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Abstract: In this paper, we introduce Fibonacci and Lucas quasi-quaternions by combining classical number
sequences with the structure of quasi-quaternion algebra. We investigate their fundamental algebraic
properties, including real and imaginary parts, conjugates, norms, and recurrence relations. We establish
Binet-type formulas, generating functions, and sum formulas for these sequences in the quasi-quaternionic
setting. In addition, we derive several classical identities, such as the Cassini, Catalan, d'Ocagne, Vajda, and
Honsberger identities, adapted to Fibonacci and Lucas quasi-quaternions. Furthermore, we present matrix
representations of these structures and obtain explicit expressions for the powers of the associated matrices.
We also consider De Moivre-type formulas in the quasi-quaternion framework and analyze the behavior of
these sequences under repeated operations. The graphical representations complement the theoretical results
by illustrating the structural and asymptotic behavior of these quasi-quaternionic sequences.
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1. Introduction

UATERNIONS were first discovered in 1843 by Sir William Rowan Hamilton. Quaternions are a
Q generalization of complex numbers [1]. They form a four-dimensional number system and correspond
to rotations in three-dimensional space. Therefore, they are widely used in vector studies and spherical
geometry. Quaternions are also used in vector analysis, geometry, physics, computer animation, mechanics,
and robotics.
A quaternion generally has the form

h=a+ib+ je+kd,

where i, j, and k are quaternion units, and 4, b, ¢, and d are real numbers. These quaternion units satisfy the
multiplication rules shown in Table 1.

Table 1. Multiplication table for quaternion units

T=1] k| =
STk 1] i
K17 | =i | =1

Quaternions have been studied by many researchers in connection with number sequences, and their
properties have been examined in several contexts [1-16].

Quasi-quaternion algebra was introduced by Mehdi Jafari, who also investigated its fundamental
properties [17].  Quasi-quaternions are a special type of quaternion. Unlike classical quaternions,
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quasi-quaternions satisfy the commutative property. A notable research direction in this field is the study
of quasi-quaternions as an alternative quaternion algebra in which multiplication remains commutative. This
structure provides new insights into number sequences by incorporating vector components together with
the traditional scalar terms. In recent years, researchers have extended Fibonacci and Lucas sequences to
quasi-quaternions, allowing a deeper understanding of their algebraic properties, recurrence relations, and
generating functions.

This study introduces and analyzes Fibonacci and Lucas quasi-quaternions through various algebraic
and geometric approaches. We establish their recurrence relations, generating functions, and fundamental
identities. Furthermore, we use De Moivre’s formula in the quasi-quaternion setting, extending classical
results to higher-order powers of these structures. A key contribution of this paper is the graphical analysis
of Fibonacci and Lucas quasi-quaternions, which provides geometric interpretations of their behavior under
different parameters [18,19].

This paper extends these works by presenting graphical visualizations of Fibonacci and Lucas
quasi-quaternions in §4. By analyzing their rotational properties and asymptotic behavior, we provide new
insights into how these sequences behave in quasi-quaternionic space. Our results highlight the significance
of De Moivre’s formula in governing the transformations of these sequences, offering a deeper understanding
of their long-term stability and convergence.

The remainder of this paper is organized as follows. §2 defines Fibonacci and Lucas quasi-quaternions
and presents their fundamental properties. §3 establishes De Moivre’s formula and matrix representations of
these quasi-quaternions. §4 focuses on graphical analysis and its implications, particularly for understanding
the geometric behavior of quasi-quaternions under iterative transformations.

We now recall the basic definitions concerning quasi-quaternions.

Definition 1. A quasi-quaternion 4 is defined by
q = ap+ ayi+ axj + ask,

where ay, a1, ay, and a3 are real numbers, and i, j, and k are basic vectors [17]. These basis vectors satisfy the
following multiplication rules:

The following definitions give the real part, imaginary part, conjugate, and norm of a quasi-quaternion.

Definition 2. [17] Let
q = ag+aii+ayj + ask

be a quasi-quaternion. Then the following notions are defined as follows.

a. The real part of g is
Sq = 4ay,

and the imaginary part of g is
Vy = aqi + azj + azk.

b. The conjugate of g is denoted by 7 and is defined by
q =ag —mi— ayj — azk.

c. The norm of g is defined by
N(q) = llqll = 7.

Definition 3. Each nonzero quasi-quaternion

q = ap + a1i + axj + ask
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can be written in polar form as follows [17]:

g =k (cosf+ Tsinb), 0<60<2nm,

k= 1/N(q), cosGZl%O,
\Ja2 + a3+ a3

K

where

and
sinf =0 =

The vector 7 is given by
aii+ apj + ask

/2 2 2
aj +a; +a;z

The occurrence of sine values greater than one in quasi-quaternion algebra is a fundamental consequence
of the non-Euclidean and parabolic nature of this algebraic structure. This result is mathematically consistent
and rigorous for the following reasons.

5:

First, in quasi-quaternion algebra H°, the squares of the imaginary units are zero, that is,

Unlike real quaternions, where imaginary units define a hyperspherical structure, the units in H° define a
linear structure consistent with Galilean space-time transformations.

Second, sine and cosine functions are defined through their power-series expansions. Due to the
nilpotency of the vector part, namely @? = 0, all higher-order terms with n > 2 in the Taylor expansions
vanish. Hence, the corresponding transcendental functions reduce to the linear forms

cosf =1, sinf = 0.

Third, in this context, the parameter 8 does not represent a circular angle in a Euclidean plane. Instead,
it represents the norm, or magnitude, of the vector part of the quasi-quaternion. Therefore, sin# is directly
proportional to the Euclidean norm of the spatial components and may take any real value 6 € [0, o).

Finally, the norm of a quasi-quaternion is determined only by its scalar part, namely

_ 2
Ny = aj.

Since the vector part, and consequently the sine component, does not contribute to the norm, the condition
sin® > 1 does not violate the unit property of the quasi-quaternion as long as ag = 1 [17].

Theorem 1 (De Moivre’s formula). Let q be a unit quasi-quaternion given by
g =€ = cos 6 + Tsin6.
Then, for every positive integer n, we have

q" = cos(nf) + sin(nh).

For a quasi-quaternion
q = ap + a1i + azj + azk,

the mapping 0, : H° — H° is defined by
0(x) = v, xeH,

where 0, is the Hamilton operator [17].
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The matrix representation of the quasi-quaternion g is given by

a 0 0 O
ap dp 0 0
as 0 ap 0
as 0 0 ap

Mq:

Jafari also computed the powers of these matrices in his work [17].

Fibonacci and Lucas sequences are among the most important integer sequences. They have been widely
studied and continue to be active topics of research.

These sequences have applications in group theory, linear algebra, applied mathematics, and other
branches of mathematics. They also have applications in other scientific fields, such as computer science,
physics, biology, and statistics.

The Fibonacci numbers are defined by [9]

Fo=F,1+F2, n>2,
with
Fb=0 F=1

The Lucas numbers are defined by

Ly=Ly 1+ Ly, n>2,

with
Lo =2, Li=1

[9]. Moreover,
a=(=1)"Ly,, F = (-1)""'F,.

We now recall the Fibonacci and Lucas identities used in this study.

Theorem 2. The following relations hold [9]:

a. Fy 1+ Fup1 = La, n>1,
b. Foio —Fi—2 =Ly, n=2,
¢.  Ly1+Lyy1=5F, n>1,
d. Lyws— Ly =5F, n>2,
e. F.L, =F,, n>0.

Theorem 3. [7] For n,r,s > 0, we have
Fn-i—an—l-s = F2n+r+s + (_1)n+s+1Fr—s~

Theorem 4. [9] The sums of Fibonacci and Lucas numbers are given as follows:

n

a. Y F=F—-1,
i=1
n

b. Y Li =Ly —3.
i=1

In this study, we define a new application of quasi-quaternions by taking the real coefficients of
quasi-quaternions from Fibonacci and Lucas numbers. We refer to these objects as Fibonacci quasi-quaternions
and Lucas quasi-quaternions. We examine their properties and present several important identities.
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2. Some Properties of Fibonacci and Lucas Quasi-Quaternions
In this section, we define Fibonacci and Lucas quasi-quaternions and introduce some identities involving
them. Throughout the article, we denote the quasi-quaternion units 7, j, and k by ey, e, and e3, respectively.

Definition 4. The Fibonacci and Lucas quasi-quaternions are defined by

QF, = F, + Fn-l—lel + Fut2e2 +Fn+3e3

= (Fu, Fyg1, Fug2, Fns3),
and

QLy, =Ly + Ln+lel + Ln+262 + Ln+3e3

= (Ln, Ly41, Lus2, Lus3),

where F; and L, are the nth Fibonacci and Lucas numbers, respectively, and ej, e, and e3 are quasi-quaternion
units. These basis vectors satisfy the multiplication rules given in Definition 1.

Some terms of the Fibonacci and Lucas quasi-quaternions are given in Tables 2 and 3, respectively.

Table 2. Some terms of the Fibonacci quasi-quaternion

QF,

e1+ex + 2e3

14 e+ 2ex + 3e3
1+ 2e; + 3ep + 5e3
2+ 3e1 + 5ey 4 8es
3 4 5e1 + 8er + 13e3

Bl WIN= ol R

Table 3. Some terms of the Lucas quasi-quaternion

QL,

2+ e1 + 3ep + 4e3

1+ 3e1 +4ex + 7es
3+44e; +7ep + 1les
4+ 7e1 + 1lep 4 18e3
7 4 11eq 4 18ey + 29¢3

W= ol

Definition 5. For n > 1, the Fibonacci and Lucas quasi-quaternions with negative indices are defined by

QF = (_1)11 (_Fn + F,_1e1 — Fy2e0 + Fn73€3) ’
QL =(=1)"(Ly — Ly—1e1 + Ly_2es — L, _3e3),

where F,; and L, are the nth Fibonacci and Lucas numbers, respectively, and ej, ¢», and e3 are quasi-quaternion
units. These basis vectors satisfy the multiplication rules given in Definition 1.

Definition 6. The real and imaginary parts of the Fibonacci and Lucas quasi-quaternions are given,
respectively, by

Re(QFn) =F, Im(QFn) = Fy11e1 + Fiq002 + Fyiaes,
Re(QLn) = Ly, Im(QLn) = L,11e1 + Lyyo0eo + Lyy3es.
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Definition 7. The conjugates of QF, and QL, are denoted by QF,, and QL,,, respectively, and are defined as
follows:

QF, = Fy — Fyy1e1 — Fyyoex — Fuyzes,

b. QL, =Ly — Lys1e1 — Lyy2er — Lyyaes.
Theorem 5. The norms of QF, and QL are given by

. N(QF) =F,
b. N(QL,) = L2.

Proof. For a, we have

N(QF:) = QF.QF,

= (Fu + Fyq161 + Fuq2es + Fyp3e3) (Fu — Fyp1e1 — Fuq2e2 — Fyzes) .
Using the multiplication rules of ej, 3, and e3, we obtain
N(QF,) = F;.
Thus, the proof is completed. The proof of b is similar to that of a. [
Example 1. The quasi-quaternions QF; and QF, are unit quasi-quaternions, since
N(QF) = N(QE) = 1.
Theorem 6. The Fibonacci and Lucas quasi-quaternions satisfy the following recurrence relations:

a. QF, = QF,_1+QF,_», n>2,
b. QL,=QL,_1+QLy 2, n>2.

Proof. We use the recurrence relation of the Fibonacci numbers. We have

QFy = Fy + Fy1e1 + Fppoeo + Fyizes
=F1+ Fao+ (Fo+ Fi-1) e + (B + Fo) e2 4+ (Fuyo + Fag1) €3
= (Fy_1 + Fue1 + Fyi160 + Fypoe3) + (Fu—p + Fy_1e1 + Fuea + Fyiq1e3)
= QF,-1+ QF—2.

Thus, the proof is completed. The proof of b is similar to that of a. [

The next theorem gives the relationship among Fibonacci quasi-quaternions, Lucas quasi-quaternions,
Fibonacci numbers, and Lucas numbers.

Theorem 7. For n > 1, the following identities hold:

a. QF,_1+ QF;41 = QLy,

b. QF,12— QF,—2 = QLy,

c. QL,_1+QL,+1 =5QF,

d. QLni2 — QLy—2 = 5QF,,

e. QF,QL, =2QF, — by,

f- QF:,1+ QF; = Fu1 (2QF,41 — Fupa),

8 QF, —e1QF 11 —eQF, 2 —e3QF, 3 =Fy,
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h. QF, +e1QF 43+ ¢2QF, 4 +e3QF45 = QLyy1 — Fato,
i. QFuirLntr = QFopyor + (_1)n+rQFO-

Proof. For a, we have

QF,-1+ QF11 = (Fu-1+ Fuer + Fyy1e2 + Fyi0e3)
+ (Fu1 + Fug2e1 + Fuiae2 + Fypge3)
= (Fn—l + Fn+1) + (Fn + Fn+2) e
+ (Fuy1+ Fuss) e2 + (Fu2 + Fuya) €3.

Using Theorem 2a, we obtain
QF;—1+ QFy41 = Ln + Lyj1e1 + Lyyoez + Lyyses = QLy.
For e, we have

QF, QL = (Fn + Fyq1e1 + Fuper + Fn+3e3) (Ln + Lyt1e1 + Lyjoer + Ln+3e3)
= FyLy + (FiLyy1 + FyiqLn) eq
+ (FnLn+2 + Fn+2Ln) e + (FnLnJrS + Fn+3LH) €3.

By Theorem 2e and Theorem 3, it follows that

QF.QLy = By + 2Fu4161 + 2By 000 + 2Fp 4363
=20k, — By

Thus, the proof is completed. The remaining identities can be proved similarly. [
Theorem 8 (Binet Formulas). Let

14++5
2

2 7

, b

and define
4 =1+ aey + a’ey + a’es, b =1+ be; + b?ep + b3es.

Then, for n > 0, we have

a"d — b"b

a. QF,=———,
QFy, 7

b. QL,=a"a+0b",

b'a —a"b

c. QF ,=——"—,

QF - N

b"a +a"b

d. QL—YL — W

Proof. We use the Binet formula for the Fibonacci numbers. For a, we obtain

QF, = Fy + Fyp1e1 + Fypep + Fyy3e3

a — pt an+1 _ bn+l an+2 _ bn+2 an+3 _ bn+3
=—— )+ |——=——a+|—=—)a+t|—F )¢
<ﬁ><ﬁ>l<ﬁ>2<x@>3
a" (14 aey +a%e; +a’e3)  b" (14 bey + b?ep + bies)
V5 V5
a'a—b"b

V5
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Thus, the proof is completed. The remaining formulas can be proved similarly. [

Theorem 9 (Generating Functions). The generating functions of QF, and QL,, are given by

~ QR+ (QF — QFy) x
o 1—x—2x2 !

a. Z QF,x"
n=0

~ QLo + (QL; — QLo) x
’ n;OQLnxn: 1—x—x2 )
Proof. Let o
G(x) = Y QFux" = QFy+ QFx + QFhx* + QFx® + -+ + QFx" + - - - . 1)

n=0

Multiplying (1) by x and x?, respectively, gives
xG(x) = QFyx + QF1x2 + QF2x3 + QF3x4 + e

and
¥2G(x) = QFpx® + QF 1% + QFox* + QFx® + - - .

Using the recurrence relation and subtracting the last two equations from (1), we obtain
G(x)(1 —x —x%) = QFy + QF x — QFyx.

Therefore,

_ QFy+ (QF — QFy) x
o 1—x—2x2 ’

G(x)

Thus, the proof is completed. The proof of b is similar. [

Theorem 10 (Exponential Generating Functions). The exponential generating functions of QF, and QL,, are given

by
ad X" ae™ — pebx
a. o) R
n;o "l V5
[ee] xn n b
_ A,0X X
b. anQan_ae + be"™.

ad x" o (g —pip\ x"
n=0 ! n=0 \@ !
A & (ax)" b & (bx)"
N \/57;) n! \/57;) n!
Since -
Y=
n=0 n! '
we obtain

n
Thus, the proof is completed. The proof of b is similar. [
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Theorem 11 (Sum Formulas). The following sum formulas hold:

a. ) QF = QF,»—QF —QF,
i=1
b. ) QLi=QLy2— QLo — QL1

i=1

Proof. We use the sum formula for the Fibonacci numbers. For a, we have

QF (F; 4+ Fiy1e1 + Fiioeo + Fiize3)

™=
|
™=

Il
-
Il
=

n n n
Fi+e1) Fyi+ex) Fiotes) Fis
i-1 i=1 i=1

I
™=

I
—_

By Theorem 4, we obtain

n
Y QF =Fip—1+e(Fys—1—F)+e(Fys—1—F —F)
i=1

+e3(Fys—1-F—Fh—-h)
= Fyyo + Fyiser + Fyqaea + Fyyses

— (Fy + Fre1 + Frex + Fze3) — (Fy + Freq + Fzep + Fyes)
= QFy42 — QF — QF.

Thus, the desired formula is obtained. The proof of b is similar. O

Lemma 1. The following identities hold:

ab=a+b-1,
b. a%2=23-1,
c. b*=2b-1.

Theorem 12 (Cassini Identities). For n > 1, the following identities hold:

a. QF,_1QF, 41 — QF; = (—1)"ab,
b. QLy—1QLy+1 — QL% = 5(—1)"""ab.

Proof. For a, we use the Binet formula for Fibonacci quasi-quaternions:

an—lﬁ _ bn—lf7 an—i—lﬁ _ bn-&-ll;
F,_1QF,41 — QF2 =
Q n 1Q n+1 Q n ( \/g > ( \/g
AN 2
(a"a b
V5

—a" 1yt ah — b 1" a4 a"b"ab + b"a"ba

5 .

Using Lemma 1, we get

n—1yn—147
QF, 1QF, ;1 — QF?2 = 5117575117 (2ab —a? - bz)

—(ab)*'ab(a — b)?
5 :
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Since a — b = v/5 and ab = —1, we obtain

QF,-1QF, 1 — QF? = (—1)"ab.
Thus, the desired identity is obtained. The proof of b is similar. [
Theorem 13 (Catalan Identities). For n > t, the following identities hold:

a. QFy, 1QFuyt — QF; = (—1)" "' F?ab,
b. QLy tQLyt — QL2 =5(—1)""'F?ab.

Proof. For a, we use the Binet formula for Fibonacci quasi-quaternions:

n—ts b”*tE atta — bn+tf7
FptQF, —QF2 = [ 21
Q n tQ n—+t Q n ( \/g > ( \/g )

(- ph\
V5

—a" " ab — bt e ha + a"b"ab + b"a"ba
5 .

Using Lemma 1, we obtain

2 a"b"ab b\’ ayt
QFy-1QFy1 — QF} = (2— (a) -(3) )

Since ab = —1 and

we get
QF, tQFy1t — QF2 = (—1)""'T1F2ab.

Thus, the desired identity is obtained. The proof of b is similar. [
Theorem 14 (d’Ocagne Identities). For n,m € Z, the following identities hold:

a. QFuQF,+1 — QF,QF,1 = (—1)"abF,,_,,
b. QLmQLyt1 — QLiQLyt1 = (_1)n+1 SaEmew

Proof. For a, we use the Binet formula for Fibonacci quasi-quaternions:

ama —v"b\ (a"tla —prtip

C(@a-pb\ (@ - b
V5 V5

—a"b" 1 ah — b"a"tba + a"b" 1 ab 4 b a1 ba
5 .

Using Lemma 1, we obtain

a™b"ab(a — b) — a"b"ab(a — b)
5

QFuQFu+1 — QFiQF i1 =
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ab(a — b)(a™b" — a"b™)
5
ab(a — b)a"b" (@™ " — b" )

Since ab = —1 and

we get
QFnQFy 11 — QFQFy41 = (_1)nﬁme—n-
Thus, the desired identity is obtained. The proof of b is similar. [

Theorem 15 (Vajda Identities). For n,k,r € Z, the following identities hold:

a. QF, ((QFuyr — QFQF, 1k = AE(_l)anFrr
b. QLn+kQLn+r - QLHQLn—i-H-k = 5@}3(_1)”"‘113,{137,'

Proof. For a, we use the Binet formula for Fibonacci quasi-quaternions:

an+kﬁ _ bn+kE atra — bn+rl;
QFnJerFn—H - QFnQFn+r+k = < ) < >

V5 V5

a"a —b"b\ (a" kg — prtrkp
V5 V5

Ry ah — R gD 4 gk
. .

Using Lemma 1, we have

ﬁi? [anbn+r(bk _ tlk) + anJrrbn(ak _ bk)]

QFn+kQFn+r - QFnQFn+r+k = 5

Since ab = —1 and

we obtain
QF,+kQFu+r — QFuQFyyr1k = ab(—1)"F¢F.
Thus, the desired identity is obtained. The proof of b is similar. [
Theorem 16 (Honsberger Identities). For n,m € Z, the following identities hold:
2(QLyyn— L —Lypgn—1—L
a. QF,_1QF, + QFmQFn+1 _ (Q mn—1 1 Q m+n+l) m+n—1 m+n+1

5 7
b. QmelQLn + QLmQLn+1 =2 (QLannfl + QLm+n+1) - Lernfl - Lm+n+1-

Proof. We prove a; the proof of b is similar. Using the Binet formulas, we have

a" o —pm1h\ (a2 —b"h
F,—1QF, + QF,;,QF,+1 =
Q m 1Q n Q mQ n+1 < \/5 ) ( \@ )

a"a —b"p\ (a"la— b
+
V5 V5

am+n71ﬁ2 _ amflbnal’; _ bmflanl’;ﬁ 4 bm+n71f72
5
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gmtntls2 amanrlﬁE _ bman+1fm + bm+n+lf72

* 5

By collecting terms, we obtain

qgmtn—152 + bm+n7122 +am+n+1ﬁ2 + bm+n+l@2
5
—a"=1p"ab(1 4 ab) — b™ 'a"ba(1 + ab)
5 .

QmelQFn + QFmQFn+1 =

Since ab = —1, the second fraction vanishes. Therefore, using Lemma 1, we get

OF,, 1OFs + QEyQF, ., = & 12— 1) + 0" 71(2b 1)
m— n =

5
am+n+1(2ﬁ o 1) + bm+n+1 (23 . 1)
+
5
2( gm+n— 1A+bm+n lb) ( m+n71 _~_bm+n71)
- 5
2 (am+n+lﬁ 4 bm+n+1@) _ (am+n+1 + bm+n+1)
* 5
_ 2 (QLm+n—1 + QLm+n+1) - Lm-‘,—n—l - Lm+n+l
5 .

Thus, the proof is completed. [

3. De Moivre’s Formula and Matrix Representations of Fibonacci and Lucas Quasi-Quaternions

Each Fibonacci quasi-quaternion QF, and Lucas quasi-quaternion QL, can be written in polar form. For
QF,, we write

QF, = &y (cos 8, + 1, sinfy), kn = \/ N(QFEy).

Similarly, for QL,,, we write

QL, = px (cos 8, +d, sin 19n> , pn = 1/ N(QLy).
For the Fibonacci quasi-quaternion, the unit vector £, is given by

Fyi1e1 + Fyioe2 + Fyises
2 2
\/ PR o AP S

+ F2
cos b, = &, sinf, =0, = \/ n+3.

Kn Kn

?:

n

7

and

Similarly, for the Lucas quasi-quaternion, we have

dy = Lutaes + Lujaes + Ln+363,
\/Lzzﬂ +L LG,
and 2 : 2
cos ¥, = FL’:’ sind, = 0, = \/Ln+1 + f):ﬂ + Ln+3.

We now give an example of the above polar representation.
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Example 2. For
QF =1+ 2e1 + 3ep + bes,

we have
kp =1/ N(QF) =1.
Moreover,
o 2¢1 4+ 3ep +5es  2e1 + 3ep + Ses
tz = = ,
22 432 4 52 V38
and
1 v/
costzizl, Sin62:62:$:\/38.
Thus,

QF, = k3 (cos 0 + F sin 6)

2e1 4 3ep 4 5e3 /38
— V38
V38

=14 2e; + 3er + 5es.

Theorem 17 (De Moivre’s Formula). Let
QF, = e = cos + Fsin 6.

Then, for every integer k, we have
QFF = cos(kf) + Esin(kb).

Similarly, if
QL, = e — cos® + dsin 9,

then
QLK = cos(k®) + d'sin(k®).

Proof. The proof follows by induction on nonnegative integers k. Assume that
QFK = cos(k#) + Fsin(k6).
Then

QFf*! = (cos(k8) + F'sin(kB)) (cos 6 + F'sin 6)
= cos((k+1)8) + Fsin((k+1)8).
Hence, the formula holds. The Lucas case is obtained similarly. O

We now present matrix representations of Fibonacci and Lucas quasi-quaternions and calculate the
powers of these matrices.
For the Fibonacci quasi-quaternion, define the mapping

QQFn : H° — H°

by
0or, (¥) = QF,x, x € H°,

where 60gp, is the Hamilton operator. Similarly, for the Lucas quasi-quaternion, define

GQLn :H° — H°
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by
001, (x) = QLux, x € H°.
The matrix representations of the Fibonacci and Lucas quasi-quaternions are given by
F, 0 0 0
F F, 0 0
MQFn — n+1 n ,
Fiqo 0 F O
Fiys 0 0 F
and
L, 0 0 ©
Lyy1 L, 0 0
M _ n-+
Qe = N L,p 0 L, O

Lies 0 0 Ly

Theorem 18. For every positive integer k, we have

F, 0 0 0
k k—1 an+1 Fn 0 0

=F

(Mor,)" =y kFuo O F, O]’
kFuy3 0 0 Fy
and

L, 0 0 0
k k—1 kLn+1 Ly 0 0

=L
(Mor,) " lkLys» O L, O

kLpss 0 0 Ly

Proof. The proof follows by induction on k. Equivalently, each matrix can be written as the sum of a scalar
diagonal matrix and a nilpotent matrix whose square is zero. Therefore, applying the binomial formula gives
the stated expressions. [

4. Graphical Representations of Quasi-Quaternion Formulations Based on Fibonacci and Lucas
Numbers

Quasi-quaternions based on Fibonacci and Lucas numbers provide a useful way to study quaternionic
structures through matrix representations and De Moivre’s formula. In this section, we present graphical
visualizations that illustrate the geometric and algebraic properties of these quasi-quaternions. By using
the recursive nature of Fibonacci and Lucas sequences, we analyze the behavior of the quasi-quaternion
components, including their rotational characteristics and norm variations. These graphical representations
provide insight into the structure and transformations of Fibonacci and Lucas quasi-quaternions and support
a deeper understanding of their mathematical properties.

In this section, we present graphical representations of Fibonacci and Lucas quasi-quaternions. We plot
the quantity

2 2 2
\/Fn+1 + Fn+2 + Pn+3
R}’l = ’
Fy

as a function of n. This ratio represents the relative contribution of the vector part to the scalar part of QF,.

Significance of the observed graphical behavior. The graphical behavior observed in the analysis of Fibonacci
and Lucas numbers together with trigonometric functions provides useful insights into both theoretical and
applied mathematical contexts, as shown in Figure 1. The possible scientific implications and benefits of this
behavior are described below.
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Figure 1. The ratio inside the arctangent function for Fibonacci and Lucas numbers

Understanding asymptotic behavior in mathematical modeling. The graph reveals the asymptotic behavior
of Fibonacci- and Lucas-based functions, especially as n becomes large. As the Fibonacci numbers grow,
the ratio inside the arctangent function approaches a constant, and therefore the function itself approaches
a fixed value. This observation is important in mathematical modeling because it demonstrates how rapidly
growing sequences, such as the Fibonacci sequence, affect the behavior of trigonometric functions, particularly
in systems involving natural exponential growth patterns.

Fluctuation movement. The fluctuation movement is most visible among the first ten values, that is, for 0 <
n < 10. Fibonacci numbers increase rapidly as n becomes larger. This causes the term F,; in the denominator
to reach larger values, while the numerator also grows through the vector components. Initially, this produces
a pronounced fluctuating movement. In other words, as n increases, the rate of change in the function

2 2 2
\/Fn+1 + Fn+2 + Fn+3
Fn

arctan

changes rapidly.
The fluctuations in the graph are mainly due to the rapidly increasing magnitudes of the Fibonacci
numbers. As the expression

VBt Bt Fig

and the denominator F, grow in a related manner, their ratio begins to approach a constant value. Therefore,
the arctangent function changes rapidly at the beginning but starts to approach a constant after a certain point.

When n > 10, the ratio in the formula approaches a constant value. In this case, as F, grows, the
relative variations in the numerator become smaller in comparison with the overall growth pattern, causing
the function to approach a fixed limiting value.

On the other hand, Figure 2 shows that both Fibonacci and Lucas numbers increase exponentially as n
increases. This is consistent with the well-known recurrence relations that define these sequences. However,
when we examine the corresponding 6 values calculated as

2 2 2
\/Fn+1 + Fn+2 + Pn+3
F, !

0 = arcsin

or

\/Liﬂ + Lo+ L,
Ly !

0 = arcsin

we observe a significant trend: for large 7, the values of 0 tend to stabilize and converge to a constant value.
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Figure 2. Comparison of Fibonacci and Lucas numbers with the arcsine function

Mathematically, this behavior can be explained by examining the growth rates of Fibonacci and Lucas
numbers. These sequences grow exponentially at a rate governed by the golden ratio ¢ ~ 1.618. As n increases,
the individual terms F, 11, F,12, Fy+3, and F; also grow exponentially, and the ratio between successive
Fibonacci or Lucas numbers approaches ¢.

When calculating 6, the numerator

2 2 2
\/Fn—H + Fn+2 + Fn+3

and the denominator F, both grow exponentially. Therefore, their quotient approaches a constant value.
Consequently, the resulting 0 stabilizes, demonstrating a saturation effect.

This saturation can be interpreted as a form of convergence to a constant: despite the unbounded growth
of Fibonacci and Lucas numbers, the relative growth between the terms becomes less significant as # becomes
large. This suggests that, at large scales, the dynamic behavior of the sequences is increasingly governed by
their limiting ratios, especially the golden ratio, while the effect of individual terms becomes less dominant.

Mathematical stability. The stabilization of the 6 values for large # indicates a form of mathematical stability.
This can be useful in contexts where limiting or asymptotic behavior is of interest. It implies that although
Fibonacci and Lucas numbers grow rapidly, their interactions, as represented by 6, tend toward a predictable
and stable pattern.

Behavioral interpretation. From a conceptual point of view, the stabilization of 6 despite the growth of
the sequence values suggests a limiting behavior inherent in recursive structures such as the Fibonacci and
Lucas sequences. This provides insight into how recursive relations exhibit predictable long-term behavior,
regardless of the magnitude of their individual terms.

In Figure 3, for n = 10, the first few terms of the sequence are observed, reflecting the initial growth rate
of the sequence. These first terms indicate that the sequence is sensitive to the initial conditions, with more
pronounced changes in the early steps. Specifically, for n = 10, we observe sharp growth in the early terms of
the sequence. The generating function is given by

= 2 QFy+ (QF — QFy)x
HZ:OQan - 1_x_x2 7

where
QFy =e1 + e+ 2e3 and QF =1+e1+2e + 3e3

are the initial Fibonacci quasi-quaternion components.
In the graph, the scalar component grows more slowly compared with the vector components ej, e, and
e3, which increase more rapidly.
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Figure 3. Quasi-quaternion Fibonacci sequence: relationship among the scalar component and the eq, ey, €3
components as 1 increases

Slow growth of the scalar component. The initial values QFy and QF; result in a slower growth rate for
the scalar component. This behavior can be attributed to the initial conditions, where the scalar component’s
growth is less pronounced in the early stages of the sequence.

Rapid growth of the vector components. The vector components ey, €5, and e3 tend to grow more rapidly at
the beginning because of the differences among the initial terms. This produces a sharper increase in these
components when x is small.

For n = 30, the terms of the sequence exhibit a more balanced growth pattern. At this stage, the differences
among the terms begin to level off, and the growth rates of the components become more consistent. The
graph shows that as # increases, the terms begin to grow at a more uniform rate, with the scalar component
also growing more significantly.

The recurrence relation for the sequence is

QF, = QF—1 + QF, 2.

This recurrence relation implies that each term depends on the sum of the two previous terms, which leads to
a more stable growth pattern as n increases.

Similarity among vector components. By n = 30, the growth rates of the vector components ej, e, and e3
start to become more similar. This reflects the asymptotic convergence of the components’ growth rates. The
influence of each term becomes more balanced, resulting in a more consistent increase in each component.

Stabilization of the scalar component. The scalar component continues to grow, but at a more stable rate,
indicating that the sequence is approaching its asymptotic behavior. The growth of the scalar component
stabilizes as earlier terms become less dominant.

Finally, for n = 100, the sequence approaches its asymptotic behavior, where the relative growth rates of
the components reach a steady pattern. The graph for n = 100 shows that the terms exhibit more regular and
stable growth, with differences among the components becoming less pronounced. As n increases, the relative
growth behavior of the sequence stabilizes.
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Mathematically, for large #n, the growth of the sequence can be approximated by
QF n "~ /\i’l’

where A is a constant that determines the growth rate of the sequence. The growth of each term tends to
stabilize at this rate, and the relative difference among components becomes negligible.

Asymptotic stability. At n = 100, the growth rates of the components stabilize, and each component grows
according to a consistent rate. This reflects the expected asymptotic behavior of the sequence, where each term
grows according to a fixed growth factor A.

Stabilization of the scalar component. The scalar component, while still growing, does so at a more stable
relative rate. This indicates that the growth has approached an asymptotic pattern in which the influence of
earlier terms becomes negligible.

In Figure 4, the x-axis represents the real component of the quasi-quaternion QF¥, namely cos(k6), while
the y-axis represents the imaginary component, namely sin (k).

For n = 10, Figure 4 shows that, for smaller values of #, the Fibonacci numbers grow relatively slowly,
leading to more defined and less extreme vector magnitudes. The vectors

QFF = cos(kB) + Esin(k6)

exhibit stable directions as k increases, showing a clear pattern in the behavior of the quasi-quaternion with
small variations in magnitude and direction.

n=10, k=1 n=10, k=2 n=10, k=3 n=10, k=4
15 15 15 15

101 1.0 A 1.0 107

0.5 / 0.5 4 0.5 4 0.5 4
0.0 1 0.0 1 / 0.0 4 0.0 1

=0.51 =0.5 # =0.5 1 =0.5 1

=15 T T T T T =15 T T T T T -1.5 T T T T T -1.5 T T T T T
-15 -1.0 =05 00 0.5 10 15 -1.5 -10 -05 00 0.5 10 15 -1.5 -1.0 -0.5 00 0.5 1.0 15 -15 -10 -05 0.0 0.5 10 15

n=30, k=1 n=30, k=2 n=30, k=3 n=30, k=4

0.0 / 0.09 0.0

—0.51 —0.5 1 il —0.5 1 0.5 1

=15 T T T T T =15 T T T T T =15 T T T T T =15 T T T T T
-15 -1.0 -05 0.0 0.5 10 15 -1.5 -1.0 -05 0.0 0.5 10 15 -15 -10 -05 0.0 0.5 1.0 15 -15 -10 -05 0.0 0.5 1.0 15

Figure 4. Behavior of the quasi-quaternion QF¥ associated with De Moivre’s formula

For n = 30, as n increases, the Fibonacci numbers become much larger, leading to a more pronounced
effect on the angle 8, which influences the magnitude and direction of the quasi-quaternion. The vectors
corresponding to higher values of k may appear more compressed or stretched along certain axes, reflecting the
growth of the Fibonacci sequence and the effect of De Moivre’s formula on the powers of the quasi-quaternion.

The vectors for higher powers k move in more consistent patterns, demonstrating the influence of the
Fibonacci growth rate on the quasi-quaternion structure. Larger values of n lead to greater angular shifts,
affecting the representation of QF¥ in the plot. In conclusion, the plots show how the quasi-quaternion evolves
as n and k vary, with n = 10 showing smoother and smaller changes, while n = 30 shows more complex
behavior due to the larger Fibonacci numbers.
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5. Conclusion

In this study, we introduced Fibonacci and Lucas quasi-quaternions and investigated their algebraic and
number-theoretic properties within the framework of quasi-quaternion algebra. We established fundamental
results, including recurrence relations, Binet-type formulas, generating functions, and sum formulas. In
addition, several classical identities, such as the Cassini, Catalan, d’Ocagne, Vajda, and Honsberger identities,
were extended to the quasi-quaternion setting.

Furthermore, we presented matrix representations of Fibonacci and Lucas quasi-quaternions and derived
explicit expressions for the powers of the associated matrices. We also examined De Moivre-type formulas in
this framework, providing a structured approach to understanding powers of these elements.

The graphical representations included in the paper serve as visual illustrations of the theoretical results.
In particular, they highlight the growth behavior and component-wise structure of the quasi-quaternion
sequences. These figures are intended to support intuition and complement the analytical results rather than
to suggest direct practical applications.

Overall, the results contribute to a deeper understanding of how classical number sequences can be
embedded into quasi-quaternion algebra and how their structural properties extend in this setting. Future
work may explore further algebraic generalizations and related theoretical developments.
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