J(87,05, 03, 3).
(z},23)€D*

Observe also that J*(95, 95, 03, 21, 23 ) is quadratic in (27, z3).
Assume now
9%J* (03,05, 05,23, 23)
* *
az]. 9z}

> 0.

Thus, in such a case J* (97,9}, 05,23, 23) is convex in (z],z3) so that from such a convexity we may infer
that
J*(01,05,03,21,25) = _inf  J*(07,0p,03,21,23).
(z§,23)€D*
* &%k

On the other hand, from a concavity of [*(v}, v§, v3, 27, 25) in (v}, v§, v5), we may obtain

Ak 2 * * 2% 2%
J(91,05,05,21,23) = sup J* (01,05, 3,21, 23)-
(v3,05,05) EB* xC*
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From such results and from a standard Saddle Point Theorem, we have got

J(¢o, Ag) = miny](‘l’/ A)

(9.A)e

—J* (03, 05,03, 51,5

= _inf sup J*(v],v5,v3,21,25) ¢ - (37)
(z1,23)€D" | (vf,u5,05)€B* xC*

In summary, since the Saddle point is unique, we have proven the following theorem.

Theorem 2. Considering the notation and context in the previous lines in this section, as previously specified, assume

K> max{vy,a,B,p,1/a,1/7,K3,Ks,1}.
Suppose also, K3 > 0,Ks > 0 are such that

inf_J(p,A)= inf _J(¢,A).

(w,p)eVv (u,¢)€V3x Vs
Under such hypotheses,
inf J(¢,A)= inf sup J*(v1,v0,v3,27,25)
(u,¢)€V (ZT,Z;)GD* (UT,‘US,‘U;)EB* < C*

Moreover, suppose (97,0;,05,27,25, Ag) € B* x C* x D* x V5 is such that
0J1 (97, 05,05,27,25,Ag) = 0.

Assume also

P00, 05,2,3) |
* * °
azj 9z}

Under such hypotheses, Ag € Vs is such that

%
22— A,
K 0
and ¢g € V3 such that
2%
$o = ﬁ/
K

is also such that
(S]((POI AO) - O/

and

J(¢o,Ag) = min J(¢,A)

(p,A)eV
=T (81,25,95, 21,2
= inf sup J*(v],v5,v3,21,25) ¢ - (38)

(#1,23)€D* | (03 ,05,0%)€B* x C*

The objective of this section is complete.

3.1. One more duality principle and related dual variational formulation

In this subsection we develop in details another duality principle and respective convex dual variational

formulation for the model in question.
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Remark 2. In this section, for v* € Lz(Q), we define
lo* -1y = sup { (9,0 )2y + @ € Hy(Q) and [lglly2 < 1}
Observe that for v; € W1?(Q;IR3) and ¢ € H}(Q)), we have

(g, div o) 20y = [(Ve,07) 203 | < ll@ll2llo7] 2 ms)

so that
I div o7 |10y < 107 [l 2(asms)-
Analogous notations and results hold for complex spaces.
Denoting again Y1 = Y{ = L2((;C?), Yo = Y5 = L2((;R3), Y3 = Y5 = L2(Q), Ya = Y} = L?((;C) and

Ys =Y: = LZ(Ql ;R3 ), considering an exact penalization, we define the functionals F; : V x Y x Y — R and
FE:V =R, by

Fi(¢, A, v}, 05) =(Vo —i pAd,v}) 12 + (|91 05) 12 + 2 /Q |¢|* dx + 5 /Q |A? dx + 8?” Curl A — Bo||%,2,01

o 1 1
+ Kg|| — div 0] —ipA - v} +20647||%{,1(Q) ~ oy /Q |0t | dx — % 0(03)2 dx — ,B/QUS dx,

(39)
K K
Big.A) =5 [ 9P dx+5 [ AP dx
2(0,8) = 5 [ 19Pdx+3 [ |AR dx
Also, we define the polar functionals
Ff Y] xY5 xYy xYs - R,
and FJ : Y x Y2 = R, by
Fi(vi,05,21,22) = sup {{¢,27)12 + (A 22)12 — Fi (9, A, 01, 05) (40)
(p,A)eV
and
F(z1,2) = sup  {(wy,27) 12 + (w2, 23) 12 — B (wy, w2) }
(w1,w2)€L2
—i/ 212 dx+ — [ |23]? dx 1)
T 2K Ja'™ 2K Jo 20 T

Define now,

Va={peVi : |¢llo <Kz},
Vs = {A eV, ||A5Hoo < K5},

for some appropriate constants K3, K5 > 0 to be specified.
Define also,
Di ={z €Y : |zilw <KKs},

D5 = {5 €% + lshllo < KKs),
K

B — * Y* o *oo<7,

P={eien s il < g}

K
o * Y- |20 o < — b
B, {Uo €Y; : |l2v5]le < 16}
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D* = D} x D},
B* = B} x Bj.

Denoting
R(Vo—ipAg) =1 [ Vo—ipAgP dx,

BoP) =5 [ (6P -

R(A) = QH Curl A — Bo|[§20,/

we have,

J(¢, A) + Ksll — div o] —ipA -0} + 2059171 ) =F1(V — i pAP) + Ea(|¢])
+ F5(A) + Kg|| — div v} —ipA - v} —5—206([)”%1,1(0)
— (V¢ —ipA¢,v]) 2 + (Ve —i pAg)
— (¢ v8)12 + B:(19)
+ (Vg —ipAp, 7)1z + (¢, 05) 2
+E(A) + K — div o] —ipA - o] + 2059171 g
+ (¢, A) = (¢,21)12 — (A, 23)12
+ (¢, z7) 12 + (A, 23) 12 — F3(¢, A). (42)

Thus,

J(¢,A) +Ks|| — div o] —ipA - v} + 2059171 ) =F1 (Vg — i pAP) + Fo(I¢])
+ F5(A) + Ks|| — div o} —ipA - v + 20501710
— (Vo —i pAP,v1) 12 + Fi (Vo —i pAg)
— (|¢[%v5) 12 + B2 (|9]?)
+ (Vo —ipAdp,v7) 2 + (|9, 05) 12
+ F(A) + Kg|| — divoj —ipA- o} +203¢||%{,]
+ F3(¢,A) — (¢, 21) 2 — (A, 23) 2
+ sup  {(wq,z])2 + (wo,2z5) 2 — Fs(wy, wa)}.  (43)

(wl,WZ)ELZ
Defining
Hy(¢,A,v3,05,21,23) = — (Vo — i pAg,03) 12 + Fi (Vo — i pAg) — (|92, 05) 12 + Ba(|9p]?)
+ (Vo —ipAg,v7) 2 + (19> v5) 12

+ B(A) + Ksl| = div o —ipA 0] + 2050310 + (¢, A) = (9,21)12 — (A, 23) 12,
(44)

so that
H(¢, A, v1,05,21,23) =F1 (V9 — i pA®) + Ba(|p[2) + F(A) + Ks|| — div of — ipA - v + 20591,
+ EF3(9,A) — (¢, 21) 12 — (A, 23) 2. (45)
Observe that

Hi(¢, A, v7,00,21,23) > inf { (w3, v7) 2 + Fi(w3)} + inf { (wy,v5) 12 + Fa(wy) }

wi€L? wyel?
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+ inf {(V(,D—IPA(P o)z + (191 v5) 12

(pA)eV
+F3<A>+1<8||—divv1 ipA 07 + 20303 1 ) + B9, A) — (9,70)2 — (A23) 12}
5= il =5 [ @52 dx—p [ v dx+( inf (V9 —i 0A¢,07) 12 + (|9, 05)12
+F3(A) + Kg| — div o] —ipA - v} +2UO¢HH—1(Q) +F(¢,A) —(¢,21)12 — (A, 25) 12}
(46)

ok ok
=—F(v1,05,03,21, %),

V(v5,v5,27,25) € B x D*.
Here we shall assume K > max{v,«,8,0,1/a,1/7,K3,Ks,1}. Furthermore, we assume that Kg > 0 is
(under) very close to the largest constant possible such that —F;" is concave in (v], v}) on B*, V(z],z5) € D*.

Define now [* : B* x D* — R, where

J*(v1,09,21,23) = —F (01, 05,21, 23) + F3 (27, 23).
Now we proceed to obtain sufficient optimality conditions for the dual and primal formulations

Suppose (97, 9],2;,2;) € B* x D* is such that

2
Ap =2,
07X
and
_ 4
4)0 - K 7
are also such that
5]((P0/ AO) = 0/
and
J(¢o, Ao) = J*(97,90,27,23)-
Observe that
](4)0/ AO) ] (ﬁll UAS/ 2?/ 2;) > (2 le)fED* ]* (UAT/ ﬁg/ ZT/ Z;)
1752
Observe also that [* (97,9, 2], z5 ) is quadratic in (27, z} ).
Assume now
82]*(73’{,133,21,22) -0
az}kazk ’

Thus, in such a case J* (97,9, 2,23 ) is convex in (z],z3) so that from such a convexity we may infer that

Ak Ak sk a4k ] X (ak Ak * *
= inf 07,00,21,25)-
) (z{,z;)eD*] (01,90,21,22)

On the other hand, from a concavity of [*(v}, vj, 27,25 ) in (v}, v, v3), we may obtain

J*(07,00,21,25) =  sup (v, 05,21, 23)
(05 05)€B*
From such results and from a standard Saddle Point Theorem, we have got

AX A% ak

J(¢o, Ao) =]" (07, 05,21,25)
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= inf { sup ]*(vi‘,vé,zf,z’zk)}. (47)
(

(z3,23)€D* v}, v5)€EB*
On the other hand,

J (9o, Ao) =]"(91,85,21,25) < —F{ (01,05, 21,23) + F5 (21, 23)
<J(¢,A) +Ks|| — div 0] —ipA - 07 + 200131 + P26, A) = (¢, 27) 12 — (A, 23) 12 + F5 (21, 23),
(48)

V(z5,235) € D*, (¢,A) € V5 x Vs.
In particular, for z; = K¢ and z; = KA, we obtain

V(Cp, A) € V3 x Vs
Joining the pieces, we have got

J(¢o, Ag) = (¢,A)ig‘£3xV5{]((P’A) +Ks|| — div 07 — ipA - 0] +2039[|, 1 }
=J"(01,00,21,%;) = _ inf ) sup  J*(v1,v5,21,23) ¢ - (50)
(27,23)€D" | (of,05)€B*

The objective of this subsection is complete.

4. An approximate procedure for improving the convexity conditions for an originally
non-convex primal formulation

In this section we obtain an approximate procedure for improving the convexity conditions for an
originally non-convex variational formulation.
We present an application for the following Ginzburg-Landau type equation,

—yu’ +au® — pu— f=0, in[0,1].

Here
uevi={uc W&'z([O,l}), 0<u(x) <2, ae inQ=1[0,1]},

y=01l,a=B=1and f =1, on[0,1].
The corresponding variational formulation is given by the functional | : V; — R, where

/ 2 dx+ - /u dx — ‘B/u dx — (51)

Here we define the functional J3 : V; = R by

1014 K4
Ja(#) = =& /QCOS (u/lolo n K) 4z,

K = 500000 (2 7).

where

Moreover, we define the functional 5 : V; — R, by

J5(u) = J(u) + Ja(u).

The functions
93(x)
ox
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and
9%J3(x)
ox2 7

on the interval [0, 1] stands for

ofz(x) 101 . K* —K* 1
ax K M \x/100 1 k) \(x/100 1 K)2 ) \ 1010 )

9*J3(x) _@COS K* —K* 2712
o2 K3 x/1010 + K (x/1010 + K)? 1010
10 | K* K* 1\?
e sm<x/1010+1<> ((x/1010+K)3) <1010> / 2

respectively.
For their graphs, please see Figures 1 and 2, repectively.

051

-0.5

Figure 1. Graph of function J}(x) on the interval [0,1].

25

0.5

Figure 2. Graph of function J§ (x) on the interval [0, 1].

Thus, with the results of the previous section in mind, we may obtain

oJs(u) _9J(u)  9J3(u) _ 9](u)
S = oy t o = 5, +©(0.003). (53)
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Moreover,

2 2 2 2
? gi(zu) :aa{g’) 42 ;ig”) = aa]u(f) +0(1.16) > 0, in V. (54)

Observe that J5 is convex and its first variation has a very small perturbation concerning the original first
variation of J.

For a initial solution uy = 0.1, in [0, 1], we shall apply the Newton’s Method with a grid of 100 nodes in
a finite differences context, for the interval [0, 1]. For standard results on the finite differences method, please
see [21].

For the approximate functional 5, the Newton’s method iterations stand for

(1)1 = (u)n = U5 ((u1)n)] ™1 (U5 (1))

On the other hand, the iterations for the Newton’s Method for J, stand for

(u2)ns1 = (u2)n — [ (12)n)] 7 (J (u2)n),

where generically, #; denotes the solution for the approximate problem and u, the solution for the original
one.

Here we present tables with the concerning iterations.

For the approximate problem related to the functional J5, please see Table 1.

For the original problem related to the functional J, please see Table 2.

Table 1. Iterations for Newton’s Method related to solution 17 concerning Js.

iteration k | u7(0.5)

1 1.1604
1.1436
1.1443
1.1450
1.1453
1.1453

O\ Ul x| W N

Table 2. Iterations for Newton’s Method related to solution 1, concerning J.

iteration k | u(0.5)
1 75.5311
2 50.3542
3 33.5697
4 22.3802
5 14.9210
6 9.9491
7 6.6365
8 4.4327
9 2.9745

10 2.0300
11 1.4663
12 1.2080
13 1.1493
14 1.1464
15 1.1464

For the graphs obtained for the solutions u; e u5, please see Figures 3 and 4, respectively.
Looking at Tables 1 and 2, we may see that the approximate solution u;, related to the functional Js,
converged in 5 iterations, whereas solution uy, related to the original functional ], converged in 14 iterations.
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906

08 / \
06

04l | \

Figure 3. Solution u1(x) on the interval [0, 1] concerning Js.

N
/

08 // \

0.6

0.4 r

Figure 4. Solution u,(x) on the interval [0, 1] concerning J.

Therefore, the convergence for the convex approximate model is considerably faster, as expected.
Finally, here we present the software in MAT-LAB through which such results were obtained:

1. clear all
m8=100;
d=1/m§;
A=1;
B=1;
el=0.1;
K = 500000 * 2 * 7T;
yo=ones(m8-1,1);
m2=zeros(m8-1,m8-1);
for i=2:m8-2
m2(i,i)=-2.0;
m2(i,i+1)=1.0;
m2(i,i-1)=1.0;
end;
m2(1,1)=-2.0;
m2(1,2)=1.0;
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m2(m8-1,m8-1)=-2.0;
m2(m8-1,m8-2)=1.0;
Id=eye(m8-1);

for i=1:m8-1

uo(i,1)=0.1;

end;

kl=1;

b12=1.0;

while (b12 > 107%) && (k1 < 100)
k1

k1=k1+1;

for i=1:m8-1

F1(i,1) = 104 /K3 % sin(K*/ (u0(i,1) /10" + K)) * (—=K*)/(u0(i,1)/10'° 4+ K)? % 1/10'9;

2(i, 1) =10 /K3  cos(K*/ (uo(i, 1) /10'° + K))
« ((—=K*)/(u0(i,1) /10" + K)?)2 % (1/10'0)?;

F2(i,1) = F2(i,1)
+2 %10 /K3 x sin(K*/ (u0(i, 1) /10'° + K)) * (K*) / (u0(i, 1) /10'° + K)3 % (1/1010)2;

end;
M = —el *m2/d* + diag(3 * uo(:,1). x uo(:,1)) * A — B * Id + diag(F2(:,1));

ul = uo — ino(M) x (—el x m2/d? x uo(:,1) —yo(:,1)
+uo(:,1).xuo(:,1).%xuo(:,1) * A — Bxuo(:,1) + F1(:,1));

b12=max(abs(ul-uo));

!

uo=ul;

ull(k1l-1)=uo(m8/2,1);

end;

for i=1:m8-1

uo(i,1)=0.1;

end;

k=1;

b14=1.0;

while (b14 > 107*) && (k < 100)
k

k=k+1;

M = —el *m2/d* + diag(3 * uo(:,1). x uo(:,1)) * A — B * Id;

u2 = uo — ino(M) x (—el x m2/d? x uo(:,1) —yo(:,1)
+uo(:,1).xuo(:,1). xuo(:,1) * A — Bxuo(:,1));

b14=max(abs(u2-uo0));
uo=u2;
ul2(k-1)=uo(m8/2,1);
end;

for i=1:m8-1
x1(3i,1)=i*d;
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end;

plot(x1,ul);
The objective of this section is complete.

5. A general non-convex multi-well model

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by
0Q).
Consider a functional | : V — R defined by

J(u) = F(Au) = (u, f)v,

where V = WS’Z(Q; RN).
Moreover, denoting Y = Y* = L2((Q;RN), Y| = Y) = L2(C;R™), F: Y — Ris such that
1

F(Au) = =

i Au) dx.
5 le{q}1_r}M}gk( u) dx

Here, g : R™ — Ris a twice differentiable convex function, Vk € {1,---, M}, for some M € N.
Also, f € Y*and A : V — Y is a bounded and linear operator whose the adjoint one is denoted by
N YT = VE
Observe that
J(u) =F(Au) — (u, f)v
— (A, o) 2 + E(Au) + (Au,0%) 2 — (u, )y
> inf { (v, 0" )2+ F(v)} + inf {(Au,0*) 2 — (u, f)v}
vEY; ueV

P (55)

Vov* € A*, where
A*={v" €Y : A"v*—f=0}.

Observe also that

inf {—(v,v");2 + F(v)} = inf { (v,0") 2 —|—; min  gx(0) dx}

veY veY; Qkef{l, -, M}
—/ <ke{rfun {Jé‘fl{ vo” + gk (v )}}) dx
= [ omin, (=8i(v") ds
= a8
— _ F*(v"). (56)

In summary, we have got,

inf () > inf {F (A) = (u, )}

= sup {~F"(v")}. 57)

v*EA*
The dual problem is concave and has a solution (u,v;) where uy € V is an appropriate Lagrange
multiplier for the Lagrangian
L(v*,u) =F*(v*) — (u, A"v* — f)v
=F(0") = {Au,0%) 2 +(u, flv, (58)
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so that the following extremal equations are satisfied

AMQ = JF* (US),

and
ANvy—f=0.
Hence,
vy € OF (Auy),
F*(v) =(Aug, v) 12 — F**(Auy)

=(ug, N*0*yy — F**(uy), (59)

and thus,
F*(ug) — (u, f)12 = —F*(v),

so that

J(uo) =F(Aug) — (uo, f)v
>F* (Aug) — (uo, f)v
— inf (F**(Aw) — {u,f)v)
= sup {—F"(v")}
vFEA*
= — F*(vp). (60)

Observe that an optimal point may not be attained, so that it remains still the issue of obtaining an
appropriate critical point for | at least close to optimal.
Having obtained such a up € V which minimizes the relaxed functional

F(u) = (u, f)v,

we shall propose a procedure for obtaining such a appropriate iy close to optimal for J.
We start by defining the functionals F; : V —+ Rand F, : V — R, by

K
Fi(w) = F(Au) + 5 [ fu—uof dx = (u, f)v,
and %
F(u) = E/Q|u—uo|2 dx,

so that
J(u) = Fi(u) — Fy(u).

Moreover, we define F{ : Y* — Rand F; : Y* — R, by

Fi(z") = 51611‘3{@4 —uo,2") 2 — Fu(u)},

and

B (") = Sl;}y?{@ —ug,z")p2 — B2(0)}

1 *
:ﬁ/ﬂﬁ 2 dx. (61)
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Observe that

J(u) =F1(u) — Fa(u
=—(u—up,z") 2+ F(u) + (u—up,z*) 2 — F2(u)
< —(u—up,z") 2+ Fi(u) +sup{(v —up,z*) ;2 — K(v)}

veY
=Fi(u) = (u—uo,2%)p2 + K (2%), (62)
YueV, z"eY*
Let &7 € R be such that
= inf .
a = inf J(u)
From the last previous lines we have got
=1 f
a; = inf J(u)
< inf{F(u) — (u—up,z%) 2} + F5(z")
ucV
=-F(z") + K (), (63)
Vz* € Y.
Therefore
ay = erl‘f/f(“)
< inf {—-F(z") +F(z")}. (64)
z*eY*

Indeed, from the general results in Toland [5], we may obtain

a Zgg‘f/](“)
— inf {—F(=") + F ()}, (©5)
zheY*
so that
a = inf J(u)
:Z}&ff*{—ﬂ (z) + E5(z%)}
= inf {F(u)— (u—upz") 2+ F(z")}. (66)
(u,z*)€eVXY*

Defining Jg : V X Y* — R by
Js(u,z*) = Fy(u) — (u—up,z*) 2 + E5 ("),

we have got

ap = inf J(u)
ueV
= inf (~Fj (") +E (")
= inf {Js(u,z*)}. (67)

(u,z*)eVxY*

For a very large value for K > 0 we shall propose to obtain an appropriate critical point for J, through
obtaining a critical point of Jg intended to be close to optimal.
In the next subsection we present some numerical examples for related models.



Open J. Math. Sci. 2026, 10, 885-920 911

5.1. Some related models and concerning numerical examples

In this subsection we develop duality principles for some models in phase transition. Similar results and
models are addressed in [22].
Let O = [0,1] C R, and consider a functional | : V — R defined by

_ %/Qmin{(u/—l)z,(u’+1)2}dx+%/0(u—f)2 dx,

where
V={ucW?Q) : u(0) =0and u(1) = 1/2}.

In this subsection, we also denote
Y =Y*=L*Q).

Observe that
1
) = = 0%} 2+ 5 [ ming (6 =12, (¢ + 12} dx o+ o0z 45 [ (e f

> inf {—(v,v*}Lz —i—%/ﬂmin{(v—l)z, (v+1)%} dx} + inf {(u’,v*)Lz +§/Q(u—f)2 dx}

:—/Qmax{;(v*)z+v*,;(v*)2 o} x_,/ (%) + )2 dx — v* (u(1)
_ ; dx—/ 0% dx — = / 2 dx + o (Du(1). (68)
Defining
T* (0%) :—%/Q(v*)z dx—/Q|v*| dx — = / 2 dx 4+ v (1)u(1). (69)

we have obtained

inf J(u) > sup J*(v).

ueV vrEY*

Indeed, from standard results on basic convex analysis for such a scalar case, we have
inf J(u) = sup J*(v).
ueV vrEY*

We have obtained numerical results concerning the maximization of J* for the cases A and B, where
Case A: f(x) = sin(mx)/2,
Case B: f(x) =0, on [0,1].

0.5

L \\ i
045 / . /

0.4t N\
035 f /
\
\
031
/

0.25 1 /
021 /
0.15 1

0.1
0.05 [

Figure 5. Solution u((x) on the interval [0, 1] for the Case A.
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Figure 6. Solution u((x) on the interval [0, 1] for the Case B.

For the corresponding graphs for the optimal solutions

ug = (v9)" + f,

obtained, please see Figures 5 and 6, respectively.
The results were obtained through the first part of software presented at the end of this subsection.
Consider now a closely related functional J; : V — R, where

:%/Q((u’)z—1)2dx+%/0(u—f)2dx

It is well known from the current literature that a global minimum for J; may not be attained.

Having obtained such a previous solution ug € V of the closely related functional J, which has critical
points close to those of J;, we shall present a procedure to obtain a critical point for J; intended to be
approximately optimal.

Define the functionals F; : V — Rand F, : V — R by

_ . — )2
Fi( 2/ 1) dx+2/u up)? dx+2/ u dx,

and X
=5 /Q(u — up)? dx,
so that
Ji(u) =Fi(u) — F2(u)
= —(u—ug,z") 2+ Fy(u) + (u —ug,z*) 2 — Fa(u)
< —(u—up,z") 2+ Fi(u) +sup{(v —up,z*) ;2 — F(v)}
veEY
=F(u) — (u—up,z*) 2 + F5(z")
=J3(u,z"). (70)
Observed that clearly
f inf ,z5).
L}IG‘th( ) (u,z*)ugVXY* ]3(u z )

Therefore, for a large value of K > 0, we shall obtain an appropriate critical point of J;, by obtaining a
critical point of J3, intended to be approximately optimal for J;, through the following algorithm.

1. Setn =1, K = 3000000, 0 < € < 1 (small) and z;; = 0.
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2. Find u,, € V such that
8]3(1’[}’112:2) — 0
ou '

3. Find z, € Y* such that
a]3(u1’l/ Z:;+1)

0z* =0

so that
Zpp1 = K(un — up).

4. If ||z .4 — 23|l < ¢, then stop. Otherwise n := n + 1 and go to item 2.
We have obtained solutions for the cases C and D.
Case C, for f(x) = sin(7tx)/2 and ug of Case A of the previous section.
Case D, for f(x) = 0 and u( obtained in Case B of the previous section.
For the corresponding graphs obtained for the solutions i, please see Figures 7 and 8, respectively.

] I

0.45 -
0.4
0.35 [
031
0.25 [
0.2
0.15

0.1

0051 /

Figure 7. Solution iI(x) on the interval [0, 1] for the Case C.
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Figure 8. Solution #1(x) on the interval [0, 1] for the Case D.
Remark 3. Observe that figures for the Cases A and C and, B and D respectively, are very similar, as expected
since it is well known in the literature the functionals | and J; have in general very close critical points.
Here we present the software in MAT-LAB through which such results have been obtained.

1. clear all

global m8 d yo K el uzl u3e3
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m8=300;

d=1/mS§;

e3=0.0000001;

K=3000000;

e1=0.0001;

for i=1:m8

yo(i,1)=sin(i*d*pi) / 2*0;

z1(1,1)=0.0;

end;

for i=1:m8-1
y1G,1)=(yo(i+1,1)-yo(i, 1)) /d;

end;

vo(;,1)=0.1*ones(m8,1);

b12=1.0;

k=1;

while (b12 > 107%) && (k < 100)

k

k=k+1;

for i=1:m8

wo(i, 1) = \/vo(i,1)% + e3;

end;

i=1;

m12 = 1+d?/wo(i,1) + d?;
mb50(i)=1/m12;

z(i) = m50(i) * (y1(i, 1) * d%> + yo(i, 1) * d);
for i=2:m8-1

m12 =2 +d?/wo(i,1) +d?> — m50(i — 1);
m50(i)=1/m12;

z(i) = m50(i) * (y1(i,1) *d*> +z(i — 1));
end;

v(m8,1)=1/(1-m50(m8-1))*(d /2-d*yo(m8,1)+z(m8-1));
for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

b12=max(abs(v-vo));

VO=V;

for i=1:m8-1
u(i,1)=(vo(i+1,1)-vo(i, 1))/ d+yo(i+1,1);
end;

u(m8,1)=1/2;

u(m8/2,1)
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end;

u3=uy;

xo=u3;

x1=u3;

bl14=1;

kl=1;

while (b14 > 107%) && (k1 < 100)
k1

k1=k1+1;

b12=1;

k=1;

while (b12 > 107%) && (k < 100)
k

k=k+1;
X=fminunc('funsep20244’,x0);
b12=max(abs(X-x0));

x0=X;

u(m8/2,1)

end;

z1=K*(u-u3);
b14=max(abs(x1-x0));

x1=xo;

end;

for i=1:m8

x5(i,1)=i*d;

end;

plot(x5,u);

B R R R

With the auxiliary function "funsep20244"

4 43838 36 36 36 36 3 3 3 o o 8 636 36 36 36 3 3 3 3 o o 4 % e K KK

1. function S=funsep20244(x)
globalm8 d yoK el uzlu3e3
for i=1:m8
u(i,1)=x(,1);
end;
u(ms,1)=1/2;
du(1,1)=u(1,1)/d;
for i=2:m8
du(i,1)=(u(i,1)-u(i-1,1))/d;

end;

d2u(1,1) = (=2*u(1,1) +u(2,1))/d%
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for i=2:m8-1

d2u(i,1) = (u(i+1,1) =2 u(i,1) +u(i—1,1))/d%
end;

S=0;

for i=1:m8

S=S+1/2x%(du(i,1)> —=1)2+1/2% (u(i,1) —yo(i,1))® + K= (u(i,1) — u3(i,1))?/2;
S5=S-z1(1,1)*(u(i,1)-u3(i,1));

end;

for i=1:m8-1

S=S+elxd2u(i,1)?

end;

33 o 8 4 3436 36 36 36 3 3 3 o o 4 6 4363 3 3 3 S S A K KN

6. A final note on a general non-convex multi-well model

Let 3 C R" be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by
0Q).
Consider a functional | : V — R defined by

J(u) = F(Vu) = (u, f) 2,
where V = WS’Z(Q; RN).
Moreover, denoting Y = Y* = L2(;RN), Y, = Y] = L2(0y; RN”), assume F : Y7 — R is such that

F(Vu) = /()ke{r%}}?M}gk(Vu) dx.

Here, g : RN™ 5 R is a twice differentiable convex function, Vk € {1,---, M}, forsome M € N.

Also, f € Y*and V : V — Y) is a bounded and linear operator whose the adjoint one is denoted by
—div : Y] — V*.

Observe that defining

M
B = {{tk} measurable : 0<# <1, Vke{1,---,M} and Z te =1, inQ} ,
k=1
we have

M
F(Vu) = tlgg {/Q (k_zl tkgk(Vu)> dx}.

Here we define F; : Y1 X B+ Rand J; : V x B — R, by

M
F1(Vu,t) :/Q (1; tkgk(Vu)> dx,
=1

and
Ji(u,t) = Fi(Vu,t) — (u, f) 2.
Observe that

J(u) =F(Vu) = (u, f)1»
. M
= inf {/Q (I; tkgk(vu)> dx} — (w2
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M
— (Vit,0%)yz + inf { / (Z tkgk<w>> dx} + (V0% — (u,f)p2

k=1
S
_vlgl { (v, v") 12 —f—tmf{/Q
=52£{;££ {-W it |,
M
=it ( (Z fkgk) v
M
= ?Qg (— /Q <k=21 tkgk> (v )dX>, (71)

Vo* € A*, where

M

Y hegk(v )dx}} 1nf{ u, divo*) 2 — (u, )2}

k=1

M
<Ztkgk(v)> dx}} 1nf{ u, div o*) ;2 — (u, f)2}

k=1

dx + 1r1f {—=(u, divo*) 2 — (u, f);2}

A"={o" €Y : divej +f;=0, inQ, Vje{l,--- ,N}}

In summary, denoting F* : Y x B — R by

M *
P = | <k2 tm) (v*) dx,
=1

we have got

inf = inf b
inf J(u) = inf J(wt)

> sup {tigg{—F*(v*,t)}}. (72)

vFEA*

Observe also that, fixing t € B, from standard results on convex analysis, we have

1nf ]1(u t) = sup {—F*(v", 1)},

v*EA*

so that

(u,t)erB teB VFEA*

inf  Ji(u,t) = inf{ sup {—F*(v*,t)}} ,
Thus, we have obtained

inf = inf St
L}gV](u) (u,t)HEIVth(M )

:inf{ sup {—F*(v*,t)}}

teB VFEA*

> sup {inf(~F'(0",0) }. 73)

vFEA* teB

Recall that the restriction defining B is equivalent to
2t <0Vke{1,---,M},

and

M
Y k=1inQ.
k=1
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Thus, already including the Lagrange multipliers for the concerning restrictions, define now the

Lagrangian

M
L(U*, t,u, )\) = —F*(U*, t) <u div v* —I—f 2+ Z /\k, tk L2 + <)\0, Z te — 1> .
k=1 2

k=1

Let
(0%, to,up, A) € Y{ x B x V x L2(Q; RMF1),

be such that
5L(Z§*, to, U, j\) =0.

From evident convexity

—F* (9%, tp) = sug {—=F*(v",ty)}.
vFEA*

Suppose such a ty € B is such that

CF*(6%, k) = inf{—F* (6", 1)}.

teB

In summary, we have got
—F*(8%,ty) = inf{—F* (0" ¢
(07, to) =inf{—F"(0", 1)}

= sup {—F*(v",to)}.

vreA*
From such results and a standard Saddle Point Theorem we may infer that

_E (6 ) —inf{ sup {—P*(v*,ﬂ}}

teB vFEA*

= sup {inf(-F' ("0} }.

vrEA*

Moreover from the extremal equation

oF* (9%, t9)
Vug = ——————,
¥0 Jou*
we obtain
F* (ﬁ*,to) = <Vu0, 13*>L2 - Fl(uo, to),
that is,
F*(@*, to) = <Ll0,— div ?3*>Lz — Fl(uo, to),
so that
F*(9%,to) = (uo, )12 — F1(uo, to),
so that

Ji(uo, to) = —F*(9", to).

Joining the pieces, we have got

J (o) = inf ] ()

= inf L
(u,t)u;VxB J (u )

=]1(Mo, to)
— F* (0", t0)

(74)

(75)
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teB vFEA*

:inf{ sup {—F*(v*,t)}}

= sup {inf{—F*(v*,t)}}. (76)
orear L tEB
Remark 4. A concerning issue here is that the infimumin t € B for —F*(9*, t) may not be attained considering
that such a functional is non convex in t. However, similarly as for the Ekeland variational principle, we obtain
a tg € B close to optimal and approximately satisfying the related Euler-Lagrange equations for L. In such a
case, in (76) we would obtain only the approximations

J(uo) = inf J(u) = inf  Ji(u,v) = Ji(ug, to) = —F (9", to).
ueV (u,t)€VxB
That is the case as the global minimum is not attained for J. However, we emphasise that for a finite
dimensional model version, in a finite differences or finite elements context, such mentioned extremals
are always attained so that, in such a case, (76) holds. We emphasize this exact solutions obtained for
such approximate finite dimensional models represent points close to optimal for the originally non-convex
functional | defined in an infinite dimensional function space.

The objective of this section is complete.

7. Conclusion

In this article, we have developed duality principles and related convex dual variational formulations for
originally non-convex primal ones. As a first application, we have set duality principles and respective convex
dual formulations for a Ginzburg-Landau model in superconductivity. In the final sections we have addressed
related models in phase transition.

We highlight the results here obtained are applicable to a large class of models in the calculus of variations,
including some plate and shell non-linear theories, other models in superconductivity, phase transition and
micro-magnetism, among many others.

In a near future research we intend to apply such results to some of these mentioned related models.
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