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Abstract: An integrable version of SLIR (former SEIR) epidemiological model is introduced with the time
dependence of the force of infection. The explicit formulas for special solutions are obtained for this model.
From these formulas by classical analysis methods one can obtain the formulas for important metrics of
spread of disease: maximum number of infectious people and their corresponding peak times. The usefulness
of explicit formulas is illustrated by application to the spread of Covid-19. It is shown in the model example
that the time dependence of the force of infection produces the bimodal dynamics of infectious people.
Multimodal behavior of the spread of disease can be visualized in graphs of time behavior of numbers
of Covid-19 infectious people (see https://www.worldometers.info/coronavirus). These multiple waves
are explained biologically by different variants of Covid-19 virus. In previous SLIR models multimodal
distribution of the number of infectious people appeared only in numerical simulations or under the
assumption that there is an external periodic action.
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1. Introduction

ompartmental mathematical models for studying epidemiological dynamics have been used since
C Daniel Bernoulli in 1760 [1,2]. In 1927, Kermack and McKendrick [3] introduced an integral equation
epidemic model with its special case SIR model. SIR model [3-5] splits the population into three compartments:
susceptible, infectious, and removed (which means recovered, isolated, or deceased). Note that SIR model is
an extension of Bernoulli’s two compartment model: susceptible-immune.

A SEIR model that extended SIR model with additional compartment of exposed but not infectious people
had been introduced by K.L. Cooke in 1967 [4,6-8]. SEIR model become very popular during COVID-19
pandemic in view of its large latency period [9-12]. See interesting story of SEIR model in [13] and a possible
better shortcut SLIR (Susceptible-Latent-Infectious-Removed) in which the name "exposed" is changed to the

"latently infected" compartment. This shortcut we will use here.

In this paper we will obtain special exact solutions of modified SLIR model in terms of the threshold
number k (which is a reciprocal of the reproduction number), infectious period, a local population N, and
some other parameters.

2. Integrable SLIR model

Denote by s(t),I(t),i(t),r(t) the number of susceptible, latently infected, infectious, and removed
individuals correspondingly at time t. The corresponding proportions out of local population, N at time t
are represented by

s(t) I(t) i(t) r(t)
S(t) = N L(t) = S I(t) = N R(t) = —+*.
In a large country N may be replaced by N; = N * J,, where | is a percentage of infected population.
The classical SLIR model [4,6-8]

S'(t) = —fIS(t), L'(t) = fS()I(t) —gL(t), [I'(t) =gL(t) —ql(t), R'(t)=qI(t),
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is well-known for prediction of the behavior of spread of infection. Here f = const > 01is a rate of transmission
of infection that measure a force of infection, § = const > 0 is a rate of getting infectious, ¢ = const > 0 is
a removal rate. An infectious period is the time T ~ 1/q measured in days during which a person can infect
others, and a latent period LT =~ 1/g is the time between being exposed and becoming infectious.

The latent and infectious periods depend on disease, and the contact period 1/f days is a behavior
specific.

Consider the modified SLIR model with time dependent parameters f(t), ¢(t), q(t)

S'(t) = —f(OI(H)S'7P(1),  L'(t) = f(1)STP(DI() = g(HL(t) — v/ f(t),

I'(t) = g(t)L(t) —q()I(t) + 0/ f(t), S(H)+L(H)+1(t) +R(t) =1, t=>tq, )

where p € [0,1),v are additional constant parameters. The additional term v/ f(t) is an external action
measured in days.

The functions of time S(t),L(t), I(t), R(t) ideally must be nonnegative and less or equal 1. But their
small negative values are acceptable, since the aim of the model is to approximate reported discrete values by
differentiable curves.

Note that from (1) we get S'(¢) + L'(t) + I'(t) + R'(t) = 0 and

RI(t) = q(t)I(t).

In this paper we will consider the special case p = % in which system (1) turns to the integrable system

S'(t) = —f(I(t)y/S(t),  L'(t) = f(t)\/S(OI(t) — g()L(t) — v/ f (1),

I'(t) = g(H)L(E) — q()I(t) + v/ f(t), R(t) =1—S(t) —L(t) — (), t>to. 2)

According to system (2) the rate of decrease of susceptible ones S'(t) is proportional to I(#)/S(t), while in
the classical SLIR model it is proportional to I(#)S(t). This difference may be adjusted by choosing appropriate
force of infection f(t).

We obtain the special explicit solutions of system (2) which may be further analyzed by classical tools of
mathematical analysis. The usefulness of these formulas will be shown by application to Covid-19.

Note that the analysis of the behavior of solutions of classical SLIR model is much harder than that of (2).

We will assume that the rate of getting infectious g(t) is slowly increasing, and the force of infection and
removal rate f(t), q(t) are slowly decreasing:

() = ¢7(%(111(;)(52), q(t) = qo — god tanh(qod(t — to)), k:= j(((g = const, 3)

where ¢ and g are additional parameters. Indeed, q(t) is decreasing in time since q'(¢) < 0.
Note that since the functions f(t),g(t),g(t), are positive we will assume throughout the paper that g9 >
0, 4] < 1. Inview of lime g(t) = go — qo|6| the functions f(t),g(),q(t) turn to the constants after a large
period of time.
From (1)
L)+ T'(8) = (FSP(6) — )1,

The spread of infection starts an initial time t = t if L'(ty) + I’(to) > 0 or

£S1P(t0) —qlto) > 0, S (tg) > ji“‘”.

The important metrics of infection are the positive numbers

ag := f(to)/q(to), ko :=q(to)/f(to),
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where ay is called a basic reproduction number and k is an epidemic threshold. The spread of infection starts
when

1
ay > Sp_l(f()) ~1 or kg= o < Sl_p(i’o) ~ 1.
0

We use also a special notation for a total (cumulative) number of infected people at time t:
Y(#):=L(t) + I(t) + R(t) =1—S(¢),

Note that data for I(t), Y () are available from the health agencies. From the statistics of these data, one
can estimate the basic reproduction and epidemic threshold numbers.

Theorem 1. The first set {I1(t), S1(t), L1(t), Ry (¥) }, to < t < ty of nontrivial solutions of SLIR model (2) is given by
formulas

64k*>w(1 — w)[1 + (w/Cy)™]

h(w) = m3(1— 0D [1+6+ (1—0)(w/C)m|(1+w)?’ @)

Suw) =k= a5 _156213?)1 o O G, x()= lt=to)/m, ®)
2w m — awW —m w2

L) = 2R LSt L) - i), ©

Ry(w) =1=51(w) — Li(w) — i (w). @)

The function of net change in infectious prevalence J1(t) := I{(t) is given by formula:

B 128k gow
hw) = R = 1)
X ((1—4w+w*)((w/C1)*™ (6 —1) —1—=68) +2(w/C1)*™ (A +m(1—w?)(1—-46%))), (8
where
A=d4w—1—m+ (m—1w?>, B=1+6+ (w/C)*™/"(1—-4), 9)
and b = 2.

The function of total number of infected individuals is given by formula

Yi(w) =1-51(w) = hi(w) + L1(w) + Ry (w). (10)

Here
Cr = 3’212% Pai=piHpa—2 pi=pi—py, mi= i’”gﬁ; 2, (11)
C = %2 + (Ro +2k+/Sg — 2k?)(1 — &%),  C3:= (k—/So)? +1— Sg — Ry, (12)

are additional constants, and k,m,qo = pops/2, So, Ro, 6 are free parameters with some restrictions that may be chosen
to fit the data of actual spread of a disease (see section 4 below). The parameters k, qo and So = S1(to) may be choosen by
the statistics of the spread of infection.

Note that the function (5) is the extension of sigmoid function 1/(1 + e~ ") that was found by Gottfried
Leibniz and Jacob Bernoulli and used by Daniel Bernoulli.

Theorem 2. The second set {Ip(t),Sa(t), Lp(t), Ra(t)}, to < t < ty of nontrivial solutions of SLIR model (2) is given
by formulas
8k2w(1 +m+w(m —1))(1 + (w/Cs)?™)

B _ P
) = i 0P = @)1+ 6+ (1-0)(1+ (/G ™= PTsz’ v
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2k(mw? + 2w — m)

S2W) =k T repa—e)y V¥ 2= efolt=to)/m,
2 2 _ m— 1) w? 2 " "
Lo(w) =Cs — h(w) - mQ(f’i 77+ Skwl(m ~1)(2 nlizj(vl :;STQ _15>;)vz+( 1)@+ 1]

Ro(w) =1 = S2(w) — Lo(w) — L (w).
The function of net change in infectious prevalence Jo(w(t)) = Ij(t) is given by formula

() = 8k2gow[dm(w/Cs)*™ (1 +w) (1 + m + mw — w)6> — AB(1 + (w/Cs)>"™)]
2 = m4(1+ w)*B2(1 — 62) !

where A, B are given in (9) with b = 1.
The total number of infected individuals at time t is given by formula

Yz(w) =1-5(w) = L(w)+ Lz(w) + Rz(w).
Here the additional constants are given by formulas

Zk(l + m) F my/2Cy

Cy = (Ro +2k+\/Sp) (1 — 8%) + 2k*(m~2 + 6%), Cs= .
4 = (Ro + 2k\/So)( ) +2k5(m™"+6%), Cs 2k(1 = m) £ my/2G,

Remark 1. From restrictions (see Corollary 1 in appendix)

4k2 2k
1<m< , M> ———,
- |Ro + 2kv/Sg — 2k2|(1 — 42) VCs3(1—62)
066<d<1 7<m<i
7 3_5/

it follows that

(14)

(15)

(16)

17)

(18)

(19)

(20)

The important estimates for maximum values of the proportion of infectious people I1(w(t)), I (w(t))

and the time they will be achieved may be calculated by using formulas of Theorem 1 and Theorem 2.

3. Proofs

From (1)
° dR _R'(t)  q(t)sP~i(¥)
as s - fD

and if k = const by integration on interval [ty, {] we get

Rs = = —kSP(t),

R(S) — R(Sp) = —k (SP —_ Sg) , 0<p<1, Sy=S(t),
or
R(S) = Ry + k(sgp_sp), 0<p<1, Sp=S5(t), Ro=R(S(tp)).
Further
I'(t) = g()L(t) —q()I(t) + o/ f(t) = g()(1 — I = S — R) —q(t)I(t) + v/ f(t),

7

O _
I'()+ (9(t) + g(D)1(t) — g(t) — 0/ f(t) = —g(S + R) = —g (S(t) +Ro+ W)

21)
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and by substitution I(t) — st;igt) we get S-model (a second order nonlinear ordinary differential equation

for S(t):

!

Spfl(t)s/(t) (q(t) + g())SP~ 15 v Sp <0
( —f(#) )_ [0 ) g -2 = g(><S+Ro+ ; k),

or denoting

u(t) :==SP(t), wug:=u(ty) = SP(ty) :=Sh, (22)
we get
(_up}t()t)) _ (q(t) _;J?((tt)))u (t) —g(t) o f% _ —g(t)(S(t) +RO) + gk(u(tf)) - uO)
w'(t)  w()f(H)  (q+g)u'(t) v gk(u(t) —uo)
o T T e ST SRR T

Here and further we often suppress the dependence of functions on time t. Multiplying by —pf () we get
a nonlinear differential equation with respect to u(t):

H=u"(t)+ (g+q9—f/f)u'(t) +gqu — pfg(u'/? + Ro) + m(fg +v) — gqug = 0, (23)

Lemma 1. The function q(t) = qo — qod tanh(qod(t — to)) is the solution of the initial value problem

q' () +2q0q(t) — 4*(t) — q5(1 = %) =0, q(to) = go

Remark 2. From condition (3) it follows that

k=" FOS), a0g(t), 8(0)+9() — F/(0/£(t) are constants. (24)
Indeed, . ) ) )
£+t~ £ o = L2 —FO A=) _

We may rewrite the last expression of (3) in the form

qgé(l—zz) _ (149) —|—(1—(5)z2
1422 1+ 22

qo, z=exp{qod(t —to)}, 25)
Remark 3. Note that in the case § ~ 0 we have q(t) = g(t) = qo0, f(t) = qo/k.

In the case p = 1/2 we have

wn
~—~

~
N—
<

i)/ f=4t)/q, g+a—q)/q(t) =2q0, u(t)

so from (23) we get the equation

/! +U
H=u"(t) + (g—i—q—t;) u’(t)+gqu—%g(u2+Ro)+ng—gq\/sT)=0.

o 2 2,2
B qo(1 — 6% )u
2k

5

H=u"(t) +2q0u'(t) +g5(1 — 6*)u +Co=0, u(t)=1/S(t), (26)

Co= Mfg\ﬁ ) (1= 2ky/35 — Ro) )+ 5. (27)

Remark 4. To find a solution of the system (2) it is enough to find a solution u(t) = /S(t) of (26). Indeed,
then from a given S(t) one can obtain from the first equation of (2) the most important in applications formula
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for I(t) that describes the dynamics of the number of infectious people. The formulas for functions L() and
R(t) can be obtained from the third and fourth equation of (2) correspondingly.

Due to Kudryashov method [11,14] we look for a solution u(t) of (23) in the form of polynomial of an
order deg(u) = P with respect to y:

n
u(t) =ao+ary +ay’ +..+apy’, ¥ =po[[(y—p), deg(y/) =n.
j=1
Note that n = deg(y’) is a degree of polynomial i’ (t) with respect to y .
Assuming that deg(u”) = deg(u'/?) = %, in view of deg(u") = P — 2+ 2n we get

P
P—-2+2n=—,

0
" Pi-p) _,, PM-1)
—p M-1 1
— 1 = 1 = —.
n + 20 + 5 , M 0 (28)
o o P(—p) _ Ple+1) _ P(M+1)
deg(I(y)) =deg(u')=P—-14+n=P+ o 5 .
By substitution u(t) = ag + ayy(t) + axy?(t) + ... + axy’ (t) into (26) we have
PM p
H ];) Hjy =0, deg(H)=PM ot
that is we get PM + 1 equations with P + 2 + n parameters 4, p;:
Hij=0, j=0,..LM.
To be sure that this system has a solution we should assume that
PM+1<P+2+n.
Consider the case 1
M=-=2, P=2 n=2 (29)
0
Assuming that aj, pj are constant parameters we get
VS=u(t)=a+ay+ay’, v =poly—p)y—p2) j=012 (30)

From initial condition at t = tq for u(t) = ag + a1y + a2y, y(0) = y(to) = yo, uo = u(0) = /Sp, we
have
V' So =ag+ayyo + azy%.

Solving this quadratic for yo we get

+vCe—a
Yo = #, Ce = a% —4agay + 4ax+/ Sp. (31)
2

Lemma 2. A solution of separable Riccati equation

y'(t) = poly — p1)(y — p2), 32)
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is given by the formula

xC _
y(t) =p1 -7 ;éii, x(t) = ePoPel0), - pyy = py— . (33)

Note by choosing
pr=1qo(1+9), pa=4qo(1—90), po=Ci=1,

we get from (33) the solution g(t) of the equation in Lemma 1.

Proof. By integration of (32) we get

1 y—m > y—p
t—ty = In , = —Cyx.
* polp1— p2) (—C1(y —p2) !

Solving C1x = Z;_p; for y(t) we get (33).
O

From (30) we have

v = —po(p1+ p2)y +2poyy’ = P32y — p1 — p2) (v — p1)(y — p2),

u'(t) = (a1 + 2a2)y" = pola1 + 2a2y)(y — p1)(y — p2),
W (t) = (a1 + 2a2)y" + 2a2(y')* = p§(a1 + 2a29) 2y — p1 — p2) (v — p1) (v — p2) + 2a205(y — p1)*(y — p2)*,

that is
" (t) = pi(y — p1) (v — p2) (a1 + 2a2) (2y — p1 — p2) + 2a2(y — p1) (v — p2)]-

From (2), (3), (27) we have

2u'(t) _ 2kpo(ar + 2a2y)(y — p1) (v — p2)

W="5 =10 ey

By substitution u(t) = ag + ayy(t) + axy?(t) into (26) we get

H = Hy+ Hyy+ Hz]/z + H3]/3 + H4y4 =0,

where
ao(ag — 2k)q3(1 — 62

Hy :=Co + 2a2p5p1p2(p1p2 — p1 — p2) — mpop1p2(pop1 + pop2 — 240) — o(a0 2)130( )’
H; =4 (a0 — k)lf%(52 -1

+ polarpo(pi + 4p1p2 + p3) + 2a2p0(pi — 2pip2 — 2p1p5 + 13 + 4p1p2) + 4a2p1paqo — 20100 (p1 + p2)),

(a7 +2a2(ao — k))35(6* — 1)
H2 =

2k
— po(3a1po(p1 + p2) — 2a2po(pi + p3 — 3p2 — 3p1 +4p1p2) — 20140 + 4axqo(p1 + p2)),
a1aq3(1 — 62
Hz :=2po(a1po + 2a2(po — pop1 — pop2) + o) — %
2 2
82 (g0 0205(1—6%)

Hy = > <4p0 p .

Lemma 3. The function u(t) = ag + ary + axy? is the solution of (26) if y = y(t) is a solution of y'(t) = po(y —
p1)(y — p2) and the parameters Cy, a;, qo satisfy the following conditions:

The first case:
16kp1p2

oy P3=p1tp2—2 (35)
By Pt

a0:k+
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16k 16k(p1 + p2) pops kpgp3(62 —1)]
)= 55—, M =—Fr5— Jo=—F5—, Co=—"1—"". (36)
p3(1—62) p3(62—1) 2 8
The second case
4k 8k (p1 = p2)* +p3 — 4

Gg= g = gy =k— k, (37)

p3(1—42) p3(1—42) p3(1—42)

k 2 4 2 2 1_52 2

q0 = pops, Co= Pl Plzz(l _p35(2> ) ), P12 7= p1— p2- (38)

Proof. By direct calculations (see Appendix) in each case we get H; =0, j=0,1,..,4, from which it follows
that H=0. O

Remark 5. The formula for Cyp with v = v in (27) is compatible with (36) if

_ 3(1—6*)(1—2kv/Sp — Ro) Lo kp3p3(62 —1)

Co 2k 2 8 ’

qo = pop3/2,

from which ) ) 9o ) ) T
(4Csqp + K (paps —44p)) (6= — 1) _ Cappp3 (0~ — 1)

o= ak 4k ’ (39)
where
Cs = (k— \/So)z-i-l—S()—Ro.
In the second case the formula for Cy with v = v, in (27) is compatible with (38) if
¢, = A=A —2kv/So) | 02 _ kpp(dpd, — p3(1 —6%)?)
2k 2 2(1 —62) ’
from which
o, Hpipty | (Caqd + 2 (pp3 — 43)) (8 —1) _ 4kpfpl, | Capgp3(02 —1)
2T 1= k 1-62 k '
ot 2.2 2( 2 ) 2
_ popiom - —1 _ 4k
Uy = —k <C3 71"2(1 — (52)2 . (40)
Using notations from (25), (33):
X = epO(pl_pZ)(t_tO), 7 = eﬂ05(f—f0>
we have o )
— 405/ (po(p1—p2)) _ qO5(1 — x=q00/(po{pP1—p2 )
2= o qt)=q0+ 1 4 x2906/(po(p1—p2)) (41)
Further excluding gy using Lemma 3 we get
go(1 43+ x>0 (1 - ¢)) p3
f) = , = — ), = -2, 42
‘1( ) 1 + x2md/b m P — p2 p3 = p1+p2 (42)
where b = 2 in the first case, and b = 1 in the second case.
From (30),(34)-(36) we get for the first case
32k? +p2 —2y(8)) (y(t) — t) —
I(y) = 2K Polprt p2 = 2y(#)(y(t) = p) y(E) = p2) 43)

p3(1—06%)q(t) ’
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S1(y) = p3(0% 1)

From (33) and the initial condition at t = to, x(to) = xp = 1 we get

_ntGpx  pitpw _pn+Gp
O="Trcxr = 1xw W7 11g YTOx
Further from (35), (36)
32C,

_ 2 _
Ce = ay +4ax(/So — ag) = m,

where
Co = (C3—1)(6* = 1) + K*(4p1 — 4+ 7pi + 4p2 — 18p1p2 + 7p5 + p36°) / 13,

or

Co = (2K% — 2k\/Sg — Ro) (62 — 1) + 8K,/ 3,

and from (31) in view of Lemma 3 we get

pitpa VGep3(1-¢6%) 320
Yo = , Co= S YZEEIVE
2 32k p3(1 — 62)2

Remark 6. For the consistency of (45) with (47) we must have:

ptCipa _pitps fp3(1—52)_101+r]2 p3vVCa

1+¢C) 2 32k 2 k32
from which
4k F m\/2C, 8k* ) ) 3
Ci=——1-—"Y"2%C — (2k* —2k+/Sg — Ro)(1 — & m= .
V7 %t my/2G, 2T m2 0) ) P12

From (43)-(45) by substitution y = (p1 + paw)/ (1 + w) we get

I () = 32K2pop3,w(1 — w) _ 32kpopsw(l —w)

BT 0B - A+ w)E  q(Bmi(1+ w)P (1 - 52)
B 16kw B g(t)(1+w)

S =k AT AT wE K Skpepra —w) 1Y)

w=uw(t)=x(t)C, x(t)=ePornlt-t)

Excluding q(t) from (50) by using (42) we get we get formulas (4),(5):

Iy (w) = 64k2w(1 — w)[1 + (w/Cp)™] Pt —2
B T A=D1 +6+ (1 -06)(w/C™|1+w)? ~ pr—p2
16kw
i) =k A AT er
Otherwise ) ]
m
I(x) = 64k=Cyx(1 — C1x)[1 + x™°] x = epops(t—to)/m

m3(1—82)[1+ 6+ (1 —8)x™m°](1+ Cyx)3’

16kp2,xCy

S100) =k - P31+ xCp)2(1—62)

16k(p1 + p2)y — 16ky? + kp30% — k(p3 + (p2 — 2)* + 2p1(9p2 — 2))

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(1)

(52)

(53)
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From (2),(3), we have

v; v; kv;
b= (Horaonw-2), L= =12

and in view of (52), by substitutions g’ = g% — 2qoq + g3(1 — 6), we get

koy 128k2p3,C1x(p3 + p12 — 4p12Cix + (p12 — p3)Cix?)

Li(x(t)) = — — I,
)= ) P — 12(1 + o) !
since 5 ) Co2(l 52
o1 _ . 30 ) e
q5(1-62)  q5(1-62) k
we get
128k%p%,C1x(ps/p1a +1 — 4C1x + (1 — p3/p12)C2x?)
Li(x(t)) = 12 1 Cs— L. 54
or (6):
_128KPw(m 41— 4w+ (1 —m)w?) _p3
Li(w(t)) = (32— 1)2(1 1 w)? +C3— 1L, m—ﬁ.

Introducing the rate of daily increase J; () := I](t) from (51) by substitution g’ = g% — 29oq + g3(1 — &%)
we get (8),(9) with b = 2:

B 128k%gow
h(w) ~ A1+ w)*B2(82 — 1)
X (1 — 4w+ 02) (/)2 (6~ 1) — 1 = 6) +2(w/C1 )™ (A + m(1 - w?) (1 - 82))),
A=dw—-1—m+ (m—1w?, B=1+6+ (w/C)"(1-9).
Otherwise
_ pop3s(1=8*)(1 4 (w/C1)™) v L(w)pops(146+ (w/C)™ (1 - 6))
W) = S0 s+ ey — ey @)~ ) 2(1 + (w/Cp)™) O
In view of gg > 0 we have
tli_)rg exp{2qo(t —t9)/5} = oo, tli_)rgoexp{—Zqo(t —1t9)/3} =0,
and from (4),(6) in both cases we get
lim 1y (x(t)) = Jim L (x(1)) = 0. (56)

So, all formulas (4)-(8) are obtained, and Theorem 1 is proved.
To prove Theorem 2, consider the second case of Lemma 3. In view of (37),(38) from (30),(34) we get

4y —1)2—pi, — p36? _16k%po(p1 —y)(p2 —y)(1 —y)
L 3 T 7)

Further from (31) in view of Lemma 3

Yo = +p3(1—6%)/Ce 1= +p3v/Cy
8k kv/8

1
+1, Cy= gc61g§(1 — %), (58)
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where
Ci=(1-C3)(1=0*) + K (2pT/p5+1+6),

or

8Cy

Co = 55—,
p3(6% —1)2

Cy = (Ro + 2k+/Sp) (1 — 6%) 4 2K2(m~2 4 6%). (59)
From the consistency of formula (45) with (58) we must have (by using a different constant Cs instead of
C1)
_ p1+GCspr Ep3vCy
Yo = = + 1.
1+Cs kv/8

from which we get

_ 2k(1+m) Fmy/2Cy ():przcs m— 3

Cs = , , = —. 60
> 2k(1—m) £ m\/2C, 1+ xCs P12 ©0)
Further excluding y from (57) by using (60) we obtain
. 2kpi,(C3x*pa/pi2 +2Csx — p3/p1a)
Sz(x) =k— 5 ,
p3(l + C5x)2(1 — 52)
~ 8k2pop3,Cox(1 + p3/p12 + Csx(pa/pra — 1))
Iz(.X') - 2 3 2
p3(1+ Csx)3(1—6%)q(t)
" 2pyps (m-1))
_ 8Kpopstw(l + m + w(m — 1 — CrePopra(t—to) _ P
Iz(ZU) - m3(1 +ZU)3(1 752)q(t) ;. W= C5€ ;. M= Plzl (61)
and in view of in view of g9 = pop3 and (42) we get (13) and (14):
h(w) = 8k2w(1+m +w(m—1))(1+ (w/Cs5)>™)
2T (1 w)3(1—02)(1+ 6+ (1—06)(w/Cs)2me)’
_ 2k(mw? + 2w — m) _ pitp2—2
T e e T
We have also
 8k2Csx(t) (14 m + Csx(t) (m — 1)) (1 4+ x2™(t)) _ oprali—to)
L) = 50 1 Cx (PO @)1+ o1 (o)) D ' (62)

Using the third equation of system (2) and (40) we have

1 kv, 73 (1—6%) ko, 4k*p3
L= (1,(t) + tIt—), =10 ) _ 2
2= ¢ (BOra0ne) - 52), g= B, - P o

So, by using (62) we get

_ ko 8k*phw(2p3 (1 +w)* + piy (1 — 4w + w?) — Bpraps(w® — 1)]
(11— il +w)i(1—62)

La(w(t))

- 12/

or

4k*p3, " 8k2phw[2(1 + w)?p3/ p3, + (1 — 4w + w?) — 3(w? — 1)p3/ p1o]

La(w(t)) = Cs — L — 21— 52)2 Pl +w)4(1 - 62)2

4k? 8k2w([2(1 + w)?m? + (1 — 4w + w?) — 3(w? — 1)m)]

Ly=C3—1, —
2T ST R (1= 572 m*(1+ w)4(1 — 62)2
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or (15):

4k? 8k2w[(m —1)(2m — V)w? +4(m? — V)w + (m +1)(2m + 1)]
21— 622 © A1+ w)i(1— 62)2

Ly(w) = C3 — Db (w) —

Remark 7. Note that in (39) the case v; = 0is very restrictive since it means pop3C3(1 — (52) = 0. The condition

C3z = Omeans k = /Sy £ /Ry + Sg — 1 which is not real.
The case v; = 0 in (40) is possible. In this case

4k?
0==GCs— m2(1 — 62)2
from which
m=— 2% ___ 2k . (63)
(1-6)vVCs  (1-62)(\/1—Rg — 2ky/So + K2)
Note that in this case we get also
8k2w(2(1 + w)?m? + (1 — 4w + w?) — 3(w? — 1)m]
Lr(w) = m*(1 + w)*(1 — 62)2 — h(w),
o 20[(m? 2 2 ]
8kcw[(m* —3m +1)w* — 4w+ m=+3m +1
L = — 1 .
2(w) m*(1+ w)4(1 — 62)2 2(w)
Further from (62) we derive (17),(9) with b = 1:
hom IL(t) = 8k2gow[4m(w/Cs)*™ (1 +w) (1 +m + mw — w)s> — AB(1+ (w/Cs5)?")]
2= R\ = m4(1 +w)*B2(1 — 82) !
where
A=d4w—1—m+ (m—1)w?>, B=1+6+ (w/C5)>™(1—0). (64)
The same way as in (56) we get
. _ . _ kop /o2 4K

Remark 8. Since from (25)
lim g(t) = qo(1 — ),

t—o0

one may assume q(t) =~ qo(1 — &) = const for large time. The approximate extremal values of I1 5(t) (assuming
q(t) ~ constant) one may obtain by consideration of the auxiliary cubic functions I »(y) (see (43), (57)). They
have at most two extrema, but the composite functions I ,(y(f)) may have more extreme values.

4. Covid-19 applications

In this section we are applying our formulas to Covid-19. Of course, there is no expectation of getting
very good fit to actual data. But we will show that the estimates given in Theorems 1 or Theorems 2 could be
useful for rough predictions from statistics.

From ([15]) we select data for Covid-19 cases in Portugal with the population N ~ 10140570 and
percentage of infectives was J, ~ 0.556484 ~ 55.65% in 2023:

Since we are interested in statistics that are close to the extreme values of infectious people (active cases).
we select data close to these extreme values

(1/12/2022,333849), (2/4/2022, 762754)

(4/25/2022,253884), (6/6,/2022,701122), (8/30,/2022, 63298),
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which means that there were 333849 infectious people on January 12, 2022, and so on.
Introducing a time parameter 7 standing for the number of days and assuming that the initial date 77 = 0
ison 1/12/2022 we get time shifted data for active cases:

(1,i(T) — (0,333849), (23,762754), (103,253884), (145,701122), (230, 63298). (66)

Let an infectious person is infecting ¢ (contact number) individuals during T days (infectious period).
Here ¢ is a constant number which is a product of a number of people an infectious person meets during
time T and a probability of a transmission of infection or virus. The number of infected people icy (t) by one
infectious person in t days is given by the sum of a geometric progression:

C1+t/T -1

fum() =1+c+2+... 4T = —

(67)

If the number of infectives people in t; days is i1, and the number of infectives in t; days is izcyy, then

c1+t1/T -1 Cl+t2/T -1
—_— =1 —_— =1 .
c—1 Tcums c—1 2cum

From these equations one can obtain an implicit formula for the average contact number c and the
threshold number k = 1/c:

o= (e =D AV G (k= 1) + 1) .
B ilcum(C—l) +1 ’ B iZCum(k_l) +1 ’

One can find an average threshold number k from (68), if the values of i1, i, T, t, — t; are known.
For example, from Portugal cumulative (total number of infected people) data

(10/17/2020,101406), (1/12/2022,1979370), (8/30/2022,5407981),

by taking i1cym = 1979370, ipcym = 5407981, T =7, tp —t = 230 from (68) we getc =~ 1.03, k ~ 0.97.
Note that similar value for k had been used in [16].

Remark 9. The contact numbers in the beginning of Covid-19 was much higher due to the higher infectious
period T ~ 14. For example, from Portugal cumulative data (3/7/2020,18), (4/2/2020,8708) by solving (68)
with T = 14 we get ¢ ~ 28.57, k ~ 0.035.

The total number of infected people (cumulative cases) in Portugal on 10/17/2020 was 101406. So at that
time the proportion of susceptible people was Sy ~ 1 — 101406/ (10140570) =~ 0.99.

So at that time if k ~ 0.97 then condition of starting spread k < /Sy ~ /.99 ~ .995 was satisfied.

Later, the total number of infectives in 8/30/2022 became 5407981 so the proportion of susceptible people
became Sg1 ~ 1 — 5407981/ (10140570) ~ 0.47, and the spread slowed down.

To fit our formulas to statistical values of the spread of Covid-19 in Portugal we are choosing the following
parameters

k~097, So~047, 6=04, m=47, Ry=.001, +1=1, (69)
From (65)
limL(t)—C—L—(k—\/S)z—i—l—R sy 037-R (70)
oo 2V T T (1= 522 0 0720 21— T 0

which is positive if Ry < 0.37.
From formula (13) of Theorem 2 we get

. 1809823x(x + 0.5) (x376 + 1)
(x4 0.335)3(x376 +2.333) ’

iz(x) = N % Iz(x) (71)
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with critical numbers
x1 ~ 028 xy~0.756, x3=1.37, (72)

and extremal values:
ip(x1) ~ 746097, ix(xp) =~ 673807, ip(x3) ~ 718631. (73)

For conversion of a time variable ¢ into a day variable T we use the formula:

to—t+b
=t +o’

or t—tyg="by—bT. (74)
by

Note that a better fit could be achieved if one take in (74) a quadratic (polynomial) function of T .
By substitution of t — tg = mIn(x)/qp into (74) we get

Tﬁbfo_ t—ty by mln(x)
b by by biqo

75)

If the extremal value X,y is known, then by using (75) one can calculate extremal time in days:

- _ be . mln(xextr)
extr bl 7b1q0 .

Furthermore, to fit our model to the daily statistics we are taking maximum days 7; = 23, 173 = 145, and
solving for by, by the system

eM(bo=3b1)/m — .~ 028, eP(bo—21001)/m — . 137, (76)
we get
1.57 01
by = — 5m’ b1:—003m.
g0 q0
From (74)
x(t(1)) = eTobo=01T)/m ~ 0 207567¢0-0130146T (77)

By substitution (77) into (71) we get the composite function iz (7) = ip(x(#(7))) that describes the number
of infectives at the day 7 :

871921900137 (00137 1 .49) (e0013(376)T 4 369.39)
- (e00137 4+ 1.62)3(e0013(376)T 4 861.91)

iq(T) (78)

This bimodal function has 2 maximums and one minimum with extremal values
igmax(23) & 746097,  igin(103) = 674355, i,,q(145) ~ 718631,

and i;(0) ~ 729759,1;(230) =~ 386677.
One may compare these values with the observed extremal values:

ig1at(23) = 762754, ig1a(103) = 253884, igiqr(145) = 701112,

and igq¢ (0) = 333849, st (230) = 63298.
Note that from the SIR model well-known formula ([4,8]) by taking Sy ~ 0.47,k = .97 one gets a larger
maximum value:
isiRmax = N(1 —k+kIn(k/Sy)) ~ 7431128.

So, our SLIR model lacks fit outside of the peak values.
We don'’t know if it is possible to get a better fit by using formula (13) in the case of bimodal distribution
of spread. Note that the better fit is possible in the case of unimodal distribution.
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Figure 1. The orange (lower) curve is the time behavior of the number of infectious people given by statistics
of Portugal COVID-19 dynamics from 12 January 2022 until 30 August 2022. The blue (upper) curve is the
time behavior given by SLIR model formula (4.13) with parametrs (4.4). The lack of fit outside of peaks shows

shortcomings of the model
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Figure 2. The curve is the time behavior of the proportions of removed people given by SLIR model formula

(2.16) for Portugal with parameters (4.4) from 12 January 2022 until 30 August 2022. The negative values are out

of domain of validity the model
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Appendix

Lemma 4. From conditions

Ro < 2k(k—+/Sp), 0<m< kv8 , (79)

/(1= 82)[2K(k — /Sg) — Ro

weget0 < Cy <1, Cp >0, w=Cyx(t)>0.

Proof. Indeed, from (12) in view of (79) we have

8k2 ) o 8k262
C = <R0—|—m2—2k +2k\/50> (1-0%)+—5 >0

Since C; > 0 the expression in (11)
L 4k F m~/ 2C2
T4k 4+ my2GC

is real. Further from (11) in the case £1 = 1 we have C; < 1 and

G

4k —my2C,  16k* —2m*C,
4k +m2C,  (4k +m\/2Cy)2

G

So, we get 0 < C; < 1if

Sm—kzz —C >0,
or , .
> = (Ro— 2R+ 2k/5) (1 -8+ O,
which follows from (79). The same is true in the case +1 = —1. O

Lemma 5. From conditions (79) and .

F—ty < —
0 240

In(Cy), (80)
weget0 <w <1, Ij(w)>0.

Proof. From Lemme 3.4 we have w = Clequ(t’tO)/ " > 0 and from condition (80) we get w < 1.
O
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Lemma 6. From conditions x > 0,6 > 0 we get
14064 (1—06)x¥/b > (1 —5)(1 + x2m/Y), (81)

Proof.
14064 (1—6)x¥"/b —(1—6)(1+ x/b) =26 > 0.

O

Lemma 7. From conditions m > 0,Cq > 0and

x> 8k or t—t >mln< 8k ) (82)
Cm3/2(1— 8)V1+ 0 07290 \Cmd2(1—-6)v1to)’
weget I; < 1.
Proof.
L 64K2w (1 — w) (1 + x2™M9) _ 64k w -1
VT4 w)P (1 =) (1 +6+ (1—06)xm) ~ md(w)3(1—62)(1—06)
if )
64k-w
_ 2
O R - ) o)
which follows from (82). [
Lemma 8. From condition 41
m
O<w< —F—m, 83
24++vVm=+3 (83)
we get m +1 — 4w + (1 — m)w? > 0.
Proof. The inequality
mA4+1—4dw+ (1—m)w? = (1—m)(w—w)(w—wy) >0,
istrueif m > 1 and wy < w < wy, where
—2—/3+4+m? -2+ V3 +m? m+1
w=—%<0, w= = >0,
m—1 m—1 2+ vVm?+3
and Lemme 8 is followed from condition (83).
O
Lemma 9. From conditions (79) and
t—ty< 2 n mt 1 (84)
2 \C2rvizt3))’

we get I (w) + L1 (w) > 0.

Proof. From Lemma 4 we get w > 0 and from (84) we get (83), and from Lemma 8 we get m + 1 — 4w + (1 —
m)w? > 0, so the statement is followed from the formula (6). [

Lemma 10. By choosing £1 = 1 in (60) and assuming

4k?
O<m< , 0<do<1, 85
"= R + 2ky/Sp — 2k2|(1 — 02) (85)
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we get

Proof. Indeed,

o — 2k(14m) —m/2Cy 2k —m(/2C4 —2k)  4k*> — m?(/2C4 — 2k)? =0
> T 2k(1—m)+my2C;  2k+m(v2Cs —2k)  (2k+m(\/2C4 —2k))2 ~

if
4k* —m?(\/2C4 — 2k)* > 0

or

4k2m 2 — (2C4 — 4k+/2C4 + 4Kk%) > 0
4k+\/2Cy > 2Cy + 4k* — 4k>m 2
32k2Cy > (2C4 + 4k* — 4k>m~—2)?,

and from (59)
Cy = (Ro +2k+/Sp) (1 — 6%) + 2k*(8% + kK2 /m?) > 0,

we get
32k*Cy — (2C4 + 4k* — 4k*m=2)? = % — 4(2k+\/Sy — 2k* + Rg)? > 0.

O

Lemma 11. By choosing £1 = 1 in (60) and assuming

2
t=ms yRo+2k¢;lizk2|(1—52)’ 0<o<l
we get I(t) > 0.
Proof. The statement is followed from (13) and Lemma 10. O
Lemma 12. From conditions
w >0, m>C3(21k_52), 06 <<, 34f5<m<%,

we have
Lz(w) > 0.

(86)

(87)

Remark 10. Note that the condition 0.6 < § < 1in (87) is very restrictive and could be improved. For example,

if 6 =0.2and 1 < m < 2.7 then the discriminant of

(m—1)2m —w? +4(m? 1)+ (m+1)2m+1) — (1 +w)(m 4+ 1 +m — mw)m(1 + 8)w,

with respect to w is negative and the conditions 0.6 < 6 <1, 1 < m < 35 in Lemma 12 may be improved.

Proof. From (13) we have

8K2w(1 4+ m +w(m —1))(1 + x)2"°)

L(w) = )
(1 + ) (1 —02) (110 + (1—8)(1 + x2m))’

and using inequality (81) we get
8k2w(1 +m + w(m — 1))
m3(1+w)3(1—46%)(1—-9)
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Further from (15) we have

2 2 _ _ 2 2 _
Ly () =Cs — Iy (w) — m2(14k o n 8k*w([(m —1)(2m nlf)}z(u1 i:{l);n(l _15)27/)02+ (m+1)(2m+1)]
4k?
~G -y
8k2w[(m —1)(2m — Dw? +4(m* —Dw + (m+1)2m+1)] 8wl +m+w(m—1))

i A1+ w) (1~ 522 31+ )P (1~ 52)(1 )
_c 4k? 8k*w
T T 2122 T (1t )t (1= 022

x [(m—1)2m —Dw? +4w(m? —1) + (m+1)2m+1) — (1 + w)(m 4+ 1 +m — mw)m(1 + 6)]
4k 8k*w

m2(1 — 52)2 + m4(1 + w)4(1 _ (52)2

x [(m*(3+8) —3m +1)w? + (3m — md — 4)(m + 1w + (2m +1)(1 — md)),

=C5 —

and the statement is followed from conditions (87) in view of

4k>
&= ea -y
1—-mé>0, 3m—mé—4>0,

and
9

3 2
—— ] +1————>0.
1/34_(5) 12+ 46

m?(34+6) —3m+1= <m 3+6—
O

Corollary 1. From conditions

4k2 2k
1<m< , mM> —,
- |Rg + 2kv/Sg — 2k2|(1 — 62) V/C3(1—82)

1
06<d<1, 5<m<—, (88)

we have

Remark 11. In the case
k=097, Sy=047,0=061, m=167, Ryp=001,
conditions (88) are satisfied. The positivity of S, follows from 14.

For the proof of Lemma 3 see the following page from Wolfram Mathematica (one trivial solution is
dropped.):

Hy := Co — a1 pgpip2 — 202p5pip2 — a1p5p1P5 — 202P5p1P5
a3q3(—1+ 62)
2k '

+ 2a,p3p1p3 + 2a1pop1pado + dody — A0q50° +

aq(ag — k)g3 (6% — 1
Hy = 1(ao )k%( )+p0(a1po(P%+4PlP2+p%)

+ 20390 (p} = 2ptp2 —2p1p3 + p3 + 4p1p2) + 4azpipado — 200 (p1 + p2) ),
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a? +2ay(ag — k))g3 (6% — 1)
y o ¥ 202l o L — po(3mpo(p1 + p2) = 202p0(p3 + p3 — 3p2 — 3p1 + 4p1p2)

— 2a1q0 + 4axq0(p1 + Pz))f

2 2
ajan —146
Hj := 2011;9% + 4a2pé — 4“277(2)771 — 4a2p%p2 + 4aypoqo + %/
aR(=1+9%)

Hy = 2012;9% + ok

Simplify [Solve({Ho =0,H; =0,H, =0,H3 = 0,Hy = 0}, {ag,a2,41,90,Co}) / {p2 = p3+2—p1}

—2k)q3(—1+ 62
{ ap—0, a4 —0, Co—)—ao(aO Jap(—1+ )},

2k

7

Pi(—1+62)
16k 16k(2 +

2 2N/ ap — 2 ( p32) ’

p3(—1+06°) p3(—1+062)
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